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Summary: Results are reported of a few
experimental games conducted over the past
few years to test the applicability and
usefulness of the axiomatic structures
developed by von Neumann-Morgenstern and
by others,

SOME EXPERIMENTAL GAMES
Merrill M. Flood

1. Introduction

The non-constant-sum case of the theory of games [1]*
remains incomplete. Several authors have considered the
problem of extending the initial theory. JSome very inter—
esting contributions have been made recently [2,4,5]. The
approach has been to add new axioms, and to modify old ones,
in an effort to obtain a set that is at once quite acceptable
on a priori grounds of reasonableness and also strong enough
to determine each player's moves. This effort has not yet
been very successful,

It has too often been forgotten that a theory is simply
something to be tested experimentally, and to be rejected for
any application where it fails to fit the conditions. Of
course, it may be accepted tentatively if it appears to work
well in many cases and to fail in none.,** The theory of games

has not really been put to this test even in the two-person

% Bracketed numerals refer to the Bibliography.

%% These epistemological remarks are really sheer nonsense in
light of the vast literature on philosophy of science and on
the scientifi ¢ method. I include them as a hint at my own

point of view.
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constant-sum case. The theory itself is entirely acceptable,
as such, since it is mathematically rigorous and non-contra-
dictory, but the question remains concerning its applicability,
The two-person zero-sum case seems to be useful in
understanding certain parlor games. Even here there is room
for doubt since the theory neither predicts the outcome of a
chosen method of play, nor describes how persons will actually
play, in even the simplest games. For example, in matching
pennies the theory argues that a player can ensure zero-
expectancy if he chooses his face each time by a random device—
and I believe this to be‘the”éaéé——but it does not pre-
dict the outcome if a player chooses his strategy somehow in
terms of his observations of past plays of his opponents. 1
am confident that a better theory for the two-person zero—sum
case will offer a solution for this dynamic problem good enough
for me to use at least against a child of average intelligence.*
After all, one pays a good deal of attention in real life con-
flict situations to the identification of flaws in an opponent's
habits of action that can be turned to one's advantage in sub-
sequent plays. Even in two-person constant-sum games with
perfect information, where the present theory offers any one
of many pure strategies as equally good, there is this same
deficiency since in real life some pure strategies will bring
forth error on the vart of an opponent more often than will

ot hers—checkers would almost always end in a draw between

*
Some of my friends insist that they can do well against their

children in matehing pennies, or its varlants, and others have
relatively little success and claim that their children go

quickly to a random method of play; I have not yet found a careful
experimental study reported in the literature but suspect that
such does exist.
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experts if they were careless about this feature of play.
None of these remarks is intended to detract from the great
value of two-person constant-sum game theory; they are made
in order to show that the theory as it stands is decidedly
limited in its usefulness and is liable to extension, refine-
ment, and improvement.

The utility concept, as it enters into game theory,
can be criticized on the basis that suitable operational
measures often cannot be found in real life applications.
Indeed, in most cases, it is far more difficult to construct
an acceptable accoumnt ing procedure for recording utilities
in the attempted application than it would be to find a
reasonably good strategy in the absence of game theory.

Quite often, in fact, the uncertainty about the measure of
utility is so great that it dominétes any di fferences that
might be met in choosing between available strategies. Azain,
these remarks are not intended to detract from the great value
of game theory but are made in order to show that there is
room for great improvement as regards the applicability of

the theory in real situations.

I have long felt that the axiomatic structures developed
by von Neumann-Morgenstern, and by others, should be tested
for applicability and usefulness in controlled experimental
situations—and I have called such activity "experimental
games." One result of such an activity should be a clarifi-

cation of the need and direction for further modifications of
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the axiomatic systems. In this memorandum, I report the
results of a few experimental games that I have conducted
over the past few years.* Although this is the first time
that I have written about these scattered experiments, I
have used them in many meetings to illustrate one or another
point about game theory. So much interest has been shown in
them that I am encouraged to report them here, in spite of

their limited extent and uncertain conclusions.

% Unfortunately, I usually kept no written record of the
experiments so I reproduce them as faithfully here as I can
from memory. Although the numerical and descriptive details
are sometimes improvised,I believe that the main results and

- impressions are stated with sufficient accuracy to be useful,

*x T take this opportunity to express my appreciation for many
helpful discussions of game—theoretic polnts with John von Keumarn,
L. J. Savage, M. Dresher, and J. W. T. Youngs. I am also indebted
to John Nash, L. S. Shapley, R. M. Thrall, M. Dresher, and D. R.
Fulkerson for comments on a preliminary draft of this paper.
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2, Buick (June 1949). A RAND employee (HK) was moving

with his family to the East and decided to sell his Buick.
MF was in the market for such a car so HK and MF had the
usual bargaining problem on their hands. In its simplest
form, the bargaining problem is essentially a non-constant
sum two—-person game. I shall not attempt to formulate this
entire situation as a game but will now state an approximation
to it.

The value to HK was the "best™ price he could get.,
He could take the trouble to get offers from several used-
car dealers, he could advertise in the local newspapers, and
he could try various other means of disposing of his car. At
the time he and I talked, he had somehow to make an estimate
of the price he could get, discounted for each method by the
nuisance value; the result would be some number of dollars s.
Actually, s 1is an estimate of some quantity s that might
well be considered to have a probability distribution function
S(s). The value to MF was similarly the lowest price he would
have to pay for such a car; there were exactly the same kind
of difficulties in estimating this quantity p and its prob-
ability distribution function P(p).

Neither party relished the task of estimating his price;
both attached some additional value to completion of the deal
without need for further searching. The matter was resolved

by agreeing that a used-car dealer, who was well-known to both
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parties, would be asked in confidence to state‘iis selling
anh buying price for the car in "as-is" condition, and that
MF would then pay HK an amount intermedizte between these
extremes, This amounted to acceptance of the dealer's esti-
mates for p and s. It is assumed arbitrarily that the
estimated nuisance value attached to further searching was
the same quantity d for both parties.

If the deal were closed at an actual price a then

the gain over both dealing with others would be:

a-s+d for HK, and

p-a+d for MF,

In the spirit of game theory, it would be accepted that no
such transaction would occur if either party could do better

by another action, whence:

a-s+d > 0, p-a+d > 0.
The joint gain by dealing is g = p-s+2d
In order to make this situation look like a formal game
it is necessary to state the moves and payoffs. One way of
doing this is to specify payoff matrices S and P defined

for HK and MF as follows:
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Rules of the game might be that. HK and MF independently choose
a non-negative integer not greater than g, that ownership of
the car does not or does then pass from HK to MF according as
the choice 1 (on rows) by HK 1s or 1s not greater than the
choice J (on columns) by MF, and finally that MF pavs to B
the amount 2 = p+d+i—g if and only if 1 < j. There is rothirg
in the rules to prevent HK and MF from making a side agreement
concerning their cnolces in the play of the fermal game; they can
also agree to make side payments 1f they wish.

It is not really necessary to state the formal game in
finite form in terms of an indivisible unit of utility, as was
done in writing S and P. Instead, the payoff functions
could be written in terms of real variables x and vy, as

follows:

g-x 0<x<y<g
S(x,y) = ’

0 O<y<x<g

X OD<x<y<eg

P{x,y)

(@]
O
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o
A
-
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If the solution requires a transaction involving some non-
integral amount, when expressed in terms of the utility unit,
this can be achieved by a probabilistic method yielding the
correct expectation. For present purposes, either the finite
or the continuous form is suitable,

Under game theory, the players would form a coalition
and choose some pair of values for i and j that would
maximize their joint return, and at the same time would agree
on some side payment to be made from one to the other outside
the formal rules of the game. Since all pairs with i < j
are equally satisfactory, we will suppose that 1 = j = 0 is
chosen. But we are left unable to complete the transaction
on the basis of game theory because it does not specify the

amount of the side payment,*

I have resolved this dilemma in the two—-person non-
constant-sum case by adding what might be called "the split-
the-difference principle." In general, if A! and A2 are
any two payoff matrices the joint payoff is the largest element
in J = A'+A2, and if J_ . is such a maximal element then
Player 1 chooses strategy r and Player 2 chooses strategy ¢
under the coalit ion agreement, On the other hand, if Player 2

refuses the coalition he can guarantee himself a payoff V(A<R),

% The two-person market is discussed by von Neumann and
Morgenstern in Section 61, pp. 555-566 %1]; they conclude only
that the side payment will be some non-negative amount not

greater than g.
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where V(A2) denotes the value to Player 2 (on columns) of
the zero-sum two-person game with payoff matrix A<; similarly
Player 1 (on rows) can guarantee himself a payoff V(Al).

The joint gain to the two players by forming a coalition is
therefore G = Jrc - V(A1) - V(A2) > 0. The split-the-
difference principle states that G will be divided equally
between the two players; this is accomplished by cooperatively
choosing strategy (r,c) and by a side payment from Player 2

to Player 1 in the amount*

1/2[A2 ~V(A2)-A) +V(Aa")].

—

It is easily verified that this general solution re—
duces to that given for the Bulck transaction between HK and
MF, when 'S and P, are identified with A! and AZ2,

respectively. In this case

r=c=0, V(A') = V(A2) =0, Al =0, A2 =g,

and so the side payment from MF to HK is g/2. The net result

is that HK receives:

a + g/2 - (s-d) = g/2.
price side payment Buick profit
Similarly, MF receives:
(p+d) g/ - a = g/2.
Buick side payment price profit

whe

* This is the same as the methods proposed by Shapley EB} and
by Nash [ba]. It is also the same as choosing the middle of
the interval given by von Neumann-Morgenstern [1].
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This illustrates the main point, namely an even division of

the joint profit due to successful completion of the transaction.
Unfortunately, the transaction was never actually com-

pleted because HK decided to drive the Buick East. It was

guite apparent, nevertheless, that HK and MF were both content

to accept the split-the-difference principle in this case where

the personal utilities could be estimated so closely,
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3, Oldsmobile (August 1949). A RAND Consultant (TA)

was returning to the East after a summer in Santa Monica,
and offered his Cldsmobile for sale. This was strictly a
"transportation car" that he had purchased in California for
summer use only. The game-theoretical problem is the same as
that for the Buick, discussed in §2, but the emphasis here is
on the estimation of the probability distributions P{p) and
S(s) and on their role in the dynamic bargaining process.
The entire theoretical problem was discussed frankly between
MF and TA before the bargaining process began; it was agreed
that haggling was in order,

MF and TA both knew that the dealer who sold the car
to TA was ready to buy it back for at least $225, and that
he had sold it to TA originally for $€350. There was the usual
discussion between TA and MF of the condition of the car; MF
also had the dealer's opinion. The first stage in the barg-
aining was independent estimation by TA and MF of P(p) and
S(s); in this case the nuisance value in failing to deal is

taken to be zero, so d = O. The distribution functions

chosen by MF are shown in Figure 1.
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The split-the-difference solution was estimated by MF as
the abscissa of the point midway between the intersection of
the cumulative distribution functions and the line denoting
probability one-half, or approximately $285.

The first offer was made by MF for $225 with the argument
that this would save TA the trouble of going to the dealer.
TA countered by reminding MF that there were other ordinary
citizens kho might pay his original asking price of $325 but
that he might take a little less to save trouble and expense
of further searching. MF then said that it sounded like $300
was the real asking price, but that this was too much because
anyone else would want a larger share of the dealer's margin and
there was also some advantage in having the dealer handy if
there was a complaint later about the car. MF then suggested
that they close the deal at $250, since this was halfway be-
tween $225 and the fair asking price of $275. TA then proposed
that the difference be split between the $250 offer by MF and
the $300 offer by TA, at $275, with which MF agreed and the
sale was made. In conversation after the deal was closed TA
remarked that he had estimated the split-the-difference point
at $275 but that he had not chosen complete distribution

functions.

There is no striking conclusion to be drawn from this
very ordinary bargaining example. The main point is that TA

and MF were unable to formulate a systematic scheme that could
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be used to replace the awkward haggling process. A theory

of haggling is needed for the bargaining problem if it is

to be treated as a dynamic process in game-theoretic fashion.
In the Oldsmobile transaction MF used the general haggling
principle that the next offer should be no greater than the
abscissa of the point on the selling curve (Fig. 1) whose
ordinate when added to that from the purchasing curve (Fig. 1)
for the last asking price was unity; this continues until

some asking price is less than the next offer that would be
made, but not greater than the split-the-difference price,

and the deal is closed, This seguence was as follows:

Next Offer Asking Price

Step Abscissa | Ordinate | Abscissa | Ordinate

1 225 0.00 325 1.00
2 250 0.02 300 0.98
3 285 <0.50 275 0.50

Of course, the $285 offer was never made because the $275
asking price was less than $285 so it was accepted.

If TA, at Step 3, had asked $290 and stuck to it he
could have forced an offer of $275 from MF and the final

price would have been slightly higher,
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L. Two Secretaries (October 1949), The central question

in the two-person non-constant-sum case, when the available
strategies and personal utilities are quite definite, is
illustrated by the following situation:
The Experimenter E offers to give Subject 1

an amount m but to give Subjects 1 and 2 together

a greater amount m+g if they can agree on sharing

the larger amount,

The payoff matrices for Subjects 1 and 2 are S and P,
respectively, as defined in §2. The rules of the formal game
are that Subjects 1 and 2 independently choose non-negative

integers i and Jj not greater than g, that E pays Subject

1 the amount m+S and that E pays Subject 2 the amount

i3

P the subjects are permitted to come to a prior agreement

ij?
before making their "independent™ choices of 1 and j. The
gane~-theoretic solution is substantially the same as for the
general case discussed in §2. In both cases, actual side
payments are unnecessary since the desired result can be

achieved directly by choosing i = j = g/2.

This experiment was tried twice with two RAND secretaries,
who shared the same office and who came to the experiment knowing
in advance only that they were to serve as subjects in a game
theory experiment. In the first trial, m = g = $0.50; the
result was the choice 1 = j = g, so that each secretary was
paid $0.50. In the second trial, m = $0.50 and g = $1.00;

the result was the choice i = j = $0.75, so again each secre-

tary received the same amount (in this trial $0.75). This is
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in contrast to the proposed theoreticzl solution in which the
two secretaries would have shared the amount g only, with

the first secretary receiving m in addition. Upon inquiry,
it developed that they had entered into the exveriment with

a prior agreement to share any proceeds equally! It developed,
after further inouiry, that neither of them would have felt
bound by their prior agreement if the prizes had been very
large but it was unfortunately not possible to test this
cuestion further.

The main lesson from this limited experiment is that
the social relationship between the subjects can have a con-
trolling influence on their choices. Often, as in this case,
it is conceptually possible to allow for such an effect by
appropriate corrections in the payoff matrices so that the
assumed utilities are real and not just apparent., Usually,
as in this case, it is practically impossible to take account
of all the relevant factors—or to control them, Certainly,
in this particular case, the experiment was invalidated as a
test of the split—the—difference principle or any cther idea:l
theory due to lack of control of the relevant experimental

variables.



-789 -1

-17=

5., A Non-cooperative Pair (January 1950)*. There are

now several theories for various special classes of games,
some of which are not formally games in the von Neumann-
Morgenstern sense. One theory that is of interest is that of
Nash [Lb] for games in which coalitions are prohibited, called
non-cooperative games., We conducted one brief experiment with
a two-person positive-sum non-cooperative game in order to
find whether or not the subjects tended to behave as they
should if the Nash theory were applicablet*or if their be-
havior tended more toward the von Neumann-Morgenstern solution,
the split-the-difference principle, or some other yet-to—be-
discovered principle,

The two subjects AA and JW were familiar with two-
person zero-sum game theory. They also knew something of the
von Neumann-Morgenstern theory for non-constant sum games, but
were not familiar either with the Nash work or the split-the-
difference principle, It was originally intended that non-
cooperation be enforced by keeping each subject in ignorance
about the identity of his opponent, but this was not done due
to an accident at the outset; the experiment certainly seemed
to be fully non-cooperative since there was no evidence of
side payments, but there may well have been some implicit col-

lusion within the ruleé of the game.

* This experiment was planned and conducted in collaboration
with Dr. Melvin Dresher.

*% Another series of experimental games was conducted by a group

at The RAND Corporation, during the Summer of 1850, to test a

theory of two—person cooperative games developed by Dr. John Nash
4c|. The results of this series were reported by Dr. Norman Dalkey
unpublished) as showilng promising agreement between theory and

experlimental data.
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The payoff matrices for AA and JW were:

-1 1/2 2 1
0 1 1/2 -1

The elements of A and W are in pennies; a play of the game
consisted in an independent choice by AA of row and by JW
of column., There were 100 plays in all; the subjects were
given ample time after the tenth play to make thorough (but
ind ependent) mathematical analyses of the experimental sit-
uation. Both subjects knew both payoff matrices and each
kept a record of all earlier choices by both subjects prior
to the current one. The subjects were asked also to make
marginal notes after each play to indicate their reactions
to the progress of the game as it went along. The actual
choices are shown in Table 1. The running comments are
given in the Appendix.

The frequencies with each of the four possible pairs

were played are given in Table 2.

Table 2

Strategy Frequences

Jw
AA 1 2 Total
1 8 60 68
2 14 18 32
Tot al 22 78 100
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The total payoffs were $0.40 to AA and $0.65 to JW.

The Nash [4b] equilibrium point is the strategy-pair
(2,17). If this had been the invariable strategy of the two
subjects their total payoffs would have been $0.00 to AA
and $0.50 to JW. It seems unlikely that the Nash equil-
ibrium point is in any realistic sense the correct solution;
this is especially interesting since row 2 dominates row 1
for AA and column 1 dominates column 2 for JW. Here is an
example in which a poor solution is chosen, for example, even
if AA knows his own payoff matrix exactly but is misled into
thinking that the game is zero—-sum when actually the other

player's payoff matrix is that of JW.
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The von Neumann-Morgenstern solution, if side payments

were allowed, would select the strategy-pair (1,2). Under

this choice the payoffs would be $0.50 to AA and $1.00 to JW,.

The (1,2) choice would have been better for both players than

was the result actually achieved. If side payments were allowed,

the choice under the von Neumann-Morgenstern theory would be

(1,2); the side payment from JW to AA would be not greater

than $0.50 nor less than -$0.50, since V(A) = O and V(W) = 1/2,
The split-the-difference principle, with side payments

allowed, leads to strategy-pair (1,2) with no side payments.

Thus, even though the two subjects could have accepted the

cooperative split-the-difference principle (in this particular

gamei*within the formal rules for the non-cooperative game

they did not do so. There was a decided tendency to start

with (2,1) and then to shift to (1,2) rather consistently

after about thirty trials. It may be that players tend in

real life situations to start near an equilibrium point and

then progress toward a better solution if there is one; I hope

to test this hypothesis in subsequent experimental games.

As an aid in the analysis of this game, the possible

payoffs are shown graphically in Figure 2.

The payoff matrices were purposely selected so as to make the
von Neumann-Morgenstern cooperative solution available to the
players in this case, with the thought that they might well
choose it even though the formal mechanism for cooperative side—
payments was not included in this non—cooperative game.
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Figure 2
Payoff Values

Jw
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The possible average payoffs to AA and JW are represented
by points in the large quadrilateral of Figure 2, Any of
these could be achieved in a sequence of plays within the
formal rules of the game if the two players somehow inde-
pendently determined to do so; this will be called "col-
laboration™ when no side payments are allowed but the
players agree on a pattern of play in advance of the
experiment.

It is immediately plain that the only points that need
to be considered are those (the "efficient" points) on the
two edges I and II meeting at (1,2), since for every other
point at least one player can improve his payoff without
causing loss to his opponent. It is easily seen, also, that

the two players can collaborate so as to achieve any payoff
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expectancy within the quadrilateral even though they make
their choices independently at each formal play. Thus, if

a denotes the probability that AA chooses row 1 and b the
probability that JW chooses column 1 then points (x,y) within

the quadrilateral are determined by the following relations:

x = (1-b) = 5(1+p),

(2a-1) + 2(3-a).

y

In particular, the edges I and II are as follows:

n

1,

I: x =-(1-3b), y = 1+b, with a

II: x = 1- & y = 2a-1, with b = O,

In the collaborative game, the two players would agree on some
point (x,y) on I or II and then compute (and use)the a and b
values determined from one of the two sets of relations for I

and II. The 100 plays, as they actually occurred, gave:
2100 T 0068, b]oo = 0.22, X100 < 003652, and Yioo 0061520

These expected values for x and vy, based on independent
choices with probabilities aj;gp and bygg, compare with $0.40
and $0.65 actually received by AA and JW. If the last fifty

plays are used to estimate a, b, x, and y then:

asp = 0.82, b50 = 0.10, X50 = 0.&49, and Ys0 T 0.749,
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From the last twenty-five plays:

aps = 0.88, bys = 0.08, xX,5 = O.44L8, and yos5 = 0.8448.
And from the first twenty-five plays:

dp5 = Oukly, Dps = 0.40, Xps5 = 0.292, and yps = 0.392.

From this analysis it seems reasonable to infer that AA and

JW were learning rapidly, and were converging to the split-
the-difference strategy-pair (1,2). In particular, there was
no tendency to seek as the final solution either the Nash
equilibrium point or the point x =y = 0,60 which was avail-
able to them and might have been chosen by the two secretaries,

for example.*

>
Dr. Nash makes the following comment (private communicatiorn)
on this experiment:

"The flaw in thils experiment as a test of eguilibrium point
theory 1s that the experiment really amounts to having the
plavers play one large multimove game. One cannot Jjust

as well think of the thing as a sequence of independent
games as one can in zero-sum cases. There is much toc

much interaction, which is obvious in the results of the
experiment.

"Viewing it as a multimove game a strategy is a complete
program of action, including reactions to wnat the other
plaver has done. In this view 1t is still true the only
real absolute equilibrium point is for A always to play 2,
B always 1.

"However, the strategies:
A plays 1 !till B plays 1, then 2 ever after,
B plays 2 'till A plays 2, then 1 ever after,

are very nearly at equillbrium and in a game with an
indeterminate stop point or an infinite game with interest
on utility 1t is an equilibrium point.

"Since 100 trials are so long that the Hangman's paradox
icannot possibly be well reasoned through on it, it's fairly
clear that one should expect an approximation to this
behavior which 1s most appropriate for indeterminate ernd
games with a little flurry of aggressiveness at the end
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and perhaps a few sallies, to trst the opponent's mettle
during the game.

"It is really striking, however, how inefficient AA and
JW were in obtaining the rewards. One would have thecught
them more rational.

"If this experiment were conducted with various different
players rotating the competition and with no information
given to a playver of what choices the others have been
makling until the end of all the trlals, then the experi-—
mental resulfs would have been quite different, for this
modification of procedure would remove the interaction
between the trials."

Dresher and I were glad to receive these comments, and tc

include them here, even though we would not change our inter-
pretation of the experiment along the lines indicated ty

Dr.

Nash.
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6. An Estate (September 1949)% A RAND consultant, who
knew of our experimental interests, gave five of us the left-
overs from his summer's stay in Santa Monica. This estate
consisted of such items as: a fifth of a fifth of Scotch
whiskey, half a box of prunes, seven eggs, a dilapidated
suitcase, some kitchen utensils, etc, The five of us agreed
to dispose of the estate in the manner suggested by Steinhaus-
Banach-Knaster [6].

The items were separated arbitrarily into five parcels
in order to simplify the division process. Each of the five
of us then gave an umpire a list of five values (in cents)
for the parcels, as follows: %%

' Table 2

Estate Values and Division

(No coalitions)

Parcel Heir

A B C D E
I 10| (3| 35| 40| 15
II -10 50| 30| 30
III 50| 40| 35 35
1v 20| 60| 25| 45| 19
v 50 80| 45 20
Values G| 150 Ol 155{ 110
Claims 151 661 38| 54| 42
Differences =151 84 ] =38 101 68
Net Payments =551 44| -78} 61 28

*.This experiment was planned and conducted in collaboration
with Dr. J. W. T. Youngs.
*% These data are fictitious because the original data were lost.
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Each parcel was then given to the heir assigning it the
highest value and the side payments were computed, with the
results shown in the final row of Table 2. For example, Heir
D received Parcels III and V and made a cash payment of $0,61.

The point of interest here is not especially the fair
division process itself, based on honest evaluation by each
heir of the parcels, but is rather this process thought of
as a 5-person non-zero-sum game, First of all, if the eval-
uations are honest, the allocation of the parcels to heirs
attaching highest values is equivalent to the von Neumann-
Morgenstern [ 1] requirement that the joint payoff be max-
imized. But if the heirs form coalitions, and then choose
the values given to the umpire in a manner intended to max-
imize their individual gain, the fair division process may
no longer be fair.

As an example, suppose that three heirs assign values
hone stly and the other two (say A and B) form a coalition.
A and B agree to split the joint gain resulting from the
coalition equally between them., Their procedure is to first
make up their honest value list, as in Table 2, and then to
give to the umpire identical lists in which each entry is
the larger of their two honest values. The result is shown

in Table 3.
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Table 3

Estate Values and Division

(AB coalition)

Heir
Parcel A B C D E
I 55 | 69| 35| 40| 15
1T 95 @ 501 30| 30
111 50 | 50 | 35 35
IV 60 | 60 | 25| 43
v 80 | 80 | u5| G9] 20
Values 0 {150 0 1551 110
Claims 68 | 68 38 541 L2
Differences |[-68 | 82 | -381{ 101 68
Net
Payments =97 | 53 | =67 | 72| 39

The joint gain to A and B from this coalition is $0.33.

As a still more extreme coalition example, suppose that
Heirs A, C, D, and E form a coalition against B and employ the
same principle as that Jjust computed for A and B. The result

is shown in Table 4.
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Table 4

Estate Values and Division

(ACDE coalition)

Heir
Parcel A B C D E
I k0| G| 40| 40 | 10
11 50| @] 50| 50 | 50
111 60| Lo | 60 | 60 | 60
IV 110 60 110 | 110 ‘GID
v 951 80| 95| 63| 95
Values 01150 O {155 110
Claims 71166 7117 | 71 ] 7
Differences | =71 84 |-71 8L | 39
Net -84 | 71 -84 | 7 26
Payment s

The joint gain to ACDE from this coalition is $0.27.

In the most extreme case, namely that in which ACDE
form 2 coalition and also have full knowledge concerning the
values chosen by B, the joint gain to ACDE is $0.40. It is
interesting to see that A and B alone in coalition can increase
their take by $0.33, as compared with only $0.40 if all of A, C,
D, and E join in a coalition. On the other hand, as Steinhaus
[6] has noted, there is no way in which any coalition can prevent
one heir from receiving at least his fair share as determined

by his own private evaluation if he states it honestly to the

umpire.
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7. Three Baby-sitters (August 1949). Non-zero=-sum games

with more than two players are fundamentally more complica-
ted than those with only one or two players [1]. Shapley
[2b] has strengthened the axiomatic framework so that a
satisfying solution is determined for some essential games,
with more than three players, but the general case is still
open. I shall now describe one very limited experiment with
a three-person non-gero-sum game,

One of my three teen-age children (S, M, W) was needed
to serve as a baby-sitter for three hours one Saturday after—
noon. In order to settle which one,I offered at dinner a week
in advance to conduct a "reverse auction" after the fashion
popularized by the Gilbreths [3]. The children liked the idea.

W first opened with a bid of $4.00, then quickly re-
marked that the three of them could do better if they teamed
up azainst me, and they‘all listened inquiringly to hear me
say that collusion was not allowed. I agreed instead, and
ﬁo théir sufprise said that coalition was all right provided:
2) the final bid was not greater than $4.00, and b) thev
would tell me how they reached thelr agreement. After a
short but unsuccessful attempt to come to some agreenernt
then and there, including a discussion of possible sidepay-—
ments, they asked for and were allowed more time. Each evening
at dinner I asked for their declsion until finally on Frida:x,

a week later, they all asked to go ahead with the reverse
auction because they had been unable to agree among themselves.
We did and the end result was that W won the Jjob with a bid cof

$0.90!
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This is probably an extreme example, althouzh not
really so extreme when you compare the macnitude of the
children's error with that made by mature nations at war
because of inability to split-the-difference. I have
noticed very similar "irrational" behavior in many other
real life situations since August 1949 and find it to be
commonplace rather than rare. The reasons for such non-
optimal behavior seem to turn about inadequate administrative
and enforcement me chanisms, and about difficulties in making
the difficult and obscure value Jjudgment s necessary for
estimation of the relevant payoff matrices.*

It may be of some interest to compare the solutions
that the children would use if they followed the type of
rationale proposed by Steinhaus [6] or Nash [4a]. For this
purpose, the "estate" consists of $4,.00 cash and a baby-
sitting obligation. Also, the game could be represented by

the payoff function

4 .
PLi =d'ijk£si + 400 Jijk&3 for 1i,3,k4 = 1,2,3,

where:
] . .

-

a & is 1 or O according as all its subscripts are or not

equal, £ = 1,2,3 denote the children in the order W, M, S,

sy = =90, s, = =100, s3 = =125, and a play consists of a

* Dr. Howard Raiffa [5 » in his very interesting paper, haes nade
Some game—thecoretic suzgestions for arbitration schemes that
could be used to resolve some of these difficulties.
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choice of values for i, j, k independently by w, M, S
respectively. It follows easily that the estate would be
settled by W paying M and S the amounts $1.05 and $0.967,
respectively, and that W would acquire the $4.00 and the
baby-sitting obligation. It also follows easily that the
game could be settled, under the assumption that the product

of utilities is maximized as a non-cooperative game with

. side payments, by W accepting the baby-sitter obligation

fa)

and by side payments from S to W and M in the amounts $1.933
and $1.033 respectively. In both cases W serves as baby-
sitter, but the $3.10 profit is divided equally among the
players under the Nash method whereas the division depends on
the different values assigned by the players in the Steinhaus
method.

This case illustrates a central question. In many
positive-sum situations the players know in advance that the
value may differ between them after they know the details of
the game, but beforehand they agree that they are entitled to
equal shares. One solution that always works in such a case
is for the players to settle by lot which one shall receive
all the payoffs; a simple variant when side payments are
possible is to agree in advance to split all the payoffs.
egually, as was done by the two secretaries. Under this
solution, or its variant, the actual payoffs can be disposed

of so as to maximize the total payoff—as is done when an
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estate is auctioned off to a market including the heirs.

The virtue of such a method is that it makes the situation
symmetric as between the players and leads to an easy solution.
Of course, this method cannot be used in all cases; for example,
it could not have been used by AA and JW in playing the non-
cooperative game discussed in §5 if neither player had any

way of communicating with the other.
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8. House of Delegates (January 1939). The West Virginia

Legislature includes a Senate and a House of Delegates. The
Delegates in the House are elected representatives of the
fifty-five counties. The usual majority voting procedure is
in effect. Here is a social process that could be approached
from a game-theoretic standpoint, in principle at least, even
though the actual situation is too complicated for detailed
analysis in our present state of knowledge.

The situation of interest now is the problem faced by
the House in 1939 in determining the distribution of state
aid for schools among the counties for the next biennium. A
study was made [7] of the effects on the school system of var-
ious alternative distributions; a few preferred ones were
presented to the Legislature for consideration and final
determination. The alternatives were compared two at a time;
there was an evident tendency for the House to choose the one
that captured the majority vote when all representatives from
each county voted as a block for the distribution that gave
their county the larger amount. It became more and more
obvious, as the informal voting went on, that the alternative
that would win would be the one that prevailed over all others
under the majority voting procedure—so a computation was
attempted to determine this "best" distribution. Unfortunately,

or fortunately, there was no such "best” distribution because
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the ma jority preference ordering was intransitive.%* This
type of situation will now be illustrated by some examples
but no attempt will be made to analyze the actual situation
before the 1939 House of Delegates,

Suprose first that the House had three Delegates, one
from each of three counties, and had four identical but
indivisible items to allocate, The possible allocations

are shown in Table 5,

Table 5
Allocation Example
Allocation
County 1 2 3 L
1 4 1 2 0
2 0 0 1 2
3 0] 3 1 2

It is to be understood that each column represents all distinct
permutations of its rows, thus:

0 2 2

2 1includes O 2

2 2 0

* A full discussion of the problem of spcial choice may be
found in a recent monograph by Arrow [8]. The present author
has reported a series of preference experiments relevant to
this discussion [9].
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Under ma jority voting, it is immediately obvious that for
each allocation there is at least one other that is better—
for example: 3 >1, 3>2, 4L >3, 2>4. By simply
interchanging county designations these four preference
relations will provide a better allocation in every case.
This intransitivity is the rule rather than the exception;j
it always occurs if the number of indivisible items is
large enough, unless some one county has enough votes to
control the result entirely on its own.*

We are left with the important question: how does
the democratic ma jority wting process yield decisions? 1
believe that the answer starts with the observation that the
real-life cases are not constant—sum, as was assumed explic-
itly in the example just given, and that the decision is
essentially to choose the course of action that maximizes
some joint utility measure—such as the sum of utilities
used by von Neumann-Morgenstern [1], the product suggested
by Nash [Aa], or some other.** The von Neumann-Morgenstern
solution would not specify the side péyments, but an easy
generalization of the Nash eoiﬁtioh ﬁ;>covér the case of more

than two players in this kind of bargaining situation does yleld

a eomplete formal solution. An example will be given now

% This is essentially the dilemma confrorting the three child-
ren in the situation discussed in §7, if they tried to resolve
their problem by selfish majority voting.

%% This general question has been treated in some detail by

Raiffa [5].
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to illustrate this point,
We start with the completely symmetric case in which
the payoff functions for the constant-sum game are taken
from Table 5, starting with a complete enumeration of strat-
egies. To accomplish this, first define the allocation matrix
Aij as follows.,
L 0011330021 1022
A..={ 040031013 121202

O04 300131112220

Then the payoff function for player ./, if strategies i, j,
and k are chosen by players 1,2, and 3, respectively, is

defined as follows:

Pfjk =0 if i,i,k are distinct,

P{'Sk=Auif i=3j=k, i=3j+k,ori=xk4j,
Y2 . .

Pijk Ajﬁ if j =k % 1i.

These relations simply express the fact that two or more
vlayers who agree on a strategy can insure that this determines
the allocation. This game is completely symmetric, and is
represented by the convex in the first octant defined by the
condition:

Uy +U.2+U.3 E l+.

The point u; = u, = uy = 4/3 is the Nash [La] solution; this

can be achieved by mixing strategies 10, 11, 12, for example,
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but it can also be achieved by mixing various other sets of
strategies., Of course, if side payments are allowed any
strategy may be selected and this same solution then be
achieved.

One way of changing this game into a non-constant-sum
game, that is also a little more realistic for this section,
is to replace the elements of Aij by their positive square
roots; we denote this new allocation matrix and consecuent
payoff function by aij and pf&k. This game is still sym-
metric but is not constant-sum. Diminishing marginal utility
is perhaps a bit more realistic in the school aid case since
extra money for schools may be a good deal more important
relatively in a poor program than in a rich one. At any rate
we shall consider this game as an example. It is easily seen
that the Nash solution, namely the point where the product of
the utilities is maximum, is the point wu; = up = uz = §(2+/2);
this solution can be achieved only by mixing strategies 10, 11,
and 12. Again, if side payments were allowed, the same result
could be achieved by choosing any one of the pure strategies
10, 11, or 12,

Another change will now be made in the payoff functions,
to obtain a non-symmetric non-constant-sum game, by adding (#-1)

units to each element of p! Our new payoff function is:

ijk*

K - e- /4
Q5 5k "™WPiik e
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This change simulates the difference in the effect of the
allowance due to differences in wealth initially in the
state aid case. I have not computed the Nash solution in
this case, but this would be done by finding the point
(i1, uz, us) on the convex set (determined by the ijk)
where ujuzus 1s maximum.

In the actual school aid situation there is no way
now to convert the dollar allocatlion matrix into utilities.
I can easlly imagine the Delegates themselves being able and
willing to provide utility estimates for each alternative
distribution under consideration, and the theory could then
be applied to determine the Nash solution. It would be
entirely unreasonable to try to apply this method to help
in making the decision, but 1t might be instructive in some
instances to see how the computed solution compares with the

one actually chosen by the regular voting process.

mhb
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Play

N v FowoN

10

19

28
31
32

49
58
59

67
68

No.

- 40

AEEendix

Running Comment s*

Subject AA

Comment

JW will play 1-—sure win. Hence if I play 1—
I lose.

What is he doing?!!
Trying mixed?

Has he settled on 17
Perverse!l

I'm sticking to 2 since he will mix for at least 4
more times.

If T mix occasionally, he will switch—but why will
he ever switch from 1.

Prediction., He will stick with 1 until I change from
2. I feel like DuPont.

I'm completely confused. 1Is he trying to convey
information to me?

He wants more 1's by me than I'm giving.

Some start,

JW is bent on sticking to 1. He will not share at
all as a price of getting me to stick to 1.

He will not share,

He will not share.

He does not want to trick me. He is satisfied. I
must teach him to share.

He won't share.

He'll punish for trying!

o
r

The two subjects are friends.
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Play No. Comment
70 I'1l try once more to share—by taking.
91 When will he switch as a last minute grab of (2).

Can I beat him to it as late as possible?
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Play No,
1

N P (OS] N

O B 3 O

11
12
13
T4
15

_b‘]—

Subject JW

Comment
Hope he's bright.
He isn't but maybe he'll wise up.
0.K., dope.
C.K., dope.
It isn't the best of all possible worlds.
O0h ho! Guess I'1ll have to give him another chance.,
Cagey, ain't he? Well ...
In time he could learn, but not in ten moves so:

I can guarantee myself a gain of 5, and guarantee
that Player AA breaks even (at best). On the
other hand, with nominal assistance from AA, I
can transfer the guarantee of 5 to Player AA and
make 10 for myself too. This means 1 have control
of the game to a large extent, so Player AA had
better appreciate this and get on the bandwagon.

With small amounts of money at stake, I would (as
above) try (by using Col. 2) to coax AA into mut-
ually profitable actions. With large amounts at
stake I would play Col., 1 until AA displayed some
initiative and a willingness to invest in his own
future. One play of row 1 by AA would change me
from Col. 1 to Col. 2, where I would remain until

bitten.

On the last play it would be conservative for me to
switch to Col. 1, but I wouldn't do so if the
evidence suggested that AA was a nice stable

personality and not in critical need of just a
little extra cash,

Probably learned by now,

I'l1l be damned! But I'll try again.
That's better,

Hal

(bliss)
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Play No. Comment

17 The stinker

18 He's crazy. I'll teach him the hard way.

19 Let him suffer,

21 Maybe he'll be a good boy now.

22 Always takes time to learn.

23 Time.

27 Same old story.

28 To hell with him,

31 Once agzain.

32 -—=, he learns slow!

33 On the beam again.

39 The ---,

41 Always try to be virtuous,

Z+2 0l1d Stuffo

50 He's a shady character and doesn't realize we are
playing a 3rd party, not each other.

52 He requires great virtue but doesn't have it himself.

60 A shiftless individual—opportunist, knave,

62 Goodness me! Friendly!

68 He can't stand success,

71 This is like toilet training a child—you have to be
very patient,

80 Well,

82 He needs to be taught about that.

92 Good.
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