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Summary. Medical and public health research often involve the analysis of count data that exhibit a
substantially large proportion of zeros, such as the number of heart attacks and the number of days of
missed primary activities in a given period. A zero-inﬂated Poisson regression model, which hypothesizes
a two-point heterogeneity in the population characterized by a binary random eﬀect, is generally used
to model such data. Subjects are broadly categorized into the low-risk group leading to structural zero
counts and high-risk (or normal) group so that the counts can be modeled by a Poisson regression model.
The main aim is to identify the explanatory variables that have signiﬁcant eﬀects on (i) the probability that
the subject is from the low-risk group by means of a logistic regression formulation; and (ii) the magnitude
of the counts, given that the subject is from the high-risk group by means of a Poisson regression where the
eﬀects of the covariates are assumed to be linearly related to the natural logarithm of the mean of the counts.
In this article we consider a semiparametric zero-inﬂated Poisson regression model that postulates a possibly
nonlinear relationship between the natural logarithm of the mean of the counts and a particular covariate.
A sieve maximum likelihood estimation method is proposed. Asymptotic properties of the proposed sieve
maximum likelihood estimators are discussed. Under some mild conditions, the estimators are shown to
be asymptotically eﬃcient and normally distributed. Simulation studies were carried out to investigate the
performance of the proposed method. For illustration purpose, the method is applied to a data set from a
public health survey conducted in Indonesia where the variable of interest is the number of days of missed
primary activities due to illness in a 4-week period.
Key words: Asymptotically eﬃcient; Generalized partly linear model; Sieve maximum likelihood estimator;
Zero-inﬂated Poisson regression model.

1. Introduction
Medical and public health research often involve the analysis
of count data that exhibit a substantially large proportion of
zeros, such as the number of heart attacks and the number
of days of missing primary activities in a given period. By
suggesting that zero-inﬂated count data may actually be generated according to a two-state process, a zero-inﬂated Poisson (ZIP) regression model is proposed by Mullahy (1986)
which hypothesizes a two-point heterogeneity in the population. The ZIP regression model is widely applicable in diverse
disciplines because of its ﬂexibility. Lambert (1992) analyzed
the number of defects in a manufacturing process; Welsh
et al. (1996) examined the abundance of rare species; Shankar,
Milton, and Mannering (1997) modeled accident frequencies;
Bohning et al. (1999) analyzed data from the study of caries
prevention in dental epidemiology; Street, Jones, and Furuta
(1999) analyzed data on pharmaceutical utilization and expenditure in Russia; and Cheung (2002) analyzed data from
a study of growth and development in medical research.
The approach simply makes use of a binary random effect to recognize explicitly the dichotomy of the population
into two subpopulations, namely, the low-risk group leading

996

to structural zero counts and high-risk (or normal) group so
that the counts can be modeled by a Poisson regression model.
A major attraction of the ZIP regression model is the ability
to pick up two diﬀerent regimes from which the zero counts
arise because zero counts can also be observed from subjects
in the high-risk group, termed sample zeros, in addition to
the structural zeros from the subjects in the low-risk group.
The main aim is to identify the explanatory variables that
have signiﬁcant eﬀects on (i) the probability that the subject
is from the low-risk group by means of a logistic regression
formulation; and (ii) the magnitude of the counts, given that
the subject is from the high-risk group by means of a Poisson
regression where the eﬀects of the covariates are assumed to
be linearly related to the natural logarithm of the mean of
the counts, the link function in the generalized linear model
setup. However the eﬀects of some continuous covariates,
such as the amount of dosages and age of the subjects, may
not be linearly related to the link function. The eﬀects may
reach a plateau very quickly and remain at a very high level
thereafter.
The work presented in this article is motivated by data
from a public health survey conducted in Indonesia in 1997
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(see Frankenberg and Thomas, 2000), where the variable of
interest is the number of days people of working age missed
their primary activities due to illness in the past 4 weeks. This
outcome variable is important not only from a public health
point of view but also from the viewpoint of economic evaluation of disease burdens. Parametric analyses on the relation
between age and absenteeism have not shown consistent results (e.g., Shephard, 1999; Arola et al., 2003). Although it
is biologically possible that the frequency and duration of illness may change smoothly with age, people at diﬀerent ages
are subject to the inﬂuence of diﬀerent factors such as job
attitude and insecurity of employment. Qualitative research
suggested that these factors can aﬀect the relation between
age and absenteeism in unexpected ways (Cant, O’Loughlin,
and Legge, 2001). In most large-scale public health surveys,
the variable age is generally found to be insigniﬁcant when
assuming a linear relationship in a parametric setup, mainly
because the age eﬀects may be very diﬀerent among diﬀerent
age groups. A semiparametric regression analysis is extremely
useful to explore the possibly nonlinear eﬀect of age on the responses as it can help the policy makers to make up diﬀerent
policies targeted for diﬀerent age groups so that the health
policies can be made more cost eﬀective.
We consider a semiparametric extension of the ZIP regression model by allowing a covariate to act nonlinearly
to the link function of the Poisson regression model in this
article. The semiparametric ZIP regression model combines
a logistic formulation for the probability that an individual
subject is drawn from the low-risk group and the generalized partly linear model for the Poisson counts given that
the subject comes from the high-risk group. The model and
the proposed sieve maximum likelihood estimator (MLE) will
be discussed in Section 2. Asymptotic properties of the proposed estimators are studied in Section 3. Under some mild
conditions, the estimators for the unknown parameters are
shown to be asymptotically eﬃcient and normally distributed.
Two approaches to the estimation of the variance of the estimator are proposed. The method is applied to a data set
from a public health survey conducted in Indonesia, where
the variable of interest is the number of days of missing
primary activities due to illness in a 4-week period. The
results are reported in Section 4. Simulation studies were
carried out to investigate the performance of the proposed
method in Section 5. Some concluding remarks are provided in
Section 6.
2. Models and the Proposed Sieve MLE
Suppose that the counts, Y, are generated independently according to a zero-inﬂated Poisson distribution; the zeros are
assumed to arise in two ways corresponding to distinct underlying states. The ﬁrst state occurs with probability p and
produces only zeros, while the other state occurs with probability (1 − p) and leads to a standard Poisson count with
mean λ (see Jansakul and Hinde, 2002). In general, the zeros from the ﬁrst state are called structural zeros and those
from the Poisson distribution are called sampling zeros. This
two-state process gives a simple two-component mixture distribution with probability mass function
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⎧
⎨ p + (1 − p)e−λ ,
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−λ y
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λ
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y!

y = 1, 2, . . . ,

0≤p≤1
(1)

and E(Y ) = (1 − p)λ.
To apply the ZIP model in practical modeling situations,
Lambert (1992) suggested the following joint models for λ and
p,



log(λ) = β ∗T (1, X T )T

and

log

p
1−p



= γ T Z,

(2)

where X = (X1 , . . . , Xd1 )T and Z = (1, Z1 , . . . , Zd2 )T are
vectors of observable covariates, β ∗ = (β0 , β1 , . . . , βd1 )T , γ =
(γ0 , . . . , γd2 )T are (d1 + 1)- and (d2 + 1)-dimensional vectors
of unknown regression parameters, respectively. In view of the
possible extension to a zero-inﬂated model, it may be useful
to consider a semiparametric link function for λ. The partly
linear link function is one possibility giving the joint models
with



T

log(λ) = β X + g(T )

and

p
log
1−p



= γ T Z,

(3)

where T is an observable continuous explanatory variable,
g is an unknown smooth function; Z = (1, X T , T )T , β =
(β1 , . . . , βd1 )T and γ = (γ0 , . . . , γd1 +1 )T are (d1 )- and (d1 +
2)-dimensional vectors of unknown regression parameters. In
the following we refer to this new model as a semiparametric
ZIP regression model. The ZIP model speciﬁed by (1) and
(2) is a special case of the class of generalized linear mixed
models, while that speciﬁed by (1) and (3) belongs to the class
of generalized partly linear mixed models, an extension of
the class of generalized partly linear models of Muller, Ronz,
and Härdle (1997). Four basic assumptions, namely, C1–C4,
for the arguments in the sequel to be valid are listed in the
Appendix.
Let θ = (β, γ, g)T be the vector of unknown parameters
of interest, θ0 = (β 0 , γ 0 , g 0 )T be the true value of θ, and
B = {g ∈ C r [0, 1] : −∞ < m0 ≤ g(t) ≤ M 0 < +∞,
∀ t ∈ [0, 1]}, where r = 1 or 2 that determines the smoothness
of the nonlinear function g, and that the boundary values m0
and M0 are known. The parameter space of θ is thus Θ =
{θ : β ∈ A1 , γ ∈ A2 , g ∈ B} = A1 ∗ A2 ∗ B, where A1 and A2
are bounded closed sets in Rd1 and Rd1 +2 , respectively. Let
W = (Y , X T , T )T and the density function of W is thus
given by



Q(w, θ) =



I(y=0) p + (1 − p)e−e

+ I(y>0) (1 − p)

e−e

β T x+g(t)

β T x+g(t)

ey(β
y!

T x+g(t))

ϕ(x, t),

where ϕ is the joint density function of (XT , T) and I(.)
is the indicator function for the speciﬁed event. Let W̃ =
(W1T , . . . , WnT )T , where W 1 , . . . , Wn are independent and
identically distributed copies of W with distribution Pθ . The
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log-likelihood contribution of observation i is denoted by
(θ, wi ) = log Q(wi , θ).
To make inference about the unknown smooth function
g, we propose to use the sieve method to approximate an
inﬁnite-dimensional parameter space Θ by a series of ﬁnitedimensional parameter spaces Θn and hence to estimate the
parameter on Θn but not on Θ. Let 0 = t0 < t1 < · · · < tm =
1 deﬁne a partition of [0, 1] where m is the number of knots
to be determined. Theoretically speaking, we choose m to be
an integer that grows at rate O(nk ) for 0 < k < 1.
Let Ij (t) = I(tj−1 ≤t<tj ) for 1 ≤ j ≤ m − 1 and Im (t) =
I(tm−1 ≤t≤tm ) . The unknown smooth function g is approximated
by the piecewise linear function,
m

Gm (t; b) =
j=1



bj − bj−1
bj tj−1 − bj−1 tj
t−
tj − tj−1
tj − tj−1



rates of convergence in density estimation and nonparametric
regression with the usual smoothness assumptions.
Let E0 be
We
denote

the expectation with respect to Pθ0 .
∂
ξ(θ, W ) = β T X + g(T ), D(ξ) = ∂ξ
(θ, w) =
ξ−eξ

(1 − p)e
ξ
ξ + I(y>0) (y − e ), C1 =
p + (1 − p)e−e
J(W ) = C1−1 D2 (ξ(θ0 , W ))Q(W, θ0 ), where

−I(y

= 0)

E0 D2 (ξ(θ0 , W )),

J is a density
function and we let EJ be the expectation with respect
to J.
Let the score functions for β and γ be
∂ ∂ξ
∂
=
= D(ξ)X,
˙β (θ, W ) =
∂β
∂ξ ∂β
T

∂ ∂p
∂
Zeγ Z
˙γ (θ, W ) =
=
= ˙p
= ˙p p(1 − p)Z.
∂γ
∂p ∂γ
(1 + eγ T Z )2

Ij (t),

T

with knots (t0 , b0 ), . . . , (tm , bm ), where b = (b0 , . . . , bm ) is
the vector of coeﬃcients of Gm . Let Bn = {Gm (t; b) : m0 ≤
bi ≤ M 0 , 0 ≤ i ≤ m}. For any θ = (β, γ, g)T ∈ Θ, select b = (g(t0 ), . . . , g(tm ))T , gn (.) = Gm (.; b). Let π n θ = (β,
γ, gn )T ∈ Θn , where Θn = A1 ∗ A2 ∗ Bn is a product space.
For any θi ∈ Θ, i = 1, 2, deﬁne a pseudodistance d by d(θ1 ,
θ2 ) = β 1 − β 2  + γ 1 − γ 2  + g 1 − g 2 2 , and with some
simple derivations, it can be shown easily that d(π n θ, θ) ≤
g − gn ∞ = O(n−rk ) → 0 as n → ∞, where a is the Euclidean norm of the vector a, f ∞ = supt |f (t)| is the supremum norm of a function f, and for X being distributed ac1
cording to the probability measure P, f (X)2 = ( f 2 dP ) 2
is the L2 (P) norm of a function f. Hence Θn = A1 ∗ A2 ∗ Bn
could be chosen as a sieve space of Θ. Furthermore, if we select
n
Ln (θ, W̃ ) = n1
(θ, wi ) as the empirical criterion funci=1
tion, then θ̂n = (β̂n , γ̂n , ĝn )T = arg supθ∈Θn {Ln (θ, W̃ )} is the
sieve MLE for θ0 (see Grenander, 1981 and Shen and Wong,
1994).

The eﬃcient score function and Fisher information matrix of
the estimator for the unknown parameter of the model can
be obtained explicitly by the following theorem.
Theorem 3 (eﬃcient score function and Fisher information matrix): In addition to the model assumptions C1–C4,
suppose conditions A1 and A2 are satisﬁed, then the eﬃcient
score function of (β, γ) is given by



Uβ∗



Uγ∗

⎛



⎜

=⎝

˙γ (θ0 , W ) − D(ξ(θ0 , W ))EJ

Theorem 1 (strong consistency): Suppose assumptions
C1–C4 hold, and condition A1 is satisﬁed, then we have
d(θ̂n , θ0 ) → 0 almost surely under Pθ0 .
Theorem 2 (rate of convergence): Suppose assumptions
C1–C4 hold, and condition A1 is satisﬁed, then we have
d(θ̂n , θ0 ) = Op (max{n−(1−k)/2 , n−rk }). If we select k = 1/(1 +
2r) for r = 1 or 2, then d(θ̂n , θ0 ) achieves a convergence rate
r
Op (n− 1+2r ). Moreover the convergence rate of the nonparametr
1
ric part is n 1+2r , which is n 3 for r = 1 (i.e., g is ﬁrst-order con2
tinuously diﬀerentiable) and n 5 for r = 2 (i.e., g is second-order
continuously diﬀerentiable) that are, respectively, the optimal

 ⎟
⎠,

˙γ (θ0 , W ) 
T
D(ξ(θ0 , W )) 

the Fisher information matrix is
H (β0 , γ0 )
= EPθ0

3. Asymptotic Properties of Sieve MLEs
The asymptotic properties of the proposed sieve MLE are
studied in this section. For simplicity, we only present the key
results here. One may refer to Lam, Xue, and Cheung (2006)
for the proof of the theorems that can also be downloaded
from http://web.hku.hk/∼hrntlkf/zipreg.pdf
In addition to the four assumptions C1–C4, ﬁve mild conditions, namely, A1–A5, needed to establish the asymptotic
properties of θ̂n are also listed in the Appendix.

⎞

D(ξ(θ0 , W )){X − EJ (X | T )}



Uβ∗ , Uγ∗

⎛
⎜

= C1 EJ ⎝

T 

Uβ∗ , Uγ∗



X − EJ (X | T )
˙γ (θ0 , W )
− EJ
D(ξ(θ0 , W ))



⎞⊗2
 ⎟
⎠ ,

˙γ (θ0 , W ) 
T
D(ξ(θ0 , W )) 

and the matrix H is positive deﬁnite with its every component
being bounded.
Theorem 4 (asymptotic normality and eﬃciency): In addition to the model assumptions C1–C4, suppose the conditions
A1–A5 are satisﬁed, then


√
d
n(β̂n − β0 , γ̂n − γ0 )T → N 0, H −1 (β0 , γ0 ) .
Hence (β̂n , γ̂n )T is asymptotically eﬃcient and normally
distributed.
An important issue in statistical inference is to provide a
reasonable variance estimate of the estimator (β̂n , γ̂n ). Two
approaches are suggested in this article. The ﬁrst approach
uses the inverse of the semiparametric Fisher information matrix. Similar to Huang (1996), we let μ1 (θ0 , T ) = EJ (X | T )
˙ (θ ,W )

γ 0
| T ). By Theorem 4 and some
and μ2 (θ0 , T ) = EJ ( D(ξ(θ
0 ,W ))
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reasonable estimator θ̂n for θ0 , we can estimate H(β 0 ,
γ 0 ) by
Ĥn (β̂n , γ̂n ) =

n

1
n

D2 (ξ(θ̂n , Wi ))
i=1

⎛

⎞⊗2

Xi − μ1n (θ̂n , Ti )

⎜

×⎝

˙γ (θ̂n , Wi )
D(ξ(θ̂n , Wi ))

− μ2n (θ̂n , Ti )

⎟
⎠ .

However, the estimation of μ1 (θ0 ) and μ2 (θ0 ) is very complicated due to the existence of the conditional expectations.
One approach is to make use of the kernel method, which is
quite cumbersome. If we can ignore the dependence between
X and T and replace the conditional expectation EJ (. | T ) by
EJ (.), μ1 (θ0 ) and μ2 (θ0 ) can be estimated by
n

D2 (ξ(θ̂n , Wi ))Xi
μ1n (θ̂n ) =

i=1
n

and
D2 (ξ(θ̂n , Wi ))

i=1
n

D(ξ(θ̂n , Wi ))˙γ (θ̂n , Wi )
μ2n (θ̂n ) =

i=1

,

n
2

D (ξ(θ̂n , Wi ))
i=1

respectively. As remarked by Xue, Lam, and Li (2004), it is
not unreasonable to assume independence of X and T in practical applications that the diﬀerences in the variance estimates
between the kernel method and assumed independence approach are not alarming even when X and T are correlated.
The performance of this assumed independence approach is
very good in general.
Without the independence assumption, the second approach uses the inverse of the observed information matrix
based on the log-likelihood function. Treating b as a ﬁnitedimensional nuisance parameter, the log-likelihood function
(β, γ, g, w) in Section 2 is now approximated by (β, γ,
b, w) with g(t) replaced by Gm (t;b). Then the observed joint
information matrix I(β, γ, b0 ) is given by

⎛

−

∂2
∂β 2

⎜
⎜
⎜ ∂2
I(β, γ, b) = ⎜
⎜ − ∂γ∂β
⎜
⎝ ∂2
−

∂b∂β

−

∂2
∂β∂γ

∂2
− 2
∂γ
−

∂2
∂b∂γ

⎞

−

∂2
∂β∂b ⎟

⎟

∂2 ⎟
⎟.
−
∂γ∂b ⎟
⎟
−

∂2 ⎠
∂b2

The variance–covariance matrix of (β̂n , γ̂n , b̂) is approximated
by I −1 (β̂n , γ̂n , b̂)/n and the variance–covariance matrix of
(β̂n , γ̂n ) can be obtained by deleting the last (m + 1) rows and
columns of I −1 (β̂n , γ̂n , b̂)/n. This approach is computationally
more diﬃcult to implement as it involves determining and
computing the second derivatives of a high-dimensional complex function and the inversion of a possibly ill-conditioned
matrix. However, this approach is more appropriate when the
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independence assumption between X and T is questionable.
The performance of the two approaches is compared in a simulation study and is reported in Section 5.
4. An Example
The number of knots m and their locations ti (i = 0, . . . , m)
need to be determined in a practical application. They are
known to depend on the smoothness of the nonparametric
function g and probably the distribution of T, namely, Φ. A
large-scale simulation is carried out to investigate the eﬀect
of the choices of m and their locations with diﬀerent g and
Φ. It is found that unless Φ is highly skewed, it is generally adequate to make use of the uniform partition with ti =
i/m(i = 0, . . . , m). Therefore we shall conﬁne ourselves to this
set of partitions in the following discussion. Of course, more
turning points in g require a larger value of m for better approximation. As shown in Xue et al. (2004), the minimum
acceptable value of m can be determined reasonably well by
means of the Akaike information criterion (AIC) given by
AIC = −2nLn (θ̂n , W̃n ) + 2K,
where K is the number of parameters to be estimated. The
simulation results are very similar to that reported by Xue
et al. (2004) in the analysis of current status data, and hence
will not be discussed in detail here. The empirical results suggest that the AIC works well in the current setup.
The zero-inﬂated semiparametric Poisson regression model
speciﬁed by (1) and (3) is ﬁtted to data from a public health
survey conducted in Indonesia in 1997 (see Frankenberg and
Thomas, 2000). A total of 16,176 subjects from 6638 randomly
selected households participated in the study. The variable of
interest Y is the number of days of missed primary activities
due to illness in the past 4 weeks self-reported by the respondent. The explanatory variables are gender (X1 = 1 for female
and 0 otherwise), per capita annual household income (X2 in
thousands), household hygiene index (X3 ranges from 0 to 5,
i.e., from best to worst), and age (T ranges from 18 to 60
years old). The interviewers considered ﬁve diﬀerent household hygiene conditions, that is, surrounded by human and
animal waste, surrounded by piles of trash, surrounded by
stagnant water, a stable under/next to the house, and well
maintained and cleaned-up. The household hygiene index X3
indicates the number of conditions scored negatively by the
interviewers. One observation is selected at random from each
household to avoid the problem of possible within-household
correlation. Moreover we only include subjects of working age
(18–60 years) in the analysis, leading to a sample of size n =
5700 of which 5330 were zero counts.
We postulate that the variable age has a nonlinear relationship on the natural logarithm of the mean number of days of
missed primary activities due to illness among subjects in
the high-risk group. We categorized the subjects with structural zeros as being from the low-risk group with others being
from the high-risk group. We assume that this proportion of
low-risk subjects may be aﬀected by the explanatory variables Z = (1, X T , T )T . Models with m from 1 to 10 with
ti = i/m for i = 0, . . . , m were ﬁtted to the data. The standard
error estimates by the two methods are very similar and we
only report those obtained by the ﬁrst convenient approach.
The estimation results are highly consistent among all models
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Table 1
Estimates for the survey data
AIC
γ̂0 (SE)
γ̂1 (SE)
γ̂2 (SE)
γ̂3 (SE)
γ̂4 (SE)
β̂1 (SE)
β̂2 (SE)
β̂3 (SE)
b̂0
b̂1
b̂2
b̂3
b̂4
b̂5
b̂6
b̂7
b̂8
b̂9

(m = 3)
955.89

(m = 4)
951.33

(m = 6)
957.03

(m = 9)
957.60

3.5985 (0.1397)
−1.7023 (0.1152)
0.8400 (0.9675)
−0.5257 (0.2272)
−0.3837 (0.2011)
0.3326 (0.0271)
−0.2941 (0.2834)
0.2600 (0.0446)
0.9262
1.2329
1.1665
1.2998

3.5918 (0.1398)
−1.7006 (0.1153)
0.8443 (0.9678)
−0.5230 (0.2272)
−0.3770 (0.2012)
0.3377 (0.0271)
−0.2839 (0.2788)
0.2826 (0.0450)
0.7843
1.2792
1.0798
1.2830
1.2274

3.5952 (0.1397)
−1.7013 (0.1153)
0.8431 (0.9674)
−0.5241 (0.2272)
−0.3807 (0.2011)
0.3360 (0.0271)
−0.2784 (0.2788)
0.2745 (0.0447)
0.8501
1.1148
1.2560
1.0922
1.2234
1.2466
1.2671

3.5908 (0.1398)
−1.6992 (0.1154)
0.8424 (0.9676)
−0.5226 (0.2272)
−0.3781 (0.2012)
0.3477 (0.0272)
−0.2972 (0.2783)
0.2850 (0.0449)
0.9953
0.7631
1.3213
1.2172
1.0905
1.0739
1.2325
1.2463
1.2735
1.2041

ﬁtted, and the results for m = 3, 4, 6, and 9 are summarized
in Table 1. According to the AIC, a model with m = 4 or
more is suggested.
The results from Table 1 suggest that males are signiﬁcantly less likely to belong to the high-risk group at the 5%
level according to the asymptotic normally distributed properties of the estimator γ̂. Moreover, males in the high-risk
group are found to have a signiﬁcantly smaller mean number
of days of missed primary activities than the females in the
high-risk group. A better hygiene condition signiﬁcantly increases the probability that the subject is at low risk. Better
hygiene condition also signiﬁcantly reduces members’ mean
number of days of missed primary activities even though they
are from the high-risk group. Annual household income has
no eﬀect on either of the two processes. There is a tendency
that younger subjects are less likely to belong to the highrisk group. This is signiﬁcant at the 0.05 level of signiﬁcance
when using a one-tail test, but not when using a two-tail test.
Moreover, from the estimate of b, it is easy to see that subjects
aged between 18 and 25 years from the high-risk group have
smaller mean λ, but the age eﬀect has been very stable among
those aged 25 years or older, showing that young subjects in
the high-risk group resumed normal activities at a faster rate
even if they are ill, but the illness duration was more or less
the same among the subjects aged between 25 and 60 years.
It is obvious from the above analysis that the estimator for
the nonparametric component is sensitive enough to capture
the pattern of the possibly nonlinear relationship. The method
is quite useful in this context as it can also provide some information on the cutoﬀ values if it is desired to categorize
the individuals into two or more age groups to provide with
diﬀerent treatments when making up certain health policies
for the general population. Moreover, policies can be made
more cost eﬀective as a tailor-made policy can be targeted

to a particular age group, but not to the general population
because individuals from diﬀerent age groups may have diﬀerent levels of vulnerability and exposure to diﬀerent behavioral
factors. Taking this survey as an example, a fully parametric
ZIP regression model has also been ﬁtted to the data and as
expected, the variable age has no eﬀect whatsoever on the log
of the mean among subjects in the high-risk group. However if
only subjects aged 18–25 years are included in the fully parametric analysis, the mean number of days of missed primary
activities signiﬁcantly increases with age among subjects in
the high-risk group. This increasing trend is also detected in
the analysis of the full data set using the proposed semiparametric ZIP regression model. It is important to suppress this
increasing trend in g(t) as this has a lifelong eﬀect with g(t)
retaining at a high level for t > 25. One reason for this increasing trend from a sociological perspective is that young
subjects are more tempted to establish unhealthy habits,
such as smoking, when they ﬁrst join the workforce (Trinidad
et al., 2004). If this is the case, proper health education targeted to subjects in this age group will hopefully pull down
g(t) to a much lower level for all t and not just for t ≤ 25. An
important consequence is that the ﬁnancial burden and the
loss in productivity due to the disease can be substantially
reduced.
5. Simulation
A simulation study is carried out to study the performance
of the proposed sieve MLE. To better connect with the
data example, the design of the simulation study mimics
the data example in the last section. Recall that the explanatory variables are gender (X1 ), per capita annual household income (X2 in thousands), household hygiene index (X3
ranges from 0 to 5 from best to worst), and age (T ranges
from 18 to 60 years old). For simplicity we assume that
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Table 2
Simulation results
(m = 3)
405.375

(m = 6)
408.17

(m = 9)
411.195

3.5014 (0.1665)
(0.1687, 0.1684)
−2.0027 (0.1069)
(0.1103, 0.1097)
0.0021 (0.1467)
(0.1447, 0.1443)
−0.4972 (0.1484)
(0.1456, 0.1452)
−0.4993 (0.1445)
(0.1462, 0.1462)
0.5264 (0.0554)
(0.0663, 0.0655)
0.0104 (0.0573)
(0.0632, 0.0625)
0.5081 (0.0604)
(0.0649, 0.0642)

3.5002 (0.1667)
(0.1687, 0.1684)
−2.0030 (0.1070)
(0.1103, 0.1097)
0.0020 (0.1467)
(0.1447, 0.1443)
−0.4792 (0.1484)
(0.1456, 0.1452)
−0.4970 (0.1448)
(0.1462, 0.1464)
0.5249 (0.0556)
(0.0663, 0.0655)
0.0098 (0.0578)
(0.0632, 0.0626)
0.5070 (0.0603)
(0.0649, 0.0642)

3.5005 (0.1665)
(0.1686, 0.1684)
−2.0037 (0.1071)
(0.1102, 0.1097)
0.0018 (0.1468)
(0.1447, 0.1443)
−0.4975 (0.1484)
(0.1456, 0.1452)
−0.4961 (0.1448)
(0.1462, 0.1466)
0.5214 (0.0564)
(0.0664, 0.0654)
0.0079 (0.0581)
(0.0634, 0.0627)
0.5048 (0.0596)
(0.0650, 0.0643)

3.4996 (0.1668)
(0.1687, 0.1684)
−2.0034 (0.1072)
(0.1102, 0.1097)
0.0019 (0.1467)
(0.1447, 0.1443)
−0.4973 (0.1486)
(0.1456, 0.1452)
−0.4957 (0.1448)
(0.1462, 0.1465)
0.5225 (0.0558)
(0.0665, 0.0656)
0.0082 (0.0584)
(0.0635, 0.0628)
0.5054 (0.0599)
(0.0652, 0.0645)

0.4

0.6

0.8

1.0

tive empirical standard deviations. The mean estimates of the
bj ’s for m = 2, 3, and 9, together with the true g(t), are plotted
in Figure 1. Note that the estimates of bj ’s for m = 6 have
been omitted because it overlaps substantially with that of
m = 9. It is obvious that the estimator for the nonparametric
part is able to capture the shape of g(t) reasonably well. Xue
et al. (2004) reported a small bias at the boundary values of
T = 0 and 1, which decreases with increasing values of
m using a similar approximation to the unknown function
g in the analysis of current status data. This phenomenon is
not so severe in the current situation and the estimates are
quite close to the true value at the m knots in general, but
slight underestimation of g(t) is observed, but is very mild in
general. From the above simulation studies, the performance
of the proposed estimation method is highly satisfactory in
practice, and the AIC-type criterion provides a decent guideline to the choice of m.

true
m=2
m=3
m=9

0.2

the explanatory variables are independently distributed. Let
Uij (i = 1, . . . , n; j = 1, . . . , 4) be randomly generated independently according to the uniform distribution on [0,
1]. Then Xi 1 takes up the value 1 (female) if Ui 1 exceeds
0.5 (by assuming that the ratio of male and female is the
same) or the value 0 otherwise. Xi 3 will take up the integral part of Ui 3 × 6 to represent the hygiene index; Xi 2
and T are generated according to some suitable transformation of Ui 2 and Ui 4 using the respective minimum values and the ranges observed in the data. For example,
Ti = 18 + (60 − 18) ∗ U i4 . The nonparametric function g is
chosen to be g(t) = t1/2 to mimic the real situations for simplicity, and the regression parameters are set at γ 0 = (3.50,
−2.00, 0.00, −0.50, −0.50)T and β 0 = (0.50, 0.00, 0.50)T such
that they are not too far away from their respective estimates.
The probability that the subject is from the high-risk group
falls in the range from 0.62 to 0.97. In this study, 500 samples,
each of size n = 5000, are generated. As in the last section, we
choose the location of the knots at ti = i/m for i = 0, . . . , m.
A pilot simulation study indicates that 2 and 3 are the modal
choices of m determined by the AIC, which agrees with that
of Xue et al. (2004). For illustration purpose, we simply ﬁx
the values of m at 2, 3, 6, and 9 in the simulation in order
to determine the eﬀects of choosing the number of knots m
greater than that determined by the AIC.
We are mainly interested in the behavior of the estimator
for the parametric component, namely, (γ, β). Therefore the
¯
mean of the AICs, the mean of the estimates (θ̂), the empirical standard deviation (ESD(θ̂)), the mean of the estimated
standard errors (SE1 (θ̂)) using the ﬁrst convenient approach,
and the mean of the estimated standard errors based on the
observed log-likelihood method (SE2 (θ̂)) of the 500 estimates
of θ are recorded and summarized in Table 2. It is obvious that
the estimator works extremely well and the means of the estimates are very close to their respective true values. Moreover
the estimated standard errors using the two approaches are
virtually indiﬀerent, and they closely resemble their respec-

0.0

γ̂0 (ESD)
(SE1 , SE2 )
γ̂1 (ESD)
(SE1 , SE2 )
γ̂2 (ESD)
(SE1 , SE2 )
γ̂3 (ESD)
(SE1 , SE2 )
γ̂4 (ESD)
(SE1 , SE2 )
β̂1 (ESD)
(SE1 , SE2 )
β̂2 (ESD)
(SE1 , SE2 )
β̂3 (ESD)
(SE1 , SE2 )

(m = 2)
405.055

g(t) values

AIC

0.0

0.2

0.4

0.6

0.8

1.0

t values

Figure 1.
m.

Plot of the estimated g(t) with various values of
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6. Concluding Remarks
This article considers the semiparametric analysis of zeroinﬂated count data that combines a logistic regression formulation for the probability of being in the low-risk group leading
to structural zeros and the Poisson counts from the high-risk
group according to a semiparametric regression model. The
ZIP regression model speciﬁed in (1) and (3) is particularly
useful when the eﬀects of the covariate T do not act linearly
on the link function of the mean of the response variable Y.
Models with diﬀerent numbers of knots should be ﬁtted to the
data to ensure that the estimates are stable before making a
premature decision. The AIC is generally sensible enough to
determine an adequate model to provide good approximation
to the nonlinear function g. Simulation studies not reported
here indicate that the locations of the knots do not have much
of an eﬀect on the estimates and that, with a ﬁxed m, a partition with ti = i/m (i = 0, . . . , m) is a good candidate for
practical use.
The performance of the proposed estimator has been shown
to be highly satisfactory, and the estimator for the nonlinear
function g is sensitive enough to capture the true shape or
pattern of g. When the sample size is large, it is conjectured
that the proposed model can further be extended to incorporate another unknown smooth function, say g1 (t), to the logit
of p so that



log

p
1−p



= γ T z + g1 (t).

The estimation can be made possible with a slight modiﬁcation of the proposed sieve MLE and the theorems developed in
this article may also be valid with slight modiﬁcations. However, the performance of the estimator is yet to be explored
as the estimates may not be very stable numerically.
Clustered zero-inﬂated count data often arise in general
public health household survey. For future research, one may
consider a simple extension of the proposed semiparametric
model to accommodate clustered zero-inﬂated count data by
means of a random eﬀects approach. The estimation will be
straightforward but the properties of the estimator need to
be studied.
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Muller, M., Ronz, B., and Härdle, W. (1997). Computerassisted semiparametric generalized linear models. Computational Statistics 12, 153–172.
Shankar, V., Milton, J., and Mannering, F. (1997). Modeling accident frequencies as zero-altered probability processes: An empirical inquiry. Accident Analysis and Prevention 29, 829–837.
Shen, X. T. and Wong, W. H. (1994). Convergence rate of
sieve estimates. Annals of Statistics 22, 580–615.
Shephard, R. J. (1999). Age and physical work capacity. Experimental Aging Research 25, 331–343.
Street, A., Jones, A., and Furuta, A. (1999). Cost-sharing and
pharmaceutical utilisation and expenditure in Russia.
Journal of Health Economics 18, 459–472.
Trinidad, D. R., Gilpin, E. A., Lee, L., and Pierce, J. P. (2004).
Has there been a delay in the age of regular smoking
onset among African Americans? Annals of Behavioral
Medicine 28, 152–157.
Welsh, A. H., Cunningham, R. B., Donnelly, C. F., and
Lindenmayer, D. B. (1996). Modelling the abundance of
rare species: Statistical models for counts with extra zeros. Ecological Modelling 88, 297–308.
Xue, H., Lam, K. F., and Li, G. (2004). Sieve maximum likelihood estimator for semiparametric regression models
with current status data. Journal of the American Statistical Association 99, 346–356.

Received October 2004. Revised January 2006.
Accepted January 2006.

Semiparametric Analysis of Zero-Inﬂated Count Data
Appendix
The assumptions C1–C4 needed for the arguments in Sections 2 and 3 to be valid are listed below:
C1. β ∈ A1 , γ ∈ A2 , where A1 and A2 are bounded closed
sets in Rd1 and Rd1 +2 , respectively; X is bounded; T ∈
[0, 1].
C2. g ∈ C r [0, 1] for r = 1 or 2.
C3. We denote the joint density of (XT , T) by ϕ(x, t) and
the marginal distribution function of T by Φ. Moreover, ϕ and Φ do not depend on (β, γ, g).
C4. max1≤j≤m {Φ(tj ) − Φ(tj−1 )} ≤ Cn −k for some constant
C and 0 < k < 1.
The conditions A1–A5 needed for the theorems in Section 3
to be valid are listed below:
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A1. E(X − E(X | T ))⊗2 > 0.
A2. θ0 is an interior point of Θ. In other words, (β 0 ,
γ 0 ) is an interior point of A1 ∗ A2 , and m0 < g 0 <
M 0.
A3. The distribution function Φ is known and the
joint density function ϕ(x, t) (see C3) is secondorder continuously diﬀerentiable in t with a bounded
derivative.
A4. The partition of [0, 1] is restricted so that
minj {Φ(tj ) − Φ(tj−1 )} = O(n−k ) with k ≤ k < 1 −2 k
for 15 < k < 13 , or k ≤ k < 2k for 18 < k ≤ 15 , where
Φ is the distribution function of T as deﬁned in
C3.
A5. The unknown function g is a smooth function and at
least second-order continuously diﬀerentiable.

