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One Set of Longitudinal Data

Genetic Epidemiology, 1997.





Some of the Cross-Section Data:



Ewbank-GE02 T2

Ewbank, Genetic Epidemiology, 2002.



Ewbank-GE02 T3

Ewbank, Genetic Epidemiology, 2002.



Ewbank-JG04  F1

Ewbank, J Gerontology, 2004



Ewbank-JG04  F3

Ewbank, J Gerontology, 2004

Differences in APOE genotype frequencies explain 
16% of the variation in e(65) among these six 

countries for men and 17% for women.



Life Table for U.S. 
Males Born in 1910-15

Age lx = Sx
70 575.7
71 552.4
72 528.7
73 504.1
74 478.8
75 453.5
76 428.3
77 402.6
78 377.1
79 352.0
80 327.2
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We want to estimate the life table 
for another cohort, but don’t have 
all the mortality rates.

We assume that in our population:
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How do we estimate R, the 
relative risk?



What data do we have?

We have a prospective survey that followed 550 men 
from their 70th birthday for 3 years.  There were 65 
deaths; 485 survived.
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We can easily solve this equation to estimate

R = 0.946.



What if we have two studies?
A second study started with 820 men at their 75th birthday 
and followed them for 5 years.  There were 209 deaths, 611 
survived.  This study suggests R = 0.901.

Maximum likelihood provides the best estimate of R 
given both sets of data.  For study 2, the likelihood is:
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Then we find the value of k that 
maximizes the probability of observing 

both sets of data:
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The R that maximizes this likelihood is 
0.912.

This can easily be extended to include:

1) Data for more than two studies, and

2) Data for more than one age group in each study.



Studying Differentials
• Assume there are three subgroups or types of 
individuals in the population:  t0, t1, and t2.

• We want to estimate the relative risks of 
mortality for t1 and t2 relative to t0.

• We have data from 2 longitudinal surveys.

• We then have to estimate two relative risks 
where:
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We assume for the 
moment that we know 

the mx for type 0, mx(0).

Age mx(0)
70 .037
71 .040
72 .043
73 .047
74 .049
75 .052
76 .057
77 .060
78 .063
79 .067
80 .075

For example, if T1 and T2 
are very rare we might take 
mx(0) from a life table for 

the total population.



In this simple case, we have two likelihood 
equations to maximize – one for each Ri.

( )
( )1485)7370(,65)7370(Pr

1611)8075(,209)8075(Pr

|
|1

R
R

sd

sdL

=−=−×

=−=−=

For example to estimate R1 from two studies each 
with one age group we have something like the 
equation we used before:

The likelihoods for the two subgroups can be minimized 
separately or multiplied together and minimized with 
respect to R1 and R2 simultaneously. 



What if we don’t know the mx(0)?

One solution:  assume the mx(0) are given by a parameterized

curve like the Gompertz: ( ) em x
x
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Then we have to estimate R1, R2, α, and β .

We now have 6 binomial likelihoods (one for each of 3 
subgroups in each of 2 studies) of the form:
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We multiply these six binomial likelihoods together and solve for 
the 4 parameters.



A second solution
Force the mortality rates for the total population to match 
a real life table for a comparable population, e.g., the total 
U.S. for the same cohorts.

A simple approximation is to assume the data from 
each study match the same life table:
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It is easy to solve for qx(0) in terms of R1, R2, lx(0), lx(1), 
lx(2) given qx from a given life table.    
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Then we need to start life tables for the three 
subpopulations with estimated lx(i) for one age.

For example:
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Then we need to estimate R1, R2, a1 and a2.



To estimate R1, R2, a1 and a2

We have:

1) the binomial likelihoods for deaths and survivors in each 
population by type, 

2) The distributions of the population by type at the start of each
study which give a multinomial likelihood.  For example:
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To do this, calculate the life table for each subgroup 
given first estimates of R1, R2, a1 and a2 :

65 m65(i) 1000 ai

66 m66(i) l65 exp [-Ri m65(0)]

67 m67(i) l66 exp [-Ri m66(0)]

68 m68(i) l67 exp [-Ri m67(0)]

69 m69(i) l68 exp [-Ri m68(0)]

70 m70(i) l69 exp[-Ri m69(0)]

Then we have first estimates of the lx and we can calculate the 
likelihoods given these estimates of R1, R2, a1 and a2.



Note:
We can use Nx(i) for several age groups to 

improve estimates of the ai.

However, the Nx(i) also 
provide information 
about the Ri because the 
differences in mortality 
among subgroups 
determine how fast the 
composition of the 
population changes. 



For example: with R1=1.54 and 
R2=2.06 we find:
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Therefore, the distributions by type at 
different ages give information about 

relative mortality rates.

In addition, we can use data from cross-
sectional studies to supplement the 
longitudinal studies we have been using.

We are then using data from several studies, using both 
cross-sectional data and longitudinal data for different age 
groups to estimate relative mortality rates.



A side note
The approach described here (and used in my article in 
Genetic Epidemiology) is based on relative risks that apply to 
the qx.

Usually, relative risks apply to the mx.  We can use:
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This approximation works well if the largest group in the 
population is taken to be type 1.



New Findings about the Population-
Level Effects of APOE on Mortality

Preliminary Results – Not for Quotation



We can now examine:
Risks associated with rarer genotypes: e2/2, e2/3, e2/4, e4/4

Differences by sex

Differences among Europeans and between Europeans and 
U.S. whites

Differences among race/ethnic groups:

African-Americans

Asians – Japanese, Koreans, and Chinese

Differences within these race/ethnic groups, e.g.

Japanese in Japan and in Honolulu

African-Americans in northern Manhattan and 
North Carolina



Estimates for Europe
Preliminary Results – Not for Quotation



Estimates of R3/4
for European 
Populations

Preliminary Results 
Not for Quotation



Estimates of R2/3
for European 
Populations

Preliminary Results 
Not for Quotation



Estimates of R2/3 and R3/4 for European Countries 
and Race/Ethnic Groups

Preliminary Results – Not for Quotation



Within-Group Comparisons
Japanese

R2/3 R3/4 R4/4
Tokyo 0.90 1.04 1.39

(0.73-1.13) (0.90-1.22) (0.79-4.09)

Honolulu 0.94 1.02 2.34
(0.65-1.26) (0.81-1.26) (1.42-3.65)

African-Americans
R2/3 R3/4 R4/4

N. Carolina 0.93 1.07 1.51
(0.71-1.21) (0.88-1.31) (1.02-2.15)

Manhattan 0.85 1.07 1.8
(0.59-1.18) (0.82-1.38) (1.05-2.91)

Preliminary Results – Not for Quotation
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