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A BOMBER-FIGHTEK DUEL (II)
David Blackwell and Max Shiffman

0. Summary. This memorandum completes the study of the fighter—
bomber duel described in[RM-165. The duel is one in which a fighter
fires a single rocket burst at a bomber, which has limited ammunition,
and defends itself by intermittent>firing. It turns out that, for
fixed accuracies and values of the bomber and fighter, the nature of
the strategies depencs on the amount & of ammunition at the dispos&l
of the bomber. There are two critical amounts 50, <5,, 50 > 5,.
1r § < 5}, the bomber starts firing at a specified range &t less
than maximum intensity and continues firing, with decreasing intensity,
until the end of the engagement. If <§, < é< 55, the bomber starts
firing &t & specified range, greater than in the preceding case, fires
at full intensity for a specified time, and with decreasing intensity
for the rest of the erngagement. In both cases the fighter uses a mixed
strategy, spresd over the entire time the bomber is firirg at less than
meximum intensity, with & positive probablility of firing &t range O,
This probzability decrecses as <S increases. For 6\>-<go, the bomber
fires at full intensity from the time the fighter comes within range
until & specified time, and decreasing intensity therecfter. There is
& certgln time, during the period in which the bomber is firing at full
inten51ty, at which the fighter should always fire. Ammunition in
excess of 60 is useful to the bomber only in case the fighter meakes

the mistake of waiting too long before firing.



1. Preliminaries. The game considered has pay—off

Vix, p) = Alx) P (x, p)

=~/ ply)r(y)ay

where @(x, p) = e .

I chooses a number x, 0 < x < 1, while II chooses a function p(y)

1
subject to 0 < p(y) <1 and L/ﬂ ply)dy = &. The member & and
0

the functions A(x), r(y) are given, and we suppose that 4(x), r(y)
are non—negative, continuous, and strictly increasing functions

on the unit interval. It is known that the best strategy for II

is a pure one, while for I it is mixed. Let F(x) be a distribution
function in the unit interval (F(x) is monotonically increasing
with F(O) = 0, F(1) = 1) describing & possible mixed strategy of

I. The expected value of the game is then

X
— /o pyirly)dy

1
E[F(x), ply)] = L/O alx) e dF(x) .

The solution given here for this game zpplies in the case that

'A’ X

“TxTr(x7 is a decreasing function of x; this will be true for

example whenever log A(x) is concave. The extension to the general
case can be made, but it is more tedious and seems of little practical

importance,

2. The good stratepy for the bomber. The good strategy for the

bomber can be obtained as iniBMf165, using the following lemma proved

there:



femma. For any two strategies p;(y), pa2(y), V(x,:py) > vi(x, p)
for all x implies p; = p, almost everywhere (so thét Vix, py) =

V(X‘, p‘) for all X)o

It is also obtained independently on the considerations of §3 below.
A' 1
Define m(y) = KT?%%%T , w(y) = min(m(y), 1), 80 = L/: w(y)dy.
We are supposing that m(y) is decreasing, so that w(y) is also

decreasing.

1
CuSEI. & < &o. Define c.}/ wiyldy = 8, poly) = 0, v < c,
CaSE I . |

poly) = w(y), c <y < 1. ¥%e now prove that pp is & good strategy

for the bomber.

There is a number d3_po =1, c<y<d, po =m(y), d <y < 1. Concern—
ing d, we see that d = ¢ if m(c) £ 1, d =1 if m{1) > 1, while d is

the unique point where m(d) = 1 if m(c) > 1 and m(1) < 1. We hLeve

= A(X)) OSXSC
-Z/"XI‘(Y)dy
V(x, po) = 4alx) e ~°F , ¢c<x<d
= V(d, po), d<x<1.

? 1
' ’
Fore<x<d,V =V [%T - r:]. Since m = %; > 1 in this interval,



V > 0 and V is increasing. Thus max V(x, pg) = v(g, Po). Now for

any p ¥ po @.e., the lemma assertsxthat there is é; x* with

V(x*, p) > V(x*, Po). This x" must exceed c, sincéino V{x, p) can
exceed a(x) for any x. If x" > d, max V(x, p) > V(d, po). If

X
¢ < x' < d, we shall show that V(d, p) > V(d, po). We have

d
—/ « ply)r(y)dy
via, p) = 4 vix*, ple J"

d

-f* r(y)dy
X

¥ %
ald V(X ’ po)e .

V(d’ pO) = Alx

Comparison shows V(d, p) > V(d, pg). Thus for any p, max V(x, p) >
X

V(d, po); Po is & good strategy, and the value of the game is V(d, po).

Case II. & > <go- ANy Ppg N Poly) > wly) for all y turns out to be
a good strategy in this case. Clearly, for any such pg, V(x, pg) <
V(x, w) for all x so that max V(x, po) < max V(x, w). We show that,

x bq
for any p, max V(x, p) > max V(x, w). ¥We have

X X
—fr(y)dy
(o]

Alx)e 0<x<d
Vix, w) = .
vid, w) d <x<1

As in Czse I, max V(x, w) = V(x, d). Moreover, for any p,
X



d
—J r(y)p(y)dy
0

v{d, p) = A(d)e > V(d, w) .

Thus the value of the game is V(d, w), and any P, 2 W is & good

strategy.

3. A pgood strategy for the fighter. The fighter will select

a mixed strategy as its good strategy. This will be obtained by

using the following well—known inequality:

ﬂa‘( )dF (x)
1 - X X
f P Gr(x) > & U0
0

valid for any distribution function F(x) and Borel measurable function
@(x), with the equality sign holding if and only if @(x) is constant
except on a set of F-measure O (this is a general ineqguality valid for
an arbitrary convex function in place of the exponential).

In the expression for E{F(x), p(y)] write the integrand as
“[;/nx p(y)r(y)dy-log A(xﬂ
/o
e

and apply the inequality, there results
(1) E[F(x), plyl] 2 m[F(x), ply)

where

I x 7
-f[/ ply)r(y)dy—log A(deF(x)
(o]

(2) hF, o} = e °°



Integrating by parts in the exponential, we obtain

! 1 *
(3) log h[F, p| = -/O p(y)r(y)dy + log &(1)

. 1 A (x
UA: F(x) 5 p(x)r(x) - e dx
1
- L/n {f(x) - y} p{x)r(x)dx + log 4(1)
0

?

1
A (x

(We will apply the above formulas to & particular distribution which
vanishes iadentically near x = O, so there is no difficulty in the
integration by parts concerning the term log A(x) in case A(O) = 0).
In this expression for log h, the only term containing p(x) is

1
b/; {F(x) - 1}-p(x)r(x)dx, while p(x) must satisfy the condition
(/21 p(x)dx = &. This suggests selecting a distribution F(x) for
which (F(x) - f)r(x) = constant. This suggestion will provide us

with a good strategy for the fighter,

Case I. (See discussion of Case I in §22.) Define ¢ and d
2s in the discussion of é 2.

Define the distribution function F*(x) by

0 for x < d

for d < x < 1

A,
-—h
|

(4) F(x) =

1 for x = 1




Rérom (3), we have

d 1 .
log h[F*, p] = —L/; p(x)r(x)dx — r(c)L/c; @(x)dx

+logA(1)—logJ11 +r(c</Axrxdx'

1 d
But (/ p(x)dx = 8 - f p(x)dx ,
d 0O
1 ' d
and f %ﬁh dx L/)
N ALX )X
o} C

Thus

d d
log h[F*, p:] = —-J; pix)r(x)dx + r(c)L/; p{x)dx
d
+ log Ald) — rlc) - f 1 . dx
C
log A(d) + (/;C {r(c) - r(x)} p(x)dx
d
1—(} -—(1d—”()d
f{ Pi\X { r{c) b d (\/C rix)dx
= log ald) — fd r(x)dx + fc{r(c) ~ r(x)} plx)dx
¢ 0 J

j {1 - p(x)}4 rix) — r‘(c)-1 dx

> log ald) - f r(x)dx
c



»

with equality holding only if p(x) = 0 in 0 <x < ¢, p(x) = 1 in

8

c:k x < d. Thus

d
(5) h[F*, p] . A(d)e_(/c) r(x)dx

with equality holding if and only if p(x) = 0 in 0 < x < ¢, and
p(x) =1 in ¢ < x < d.
*
For the distribution F (x), the equality sign in (1) holds if

X
end only if L/Z ply)r(y)dy — log 4(x) = constant in d < x < 1, or
t
p(x) = AAx)i ) in this interval. We have therefore finally obtained,
as a result of (1) and (5),

—Ucﬁ r(x)dx -

(6) a(d)e < E[Ff(x), ply)

with equelity holding if and only if p(y) = poly).
On the other hand, an elementary discussion for the case pgo(y),
which is of course included in §‘2, shows that

T/Cﬁr(x)dx

(7) E[F(x), poly)] < Alde .

The combination of these two inequalities, (€) end (7), shows that
3%
F (x) is a good strategy for the fighter, and po(y) the only good

strategy for the bomber, with the value of the game being

éz/:dr(x)dx

A(d)



Case 1I. In this case, set

) x < d
Fr(x) = < 1 d<x<1 .
1 x = 1
Then
d d
- d - ) dy
2[F(x), ply)] = 4lde Jo pIr(y)y > Ald)e Jo x(5)es

with equality holding if and only if p(y) = 1 in O <y < d. But this
ak
is the value of the game obtained in éz for this case, so that F (x)

is & good strategy for the fighter,
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