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G#MES OF PURSUIT

Two points, the pursuer P and the eveder E, each capeble of volitional
motion in some space are governed by desiderata of capture and flight zs
in classic pursuit problems. We innovate by the demend for optimal tactics
on the parts of both; game theory inundates the problem.

There are many possibilities. The points may suffer various restric-
tions on their motion: bounded speed, bounded curvature, bounded magnitude
of acceleration, functional relations between veolicty and displacement,
etc. The objective of P, E's cepture, mey be defined as actual coincidence
of the two points or some smallness recuirement as to their distance apart.
Each point mey have full or some type of partial information &s to the
othert's whereabouts.

We must have & payoff. This can be the time required for capture, =
function of the point where capture occurs or more generslly eany functions

of the conditions of capture. We might telk of gemes of kind where the

sole criterion is capture or not, (i.e., & twoevalued payoff), but we

strike a richer vein with gemes of degree with & continuence of possible

payoffs. 1In the latter cese we may &ssign some specizl value, when cap-
ture does not occur, to the payoff, such as(:;»when it is time of capture.
Then the solution of the letter type embraces that of the former.

We may also study discreet problems where the players mazke moves of
positive displacement in turn. Most continuous games may be guantized
into discrete approximations.

A problem which particularly &appeals to us isi

Game I. The Homicidal Chsuffeur. P and E move in the plane with
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speeds(va_gndnj7 with ng;>mﬁ.l The rsdius of curvature of P's path must
never be less than & given fixed R.2 Time of capture is the peyoff.
There is some fixed, bounded region thought of as rigidly atteched to

P celled the capture region; capture occurs when E enters it. Both

pleyers have full information.

For a prototype, think of a car whose driver is intent on running
down &an objecting pedestrian in a lerge unobstructed perking lot with the
letter's only hope being deley until rescue. The capture region is the
Dlgnform of the car.

Some qualitstive aspects are evident. If E is more or less in front
of P the situation is simple; E will flee and P will follow. But suppose,
as in fizure 1 E is initielly at Eyz to the, sey, right rear of Py, P's
starting position, and close to Pg-
If P is naive enough to turn right
immedietely, E can frustrate him
by entering the right circle of
meximal curveture. What P must do
is first recede from E, then swerve
about and pursue directly. Now E
must gt first follow P so &s to

delay P's attaining edequate separa-

tion. But as P sterts to swerve, E

(now at &) turns teil and flees until

Fig. 1 capture is consumeted near b.

1 Nothing is gained by bounding insteed of fixing the speeds. Optimal
strategies demand perpetual top speed.

2 Bounded velocity is the sole restriction on E. If more definiteness is
preferred, we can restrict him to piecewise smooth paths.
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We found the quantitative analysis of this swerving meneuver an
attractive part of the problem. The solution is too long to be in-
cluded here, but it will be discussed lzter.

2. Methods. The velue of V of & game 1s the value of the payoff
when both plzyers follow optimum strategies. Actuslly we consider not
a simple geme but & family obtzined by considering &ll possible initizl
conditions. Initial conditions just ample enough to specify the game
uniquely mey be expressed in terms of certain coordinates which we will

call the descriptive variebles; let them be m in number and the spece

which is set of 211 their possible values be callaié? Then V is
function onfa, and our task is to find it. The paths, strztegies, etc.
then 211 follow. Our technique springs from a tenet which we formuleate
below.

If the plsy of & geme be halted before completion, we mey think of
the resumption of play &s beginning & new game which is a member of our
family. Thus the descriptive variables describe the position. Hence s
pley is equivelent to a2 path inD.

Tenet of Transition: If the play proceeds from one position to &

second and V is thought of &s known at the second, then it is determined

gt the first by demanding that the pleyers optimize (i.e., meke minimex)

the increment of V during the trensition.

In the discreet cese the tenet leads to & recurrence relation and
in the continuous, to a differential equetion. We teke up the former
first and illustrate it by an example.

Geme II. The Hamstrung Sgued Cer. Vicariously we observe the chase

through regularly lsid out city streets of a pedestrien fugitive by a
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police car. The car, althouzh faster, must abide by local traffic rules
which prohibit left (and &lso U) turns. Our model is played discretely
on the vertices of an infinite square lattice. If E is at & point he may
/LW e’(,(é/g'a‘f-u Ly

move  to any oneof the four adjoining points; P moves two spaces but

only in a direction the same as or to the right of that of his previous
move. For example, in Fig. 2, if he is et b and has come from a he may
move to ¢ or d. Capture occurs when P and E occupy the seme or adjacent

points, either straight or dia-

gonally, i.e., if P is 2t b, E is

o/ Cel o 22 6 o captured when on any of the nine
O 4O o0 I o

oc ; 13 o points merked O. The peyoff is
o] / /

o hgZo 36’ o o
OTT A the number of moves of P until
s #g e capture. Both pleyers have full
Fig. 2 information.

The descriptive variebles zre five in number : the coordinste of P
and E &nd the direction of P's previous move.3 Thelr number can be
reduced to two, for we need but think ofFFt%. 2 as a full-size map of
the city affixed to the police car, the car being at b and pointed
toward ¢. Thus each point of Fig. 2, regsrded &s a possible location
of E, stands for & position.4 Our object 1s to label each with a

value of V, which is the number of moves to capture if E starts from

there, it is P's move, and play is optimsl.

3 To apply our ideas we must demand thzt this direction for the initial
position be pzrt of the data.

4 In meny cases we may similarly reduce m but it is not slways edvan-
tegzeous to do so.
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The points where V= 0 can be labelled immediately (figure 2) and

then those where V=1. Now if E is at ¢ or d end it is his move, his

best course is to go to & point lebelled 1. Now let it be P!s move.

If E is at eny of the four points merked e it can be seen that the proper

move of P will bring E to ¢ or d. Thus the points
be lzbelled 2. We continue thus, the instructions
Suppose all the points have been merked where
1) Find those points such thet, if E were on

he could reech by one move are merked end at least

e and only these should

. . 5
being in general:’

V=0, 1, 2,.... 1.

one, all the points

one is merked n.

2) Find the points such that if E were on one, there exists a

move of P that brings E to a point found in 1).
still blenk, N+1.

Figure 3 shows the completed chart. At
n= 11 the construction terminates. If E is at
en unmerked point, with proper play, he will
never be ceptured. Ve leave the reader to
derive the optimal strategies and peths from
this chart.

3. Continuous Pursuit. If we gllow the

two positions mentioned in the tenet of transi-
tion to coalesce we ere led to a differential
equation. But the customery theory of such

equations furnishes but a first step toward

g 1t
5 8
3 4 7 \0
2 3 & 7
[ {1 3 ¢
/] (] 2 3
o o1 I
o [ /
8 © o7 ¢
7 3 2 3
o7 43 €
g 56 S
18
Fig. 3

5 These same instructions apply to many other gemes.

Lebel such points, if

NP g0

8
3
¢ 5 &
7 8¢
[Ke]
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solution. Ususlly it heppens that our spacef7 must be divided into
several regions &t whose boundaries V suffers various kinds of dis-
continuities. This im grossem aspect of the probler is usuzllyb the
difficult end important one.

We will sketch the differentizl equeation pzrt of the theory and
illustrete it by an example. Then we will discuss some phases of the
im grossem part.

The rules of the game provide eesch pleyer with certain variesbles

he cen control; we czll them the navigetion varisbles. Mzking them de-

finite functions of the descriptive varisbles constitutes choosing e
stretezy. These functions &nd the initial conditions determine the
paths, usually through differentiecl equations which we will term the

kinetic equetions. For example, in Game I, P's navigation varisble is

the curveture of his path (in the prototype this would be & position of
the steering wheel); E's is the direction of his peth.

We can write an expression for %% (or 6) for a path involving arbi-
trary strategies. Appealing to the tenet of traensition, we optimize
the strategies by demanding that %% be minimax. But its value will be
known some other wey: if V is time of capture, V for an optimel path =-1;
if V is a function of the position of capture, V=-O, etc. We equate the
two values of V. The result is a first order pertial differential equation

for V celled the mein equetion.

Its characteristics’ turn out to be the optimsl paths.6 Half the

6 We are diffident sbout the generality of such statements; our science is
young.
7 See, for example, Courant-Hilbert; Methoden der Matnematlschen Physik II,
Chap. 2
K‘fé;, ~4L> 8 When m= 2, we shall sometimes s&y curve.

/6'6*"" Pl U
”®9£¥“7<1/
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cheracteristic equations ere the kinetic equations; the other half ere
simply obtzined by differenting the main equation with respect to each of
the navigstion variables.6

We will refer to en m-1 menifold in Des & surface? If V is known on
a surface K, we can find it in & neighborhood of K by the method of char-
acteristics.7 Such & K will be called a labelled surface.

: Jabelled For example

The data should furnish & K. If V is time of capture, on the boundary
of the capture rezion we know V=0, #&&

We clarify these ideas by an exemple. It i simpler than Game I in

that it lacks the "swerving maneuver" depicted in figure 1.

Geme I1I. The Isotropic Rocket. The sole restriction on P's motion

is thst the megnitude of his acceleration is bounded by a given positive
constanf,ﬁa In other respects the geme 1s the same &s Game I. (We may
think P a&s a frictionless rocket driven by & jet turnable in any direction.)

The six descriptive varisbles are:

2], the affix of E

2o, the affix of P (1)

U = (vectoriel) velocity of P.

The navigation variasbles gres

For E3 ¢, his direction of travel mezsured from the real axis,

For P: A, his vectorizl acceleration. (& = aeie, 0 L& &)

The kinemetic equetions are:

é1= v el¢ 2 (2)
22'U >
U = ee®

9 If x,y are rectanguler coordinates we find it convenient to use insteed
z=x+1y end z=x-iy.

Often this abridgement ensbles us to write only helf & set of equations;

the other is obtained by forming their complex conjugates.
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We will call the velue T instead of V. Its rate of change slong a

path is

-}—: 1: =1, Z*T;"Z"'TZ‘Z:*“T_Z—‘Z-‘—RU‘FT;C
J e . L ) E;
B V'(,Tzo,ec + T )+ U, O o (Toe™=Tze7) (1)

The optimal-¢ meximizes the first term on the right. This term is

a directionzl derivative and its meximum is & gradient; thus

I
fe Tfrny

Similarly A minimizes the last term.
10

A =
(-‘9:__, TLT - }(6)
e /(TU TG/)Q'

<«

The mein equation is thus

To obtain cherascteristic equations we differentiate (7) with respect

to z, z2, U. Differentizting, for example the first term by 2, =nd using
(5), we get
ST (T, Tz +
_L¢
= v (e“‘( )Z (T)mj

while the other two terms yield similerly
— =] . —¢© i
VT, ), *0(T)g +%[ € (Ta ), +e™(Te )5 .

Comparing the sum to (4) we see thet it is the derivative of Tz,

elong the peth with respect to t. Treating the other variables likewise

10 The cleim of footnote 1 can be likewise substantiated.



we obtain:
(Tzl)'o
(Ty,):0 (2)
(T@)» ~Tzp-
The remaining characteristic equations ere (2) with the optimum strategies

(5) eand (6):

2 = U | (9)

Ve will not persevere. We see how to build a solution near the
cepture reglon and how certzin general inferences can be drawn from (8)
and (9).

L. The im groscem aspects. The work of the last section tacitly

supposes the existence of the verious derivatives which eppeer. We now
study some types of surfaces on which they do not.

In the following T, time of capture, will be the psyoff end we heve
in mind Geme I end III. We sre hesitant as yet to expand generzlity of
our ideas to the uttermost.

Universal surfaces: A play is equivalent to the motion of a point

P mﬁ L surface S ?m@ will be celled admissible when there are
strategies for P which enable him to bring p to S from anywhere in some
neighborhood of S no metter whet the strategy of E.

Let S be admissible and suppose it is optimel for P to force p to S.

Clezrly P will then keep it there. The situastion is then tentamount to
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& gezme with en (m-l1)-dimensional space.ll Let us suppose this game solved
and let T pe its value; T is thus & function on S, end so § isiiabelled
surface. We employ it in that role to solve the stzge of the pley before
p has arrived on S.

Think of po &s being the fixed initisl position of pand suppose it to
lie in the neighbornood of many admissible surfaces. P may select any of
these to play the pert of S above. For each choice, the peyoff is uniquely
deternined at pg. Therefore P chooses that S which minimizes the peyoff.
Such minimizing S are called universzl surfaces. Their detection is
essentizlly a problem of the calculus of veriations.

In both Games I and III, the set of points where P 1is pointingl2 to-
werd E belongs to a universzl surface. We describe the solution of Game
I when the swerving meneuver does not occur. Let P and E start from Pg
end Eo as in figure 4. E will proceed slong the tangent drawn from Eo to

one of the extreme curveture circles at Pge.

P will proceed &t sharpest curvature until

he reaches &, the point of tangency of E's '//7(//
£

path; then he proceeds on the same line as -7 ©
E until cepture. Reasoning like that of a f““\\\\
section S will yield & sherpest possible right P }

or left turn as the optimal strategy for P. ) //

On universal services, however, his peath \\‘—’“//‘
should be straight. - Fig. 4

11 It may be that P exhausts his volition in mainteining p on S. The game
degenerztes into & meximizing problem for &

12 We recall that P's direction of motion is pert of the descriptive
variables.
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Geme II possesses similer solutions. At first P moves with a

certain constant £ of modulus, 3 his path is then a perzbole., It is

shown in figure 5 end plays a part 3
like the circle of figure 4. %/ip///’/’:iTE‘ﬁ* gs\f““
7 Fig. 5

In these examples E enters the cepture fégion through its foremost
point. This is whet we should intuitively expect whenever the initial
seperation of P end E is at &ll large. The solutions suggested in
section 3, hold near the capture region and entail capture through other
perts of its boundary; such is to be expected only when E stzrts near the
bounda;y.

We perceive that the boundary between the regions leeding to these
two types of capture is another kind of discontinuity surface. As tne
choice of type usually rests with P, he selects the one giving the
smeller payoff. Thus the boundery occurs where the two payoffs are
equal.

Barriers: These surfaces erise from considerations ulterior to the
tenet of transition. Applicetion of the tenet yields E's best strategy
if he is to be ceught, but he mey be able to avoid immediate capture
entirely.13 We illustrate by coining two new gemes.

Game IVa. {The Locked Steering Wheel) This is Geme I with R= oo,

(e,

is.e, P is confined to & fixed velocity.

Game IV b. (The Procrestinated Suicide) The same as IV &, except

13 Our eerly statement, that solutions of games of degree imply those
of gemes of kind, mey eppear meretricious. It is not so, of course,
when epplied to the play as & whole.
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thet E wishes to be captured.

We observe that the latter game is meaningful. E wishes capture but
with meximum delay, If he waits too long, P will pass him end E's chence
is forever forfeited.

Both these gemes hgve the same mein equation, paths, etc., which ere,
in fzct, speciel cases of those of Geme I. How then do the solutions
differ?

We may divide 211 starting positions (i.e.,$>) into three siliquot,
disjoint subsets, namely those for which

1) E must be cesught,

2) E can or cennot be caught as he wishes,

3) E cannot be caught.

Lt us suppose we heave solved Game IVb. This means that we leeve
found T, the paths, etc., over the union of subsets 1) end 2)}. The
solution of Game IVa is obtained by discarding the portions of results
lying over subset 2). Thus if this game was our object, the results
obteined &s inferences of the tenet of transition would appear abruptly
cut off by that surface which is the boundary of 1) and 2). Such sur-
faces we will call berriers.

In Game I, the surface which bounds the region where the swerving
meneuver is necessary is & barrier. In figure 1, pert of one is shown
as & dashed line. (Here we think of Py, and P's initial direction fixed
end Eop varisble.)

Equivocal Surfaces: The following situation occurs in the analysis

of Geme I. Let Qp be a subset of § such that for p in Q1, the optimel

strategy for P has been ascertaeined to be, say, & sharpest right turn.
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Let Qo be & region from which capture by such a direet policy is not
possible, but if p is in Qp, P, by turning left, cen force it into @
for all strategies of E. Thus for p in Qp, P is assured of his prey,
The pertinent question is: How shall he select the surface 8, the
boundery between Q; and Q? Let p start from Q» and be forced to S;
then one of two zlternsztives must ensue:

1) p cdysses S into Ql,

2) p remainé:é.

Ve suppose S is not admissible; that is P cannot force p to S from
Q1. Then the choice, 1) or 2), rests with E.

Let us select =n S and then fix in Qo the starting point po of p.
Ve can calculete T3 and T2, the optimel payoffs for this S and pe,
under assumptions 1) and 2) respectively. If 1) holds, T, is determined
on S from the right turn solution already supposed known in 3. If 2)
holds, T, is determined on S in the same way as if S were a universal
surface. In either case, S is lsbelled and Tj is determined in Q2.

Now P hes the choice of which S, while E has the choice of which
of 1) or 2). Thus, still keeping p, fixed, P will select that S which
mekes the meximum of T3 &nd Ty & minimun.It turns out thzt this
condition impliesT, = 2.

Written out, this condition leads to & compliceted differentiel
equetion for S. The format of the game will yield data for an initial
condition and S will be fixed. We cell such an S an eguivocel surface
as for each point on it there are two strategies, corresponding to 1)

end 2), both optimel and both leeding to the seme value of T.
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411 the essential difficulties of Game I have now been enumerzted.
We hope lster to publish its full solution. We remark now of & curious
phenomenon. The paths of E are pQﬁVgonal lines &nd those of P are com-
prised of arcs of circles of radius R and sﬁ%@ght lines; but with &
possible exception. When p is on sn equivoczl surface ana E elects
2) both P end E follow paths which appesr to be complicatedly trans-
cendental.

5. Game without Full Information. For brevity, we confine out-

selves as follows: P has imperfect information &s to E's position and

the degree of imperfection does not change with time. If the information
has a statistical nature we take this to mean that we are dealing with
what the statistician cells a stetionery stochastic process.

If the initial separation of P end E is great, the pley decomposes
into two phases. At first P pursues the suspected locale of E with
much the same tactics a&s if he had more precise knowledge; we call this
the direct phase. Later, when P is close upon E's heels, his strategy
must be mixed and is & compromise between searching the tentative locale
of E and pursuing it; E counteracts by & compromise of random evasion
and flight. This phase we call stationery, as it appears to enjoy this
stetisticel property. We do not know whether the traensition from one
phese to the other is abrupt or gradusl. The latteﬁl&%sihe more novelj;
it must be epproached from a statistical viewpoint; the goal is the
expected velue of the pgyoff.

We devised one problem of this type which was as simple, without

being triviel, as we could make it. Its incredibly intricate solution

indicates & field difficult and subtle.
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