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THE MATHEMATICS OF MILITARY PAY
Alain Enthoven

Military pay has become one of the major issues of defense policy
during the past yeesr. It is an issue which is susceptible to rationsl
quantitative analysis, although it is complicated by the fact that a man's
ray is both his income and the price of his services., The income aspect
raises questions of equity. Consequently, most popular discussions of
military pay have been excessively if not exclusively influenced by vague
notions of fairness. As a result, the price aspect has been neglected in
the determination of military pey sceles and the efficilency of the services
has suffered.
All of the services are now facing & serious reenlistment problem.é/
In 1956, the Defense Department appointed & special committee to study the
matter and to recommend measures for its amelioration.g/ The proximete
cause of the problem is that military salaries have not kept pace since the
war with the salaries offered by civilien industry, the services' principal
competitor for manpower. However, the seriousness of the problem and the
appointment of a special committee to investigate it are symptomatic of a
deecper malaise. Supply and demand conditions for verious kinds of military
manpower are constantly changing, but the services sre not allowed to adjust
by changing (upwards or downwards) the salaries they offer. This situation
ought to be remedied. A considerable improvement in the effectiveness of
the military establishment could be obtained at no extra cost if the
services were sallowed more freedom in the allocation of their budgets for
personnel. Perhaps that freedom would be forthcoming if this prospect

of greater effectiveness were mere generelly understood. The Congress
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might instruct the services tce follow a policy of maximizing military
effectiveness, within the limitaticns of the personnel budget, by verying
bsalaries and bonuses within certain limits,.

The purpose of this paper is to explain the mathematicsal theory of
maximization of military effectiveness within the limitations of a fixed
budget and to show that the theory has an sppropriate apprlication in the
pay question. In principle, the problem is not difficult. In order to
determine the optimum allocation of funds, & service could begin with its
current program and compare its actusl over-all effectiveness with that
which would result from slightly different allocsations. For example,
the service might consider retaining s few more rader men with funds
obtained by retaining fewer vehicle drivers. Those directions which show
improvement could be followed until a point was reached at which no
further improvement seemed possible. Such an exercise would require the
ability to compare force compositions and to select the better ones.

A further development of the logic of meximization will be valusable
for two reasons. First, it can provide criteria for the identification of
2 maximum. Secondly, it can indicate the most fruitful directions of change
to the investigators seeking an optimum. Since experimentation, even of &
conceptual sort, may be expensive, this 1s likely to be quite important.
The significant feature of the theory is its great generslity., Proceeding
from 2 bare minimum of general relationships between military effectiveness
and the numbers of men in the services in various categories, some definite
practical prescriptions can be developed for the optimum use of the

perscnnel budget.
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I. The Foundations of the Analysis

We must have some notion of what military effectiveness is and how it
might be measured before we can meximize it. There is no very precise way
of defining military effectiveness as a function of the factors which
comprise it. However, as the analysis will show, & precise measure of
military effectiveness is not necessary. We need only to be sble to
compare and rank the effectiveness resulting from different combinations
of men and equipment in order to epply the logic of maximizetion. In
practice this ranking msy not always be easy, but it is clear that it
would be vastly more difficult to determine the generel functionsal
relationship between effectiveness snd manpower.

Specification of a complete militery effectiveness function mey not
be possible, but is is possible to say some things which are useful in the
comparison of different force compositions., Total effectiveness can bve
broken down into independent components and lower level criteria can be
specified as measures of the effectiveness of parts of the force.i/ In
doing this, one should be cereful to see to it that the criteria used st
the lower levels are the relevant ones for the effectiveness of the whole
organization. For example, it is important to distinguish between combat-
ready units and total numbers. Thus, the number of bombers which are in
commission or which are combat ready is a much better measure of the
military capability of the Strategic Air Command then is the total number
of bombers in the force. It is important to avoid ratios in messuring
military effectiveness. It is the absclute number of combat-ready bombers
that is relevant asnd not the ratio of combat ready bombers to totsl

borbers. In general, measures of any capability should be related to the
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cost of attaining it. The correct form for the objective of ithe wheole or

a2 part of a military organization wheve the total budget is fixed should

be to meximize total effectiveness subject to that budget or, slternstively,
to obtain a stated cepebility at minimum cost., The two are logicelly
equivalent.

Let us define, then, a general index of military effectiveness, &
continuous differentisble function which devends upon &ll of the manpower
and equipment inputs used by the services. We may write this in the form
(1.1) E(xl, coey xn) .

What can we say sbout the shape of this function? First, it should incresse
with increments in each of the equipment and manpower inputs, Xpy seey X -
Letting the subscript i denote partisl differentiation with respect to X
we mey express this property by the inegualities

(1.2) E, >0 .

Second, the analysis requires that E obey what economists call “the
generelized lew of diminishing marginal returns” at lesst over the range of
X, with which we are concerned. The mathematical term for this property

is concavity. A function is seid to be strictly concave if any plene
profile of its greph has the property that the chord joining any two points
of the profile lies entirely below the graph.g/ For & twice differentisble
function, this property may be described by the inequality

(1.3) ¢e = 7

1

E..d_d_ <0
137 %, "%,
L4

[ |

for all dx not all equal to zero.i/

1

Mo 0

The economic neme for "E " is "the mergirel product of x. ."

The law

of diminishing merginal returns implies, first, that the marginal product
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of each X, diminishnes as the corresponding input is incressed, that is
Eii < 0. For example, the gain in the militsry effectiveness of a force
obteined by incressing the number of rsdar men from one thousand end one
to one thousand and two is less then the gain obtained by increesing the
nunber from one hundred end one to one hundred and two. Secondly, it
implies that the marginal product of eny group of inputs diminishes es the
size of the group is incressed. Alternstively, suppose that we were to
fix the velue of E and of a1l but two of the inputs, say, X, and Xj'
Starting with any peair of values of X, and xj which are consistent with
the velue of E, we might inquire how the increment of Xj required to keep
E constant veries as X, is reduced 8 unit st & time. If E is concave,
then ever incressing increments in Xj will be required to offset the
successive reductions in X, It is essy to see why such & law would hold
for a consumer if E were to represent a fixed level of "utility" end if
X, and Xj were to represent goods which he consumes. Can we assume that
the military effectiveness function sstisfies this law? As & generzl
rule, we cannot.

There are militery situstions in which groups of inputs will display
incressing merginal returns. For exemple, if a flight of bombers is
sttempting to penetraste enemy defenses, the number that penetrate
successfully will rise more rapidly than the number which sttempt to
penetrate, as the latter is increesed, st least over a range. The resson
for this is that the bombers interact favorably with each other in
confusing snd satursting the defenses. Similserly, sgainst & bomber force
of fixed size the defenses may have incressing returns over e range of

expenditure. However, there sre many other situstions in which the inputs
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that personnel is such an input. A valuable festure of the meximizetion
enalysis is that it msy be applied to a subset of the varisbles in E,
while the others are held constant, if E is concave in those variebles.
Thus, the analysis can be spplied to the meximizetion of E subject to the
limitations of the personnel budget if E is concave in the personnel
inputs when all other vsrisbles ere held constent.
IT. Maximizetion of Military Effectiveness Within the Limitstions cf ¢

Fixed Budget

The problem which we now proceed to analyze is the mexXimizelion of E
subject to the limitetion of a fixed budget. ©Suppose initielly that the
service is free to select any non-negative set of inputs thst is consistent
with its budget limitetions. Symbolicelly, its constraints may be written

(2.1) G(%,, +ve, x ) =0 end

1AVZ

(2.2) X,

;=0 (i =1, ceey n)

(2.1) is & more general form of the budget constraint which sppears in
(2.9) in the traditionsl form. The method of Lagrange multipliers provides
e convenient mathemetical tool. We form the expression

- K
(2.3) L(x, u) = b(xl, ceey xn) + %uku (Xl’ ver xn)

. . , , T . . . k
in which the Uy are undetermined multipliers end in which the G sre m

constraints (m < n) of the form {2.1). Then, we may drew upon the
following general theorem to reech conclusions of practicel interest in

6/

s O
particular cases.-—

V]

Let Lix, u) be a differentisble function of x, C end
4 i

s 1O o . s -
and let LX and Lu represent the partial derivetives of h(x, u)
1 ko o s
. ; . i/ i - . - s P
eveluated st the point x; end u, . Then, if L{x, u”) is & conceve function

b

ted o o ., .
of x end if L{x~, u} is a convex function of u, the following ere
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necessary end sufficlent conditions for L to have g seaddle point st

xg and ui y lees,
(2.4) L(x, u°) S L(x°, u°) = L(x%, u)
o] <
(2.5) in(x, u) =0,
i
szi (x, u) =0,
i
. 20 (1 =1, ..., n)
=
and
(2.6) LZ (x, u) =0 (k =1, eev, m) .
k

Therefore, if L(x, u) hes the appropriate concavity, E hes e constreined

maximum at x? if and only if either
(2.7) B, + T e =0 or
i k ki
x, =0 (i=1, «v.y m)

If there is only one constraint, G, the equstions (2.7) cen be written

(2.8)

S
G

=
[42]

for those X, whose maximizing value is not zero. This set of equetions
expresses the basic necessery condition for efficient sllocation of the
budget.

For the seke of a simple illustration, suppose thet the service is
limited in the meximization of ¥ by & fixed over-ell budget, B, and thst

it can buy eny amount which 1t mey require of each input st a fixed price,

pi for xi . Then we may express the budget limitation by the equetion

n

_ =0 .
(2.9) B 2 Pi%s o
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The eppropriste Lagrangesn expression is
n
.10) = E -2
(2.10) L{x, u) n(xl, , Xn) + u(B i};lpixi)
and the meximizing velues of x; ere elther zerc or are determined by the

equations

(2.11) E, -up;, =0

end (2.9). 1In this exemple, the concavity of L(x, u°) is essured by the
concavity of E. The sppropriste form of {(2.8) for this exsmple is

(2.12) o

B

Military effectiveness will be meximized when the merginsl product of eesch

'dl =1
[ -
'tﬂl =
o 30

input, whose maximizing velue is not zero, is proportionel to the price of
the input and when the budget is Jjust used up.z/

An importent festure of this anslysis end of the proportionelity
conditions is that they are independent of the specific form chosen for E.
They depend only upon the rankings implied by the militery effectiveness
function. Thus, if the service is slweys sble to decide thst one combins-
tion of inputs is more or less effective thsen esnother, it hes, implicitly,
anff function within the mesning of this discussion. If we replsce E by
any concave monotonically incressing function of itself, we shsll find
thst sll of the conclusions demonstrested so far continue to be velid. A
transformation of this kind will chenge the scele in which effectiveness
is meassured, but it will not chenge “he relativeflrankings of different
combinations of inputs.

Let £ be replaced by T E with

(2.13)  ar

= ’T’“‘“,‘
F-TE 20,
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. L . . .
end meximize T B! subject to (2.1). The Lesgrangesn expression is

(2.14) T E(x), .-, xn)! £ UC(xy, eny )

end the meximizing velues of X, ere either zero or must sstisfy

TR —
(2.15) T'E; + uG, =0 .
The equations (2.8) sre implied directly by (2.15). Since

(2.16)  _>T ¢ _opw . aTeE,
L X, WX, i3 i i

the concavity of (2.14) csn be expressed by the inequelity

X . X, i3, X,
Jd L i J

(2.17) T2L2LE 4. 4 +T22XEEREA4 4 +urrG .4 d <O,
i7x,x 17§ x. %

which is the only restriction on the shepe of T other then (2.13).

(2.17) cen be written

(2.17') TXXE .4 4 +T™(E4 )2+uZZG. <0 .
1%, % i™x, i

4, d
: J X, x,
J 1 LY
Thus, if E end G are eech concave, and they will be in ell of the ceses of
interest to us, then it is sufficient, but not necessary, for (2.15) to
define & meximum, that TIE] be conceve, i.e.,

So.

(2.18) ™ 'E“
Thus we have shown that the maximizing velues of X; ere inverisnt under
a wide cless of meonotonic trensformetions snd hence thet the logic of
maximization is dependent upon the renking of different ststes of
effectiveness rsther than upon the sctusl messurement of effectiveness.g/
The simple exemple used for illustretive purposes sbove is lecking in
rezlism, and therefore spplicebilily, in two importsnt respects. First,
the militery services fsce not one but meny constresints. They sre not

permitted to ellocate their entire budgets es they see fit. Second, they

dc not fece fixed prices for the goods end services they buy., It would
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not be appropriate to explore the complexities of the tudgetary process in
this paper. Let it suffice to say that allocation decisions must be made
somewhere, and the services are able to exert an important influence upon
the decisions which they do not actually make themselves. This is
particularly true of allocations within particular sub-categories of the
military budget. An interesting aspect of the logic of meximization is that
it is applicable at any level of sllocaztion. The same principles which

9/

guide over-all optimization can be applied to sub-optimization. For
example, suppose that the service is given one fixed budget for personnel,
say‘Bp, and another for equipment, say B , and assume that nc reallocation
between them is permitted. Assuming fixed prices, for the sake of

. s s , . . . , st
simplicity, let the first r inputs be items of personnel and the r + 1

) th . . . - :
ton , equipment, Then the service may seek to maximize E subject to

T
2.1 B - 2. p.x, =0 and
(2.19) R

n
(2.20) B - 2 p.x.=0 .
€ q=rpsl t 7

Forming the sppropriate Lagrangean expression with ul and ug as the
undetermined multipliers related to (2.19) and (2.20) respectively, and

differentiating as vtefore, we obtain

(2.21) E, - wp, =0 (i =1, ..., r)

w \ - E . M
(2.22) B, - ugpi = Q0 (L = r+l, ..., 1)
for those goods x, whose maximizing value is no%t zero. My and i, are not

necessarily equal. Thus, the same proportionality condition holds within
each budget, though not betweer them. If the serviece were free to allocate

its perscnnel budget, though not its entire budget, it could be guided by
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the same general logic of maximization. The same argument could be extended
to more sub-constraints (and to sub-constraints within sub-constraints).

For example, a service might have freedom to allocate within a budget for
enlisted men and a budget for officers, but not between them.

A simple if frequently overlooked point is related to this. The
imposition of any new and binding constraint will lower the maximum
attainable value of E, and the removal of any binding constraint will
increase the maximum attainable value of E. In the example used above,

if the separate constraints prevent the equalization of u, and u,, then the

1 27
maximum value of E will be lower than in the absence of the separate
constraints. Stated formally, the point is trivial. Yet in practice many
coﬁstraints are needlessly imposed upon the services which prevent them
from allocating their budgets efficiently. For example, they are required
to offer the same reenlistment bonuses to men in all specialties. The
imposition of even such a seemingly innocuous constraint has a real cost
in terms of over~all effectiveness.

The fact that the logic of maximization can be applied to any subset
of the inputs limited by a common budget constraint suggests that we may
restrict our attention to the allocation of particular parts of the
over-all military budget, e.g., the personnel budget. For any given
compesition of military equipment we may define a new military effectiveness
function dependent only upon the manpower inputs, i.e.,

sy X )

(2.23) F(xl, ceey xr) = E(xl, ceey X, Ky .

where §r+l’ os ey kn are fixed., Of course, F will change with changing
combinations of equipment, But by singling out the personnel inputs we

can meximize the contribution of manpower o over-all effectiveness by
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appropriate allocation of the personnel budget, for any set of equipment

which has been specified. This is sure to be an easier problem than the

over-all maximization. Further, F may be concave even if E is not (i.e.,

E may be concave in the personnel inputs, though not concave in all Xi)'
An important aspect of the problem which has not been considered yet

is that the services do not face fixed prices for manpower: they face

rising supply prices. If they wish to hire more men in any category

or specialty, generally they must offer a higher price for their services.

Let the supply curve for men in the ith specialty be

(2.24) p; = Si(xi)

where pi is the salary or wage rate. By assumption

(2.25)  s!(x,) 2o and

0 (i=l’ ey I‘) .

(2.26) S;(xi)

Substituting (2.2% into (2.19), we now maximize F subject to
r
(2.27) Bp - iglxisi(xi) =0 .

The new Lagrangean eXxpression is concave in the Xi' Applying our earlier

results, at the maximum, either

3

o w s (x) =
{2.28) F,o-u {Si\xi) + Xisi(xi)‘ 0 or
The expression in square brackets represents the increase in the total
costs of the service which would result from hiring an additional man in
the ith specialty. It is the sum of the price of the additional man and
the increase in price miltiplied by the number of men to whom it must be

paid. Economists call this the "marginal cost” of the input. For
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convenience, we shall abbreviste this expression as MCi. The proportion-
ality conditions (2.12) must now be modified slightly. When the service
is allowed to offer a higher price to attract more men, in order to
maximize effectiveness, it should adjust the prices it offers and the
inputs it obtains until either the marginal product of each input is
proportional to the marginal cost of buying it or until the input is

not bought at all. Symbolically, for those Xy obeying the first condition
in (2.28)

(2.29) Fy Fo 10/

I1I. A Graedient Approach to Maximization

The development of necessary and sufficient conditions for a
constrained maximum has provided us with criteria for the identification of
a maximum or, more precisely, for the identification of positions below
the maximum. It has not provided us with a method for finding the maximum
either in principle or computationally. If we had exact analytic
expressions for the E function and the constraints G, snd if the X, were
not required to be non-negative, we could, at least in principle, use the
first order maximum conditions and the constralnts to solve for the

11/

maximizing values of the Xy and the Lagrange multipliers.— Hcwever, we

have not assumed any specific knowledge of the form of E, and, by

requiring the X 1o be non-negative, we have opened the way for some of

+3 o

the firstworder conditions to be inequalities instead of eguations. Since

the necessary and sufficient conditions do not tell us which X, = 0 at the

R

meximum end hence which first order conditions are inequalities, we are

not able to "sclve’ for the maximizing values. But this is not important
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since the thecretical ability to solve for the maximizing values of the
variables would have little practical value anyway.

The practical significance of the logic of maximization in military
rroblems is that it indicetes the most fruitful directions in which to
proceed in the reallocation of funds and it provides us with sufficient
conditions for an improvement in military effectiveness., It can be shown
that whenever an actual set of inputs departs from the optimum, a
reallocation of funds can increase over-all effectiveness. In particuler,
if

3. F F
(3.1) Y T

—_ >

MC, > MC_ (x, > 0)

there will always be a reallocation of funds away from xa and to X which
will inecrease F. Furthermore, the largest increase in effectiveness for
the reallocation of a fixed sum will result from the transfer of funds
from purchase of the input with the smallest ratio of marginal product to
marginal cost to the category with the largest, provided that the
reallocation is consistent with the inputs being non-negative.

In order to demonstrate this, let the numbers of men actually in the
different categories be represented by X;’ sy x: and assume that this
is not an optimum position.ig/ Expanding F linearly around this point by
Taylor's Thecrem, we may write

C o] O O
. - x9)
(3.2) Fxy, aeey %) = P, onuy x) # Z(xi x; )F;

(o] . e s . N N C
where F; are the partial derivatives evaluated at the point x . If we
restrict ourselves to pairwise reallocations, we may hold all but two of

.- O : .
the (Xi - Xi} egual to zero, whence we may write
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o O oy 040 _L0y0
(3.3) F(xl, vee, xr) = F(Xl’ cery X )+ (xa xa)Fa + (xb xb)Fb

where only xa‘and Xb are permitted to vary. The budget constraint can be

written

(3.4)

WP

(x. - xIWMC, =0 .
1 1 L 1

i

Again, holding all but two (xi - xg) eqgual to zero, we may write this as

' MC,
(3.5) (x, - x)) = -(xq- x2) ﬁ‘ii .

Substituting (3.5) into (3.3) we find that

| @0 7°
o] o} o} b a
(3.6) F(Xl’ ey Xr) - F(xl, erey Xr) = MCb(xb - xb) ﬁEg - ﬁE; Co.
Therefore, if at x° the ratio of Fb to MCb exceeds the ratio of Fa to MCa,
then a small increase in xb at the expense of a reduction in xa will result
o £§/

in an increase in F above its value at x . Of course, these conclusions,
and subsequent ones about reallocations, must be qualified by the existence
of the constraint xa Z 0. The reallocation of funds away from X, must

stop when x = 0. Thus, our first assertion has been proved: s realloca-
ticn from an input with a lower marginal product to an input with a higher
marginal product, each in relation to its marginal cost, will always
increase military effectiveness. The proof of the second assertion follows
immediately. If we fix the amount of funds to be resllocated, (xb - xg)MCb,
and if we consider all pairs of inputs, then clearly, a reallocation

between the two inputs for which

-
Fb T a

MCb MCa

is the largest will result in the largest positive difference on the left
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hand side of {3.6), that is, the grestest increase in military
effectiveness.

In this last step, we have deduced a general and practiceal prescrip-
tion for military wage policy whose implementation requires only the
sbility to compare ratios of marginal products and marginal costs. When-
ever the proportiocnality condition is not met, the service is able to
obtain an increase in over-all effectiveness at no increase in cost
merely by a reallocation of funds and a change in the salaries it offers.
Further, the disproportionality in marginal costs and products will always
indicate the appropriate direction for reallocatimn.lCﬁ'course, practica
considerations prevent the armed services from freely moving salaries up
and down, but nevertheless there are many possibilities for the useful
application of these principles.

It is interesting to observe that there are various ways in which one
might proceed to carry out the reallocations. For example, one might use
the rule that the marginal products and costs of inputs to be compared
should be selected in pairs at random. This would result unambiguously
in an improvement, although it would not be the most efficient procedure
in that it would not be making use of the steepest gradient--the “rastest
way uphill.” Also, the random selection would often yield pairs of
inputs which, though having unequal marginal product to marginal cost
ratios, are both above or below their values at the maximum of F. 1In
these cases, the reallccation indicated by the rule "alwsys move uphill®
would require changing one of the inputs in a direction which would have
to be reversed subsequently if the movement "uphill" were to continue.

For example, if toth inputs were in excess of thelr as yet unknown
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optimum values, the reallocation rule would call for the inereagsing of
one input. This move would have to be reversed later on. Although the

£
w

rule "always move uphill" applied randomly should eventually lead one to
the maximum, it may do so in an inefficient and oscillatory way.

An alternative procedure would be always to select the steepest
gradient and to move along it until it was no longer the steepest or until
it no longer yielded increases in effectiveness. This would seem to be
very sensible and, for practical purposes, it is probably the method to be
preferred. Unfortunately, an analytical discussion of the process of
convergence would involve, at best, very complicated mathematics, although
the method could be programmed for & high-speed digital computer.

One may imagine yet a third approach to the problem. Consider the
following set of rules. Beginning with the current values of the Xi and
with any positive value of u, preferably near the average or median ratio

of Fi to MCi’ examine X X, and u in succession, I F. - uMCi is

19 Xps cees
positive, increase X by a small amount, and if negative, decrease it by
a small amount unless doing so would make X, negative. Similarly, if

Bp - Z@ixi is negative raise u, and if positive, lower u. A moment's
reflection will show intuitively the sense of these rules. The reason
for increasing 1 when Bp - Zpixi is negative is that the budget is being
exceeded whence the use of all inputs must be curtailed. This is
accomplished by raising the average ratic of Fi to MCi, This process can

ii siuiiei analytically and its convergence demonstrated for the cases

which we have discussed.

“¢ G, The appropriate Legrangean expression is of
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the Torm {2.3) with k = 1. ‘e rway model the set of rules described above

one round?

in x, and u takes place

Then, letting %, and u denote the

simultaneously in one wnit o

tiy
IS8
e
3
@
L

first derivatives

C
b
>
3
=
[o9
o
o
Pl
r&-
)
[

espect to Ytime," we may describe
the continuous analogue of the iterative process described in the previous

paragraph by the following equations:

|

(3.7) x. = E. + uG. (1 =1, eve, n)

t A
i !
s

n = =G

wnen the variables X3 and u are positive and

(_508) }E-’. = O
=0

when the variables themselves equal zero.

@

The smooth convergence of this process is guaranteed by the following
4

L/
"Let L(x,u) be strictly concave and analytic

—

T

theorer of Hirofumi Uzawa.

|

in the non-negative variables X1y eees X,, and convex and analytic in

w = 0. Then there is a unigue solution of the gradient equations
éﬁ = dx:Lk: (i =1, eesy, 1)
L
0= =d, L,
where dxi = 1 unless x; = O and in <2 0, in which case dXi = U, and where

d =3 unless u=C and L > ¢, in which case du =
1l (V8

« This is irue for
. . . . 0 o <
any non-negative set of starting points, Xl’ ...y %X; and u~. Morecver,

> >
if L(x,u) vossesses a saddle point under the constrainus ¥, = O and u = 0,

-

x-component of

D

{

the x-component, x. {%t), of the solution converges to th
1S 1 s
the saddle point as t --> .,
The appropriate properties of concavity and convexity and the

existence of a unique szddle point have bzen assumed or guaranieed by the
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theorem cited in Part II. An important feature of the gradient process
from the point of view of the problem under discussion is that it depends
entirely upon the concavity of £ and G and upon their derivatives. All
that is required in order to move towards the optimum is an evaluation of
the signs of the derivatives of L(x,u). A complete specification of the B

function is not necessary for the application of the logic of maximization.

IV. Application of the Analysis

The theory of maximization of a continuous concave function has s
natural application in the personnel problem. Unlike some of the inputs
which go into our military establishment, personnel is finely divisible.
It is a practical possibility for a service to add a few men in one
category and subtract a few from another. Thus, the continuity assumption
fits the problem well. The appropriateness of the assumption of concavity
is less obvious, but there is good reason to believe that it too fits the
problem. Personnel inputs do not appear to exhibit increasing marginal
returns or strong positive interactions, at least in the range with which
we are concerned.

There are significant differences in supply conditions in different
categories of military manpower. Reenlistment rates in the technical
specialties are far below those in the non-technical areas. A sample of
Air Force first-term reenlistment rates for fiscel 1955 and for the first
eight months of fiscal 1937 is shown in Table I. The differences persist
in spite of the fact that skilled technicians already have advancement
opportunities in the Alr Force which are superior to those of the

unskilled airmen. These facts are part of the basis Tor an imporiant
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conclusion: an efficient wage policy must take adventage of supply and

demand differences.

Table I

Air Force First-Term Reenlistment Rates by Specialty

Fiscal Year

1955 1957
Technical:
Radio-radar system maintenance 7.0 22.7
Pilotless aircraft control and guidance 5.1 28.8
Armament system maintenance 7.1 31.8
Atomic weapons Le7 21.5
Non-Technical:
Production control 27.3 41.8
Firefighting 19.9 39.6
Transportation » 19.1 3449
Food service 23.8 38.1
Over-all 14.5 33.1

Sources: Study of Airpower, op. cit., Part IV, pp. 345-5. The
U. S. Air Force Personnel Report, Military Personnel Retention,
Headquarters, U. 5. Air Force, 1 July 1957.

The necessary conditions for an optimum allocation of the personnel
budget, (2.21) or (2.29), provide us with the rationale for salary
differentials for different specialties. It is obvious that at
substantially equal pay scales, marginal products and marginal costs differ
zmong different specialties. Whereas enough men reenlist in some
unskilled areas, a very small fraction of those in the highly-technical
skills choose to remain in the service beyond their first enlistwment.
Consequently the services claim that they face a severe shortage of

skilled technicians.
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What is the meaning of a "manpower shortage"” in this context? Surely
the statements that there is a shortage would be rather trivial if they
only meant that the services could make good use of more of these men.

In that sense, we 211 face shortages. 1If this were the meaning of the
statements about shortages, then they would in truth be complaints about
budget levels. With greater personnel budgets it is obvious that the
services could accomplish more. The statements about shortages of
skilled technicians have a more interesting meaning: at the current rates
of pay, one extra technician would be more valuable to the services, in
proportion to the costs of hiring him, than one extra unskilled man. But
this sort of shortage can be alleviated by offering more money to attract
more technicians and then effecting offsetting savings by reducing the
number of men in areas which are relatively oversupplied. Only in very
special and rare circumstances would it be most efficient for the services
to offer the same salary scales in all specialties and obviously these
conditions do not exist today.

The military services have at their disposal a variety of methods for
balancing marginal products with marginal costs., For example, they could
meke more use of rank, gradually upgrading men in categories in which
there is a releative scarcity and promoting fewer in areas in which there
is relative over-supply. OSuch possibilities as more extensive use of the
rank of warrant officer should be investigated. Since fringe benefits are
a part of the marginal costs of hiring men as well as being a fezture
which attracts them, they should slso be adjusted in such a way as to
maximize military effectiveness. This can be done on the same principles

as salary adjustments., However, 1t would be quite difficult administratively
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to provide differential fringe benefits not based upon rank and pay. Hence
it is likely thet peay will remain the dominant variscle from this point of
view. The mathematical anszlysis has shown that these varisbles can be
used purposefully to achieve the objectives of the services and it has
provided us with a guide to the extent to which differentiszls should be
used.

There are, nevertheless, limitations upon the anelysis as a guide to
policy and these limitations may indicate some modification of our conclusions
in practice. The method used in this paper is static. It does not
consider optimum behavior in the face of changing conditions. Development
of adequate numbers of some kinds of manpower requires a long time,
Further, over time, personnel requirements change as do civilian demands.
Consequently, current policies should be based in part upon dynamic and
long run considerations. If requirements in some areas will increase over
the next decade, then optimum salary scales in those areas will be greater
than if requirements will remsin constant. However, these considerations
do not affect seriously the validity of our conclusions. In practice,
they are likely to indicate the desirability of only small adjustments of
the static optimum positione.

A Tew practical examples will serve to illustrate the relevance of
this leogic to the preblems which the services face. The Cordiner Committee

reports that all of the services are experiencing a shortage of officers
w o sl -

e
ey z
/ -

C

between four and fourteen years of service.— In {iscal 195¢, the
combined deficitfwas estimated to be approximately 37,000 officers. In

order Lo meet numerical reguivements, the services nave had to taske in more

Junior obligated officers than they would heve otherwisge preferved to do.
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a3 K S

As = resuli, there is = surplus of & comparable order of magnitude o
offTicers with less then four vears' experience, Considering the cogts of
training the younger men =nd the losses wiich result from their inexperience,
it would be fair to estimate that the costs to the services of meintaining
cfficers in either category are approximetely the same. Nevertheless,
the fact that a "shortage" exists in one category and a Ysurplus' in the
other indicates that, with the current force composition, the marginal
product of extra officers in the more experienced group is substantially
greater than it is in the junior group. Thus our logic applies. If the
services were allowed to increase the salaries of officers with four or
more years of experience, thereby attracting more of them, they would be
able to save an offsetting amount by taking in fewer junior officers.
An increase in total effectiveness would result with no increase in total
coste

To illustrate further, the Committee reports that among men completing
their first enlistment in 1956, there were wide divergences in reenlistment
rates between men in technical skills and unskilled men. In principle,
the men in both categories are now paid according to the same schedules,
although in fact advancement opportunities are somewhat better for the men
with technical skills. However, only 13 per cent of the men trained in

electronics reenlisted. The services have estimated the optimum sustaining

rate for men in this area to be about 33 per cent. ™ On the other nand,

the reenlistment rate for vehicle drivers, military police and men in food
service was slightly in excess of 25 per cent, and just above the opbinum
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electronics expert would Tar exceed the merginal product of one more
vehicle driver, Nevertheless, the services are required to offer
approximately the same salary scales in both categories. If the services
were free to offer more money to men in electronics, it is clear that a
reallocaticn of funds could again increase over-all effectiveness.

There are practical problems involved in this prescription. Reducing
the salaries of men already in the services during their enlistment is
difficult and undesirable in that they are not free to change jobs.
Consequently, it would be unrealistic to advocate a reduction in the
salaries of individuel men whose skills are in oversupply. Also, one
must be cautious about recommending a salary increase on the basis of
supply and productivity conditions which may be temporary because it may
have to be reversed. These difficulties need not be serious. First of
all, periodic salary revisions can be accompanied by a "savings clause"
stipulating that no individual is to have his earnings reduced. The
Cordiner recommendetions include such a clause. Within a few years of
the dcwnward revision, new men will have replaced the old and the pay cut
will have become effective for most of the men in the category. Secondly,
the problem of salary rigidity could ve solved by a system of flexible
reenlistment bonuses. For example, the Congress could provide each
service with a budget for benuses which could be varied, within limits,
by administrative decision. Accordingly, each year, cach service could
review its experience and decide upon appropriate readjustments in the
allocation of bonuses among different groups of men. The allocation of
the bonus budget could be carried out on the basis of the principles

explained in Part IT of this paper.
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competitive, it can be shown that the policy of making marginal products
proportional to marginal costs, instead of to prices, would lead to an
inefficient allocation of resources. Lven though the services face rising
supply prices, they cculd centinue teo follow proportionality conditions

of the form (2.12) or (2.21.). The latter policy would not lead to as high
a level of military effectiveness, for any given budget, but it would lead
to a more efficient use of resources. At a given real cost, the economy
would be able to give the service a sufficiently higher budget that it
could, in turn, reach a higher level of effectiveness. However, in fact,
our economy is not perfectly competitive and it is not clear which of the
two policies would lead to a greater total real output. In practice, it
probably does not make much difference.

11. There would be one first order maximum condition corresponding
to each Xy and one constraint corresponding to each Lagrange multiplier,
whence an equal number of eguations and unknowns. Of course, an equal
number of independert equations and unkncwns is necessary and sufficient
for a unique solution only in the case of linear equations. However,
the existence and uniqueness of the meximum would indicate that at least
in ordinary cases the equations would possess a unique solution.

12. It is of course assumed that the entire budget is spent in all

13. A "smell increase"” in this sense is defined as any increase which
does nct destroy the inequality (3.1). Of cocurse, any increase in Xb will
tend to decrease Fb and increase MCb, and conversely for a decrease in X
The argument is only valid, strictly speaking, in the neighborhoed of the
point x°. Tt indicates the steepest gradient of the constrained effective-

ness functiocn at that point.
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14, "Note on a Gradient Method," Technical Report No. 36, O. N. R,
Contract N€conr - 25133, Department of Economics, Stanford University,

10 October 1956,

15. A Modern Concep@lgi Manpower Management and Compensation,
op. cit., pp. 79-89.

16. Ibid., pp. 47-51.

17. Loc. cit.

18. Career men are those who have reenlisted at least once.
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