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SUMMARY

It is shown that the solutions to certain classes of nonlinear ordin-
ary and partial differential equations may be represented in terms of the
meximum operation applied to the solutions of associated linear equations.
This, in effect, affords a new approach to the quasilinearization of non-
linear differential equations. This technique was first used by Bellman

[ Proc. Nat. Acad. Sei. USA, v. 41 (1955), pp. T43 - 746.] , who obtained,

in particular, a representation for the solution of the initial value prob-
lem for the Riccati equation by its use.

The representation readily yields uniform lqwer bounds for solutions,
and, in the case of stochastic nonlinear differenfial equations, leads to
representations for the distribution functions of the solutions. ILastly,
but perhaps most important, a technique is provided for the construction
of monotone sequences of functions which converge to the solutions of the
nonlinear equation. In addition, the approximation scheme, which proves
0 be abstractly equivalent to Newton's method for the extraction of roots,
is quadratically coLvergent and provides a method for the solution of non-
linear boundary value problems which is of interest from the computational
viewpoint. Results of several numerieal experiments carriéd out on a high
speed digital compubing machine are provided which tend to show that each

4additional iterstion approximately doubles the number of correct digits.

The nonlinear equations considered are of the form
L [u] = f(u,x) ,

though various generalizations are indicated, where x is an n -dimensional

vector and u is an unknown function to be determined on a domain D. The
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function £(u,x) is considered to be a twice differentiable strictly con—
vex (or concave) function of u for all finite values of u and all x€&€D,
and is continuous in (u,x). The linear differential operator L is to

possess the positivity property

L[z] -1(v) zzo=>z 20,

which is to hold for all functions v which are defined on D and belong

to an admissible set of functions, S. The proof of the positivity property
is not always straightforward; in some cases it corresponds to the non—
negativity of Green?s function on the domain D. Various initial and
boundary values are considered.

The associated linear equation for the function w = w(x) = w [x;%]

has the form
L [&] - fHv) w = £(v) = v £ (v) ,

where w is subJect to the same boundary values as the function u. The

representation of u in the form

w = Mex ‘I[X'V]
“ves LV ’

under appropriate restrictions, is demonstrated, which provides the central
theme of the investigation.

The method is applied systematically to & variety of nonlinear equa—

tions including the Riccati equation

du 2
E}E:u ﬁ'g(x)J

and the equation

dgu

dx2 =:f(u,x) s U(O) = U(b) =0.
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Also considered are the nonlinear potential equation,
Au = f(u),
and the nonlinear heat equation,

U B = £(u).

In addition, when applied to the equation

u, + [f(u)] <=0

we are able to rederive a representation formula for weak solutions of first
order partial differential equations due to Lax.

Finally, generalizations to systems of first order nonlinear differen-
tial equations, nonlinear integral equations and variational problems are
considered, and the role of the Min-Mex operation in achieving quasilinear-

izational is indicated.
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I. TIFTRODUCTION

1. Introduction. The Riccati Equation.

Nonlinear differential equations are playing an increasingly important
role in both theory and application [ 18, 22, 43, 44 ]. In contrast, how-
ever, to the highly developed theory of linear differential equations, no
well-rounded general theory of nonlinear differential equations is at hand.
The primary effort has been directed toward the study of certain special
classes of equations with partiecular emphasis upon those for which the non-
linear terms may be treated as mild perturbations about the linear ones.

In one way or another, one usually seeks t0 linearize a given nonlinear
problem,

We shall introduce a new linearization technique based upon the use
of the maximum operation.

The intimate connection which exists between the theory of differen~
tial equations and variational problems has long been recognized. In
particular, solutions of variational problems may be characterized as solu-
tions of Euler differential equations, and by use of this connection the
existence of solutions of differential equations may be established by the

direct methods of the caleculus of variations, making use, for example, of

tﬁe Rayleigh—Ritz method. Furthermore, eigenfunctions and eigenvalues can
abe characterized by various variational principlesr(See, for example,
-Courant-Hilbert, [15] , P8lya—Szegh, [58] ..

| Here we follow an entirely different path. We shall establish repre-
‘sentation theorems for the solution of various nonlinear ordina?y and

partial differential equations in terms of the maximum operation applied

.to the solutions of associated linear equations, and shall indicate some
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of the uses to which the representation may be put. The Poincard-Perron
method of superfunctions, [3&] , is related to our approach in that solutions
to differential equations are represented as greatest lower bounds of super-
funetions. We shall use our approach to provide a new practical method for
numerically calculating solutions to nonlinear equations, and for other
purposes.

In various branches of analysis, physics and engineering, equations
of the form
(1.1) L[u]=s
occur, where L is a linear differential operator possessing a certain
positivity property to be specified later (See Part IV), f is a sufficiently
smooth convex or concave function of u and its derivatives (for all values
of the independent variables throughout the domain of definition, should
the independent variables occur explicitly), and u is the unknown state

variable. As examples we mention the Riceati equation,

LI b(x) u + clx),

fundamental in the study of linear second order differential equations, and

the equation
XX vy

which occurs in studies of electrohydrodynamics, [2hj}, and the physics of
semiconductors, and which is of historic interest due to its treatment by
Picard in his classic memoir on the method of successive approximations, [55].
We shall study various ordinary and partial differential equations |
having the above-mentioned form, with the solutions subject to a variety

of boundary conditions. In particular we shall obtain a representation
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for solutions of these nonlinear equations in terms of the maximum or min-
imum operator applied to solutions of associated linear equations, a tech-
nique introduced by Bellman, [?, 10:] , in 1955. This representation is
then used to obtain the following types of results for solutions to non-
linear differential equations: uniform upper or lower bounds on solutions,
nonlinesr integral equations for the solutions, and representations for
distribution functions of solutions to nonlinear stochastic differential
equations.

lLastly, and perhaps most important, we are led to the construction of
monotone seguences of functions which converge to solutiomns of the nonlinear
equations, enabling us to provide certain existence theorems. These
sequences are not only monotone, but also quadratically convergent, in
Hartree's términology, so that they converge very rapidly, the number of
correct digits in the approximation asymptotically doubling with each
iteration., We refer to them as 'Newtonlan sequences', by analogy with the
sequence of approximations to the root of a function provided by Newton's
method (See Kantorovig, [?1:}&. We illustrate this by giving the results
of a number of numerical experiments carried out on the Johnniac, a high
speed digital electronic computing machine at The RAND Corporation, of
Princeton-type. In particular we call attention to the results in Section &,
concerning the solution of a two-point boundary value problem for the
equation u" = eu in which two iterations, involving sixteen seconds of
machine calculation, yielded six figure accuracy.

A concrete example in the form of the Riceati equation provides an
effective vehicle for the exposition of the methodology which we shall
systematically exploit. We consider the equation

(1.2) W o= v s g(x), u(0) =c¢, 0%&x<b,
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where g(x) is continuous on the interval [b,ﬁ] , and b is sufficiently
small to ensure the existence of the solution. Since (u-v)2_2 0, for

any choice of the function v, we may write equation (1.2) in the form
M
(1.3) u' = 3}( {2uv e + g(x)} , u(0) = ¢,

vhere the maximization is over all functions v defined on the interval
[O,b] . The maximum is actually attained for v = u., The function
w=wix) = W'[g;v:] is then introduced as the solution of the associated

linear eguation

(1.%) w'o= 2vw - vo o+ g(x) w(0) - ¢,

which we obtain by dropping the 'Max' in equation (1,3). We wish to

show first that u may be represented in the form

(1.5) u = O Wﬁ[%;il )

where the class of admissible functions, v, contains u and all other
funetions defined on the interval [b,b:] for which the integrals in
equation (1.9) below exist.

First observe that equation (1,3) may be written
5
(1.6) u' = 2uv - v- +p + g(x), u(0) = c,

where p is & non-negative function on the interval [0 ,b] for any choice
of the function v. It follows from equations (1.4) and (1.6) that the

difference u — w satisfies the equation

(1.7) (v=w)t =2v(u-w) +p, u(o) — w(0) =0,
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for which the solution igs

X X
(1.8) U - W = S p(s) exp | 2 S v(t) dt| ds.
0 s

et

The‘non—negativity of this inbegral establishes that u2w. In addition
we see that if v = u in equation (1.4), then the unique solution is

w = u. Our proof of the representation in equation (1.5) is now complete.
We may solve equation (1.4) for w explicitly to obtain the following
representation for the solution of the Riceati equation (1.2) in terms of

integrals and a maximization:

X
(1.9) u(x) = Mix {;c exp | 2 g v(s)as| +
0

% %
S g(s) - v2(s) exp 28 v(t) at| ds ¢, 0£x<b.
0 s

Tt follows that a uniform lower bound for the function u(x) on the
interval [O,b] may be obtained by evaluating the expression in brackets
for any particular admissible choice of the function v. In addition, since

the meximum occurs for v = u, u satisfies the integral equation

X X X
(1.10) nu=cexp|?2 S u(s) ds | + S g(s) -u'(s)| . exp 2; u(t) at| as,
0 0 S

04£x £D.

It is a simple matter to verify that the solution of this integral
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equation satisfies equation (1.2).
A clue to the application of the foregoing techniques to nonlinear
stochastic differential equations is provided by the faet that if g(x),

u(x), v(x), and w(x) = wl;;vj are random functions,
(1.11) Probiu(x)Zy ] 2 Prob{W(x)Zy } » —o{y <+ o0,

since u(x)2w [%;E] » Whatever the random function v, This leads to

the representation

(1.12) Prob {u(x)ly} = M:x Prob {w [x;zl 2y } ,

which is discussed in Section 3, where an application to wave pfopagation
through randomly inhomogeneous media is suggested, [};] .

We now turn to the question of construeting monotone sequences of
functions which converge to u; that is, we seek convergent minimizing
sequences for the expression in brackets in equation (1.9)., From the
heuristic point of view it is convenient at this point to adopt some
terminology from the theory of multi-stage decision processes of continuous
type. Recalling equation (1l.4), we shall refer to v(x) as a policy;
function and w(x) as the corresponding return-funetion, with u(x) in
equation (1.3) being the return from an optimal policy [é] . Note also
that u itself is the optimal policy-function.

Choose an arbitrary policy-function_vo(x) and determine the cor-
responding return-function from equation (1,4k), Call this return-
function w = uo(x). Then use this return-function to determine an im-
proved policy-function, vl(x), as the function v which maximizes

2 UV - v2 + g(x). This maximizing funetion is v = vy =u Compute

o.
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the return—function, Uy using the policy-function uv,., as the solution

of the equation

]
(1.13) Uy =2 ugly — Uy o+ g(x) , ul(o) = c.

Then using the return—function u. , determine an improved policy-—function

l)

2
vz(x) as the function v which maximizes 2 u, v — v + g(x). This maxi-

mizing function is v = Vy = Uy Continuing in this way, we are led to

consider the sequence of function {1%1} defined by the equations

' 2
Uy = 2 Vols = Vo * gl{x) » u (0) =c
(1.1%)

2
v =2v, u ., —u g(x) » un+l(0) =e¢ , n=0,1,2,.

Bellman has appropriately named this procedure ‘approximation in policy
space! since a sequence of steadily improving policy—functions is obtained,
the policies converging to u, which is itself the optimal policy, [7:].

Let uvs note in passing that the method of steepest descent can be considered
to be a particular type of approximation in pollecy space.

This sequence is uniformly bounded on an interval [?,b:] and converges
uniformly and monotonically to the solution of equation (1.2), as will be
shown in Part II. These properties can be used to establish an existence
and uniqueness prodf for solutions of equation (1.2). The Newtonian
sequence {1ﬂ1} is of interest in itself, providing as it does, a modi-

fication of the more customary Picard successive approximation scheme,

¥ 2
(1-15) Ipey =9, + g(x), yh+l(o) =C, n =0,1,2,...,

n
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with significant computational advantages. If we introduce the metric

(1.16) 0<x<D |u—-un|:|lu-un]|,

then we shall show that

2
(2.17) w-w [J&x [Ju-u_ |

where k is a constant independent of n, which implies the guadratic
convergence of the sequence iuh_} . This shows that the number of correct
digits in the approximation of u, to u is asymptotically doubled with
each iteration. As we remarked earlier, the method appears promising from
the point of view of numerical computation, especially for two—point
boundary value problems. The relatively slow convergence of the sequence
{y’ } , obtained from conventional iterative techniques, militates against
its use as a practical computational tool. The ideas discussed above,
however, would seem to open the door to a greater use of the method of
successive approximations in the computational solution of differential
equations.

Let us briefly sketch one last application, the representation of the

solution of the linear homogeneous equation of second order,

(1.18) y'' o+ e(x) y =0, y(0) =y,#£0, ¥'0) =y, ,

through use of the minimum operation. This equation is of fundamental
importance in the study of wave propagation through inhomogeneous media.
In particular, this will illustrate that by use of a suitable transfor—

mation it may be possible to transform a given equation into a form
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We apply the well-known substitution
(1.19) ¥
. - %e =1
. y

to bring equation (1.18) into the form of the Riccati equation

L

(1.20) = u o+ g(x) u(0) = -2
0

= C.

Physically, this transformation corresponds to introducing an impedance
in place of the wave function. The representation that we have given
for the solution of Riceatils equation leads to a new type of minimum
principal — a principal of minimum impedance in contra—distinction to
the usual energy principles. From the previous discussion we know that
the function u may be represented on a sufficiently small intervall:o,ﬁj

in the form

(1.21) w =1y [y

where w = w [%;f] is the solution of the equation

(1.22) Wl o= 2y — v 4 g(x) , w(0) = c.
Cbserving that the inverse of the transformation (1.19) is given by

- S u(t) at
0
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we find that
x
(1.2%) g%- = exp - 5 [Mix W [s;v] ds 5 0L x&b,
0

from which it follows that

(1.25) L - e

By solving equation (1.22) for w we find that the solution of equation

(1.18) may be represented in the form

s
X 23 v(t)dt 2S v(tl)dtl
(1.26) y_ _Min exp{ - S ce © + (g(t) —-vg(t)) e t dat| as ,
0 0

0L x£b.

It is clear that this consideration affords a new approach to the
approximation of solutions of equation (1.18), based, for example, on
the known convergent minimizing sequence {1ﬁ1} defined by equaticn (1.14).
(mztmammmmdLumune(WKBJ mdmmm,tmxodemnmmﬁ3[Mq,
and that of Bailey, [h] )

Observe that we tacitly made use above of the existence and unique-
ness of solutions to equations (1.2) and (1.4) on the interval [o,b:l .
In addition, the verification of the positivity property expressed by
equations (1.7) and (1.8) was quite simple. 1In applications to other
equations, though frequently existence and unigueness theorems are available,

the establishing of the positivity property constitutes a major obstacle.
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In some instances it corresponds to showing that Green's or related functions
do not change sign in the domain under consideration (Cf. Aronszajn and
Smith, [1,23 ).

Bxtensions of the discussion above will be given in Part II, which is
devoted to nonlinear ordinary differential equations. The equations to

be considered there are of the forms

(r.27) utl(x) = £ (u,x) , u(0) = ¢,
(1'28) U—”(X) = f(uyx) 2 U—(O) = u(b) =0,
(1.29) utf(x) = £(u',u,x), u(0) = u(b) =o0.

It is assumed that the function f is strictly convex or concave as a
function of u and u' (if present) for all finite u and u' and for all values
of x in the interval [:O;b:] , and that it has bounded second partial devia—
tives with respect to u and u' for all finite values of the arguments. This
last restriction can be relaxed tc requiring the boundedness of the second
derivatives in an interval mlf; u,ut 5;132, provided that we have a priori
knowledge that the solution satisfies this inequality. 5

The proof of the positivity property for the operator %—E + a(x) in
a sufficiently small interval, zero boundary conditions beingximposed,
is given as Lemma 4.1 of Section 4% in the form of a statement concerning
the positivity of the Green's function. A transformation is used to reduce

equation (1.29), under certain circumstances, to equation (1.28), which is

discussed in Section 5. Extensions are indicated in the Discussion of Part IV.

Part III is devoted to a consideration, along similar lines, of appli-

cations to nonlinear partial differentisl equations. In Section 6 we prove
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various representation and approximation theorems concerning the nonlinear

elliptic equation

(1.30) Uy + Yy = £{u,x,y).

In Section 7 we do the same for the nonlinear parabolic equation

—u__ = f(u,x,%).

(1.31) U, x

The proofs of the positivity lemmas for the corresponding linear equations
are of interest per se.

Having considered applications of the techniques to a wide variety
of nonlinear ordinary and partial differential equations, in Part IV we
provide an abstract formulation which serves the purpose of highlighting
the properties required of the operator L and the function f for the tech-
nigue——linearization of a problem through maximization—to be applicable.
In the discussion of Section 9 that follows additional applications are
briefly sketched. These include applications to the calculus of variations,
nonlinear integral equations, quasi~linear first order partial differential
equations, and systems of ordinary differential equations. Use of the

Min-Max operation for achieving linearization is sketched. Lastly, some

additional positivity results are mentioned.
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2. Convex and Concave Functions

In the extensions of the treatment of the Ricecati equation to various
other nonlinear ordinary and partial differential equations of the form
L Eﬁ] = f(u,x), where L is a linear opergtor, we shall assume that f is
a strictly convex function of u for all x in a domain D and for all u that
enter into consideration. In addition we shall assume that f has a bounded.
second partial derivative with respect to u (in connection with the quad—
ratic convergence). In general we shall not specifically indicate the
dependence of f on x and shall indicate partial derivatives with respect
to u by primes.

The property of the strictly convex function f, which is of paramount
importance in the following, we state as

Lemma 2.1. If £(u) is strictly convex and twice differentiable in any

finite u interval, then f(u) may be represented in the form

Lt o ———

(2.1) £{u) = Max £(v) + (u = v) f'(v{] 5

v
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where the maximization is over all v; the maximum is actuvally attained

fgr vV = u.

The‘gedmetric meaning of this is that for a strictly comvex curve
the point at which an arbitrary tangent cuts a given égrailel td the
ordinate axis is not above the point at which the curve cuts the given
parallel.

The proof is simple. By use of the mean value theorem we may write

f(u) in the form

(2.2) £0) = £(0) + () (2 =%+ Lot () (wom)?
where vi lies between v and u. The strict convexity assumption implies
that

(2.3) 71 (u)>o ,

so that

(2.4) f(u).—-[:f(v) + £ (v) (u - VE] 2 0,

with the equality holding for v = u. This is precisely the content of

the lemma.

For strictly concave functions a similar representation is wvalid;

(2.5) 2w) ="2[ 20 + @ =) f%v)]

We also require a similar representation for strictly convex twice

differentiable functions of n variables, £(v) = f( Vis Vpseees Vh)' By

2
definition of strict convexity, the Hessian matrix [-Sélgaf"] is
" s
J
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positive—definite, so that

n

(2.6) £(u) 2 £(v) +Z (vg = vy) %%— ;
i=1 '

with equality holding only for v = u. This leads to the representation

n
(2.7) () =M3X £{v) +Z (ui —vi) %{:] s

i=1

where the maximization is over all v.

A similar representation holds for strictly concave functions of
v o= (vl, Vpyeees Vh>° In general, though, we shall consider only convex
functions in subsequent sections. We use these representsticns to aid

in the linearization of various nonlinear problems, as will become evident.
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II. ORDINARY DIFFERENTIAL EQUATIONS

Our first application of the technique sketched asbove is to several
nonlinear ordinary differential equations of the first and second orders.

As a direct generalization of the Riccati equation we consider the equation
u' = f(qu) b u(O) = C, Oé_xg.b 2

where the function f is strictly convex as a function of u for all values

of u and x which come into consideration. 1In addition f is assumed con-—
tinuous as a function of u and x, and it is assumed to have a bounded second
partial derivative with respect to u. The independent variable x is limited
to a sufficiently small interval [:O}bt] to insure the existence and unique-—
ness of a solution to the equation. We establish a representation theorem
for the solution, employing the maximum operation, and then use this repre—
sentation to establish lower bounds on the solution, a nonlinear integral
equation satisfied by u, and to comstruct a monotone sequence of functions,
{1%1} , converging to u. Finally, a representation for the distribution

funection of the solution to the nonlinear stochastic differential equation
2
ut =u o+ r(t) , u(0) =c,

where r(t) is a random function of t, is provided.
Following this we indicate the treatment of a two point boundary value

preblem for a nonlinear differential equation of second order,

u't = £(u,x) , u(0) = u(b) =0,
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where £ is subject to the usual convexity and regularity conditions.
Interest here centers on proving the requisite positivity property; mnamely,

if the function z satisfies the differential inequality
ztt — fv(v,x) z20,

and the boundary conditions
z(0) = z(b) =0,

then z(x) is non-positive for 0 x<b, provided b is sufficiently small.
This lemma is used to establish the representation theorem, from which a
number of results follow. In particular, a rapidly convergent monotone
sequence of functions is constructed which is promising as a practical means
for the numerical solution of certain boundary value problems, which is
illustrated by the results of a numerical experiment.

Following this we indicate the treatment of the egquation
utt = f(u',u,x) , u(0) = v(b) = 0,

under the principal assumption that f is strictly convex as a function of

u! and u., Essentially we reduce this to the previously considered case.

3. The Equation u' = f£(u,x), u(0) = c.

Let us consider the equation

(3.1) u' = f(u,x) , u(0) = ¢, 0<x<b,

where £ is assumed to be continuous in wuw and x, to have a bounded second

partial derivative with respect to u for all v and x that enter into the
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discussion, and to be strictly convex in u. We shall first make use
of the well-known result that a unique continuous function u(x) exists
which satisfies equation (3.1), provided that b is sufficiently small,
though later we shall provide a proof of this.

REPRESENTATION THEOREM. We shall now establish a representation theorem

for u which generalizes that provided for the Riccati equation discussed in
the introduction. 1In accord with Section 2 we may represent the function

£(u,x) in the form
(5.2) fWﬂ)=%x{fWﬂ)+W—V)%Wﬂ)})

where the maximization is over all functions defined on [:O,t>:] . In the
interest of brevity let us no longer indicate the explicit dependence of

f on x and write equation (3.2) as

(5.3) ) < {2 s - ]

where the prime indicates partial differentiation with respect toc v. Then

equation (3.1) may be rewritten

v

(3.4) ut = Max E £(v) + (u = v) £1(v) } s u(0) = c.

The maximum is actually assumed for v = u.
We now introduce the function w= w(x) = w [%;i] defined to be the

solution to the associated linear equation which we obtain by dropping

the "Max" in equation (3.4):

(3'5) wt = f(v) + (W - V) f'(v) P) W(O) =C,
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or
(3.6) w' = (V) w = f(v) = v £i(v) , w(0) = c.

The solution is

W E;vj = c exp f(v(s))'- v(s) f'(v(s»

£ '(v( s ))ds +
f "<v(‘b)) at| ds.

Each function v(x) determines a unique solution w = w [x;v] , the only

[@] W, LN
O

(3.7)

exp

0 I

restriction on the admissibility of v being the integrability of the
functions v(x)) , £f (v(x)) , and v(x) f'(v(x)) on the interval [O,b] 5
which we shall henceforth assume.

Let us now demonstrate

Theorem 5.1. The gsolution u of equation (5.1) E‘. given by

u(x) = sz W [:X;;_.l , 0&x<b,

X X

o e[ Yoo (o)) as |+ fo (0)- vt £1(u(e))
0 0

(3.8)

X

exp Sf’(v(t)) at | ds ,

S

vhere the maximization is over all admissible functions v(x) defined on

the interval 0<x{b. The maximum is attained for v = u itself.
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This is & straightforward generalization of the representation given

earlier for the soluticon of the Ricecati equation.

Proof. For any admissible choice of the function v(x) equation (3.L4)

may be rewritten
(3.9) u' = £(v) + (v —v) £'(v) + p,

where p 1s a non-negative function for any particular choice of the function

v. If we introduce the difference function

(3.10) 7 =u-—W,

we see from equations (3.5) and (3.9) that z satisfies the equation
(3.11) zt =f1(v) z + p , z(0) = 0.

Since the solution of this first order linear equation is given explicitly

by the integral

X

(3.12) z =S exp S £t (v(t)) at| p(s) ds ,
0

S

which is clearly non-negative, it is seen that

(3.13) z =u—w20,
or
(3.14) u2w [x;v] ,

for all admissible v on the interval [O,b:] .

It remains to show that the function v{x) can be chosen to yield
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equality in equation (3.12). If we choose v to be equal to u itself in
equation (3.5), the result is

(3.15) wt = f£'(u) w = £(u) — uft(u) , W‘[p;d] =c,
the unique solution of which is seen to be

(3.16) w

I}
£

The relations (3.14) and (3.16) taken together establish the representa—
tion in eguation {3.8).

Corollaries. It is evident that the function w corresponding to any
admissible choice of the function v, e.g. v = Vi provides a uniform
lower bound for the solution v on the interval [p,ﬁ] ;

(3.17) uow [?;Vi] >

Indeed, as will be shown below, a monotone increasing sequence of functions
converging to u can be constructed.
In addition, since the maximizing function v is u itself, u satisfies

the nonlinear integral equation.

X

u(x) = c exp § f'(u(s)) as | s § ¢ @(s)) ~u(s) £ ((u(s))

(3.18) .
exp S fr{u(t)) at| as,
S ( )

which can be verified directly.
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Stochastic Differential Equations. Let us now see how the technique

used above, involving the representation of solutions of non-linear dif-
ferential eguations through use of the maximum operator applied to the
solutions of associated linear equations, can be used to obtain a repre—
sentation of the distribution function for the solution of a nonlinear
stochastic differential equation, [}i] . We focus our attention on the

special equation of particular importance
2
(519) u' =u o+ I‘(t) ) u(O) =C

where r(t) is a random function with a given distribution function. The

stochastic Riccati equation {3.19) is associated with the linear equation

(3.20)

I'(X)Z =0,

dxg

which plays a role in the study of wave propagation through randomly

inhomogeneous media.
As we have seen, we may represent the solution of equation (3.19) in

the form

(3.21) u = Mix W [};{] 5

where w = W'[t;€] is the soluvtion of the associated linear equation
(3.22) wi — 2vw = r(t) — v s w [b;v] = c.

If we now let

W(t,y;v) = Prob { W’[?;i] >y } ,

U(t,y) = Prob { u(t) 2 y s —~ ooy £ + o9,

(3.23)
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it is clear from the representation (3.21) that

(5°21*). U(t:Y).Z. w(t:Y5V) p)

for all random functions v(t). 1In addition, we have equality when v = u.

Thus we are led to

Theorem 3.2 If u(t) is the random function solution of the stochastic

differential equation (3.19), assumed to exist for 0L t£T, then for

0Lt£T and for — o0y {+ 00, the representation

(3.25) Prob { u(t)zy} = Mj_x Prob {w Et;ﬂ 2 y}

holds, where the maximization is over all random functions v(t) defined

on the interval o€ t<T.

It is clear that the representation (3.25) leads to lower bounds for
the probability of the inequality u(t)>y. The method is readily extended
to other nonlinear stochastic differential and functional equations, and
to the linear stochastic equation (3.20).

12

NEWZONTAN APFROXIMATION. Now let us show how to construct [sequences

of functions {un(x) } which converge monotonically to u(x), the solution
of equation (3.1) on the interval Oix Sb. The sequence is referred to as
"Newtonian" in view of its close conceptual connection with Newton®s method
for approximating a root of a function. With Newton's method it shares
the properties of monotonicity and quadratic convergence.

Returning to the equation (3.5), select an initial function vo(x)

and determine the function uo(x) as the solution to the equation
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(3.26) U, = f(vb) + (u.O ~ V) f'(vb) 5 uO(O) = c.

Next, keeping the representation of equation (3.8) in mind and the equation
(3.4), determine the function vl(x) as the function which maximizes the
expression f(v) + (uo ~ v) £'(v). In view of the assumed convexity of f(v),
this maximizing funetion is v = vy = Uge Determine the corresponding function

ul as the solution of

(3.27) ul' = f(uo) + (ul - uo) f'(uo) 5 ul(O) = c.

Next find v,, the function which meximizes the expression f£(v) + (ul —v) £'(v).

This function is Vy =g Then the function Uy is determined as the solu—
tion of

| S - —_— i ) =
(3.28) uy! = f(ul) + (uE ul) f (ul) s ug(o) = c.

Continuing in this way we are led to the sequence { un(x)} determined by

the recurrence relations

u ' = £(v.) + (uO —-vb) f'(vo) s uo(O) = ¢,
(3.29)

= f(un) + (un+l - un) f'(un) , u

n+l(O) =¢, n =0,1,2, ...

t
Ynil
From its mode of construction we expect the sequence { un} to converge
monotonically to u(x). In addition, we observe that f(un+l) is approximated

by £(u ) + (u -u,) f'(un) — allied to replacing a curve in the neigh—

n+l
borhood of & point with its tangent, the essential feature of Newton's

method — so that we may expect rapid convergence. Iet us now demonstrate

these conjectures.
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We first establish, using classical technigues, the existence of
a common interval l:o,b] cn which the sequence {un} is uniformly bounded.

In particular we show that
(3.30) [l u (x) —c [|€1 , 0&x£b , n =0,1,2,...,

where b is sufficlently small, and the norm is defined by

(3.51) [ o) = e |1 = g gmgn | e |-

Under our assumption concerning the boundedness of f(v) and its first

two derivatives for finite v, we may write

(3.32) Max {] £(v) |, | £9(v) |, % | £"(v) []gm ¢ oo
for
(3.33) | v —cl€1.

Let vo(x) be chosen so that

(3.34) | vo(x) -c |l L1

Then by integrating both sides of the first relation in equation (3.29)

we find

(3.35) u . (x) - c =S T (v (s)) + (u.(s) = v (s)) £ (v (s) ds,
0 g 6} 0 0 (O )

* 0<&x.

From this it follows that

(3.36) Huo(x)—cHéx[m+m(||uO-—c||+1)] )
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so that
2bm
(3.37) || ug(x) = e [|£ =—
1-mb
Hence
(3.38) H uo(x) -c|[£1,
provided that
1
(3.39) OSX$b<3F
We now proceed inductively. Under the assumption that
(3.%0) u, —cller ,  o0gxg,
for a particular n, we find, as before, that
X
- = [ _ t
(3.41) Wy~ ¢ S f(.ln(s)) + (un+l(s) un(s)) f (un(s)) ds,
0
0£ x4b,
so that w . —c |l 22
n+l = l-xm ’

which will not exceed unity provided relation (3.39) holds. This
completes the induction which may be started for n = 0.

From equation (3.5) which defines w, equation (3.29) which defines
the sequence {un] , and the representation in equation (3.8), it is

evident that

(3.42) u(x) > un(x) s n=0,L,2,..., 0< x< .
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Thus u(x) itself provides an upper bound on the sequence { un(x)} in
some interval for which u(x) exists; furthermore, as we shall see from
the monotonicity of the sequence, uo(x) provides a lower bound. Thus, if
the boundedness were all we wished to obtain, the above argument would
be superfluous. Later, though, in establishing the existence of a solu-—
tion to equation (3.1), we shall have need for the uniform boundedness of
the sequence {Iﬂl} without assuming the existence of u.

. “With the uniform boundedness of the’ sequ%nc"e“{a;’}"“ *

. {
in hand, let us proceed to show that the sequence is monotone incresasing

on the interwval [O,b] . Referring to equation {3.29) we note that

(3.43) un:i = f(un)_+ (un+l - ) '(w) ,

u'= f(un_l) + (un - un-l) f'(un_l) .

Using the fact that the ﬁékimum?bf the expression £(v) + (u — v) £1(v),
for f£(v) convex, occurs when v = u, we obtain from the last equation the

inequality
(3.44) u ' s_f(un) + (un - un) f'(un) s no=0,1,2,...

By subtracting this ineguality from the first relation in equation (3.43)

we find

(314'5) (un+l - U-n)'z (un+l - un) f'(un) H OSXSb; n=0,1,2,..

un+l(0) - un(O) = 0.
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As we have already seen, in connection with the positivity property ex—

pressed in equations (3.11) and (3.13), this implies that

(3.46) un+l(x) —un(x)ZO s 0£x<£b, n= 0,1,2,... .

This completes the proof of the first part of

Theorem %.5. The sequence of functions {un(x)} given by equation

(3.29) is monotone increasing on the interval [O,ﬁ] and converges to

u(x), the solution of eguation (3.1).

In view of its uniform boundedness and monotonicity, the sequence
{ un(x)} converges to a limit function U(x) on the interval [?,g] .
To complete the proof of Theorem 3.% we must show that U(x) satisfies
equation (3.1). The proof follows standard lines. Integrate both sides
of equation (3.29) from O to x and use Lebesgue's theorem on bounded

convergence to obtain the integral relation

X

(3.47) U(x) —c = S T (U(‘t)) at 0¢ x{b.
0

It follows, in order, that U(x) is integrable, absolutely continuous,

and differentiable on the interval [p;ﬁ] , so that

(5.148) UI(x) = ¢ (U(x)) , 9(0) = c.

This completes the proof that U satisfies equation (3.1). The proof

of unigueness is well known.

‘Quaedratic Convergence. A sequence of functions {uh} is said to be

quadratically convergent if it converges to a limit function u and if
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(3.19) o, —u <k [Ju_y—ulf

where k is independent of n. ILet us demonstrate

Theorem 3.4. The sequence { un} is quadratically convergent on the

interval [?,ﬁ] :
Proof. From equations (3.1) and (3.43) we find that

(3.50) (v - un)' = f(u) - f(un_l) -~ (u

— 1
n un—l) r (un—l)

0LxLby , n =0, 1,2,..

This can be rewritten to yield
(3.51) (u - w)t o= £(u) - f(un_l) - (u - wo_g) - f'(un__l) - (un—u) f'(un_l).

Integrating from O to x, we find, since u(0) — un(o) = 0,
X

(5'52) (U- - un) = S [f(u) - f(un_l) - (u - un—l> fi(un_l)
0

- (un - u) f'(un_l)] ds .

Consequently, making use of the mean value theorem, we see
X
(3.53) v = Len@) (wow )% s (w-uw) £ )| as
"2 n zt 9 n~1 n n—1 s
0

where a‘n lies between u and u for x on the interval 0{ x<b. In view

n—1
of the relation (3.32) we may write

(5.5 llu—%leb{mllu—%4IF+mllu—%lH};
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which yields

B 2
(3.55) Huw-vw, 1€ 725 lo-vw_ |l

This is equation (3.L9) with k¥ = om{1 — bm)_lu Since b was chosen so that
bm & %, this alsoc establishes the uniform convergence of the sequence on
the interval [?,?] ; under the assumption that u is a solution of equation
(3.1). The results of a numerical computation, given below, illustrate the
fact that the number of digits of un(x) in agreement with those of u(x)

on the interval [b,b:] is approximately doubled with each iteration.

Next let us demonstrate that

IS

(3.56) -, [[< R ]y

o 11
n n—L ’

[l Ynil

from which we can show, ab initio, the existence of a solution of equation

(3.1). From equation (3.43) we obtain
(5=57) (un+l - U‘n)' = [f(un) - f(un-—l) - (un - un—-l) f'(un_l)]

+ (un+l - un) f'(un).

Then by integrating and using the mean value theorem we find, as before,

i 2
bm< £ ) n 20)1;2;-v

5

This establishes the uniform convergence of the sequence i unl on the
interval ()S:{ékx Consequently, by integrating both sides of equation

(3.29) and passing to the limit we find that V(x), the continuous limit—
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function of the continuous functions uh(x), satisfies the equation

(3.59) v(x) - ¢ =S f (V(s)) ds .

The right-hand side of this equation being differentiable, we find V

satisfies the eqguation
(3.60) vi(x) =t (v(x)) , o W0 =c

which completes the proof.

Lastly we note that the usual Picard successive approximation scheme
yields only convergence of the first order. Let us now examine the results
of a numerical experiment.

Numerical Example. In order to investigate the rate of convergence

of the sequence {un‘h[iou'ihheficéiiy; the equation;

(3.61) ut =1 + o2 5 u(0) = 0,

for which the solution is u = jan x, was consifiered. ?Tiéjfiﬁéﬁiéﬁéﬁﬁgfif”“f

were determined recursively as the solutions to the recurrence relations

ot 2 ]
Tu T.Q Vol + (1 - vo ) uO(O) =0
(3.62) ‘
u ! 2
nel = 20w o+ -u") un+l(0) =0, n=0,1,2,...,

using a Runge-Kutta integration prodedure capable of ylelding un(x) to
somevhat over six figures of accuracy. The interval considered was O_(_x S,99,
and two initial approximations, Vo = 0 and Vo =X+ x5/5j the first terms

in the power series expansion of tan x sbout the origin, were used.

The results are displayed in the tables below in which the digits of

un(x) in agreement with those of tan x are underscored.
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X vo(x) o (%) ul(x) ua(x) us(x) tan x
0.0 | .000 000 | .000 000 | .000 000 [ .000 000 | OO0 000 | .000 000
1 | .000 000 | .100 000 | .100 335 | .100 335 | .100 335 | .100 335
.2 | .000 000 | .200 000 | .202 710 | .202 710 [ .202 710 | .202 T10
.3 | .000 000 | .300 000 | .309 332 | .309 336 | .309 336 [ .309 336
R .000 000 | .koo 00O | k22 761 | .h22 793 | k22 793 | .22 793
.5 | .000 000 | .500 000 | .546 1h2 | 546 302 | 546 302 | 546 302
.6 | .000 000 | .600 000 | .683 512 | .68h 136 | .684 136 | .684 137
N .000 000 | .,700 000 { .840 227  .842 287 | .8hk2 288 | .8L2 288
.8 | .000 000 | .800 000 |1.023 578 [1.029 635 | 1.029 630 | 1.029 639
.9 | .000 000 | .900 000 {1.243 692 |1.260 138 | 1.260 157 | 1.260 158
.99 | .000 000 | .990 000 | 1.48k 940 | 1.523 572 | 1.523 675 | 1.523 677
Teble 1.

The Convergence of uh(x) to u(x) = tan x, vo(x) = 0.



X vo(x) u, (x) u.l(x) tan x
0.0 [ .000 000 | .000 000 .000 000 | .000 000
1 .100 333 | .100 335 | .100 335| .100 335
.2 .202 667 | .202 710 .202 710| .202 710
.3 | .309 000 | .309 336 309 336] .309 336
R L1 333 | 422 793 J22 7931 22 793
5 Sh1 667 | 546 301 546 302| 546 302
.6 .672 000 | .68% 127 68l 136] .68 137
NG 81k 333 | 842 233 B2 288} .842 288
.8 .970 667 1,029 369 | 1.029 638]1.029 639
.9 |1.143 000 [1.258 988 | 1.260 15711.260 158
.99 [1.313 433 | 1,519 602 | 1.523 673|1.523 677
Table 2.
The Convergence of un(x) 3
to u(x) = tan x, uo(x) =x + 33{— .

P-1163
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4. The Equation u" = f(u,x), u(0),= u(b) = 0.

We now turn to a consideration of the nonlinear equation of second
order
(k.1) ut' = flu,x) , 0<x<b ,

where u 1is subject to the two point boundary condition
(k.2) u(0) = u(p) = 0.

We shall assume initially that if b is sufficiently small then a umique
solution to the problem exists, though later we shall prove this. We
assume that T is strietly convex as a funcbion of u for all u and x
that come into consideration, and in addition is continuous in u and X
and has & bounded second partial derivative with respect to wu.

As before, we shall not indicate explicitly the dependence of T on
X and shall indicate partial derivatives with respect to - u by primes.

In view of the assumed convexity we write equation (4.1) in the form
(4.5) we = by s () 1)

where the maximization is over all functions v defined on the interval
[O',b] . Then we introduce the function w =w [x ,-v} which is defined to

be the solution of the associated linear boundary value problem
(%.4%) w't = £(v) + (w-v) £'(v), = w(0) = w(b) = O.
We wish to show first that wu may be represented in the form
(k.5) u(x) = Mz’.rn w [x;v] 5 0%x<b ,

provided that b is sufficiently small.



P-1163
11-1-57
35

REPRESENTATION THEOREM. For any choice of the funckion v we may write

equation (4.3) in the form
(4.6) u't = £(v) + (u-v) £(v) + D,

where p is a non-negative funchtion. Upon introducing the difference

function

C(1T) 7 = u-w,

it is seen that 2z satisfies the equation

(4.8) z'' - £'(v) z = p, z(0) = z(b) = 0.

We now have to establish that 2z dis non-positive, whatever v, in the
sufficiently small interval FLtJ ,» P being non-negative. Essentially
this means that we must establish that the Green's fumction for the operator
dz/dx2 - £'(v) on the interval ﬁ)ﬂﬂ , zero boundary values being imposed,
does not change sign, under suitable conditions on f'(v).

In the event that f'(v) is greater than zero for all v +the proof
can be given simply by conbtradiction. Suppose 2z 1o be positive within
the interval so that it has a positive maximum st an interior point of

the interval [O,b] . Then at this point
(4.9) z'' =p+ £'(v) z ,

which is greater than zero. This stands in contradiction to the fact that
at an interior meximum point z'' must be non-positive. We shall, however,
establish a stronger result which does not require that f£'(v) be positive.

We do this by establishing the following lemma using a proof due to Bellman,
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Fﬂ . The lemma is also contained in recent work of Aromszajn and Smith,

El;% , on the connection between reproducing kernels and Green's functions.

Lemma 4.1 Iet the solution of the inhomogeneous equation

(4.10) w't + gx) u=~7(x), ul0)=nul)=o0,
be given by

b
(k.11) u = J K(x,y) £(y) &y ,

(o]

vhere K(x,y) is the Green's funetion for the problem of the equation (%.10).

If qx) satisfies the condition

(4.12) a(x) 5(—7% ) 2.a, a>o,

where (7T/b)2 appears as the smallest characterisitc value of the Sturm-

Liouville problem

(4.13) u't+ Au=0, u(0) = u(v) = 0 ,
then
(b.1k) K(x,y) €0 , 0=Xx,ySh.

Proof. Consider the problem of minimizing J [u] , Where
b

(k.15) J [u] = 2 [(u')2 - g(x) w4 2fq] &,

under the assumption concerning q(x) stated in condition (L.12). The
minimization 1s over all functions u for which the integral exists and
for which u(0) = u(b) = 0. The condition in (4.12) asserts the positive
definite nature of the quadratic functional gliu')g - q(x) u?] ax

which ensures the existence of g minimum of J [p] . The minimizing function
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is determined by the Euler equation of J [u] , which is precisely equation
(k.10).

A necessary and sufficient condition that X(x,y) be non-positive is
that u(x), as given by equation (4.11), be non-positive for 0Sx<b,
whenever f(x) is non-negative in that interval.

Assuming f£(x) = 0, let us show u(x)<0 for 04x<b. Suppose that
u{x) were positive in some interval [XO ,x]] . Then by redefining wu(x)
to be -~u(x) in this interval, but being otherwise the same, we would
leave unchanged the va%ues of the quadratic terms in J [u] , but would
decrease the value of é 2fu dx, which contradicts the assumption that u

minimizes J [u] The proposed changes in u(x) may inbroduce discontinuities

in u'(x), but they do not influence the integrability of (u')2 or of

a(xJu.

On the basis of the lemma just established, we may now state that if

(4.16) Fr(v)= -GF)2+-m a>o,
then
(k.17) z = u-wSO0, 0Sx b,

In addition we observe that if v is chosen equal to u in equation (%.4)

then
(4.18) W= w[x;u] = U.

This completes the proof of the representation (%.5) which we now state
as

Theorem 4.1. Iet us assume that f(u) is strictly convex for all
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Also let us assume that

(1.19) frlu) 2 - (ﬁb) 244, a>o ,

for all finite wu. Then, for b sufficiently small, which guarantees a

unigue solution of equations (L.1) and (4.2), we can assert that
Min
(%.20) u="_ v [x;v] ,

where W is the solution of the associated linear equation (4.4). The

minimum is actually attained for v = u.

b

for all finite u can be reduced to the weaker assumption that this in-

Remark. The restriction that f£'(u)2 - (1)2 +4d, d4>o0,

equality hold for fumctions u = u(x) satisfying a constraint of the form
[yl <oy

(4.1) and (4.2), established, for example, in the course of an existence

, Where oy is an a priori bound on the solution of equations

proof using the Picard method of successive approximations. This means
that the convexity and regularity properties of f£(u) need hold only for

‘ul < m, . The restricted representation is then
Min
(%.21) u =M§ml w [x,v] .

Corollaries. Tt is clear that the function w determined by the

choice v = vy provides a uniform upper bound on W,
(4.22) usw [x;vl] .

Below we shall see that a sequence {un} of upper bounds converging

monotonically to u can be obtained.
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If we let
b
(4.23) v = f atxy) [gn -verm] &y,
2 .

vhere G(x,y) 1is the non-positive Green's function for the operator

2
:—x-E — £%(v) on the interval [0 ?b] , for zero boundary conditions, then

u satisfies the relation
(b.28) ) - | ) [£(at) - uw) +(ats) oy -
’ 0

NEWTONIAN APPROXIMATION. Using the same line of reasoning as in

Sections 1 and 3 we are led to introduce the sequence of functions

{un(x)} , 0sx<b, n =0,1,2,... , defined by the recurrence relations

(L.25) ul? = f(vo) + f'(vo)(u0 - vo) s uO(O) =u (b) =0,

0 %

,un-:-l'., = f(u'n) + f'(un)(unﬂ - u1::1) ? un+l(0) - un+1(b) =0

2 =0,1,2,... .

As we shall see, the sequence {un(x)} forms a bounded monotone decreasing
sequence of functions which convergé to u(x), the solution of equations
(4.1) and (4.2). The convergence is sufficiently rapid that computation
of tﬁe sequence {u n} offers a new tool for the numerical integration of
two point boundary value problems, a point which will be illustrated below
by an exsmple.

First let us demonstrate the unifonﬁ boundedness of the sequence {un}

on a sufficiently small common interval [O,b]. We define, as earlier,

Max
(4.26) I un(x) [ = 0<x<b | un(x) | » n=0,1,2, ...,
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and we choose an initial fumection vo(x) so that

(k.27) veney | To®) | = 1] vo(x) [|£1

Then uo(x) satisfies the integral equation

(h.28)  w(x) - zx(x,y) [£(56) + (3 Yo - o)) ar »

vhere the Green's function, K(x,y), is given by
(y/o -~ 1)x , x<y

(L.29) K(x,y) =
(x/o - 1)y , x>y

From this, it is seen that

(4.30) Max | K(x,y) | =§b .
0<x,y<b :

This, in turn, implies that

1.2
(u.31) I v Hszbm{e + || Uy H} ’

where for |v |s1

(4.32) m = Max {I f(vo(y)) | 5 | fl(vo(y)) I} .
Consequently,
' 1 b2 m
b, < 2 ’
( 55? II%ll—i—:%?;mﬁl

for b2 chosen less than U4/3m. Proceeding by induction, we assume that

for some n we have

(4.34) IENIES N osxsb</31£
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Then from equation (4.25) we have

X

(1.35) w q(x) = é K(x,y) [f(nn(.v)) + f'(un(.v)) (“n+1(3’) - un(y))]dy )

vhere K(x,y) is the Green's function defined above. As before this

yields
% b2m
(4-36> | un+l(x) || < I—:m <1
n

for 0<x<b </% . This completes the induction and establishes a
common interval of boundedness for the sequence {un( x)} .
We now turn to the question of the monotone decreasing character of

the sequence {un} . From equation (4.25) we see that

(4.37) u - f(un) + f'(un)(un+l -u),
w,'t - f(un-l) + f'(un-l)(un -Y,)

with the common boundary conditions uk(o) = nk(b) =0, k =0,1,2,... .
It then follows from the convexity of f£(v) (Cf. the argument in Section 3.)

that

(4.38) w 'S p(uy) + 2w ) (u —u) ,

which implies that

(k-39) (un+l - )t 2 f'(un)(ulul - un) ’

for 0£x<b, n=0,1, 2, ... . Introducing the function dn+l ’

dr,l-i-l =%l " Yn ’

(4.%0)
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we see that

(h.hl) dn;i =f'(u)d . +p, & ,(0) = aml(b) =0,

where p is non-negative, From the lemma proved above, we deduce, for b

sufficiently small, that

that is, the sequence {un} is monotone decreasing (actually monotone
non-increasing) for n =0, 1,... .

Since the‘sequence {un} is monotone decreasing and uniformly
bounded it converges to a limit function, U(x), 0<x<Db. Using Lebesgue's
theorem on bounded convergence and letting n became infinite in equation
(4.35), we see that U(x) satisfies the integral equation

‘ 7 b
(4.3) o) <[ KCew) £ (o) o -

This establishes that U(x) is the solution of equations (4.1) and

(%.2), and thus that

(4.44) u(x) = u(x) , 0<x<b .

We have now completed the proof of

_ Theorem 4.2. The sequence {un} defined by equation (4.25) converges

monotonically to the solution of equations (4.1) and (4.2) in a sufficiently

small interval 0<x<b.

Quadratic Convergence. We shall now extend the above result by

showing that

2
(h.45) e, ll<x|la |l
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where, we recall,

(4.36) 8 () =u (x) —u(x),

and k is a constant independent of n for x in a sufficiently small
interval [0 ,b] . From equation (4.37) we see that

ey _ - -
(h.h?) Lo &= [f(un? - f(un_l) a f'(nn_l)1+ f!(un) 4,1 8=1253...
Then, using the Green's function introduced in equation (4.29) and the
mean value theorem, we find

(2.48) a4 (x) z K(x,y) [-;- £1e (a‘nm) a?. e (=) dm(y)] a ,

where En(x) lies between wu (x) and wu _,(x) for 0Sx<b. Using the
previously demonstrated uniform boundedness of the sequence {%( x)} on

[0 ,b] , and the assumptions concerning f£(v), 1let us write

(’4"“’9) m =_F|la: ISl {I £(v) I P I £r(v) ' P ‘21 I £ee(v) l}:

from which it follows that

1.2 2
(1.50) g s 302 [m 11 gy 1P wm |1y, 11],
or

b2m 2
(4.51) Hdmllls-h_—bé; I, 1175

which establishes the assertion.
In addition it is clear that this esteblishes the uniform convergence
of the sequence of continuous functions u to the limit V(x) on the

sufficlently small interval [0 ,b ] . Passing to the limit in equation (&.35)
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we then find that »
b
(4.52) V) - fxen £ (V) @,
' 0
from which it follows that V{x) satisfies equations (%.1) and (4.2).

Lastly, we point out that in a similar manner we can establish that

2
(4.53) Hu-u ||gx [Ju=-u ||, n=12, ...,

where k.l. is independent of n, which establishes the quadratic con—

vergence of the sequence {un} .

Numerical Example. As an illustration of the approach developed in

the previous paragraphs, let us consider the nonlinear two point boundary

value problem

(4.54) utt = e" u(0) = u(d) = 0,

which is of current interest in connection with some problems in electro-—
hydrodynemics (See Keller, [23,214] .) and the physics of semiconductors.
The standard approach to the numerical solution is to use the condition
u{0) = 0 and then approximate the initial slope, wu*(0) which will
result in u(l) = 0.

Our approach is radically different. We approximate the function

u(x) by the sequence of functions u (x) defined by the linear recurrence

relations
o Y
e _ - - =
(4.55) Wt =e" +e (u0 vo) , uo(o) = uo(b) o,
Y
te _ -~ = = = o e
wpil e re (u, —w), up,1(0) un+1(b? 0, n = 0,1,

where vo(x) is the initial approximation function. We have now replaced
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the original nonlinear two point boundary value problem with the problem
of computing a sequence of solutions to linear equations with two point
boundary conditions. This is an important simplification, and especially
‘80 when coupled with the fact that the sequence is quadratically convergent,

Assuming that un(x) has been determined, we determine un+l(x) in
terms of the appropriate linear combination of solutions to the homogeneous
and inhomogeneous equations. Thus we introduce the functions yn+l(x) and
zn+l(x) defined by 7

| a

n
()"-56? yn_:__{ -e Yn+l =0, yn+l(°) =0, yn-:-l(o) =1l,n=0,1,2 ...,

and

u u

(4.57) zm'_i -et 2,1 =€ n (ll—un) s zn;l(o) =0, n=0,1,2, ... .

In terms of these functions un+l(x) is given by the expression

zn+l(b)
(%.58) un+l(x) ) -m yn+l(x) + Zn+1(x) ’
from which we see that the boundary conditions are both fulfilled for

n=0,1,2, ... . The initial slope of un+l(x) is seen to be

z ,(b)
- yn+l The means that un+l(x) may also be determined, as a numeri-
n+l .
cal check, as the solution to the initial value problem
“n “n zn+1(b)
s _ = -— | = ' = -
()I'.59) Un+1 e un+l e (l un) 3’ un+l(0) 0, un+1(0) y—n:]--(?)- .

The problem for b = 1 was computed on the Johnniac using a Runge—
Kutta method of integration capable of yielding at least six accurate

figures for 0<x<1l. Eight seconds of running time elapsed for each
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iteration; two iteratioms yielded six figure accuracy in the approximation
of un(x) to u(x).

The explicit solution of the problem of equation (L4.54) is
(k4. 60) u(x) ==1n 2 + 2 1n {c sec .5 c(x — .5)} ,
where ¢ is the root of the transcendental equation
(4.61) 2 =c sec (.25 ¢)

which lies between zero and /2. Using Newton's method, c¢ was deter—

mined to be c = 1.3360557.

The results of a computation in which vo was chosen to be identi-
cally zero are displayed in the table below, in which the digits of
un(x) in agreement with those of wu(x) are underscored. As expected
the number of digits in agreement appriima.tely doubles with each iteration.
For higher order nonlinear equations the method should be even more

advantageous.



The Approach of un(x) to u(x).

x vo(x) uo(x} ul(x) u(x)
0.0 | .000 000( .000 000 | .000 000 .000 000
0.1 | .000 000| —.0k4l 285 | -.Q4l 436 | -.0M1 436
0.2 | .000 000 —.072 97h| -.073 268 3| —.073 268 6
"0.3| .000 000| —.095 386| —.095 800 | —.095 800
0.4 | .000 000| —108 743 | -.109 238 | -.109 238
0.5] .000 000| —113 181 | ~.113 704 | —.113 704
0.6 [ .000 000| —.208 T43| -.109 238 | —.109 238
0.7 | -000 000! —.095 386| -.095 800 | —095 800
0.8 | .000 000| —.072 974| -.0735 268 3| —.073 268 6
0.9 | .000 000| —.Qkl 285| —.QUL 436 | —.0kL 436
1.0 | .000 000| .000 000 000 000 .000 000
Table 3

P-1163
11-1-57
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5. THE EQUATION ut* = f(u*,u,x), u(0) = u(d) = 0.
Our purpose in this section is to show that the equation

(5.1) utt = f(ut,u,x) , u(0) =u(d) =0,

under the assumptions that the function f 1is strictly convex in u! and
u and is sufficiently smooth for all values of its arguments that come
under consideration, can be treated using the same techniques outlined
above. In fact, we reduce this problem to that treated in Section 4.

REPRESENTATION THEOREM. In view of the assumption that f is convex

in u' and u (See Section 2.) we may write equation (5.1) in the form

(5.2) ut! = f:’:fv {f(vl,v) + (u'—vl):f'v:L + (u—v)fv} ’

where as usual we do not explicitly indicate the dependence of f on the
independent varieble x . The maximum is attained for v, = u? and

v = u. From equation (5.2) it follows that
ty - - o
(5.3) utt = £(v),v) + (u? vl)fvl + (uv)E +p,

vhere p 1is non-negative for any choice of the functions vy and v .

Our aim is to show that uw , assumed to exist, is given by

Min
(5.4) u=vl,v v x;vl,v] R 0<xgb ,

where w = w [x;vl,v] is the solution of the asscciated linear equation
(5.5) wtt = f(vl,v) + (w'-vl)fvl + (w--v):f'v ; w(0) =w(p) =0,

provided that the interval [O ,b] is sufficiently small.

The difference function

(5.6) z = uw
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satisfies the equation
(5.7) ztt =zt fv +zfv+p,
1
or
(5.8) z? . f 2V = f 2z = P, Z(O) = Z(b) =0 .
vy v

We wish to demonstrate that 2z is non-—positive in the sufficiently small
interval [O,D] . We do this by eliminating the term involving z!

through use of the well-known transformaetion

x
(5.9) 2, =2 exp{— %g fvl(vl(t) , v(t)) dt] .

The function 2. has the same sign as 2z and satisfies the same homo—

1
geneous boundary conditions. Under the substitution (5.9) the equation
(5.7) becomes

2

14 1
(5.10)  z '+ [5 = (fvl) -t -1 (fvl>

x
]zl= P exp [—%! fvl dt] »
zl(O) = zl(b) =0 .

By the lemma of Section 4 we see that for the quantity b sufficiently

small we have

(5.11) zl(x)so s, 0<x<b .

This carries with it the non-positivity of 2z = u-w and shows that
(5.12) usw [x;vl,v] , 0<xZ5b

In addition equél{ty holds if v, = u! and v = u, as {s seen from equé.ﬁgris»
A !

(5.1) and (5.5). Thus we have established the desired representation.



P-1163
11-1-57
50

Theorem 5.1. The solution of equation (5.1) mey be represented in

the form

(5.13) u = v v [x;vl,v] , 0$x5b R

provided that b is sufficiently small.

An immediate corollary is that w [x;vlv] , Where vl and v are arbi-

trary, provides an upper bound for wu in the interval »[O,b] .

NEWTONIAN APPROXIMATION. Following our earlier discussions, we

introduce the sequence of functions {un(x)} by the relations
T ¢ ' oy ¢ 1 =
(5.1k) u, f(vo ,vo) + fu' (vo ,vo) (uo o >+ f‘u(vo ,vo) (uo vo)
s _ t ] ] * ]
Ynil f(un’ un> A (un’ un)(un-x-l—un) + T (un’ un> Q‘n+l~un) ?
un(o) = un(b) =0,

which hold for n =0,1,2, ... .
The discussions of the monotonicity and quadratic convergence parallel

those of the previous sections, mutatis mutandis. Let us now displsy the

results of a numericeal experiment.

NUMERICAL EXAMPLE. The equation

(5.15) —utt =14a° (u)?, u0) =u(®) =0,

suggested by Professor Prager, arises in connection with finite deflections
of an elastic string under a transverse load. The problem for which
a2 = .49 and b = 1 wvas treated by determining numerically the sequence

of approximations {un(x)} given by the linear recurrence relations



P-1163

11-1=57
51
(5.16) - uo"' =1-=.49 (v0'>2 + 2(.10.9)v0' uc_' ’ uo(o) = uo(l) =0
- un_:i =1~ .49 (un'>2 + 2(.&9)un' un-:l s un+l(0) = un+l(l) =0,

n =0’l,2, es e o

As before, to compute um_l(x) » given un(x), we first compute solutions

to appropriate initial value problems for the homogeneous and inhomogeneous

equations as follovs:

(531 i+ 2 gt =0, 3,100 0, 7h O =1,
2
(5.18) zn_:i + 2(.&9)un' znll = .‘t9(ur'1 )- 1, zm_l(o) = zm'_l(O) =0

n=0,1,2, ... .

Then for un+l(x) we have
zn+l(l)
(5.19) un+l(x) = —m yn+l(x) + zn+l(x) .
As initial approximations, vo(x) = va(x) = 0 are used,
Using a numerical procedure yielding un( X) correct to five figures,
each iteration consuming about eight seconds of running time on the

Johnniac, the data in the chart below were obtained. Two iterations

provide five figure accuracy. The closed form solution of equation (5.15)

is
_ 1 cos x(x—.5)
(5-20) u(x) = -? ln _C-Oé.—sa_ s

a

vhich is given in the last column. The digits of un(x) in agreement with

those of u(x) are underscored.



R )
0.0 .000 000 .000 000 ~ .000 000 .000 000
.1 -.000 000 5.%5 000 . .046 570 .0k6 571
.2 .000 000 %.ggo 000 .082 302 .082 304
.3 .000 000 .105 000 .107 571 .107 573
-4 .000 000 .120 000 . .122 632 .122 €35
.5 .000 000 -.125 000 .127 636 .127 639
.6 .000 000 .120 000  .122 632 .122 635
.7 .000 000 .105 000 .107 571 .107 573
.8 .000 000 .08 000 ~ .082 302 .082 30k
.9 .000 000 .045 000 .06 570 .06 571
1.0 .000 000 .000 000  .000 000 .000 00O
Table &

The Convergence of un(x) to u(x).
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ITI. PARTTAL DIFFERENTTAL EQUATIONS

6. THE EQUATION u__ + Uy = £(u,x,y).

Let us now consider how we may trpat the nonlinear partial differ-

ential equation of elliptic type

(6.1) wxt uW = f(u,x,y) P) (x,¥)€D ,

u=a; (x,y) €B,

vhere B is the boundary of the domain D in the x,y-plane. In particular,
we wish to obtain a representation for the solution of equation (6.1) in
terms of the maximum operation applied to the solution of an associated
linear equation, which we shall then use to obtain a monotone sequence of
functions which converges to u .

We assume that f£(u,x,y) is a strictly convex function of u for all
finite u and for all (x,y) in the domain D, the boundary B of which is
assumed to have a continuously turning tangent. In addition it is to have
a continuous second partial derivative with respect to u and is to be
continuous as a function of its three arguments. As usual we shall not
indicate the explicit dependence of f on x and y and shall indicate
partial derivatives of f with respect to u by primes.

Let us assume that u is continuous on the boundary, and let u, be
the potential function which assumes the given boundary values, u, on B.

Then the difference function u, = u—ul satisfies the differential equa-

tion and boundary condition

(6.2) Au, = bu = £(u) = f(?1+u2) = g(ﬁ2) ,

u2=°: (x,y) eB,
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where g(ug) is strictly convex and A is the Laplace operator. We shall

therefore limit ourselves to the problem

(6.3) tu = £(u) , (x,¥)eD ,

u=0 (x,y)€B ,

(Cf. Courant-Hilbert, [15], V. 2, pp. 286-288.).

Special cases of equations (6.1) and (6.3), for which f£(u) = eu,
as we have remarked, are of interest in studies of electrohydrodynsmics,
[23,2;], and the physics of semi—conductors. This equation is also of
historical interest, for this equation was treated by Picard in his classic
paper on the method of successive approximations referred to earlier.

REPRESENTATION. We may write, according to Section 2, equation (6.3)

in the form
(6.4) su =¥ [2(v) 4 (u) £9(0)],

u=0, (x:Y)€B:

where the maximization is over all functions v defined on the dcmsain D.

The maximum occurs for v = u. Consequently we may write
(6.5) pu = £(v) + (u-v) £'(v) + p ,

where p is non-negative, whatever the choice of v . If we introduce

W =W [3,y;v] as the solution of the associated linear equation

(6.6) aw o= £(v) + (w=v) £t(v) ,

W

"

o, (x,y)€B,

vhich we assume determines a unique function w for each admissible function
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v, then the difference function

(6.7) z = u=w

satisfies the equation

(6.8) Az - £%(v) z =p ,
z2=0, (xy)éB.

We wish now to show that 2z 1is non—positive under the assumptions that p
is non-negative throughout the domain D. To do this we make use of the
following lemma, which is the analogue of the lemma of Section L
Lemma 6.1. If
(6.9) tu + g(x,y) u =p20 , (x,y)€D,
u=0, (x)y) €B,
and if

(6.10) o(x,y)€r -4, d4>0,

where ).1 is the smallest characteristic value of the problem

(6.11) bu+ =0, (wy)éD,

o, (x,y)éB »

<]
[}

then u is non-—positive on the domain D.

Proof: The proof parallels that of the lemma of Section 4, In
essence, this lemma provides us with a statement to the effect that the
Greents function for the operator A + q does not change sign in D, zero
boundary values being assumed.

By applying this lemma to equation (6.8) we see that if
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£Y(v)2 - M + @, d>0, then z is non-positive on the domain D. This
implies that u does not exceed w on D. In addition the solution of

equation (6.6) for v =u 1s precisely w = u. This completes the

demonstration of

Theorem 6.1. The solution of eguation (6.3) on the domain D may be

represented in the form

Min
(6.12) w=""w[xyv] ., (xyed,

where w 1s the solution of equation (6.6), provided that the area of the

domain D is sufficiently small to guarantee that

(6.13) £(v)2-r + 4, da>0.

It follows that upper bounds on the solution u are readily obtained.

In the applications it is important to realize that the restrictions
£11(v) > 0 and £*(v)2 - A, + d need not be fulfilled for all v, but only
for those v in a neighborhood of the solution u. As a result, e.g.,
of a proof using successive approximations, we may know that in the
sufficiently small domain D the solution u of equation (6.3) is bounded
from above and below so that m, < ugm,. Since the minimizing value of v
is u itself, we may conduct the minimization solely over those functions

v for which m <vim,. This leads to the restricted representation

Min
(6.1k) | %= v, ¥ EELIE

wvhich we now formulate as

Theorem 6.2. The solution of equation 6.3 may be represented in the
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form of equation (6.14) under the assumptions bhat

() mlfuﬁma ’

(v) £es(v)>0 , £Y(v)> - Xl+d’ a>o0, mlsvs_-ne P)

(c) D is of sufficiently small area.

To illustrate this, note that the function f{u) = u + auj, a>0, does not
have a second derivative that is positive for all u. However if we are
able to limit ourselves to a region R in which u is known to be positive,
then f(u) will be strictly convex. The remaining condition on f£+(u) is
trivially satisfied. Such simple observations markedly expand the range
of applicablility of these methods.

NEWIONIAN APFROXIMATION. Motivated by the same considerations as in

earlier sections, we are led to introduce the sequence of functions

{un(x,y)} defined by the linear recurrence relations

(6.15) Buy = f(vo) + (uo—vo) £ (vo)

A = t
U‘n+l f(""n) + (un+l—un) £ (un) ’ uk=0 , (x,¥)€B,
k=0,1,2, ... ,

vhich we expect to be monotone decreasing and quadratically convergent,
if the domain D is sufficiently small. First let us show that the sequence
is uniformly bounded.

The relations of equation (6.15) lead to the integral equation
(6.16) L I;I K(x,y;xt,y*) [f(un) + (uh+l—un>f'(un)]gax‘dy' ,

where K(x,y; x',y') is the Green's function for the Laplace operator, the
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domain D, and zerc boundary conditions. If we now define the norm of a

continuous function u on D to be

and if we set

m= lVI<1 {If("’)l’ 21, 3 2 'f"(v)l}

then we obtain

(6.18) 1 5 11 (pen [f 1 1 oty {il sl + 2} m,
provided that

(6.19) [ w, [1£1 .

It follows that

2km

(6.20) oy HETm 21,
where
(6.21) kK = (x, y)enﬂl K | axtay®

Here we have assumed that

1
(6.22) <z

Since k tends to zero with decreasing area of the domain D, in spite of
the fact that K is unbounded, inequality (6.22) can be attained if the area
of D is small enough. Furthermore, this :Lnducf.ion may be started with

= 0, by choosing || v || £1. Hence the sequence {un} is uniformly

bounded on & sufficiently small domain D.
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Monotonicity. The proof that the sequence {un} is monotone decreas—

ing follows the usual lines. From equation (6.15) we have

(6.23) Aun+l f(un) + (nm_l- un) £t (un)
Ag

n f(un—l) * (“n"“n-l) h (un-l)

According to the convexity assumption of £(v), the right hend side of the

last equation is maximized for W

(6.24) 'Aun Z f(un) + (nn - un) Pt (un) .

Consequently we see that

=u , so that
n

(6.25) *(fae2 )2 (or = %) #1() -

=0, ,—(x:Y)EB P

u u
n+l n

which, according to the lemma, implies that

(6.26) -u <0, (x,y)€B + D .

u
n+l n

Since the integrable functions {un( x,y)} are monotone decreasing and
bounded from below, they converge to a limit function U(x,y). Though
K(x,y;x*,y') in equation (6.16) is unbounded, it is absolutely integrable
on the domain D so that, using Lebesgue?s theorem, we'may interchange the

orders of integrating and passing to the limit to obtain
(6.27) u(x,y) = H K(x,y;x1,y') £ (U(X',y'))dX'dy' .
D

Quadratic Convergence. Though the proof of the quadratic convergence

of the sequence {U‘n} is abstractly equivalent to what has been given

before, we include it for the sake of completeness. From equations (6.3)
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and (6.15) we find, upon integrating,

6o mny = ) ) =2 () - () )]

from which it follows, by use of the mean value theorem, that

(6.29) w-u , = SDS x[%- g (En) (u—un)2 + (u—un+l) £ (un)] axtay! ,

where En lies between u and u, (x,¥) € D. This implies that

2
(6.50) 1wyl {11 w—w, 1P+ 11w,y (1}
or
km 2
(6.51) u-vu, e [Ju-u |2,

Hence the sequence {Iﬂl} is a quadratically convergent sequence and for
km<(% is certainly unifcormly convergent on D. Suppose the limit function
to be ¥(x,y). Making use of the uniform convergence and passing to the
limit in equation (6.16) we find that

(6.32) v =§)§ K £(v) axtay' .

Comparisons. It is interesting to note that the sequence of
function {vn} , introduced in Courant-Hilbert, [15] , V. II, pp. 286-287,

to establish the existence of a solution to the problem
(6.33) bu = " » (x,y)€D,

(6'51“) u £ , (x,y)eB,

can be viewed as a modified Newtonian sequence. The sequence is defined

by the relations
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v
W w | v
(6.35) Bl ~® Vpa = [e - vn] ’
Vel = o, (x,y)€B, ,

where w is the potential function equal to £ on B:
(6.36) Aw =0 , (x,y)€D

T, ’(X:Y)QB .

(6.37) v

The sequence {vn} has as its limit v = u—w, where v is the solution of the

problem
(6.38) bv = eVeV » (x,y)€ED ,
(6.39) v=0 , (xy)€B.

The Newtonian sequence appropriate for this problem is

PRy

SRS 4 v
(6.%0) Av o o= el iee® (v

+1 V) » Vk=0;(x:Y)€B-

n+l ~ 'n

This may be modified %to keep the slopes of the tangent lines constant

during the integrationst, [30] . The modified sequence is

_.w.n 0
(6.11) bv ., =¢ee +ee (vn+l - vn) R
or
v v
w, O _ n v, 0
(6.42) Avn+l —ee v . =¢e ee” v

=0, (xy)eB,

<
[

which is the sequence used in Courant-Hilbert for Vo = 0.
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Though the sequence of eguation (6.35) is monotone, we would not
expect it to converge as rapidly as the sequence of equation (6.40). It
has the advantage that the same Green?s function is used throughout the
process.

Keller, in the papers referred to, has introduced a procedure that has
the advantage that it produces functions that are alternately greater and
less than the solution. Thus the solution is caught in a pincers movement;

in this connection compare Weylts treatment of Blasiusts equation, [h?].
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7. The Equation u, - u = £(u,x,t).

Non-linear parabolic equations of the form
(7-1) U —u = £(u,x,t)

occur in one-dimensional heat flow problems when radiation is taken into
account (Cf. Siddiqi, [h2:| » Minakisunduram, [29] .) and in various neutron
multiplication problems. We shall consider this equation under our usual
assumptions that £ is strictly convex as a function of u , is continuous
in all its arguments, and has a bounded second partiel derivative with
respect to u for all values of the independent variables which come into
consideration. As usual, we shall not indicate the specific dependence of
£ on x and t, and shall denote partial derivatives with respect to u by
primes.

,' Equation (7.1) is assumed to hold in the rectangle R with vertices at
(0,0), (1,0), (1,T), and (0,T). On the two vertical sides,x = 0, 0<t<T,
and x =1, 0£t<T, and on the lovwer side t = 0, 0< x=<1, vwhich we denote
collectively by B, the function u is to be identically zero. There is
little loss in generality in assuming this, as the discussion in Section 6
shows. Existence and uniqueness theorems for the solutions of equation (7.1)
and its associated linear equation for w, with u = v = 0 on B are well-
¥nown, [5 529,39, 42 ,h6]. Let us first establish the positivity property

for the operator

2 =2 - & g
(7.2) H - (V)::-a-f—;g- (v) ,

which we shall need in our discussion below.
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Let us consider the solution to the equation

(7.3) By = By £t(v) 2 =p=>0, (x,y)ER,

which satisfies the mixed boundary-initial condition
(7.4) z=0, (xy)e€B.

We shall prove the positivity property, under a suitable restriction on
£t(v). Although the proof is standard, we include it for the sake of
completeness.

We shall first assume that
(7.5) £#(v)<0 , v,

and shall show that the minimum of 2z occurs on the boundary B, which
implies that z 1is non-negative on R. For suppose that 2z has a mini-~
mum in the interior or on the segment 0<x<b, t =T. Then at this point

ztéo, zxxéo, and z <0. This implies there is a point in R for which

(7.6) 2y = 2y = £t(v) 2«0,

which contradicts equation (7.1). Hence the minimum 2z occurs on B and

is zero.

Now let us suppose, as indeed we have, that there exists & constant

m such that
(7.7) ft(v)<m, v,m<® .

It is still true that z=0. To see this we add and subtract mz from

the left hand side of equation (7.3):
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(7.8) 2y =2y = (£*(v) —m) z =mz = p20 .

If we now introduce

(7.9) w = e—nlt z,
we see that w satisfies the equation
(7.10) W, =¥ = (£ (v)-m)w = pe™20

and is zero on the boundary B. Then since ft*(v) — m <0, as above, w is
non-negative, and so is 2z in the domain R.
This completes the proof of the

Lemma 7.1. Let z satisfy the differential inequality

(7.11) 2, =2, — £(v) z20

EE domain D, 0 <x<b, 0<t<T, g.gglet z2 =0 Q_E:_e_boundary B,

x =0, 0£t<T; x =b, O<Kt£T; 0£x<b, t =0 . Then, if there is a

constant m for T fixed such that

(7.12) ft(v)<m, m<a,

in the domain D, z is non-negative throughout the domain D.

REFRESENTATION. The associated linear equation for equation (7.1)

is, in terms of w =W [x,t;v],
(7.13) Ve m V- fi(v)w = £(v) = vE¥(v) .

XX

In addition, w satisfies the boundary condition

(7.14) w=0 on B.
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Under the assumptions that equations (7.1) and (7.13) bave unique solutions,
the assumptions on the function f , and in view of the positivity lemma

demonstrated above, we see that u may be represented in the form

(7.15) u = sz W [x,t;v]..

This leads to

Theorem 7.1. If u is the unique solution of equation (7.1) and is

zero on B and w is the unique solution of equations (7.13) and (7.1k) for

each v, then u may be represented in the form given in equation (7.15).

Remark. The customary remarks concerning lower bounds and representa—
tion in terms of & meximization over a restricted class of functions v
containing u apply.

NEWTONIAN SEQUENCE. We introduce, as before, the Newtonian approxi-—

mation sequence {un} specified by

(7.16) (u0>t - (uo)xx - f'(vo)uo = f(vo) - vof' (vo) 3 uy =0, (x,t) on B

- - f1 = - ? . =
(um-l)t um'l)xx £ (un)urnl f(un) Y £ (un) 5 el 0, (x,t)onB,
n =0,1,2, ... .
For convenience we use the notation introduced earlier
(7.17) H [u]—_:__;ut -u
so that equation (7.16) may be rewritten as
- Pt = - 1 =

(7.18) B [uo £ (vo) Uy f(vo) o £ (vo) ,(uo) OonB

- £ = - ' -
H un+l] £ (un) U1 f(un) w £ (un) s Upg OonB,

n =0,1,2, ..
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It is known (See Doetsch, [161 , P- 358.) that the solution of the

problem

(7.19) U = Uy = f(x,t) , (x,t)€R,
where £(x,t) is continuous on the rectangle R and
(7-20) u=0 , (x,t) € B,

may be represented in the form
1 t

(7.21) u = l dy'}’ K(x,y;t-s) £ (y,s) ds .
0
The kernel K is given by

(7.22) K(x,y;t) = %[@3(—51 ,t) - ©, (%‘L ,t)] ,

where the theta function is defined, following Doetsch, to be
@®

22
(7.23) @3(v,t) = 1+2,Z e—k me cos 2kwv
k=1

A direct consequence of the positivity lemma and the representation

in equation (7.21) is the fact that
(7.24%) K(x,y;t)20 ; 04x,y£1 , O4t<T,

(cf. the proof of the lemma in Section 4.)

It follows that un satisfies the integral equation

. . +1

(7.25) LY =j ay S K(x,y;t-s) [f(un) + f'(un> (un+l - un)j] ds ,
0 0]

n=19,1,2,

Once again defining the norm of Wl in the domain R by the equation

- , Max
(7-26) Il “n+l || = (x,t)€R I u'n+l(x"‘t)I ’

we find



P-1163

11-1=-57
68
T
Mex
(T.2) || w,, (<M g K(x,y37-8) [m 4 m (1] 1] +2)] as .
Here ve have assumed that
(7.28) Max {If(un> |5 | ft(un> ]}_L_m < o,

provided that | w | £1. The existence of the improper integral
j K(x,y;T~s)ds follows from the fact that K may be written in the form

0 2 2
+00 | —{x=y+2n) - (x4+y+2n
4t

1 =
.2 X,y;t) =
(7.29) K(x,y;t) — > e

Nn=-=00

(see Doetsch, [16], and Courant-Hilbert, [_—lﬂ, V.2, p. 158.),

Max z 1
If we put K(x,y;T—s)ds = Max S K(x,y;s) ds =k,
0£x,y£l
0 0
then equation (7.27) becomes

2km

(7.20) gy I =5
from which we see that
(7.31) [ gy 1161

provided that km é% - For fixed m, this can be achieved by choosing T
sufficiently small. Furthermore, if vo and T are chosen so that
[l vy |41 ana kmé%— , the induction mey be started with u, . This
establishes the existence of a domain D on which the members of the
sequence {un} are uniformly bounded.

Under our usual assumptions concerning strict convexity of f(u) and
uniform boundedness of f(u) and its first two derivatives, it follows that
the sequence { un} converges monotonically and quadratically to a limit

function, U, in the domain D. 1In addition, the convergence is uniform
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throughout the domain D. If now in formula (7.25) we pass to the limit by

allowing n to become infinite, we find that U satisfies the equation

1 t
(7.32) U= fdy fK(x)yit'_s) £ (U(yxs)) ds ,
0 0

from which it follows that U is the solution of equation (7.1). The

passage to the limit is justified by remembering that K, though unbounded,

behaves like const. for s in the neighborhood of +, which is integrable,
t-—s

and the expression in brackets in equation (7.25) converges uniformly.
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Iv. ABSTRACT FORMULATION AND DISCUSSION

Having now examined a number of nonlinear ordinary and partial differ-—
ential eguations which can be linearized through use of the maximum opera—
tion, let us outline the fundamental notions in more abstract fashion.

Then in the discussion of Section 9 we shall indicate extensions of the
basic idea to other classes of nonlinear problems, including systems of

differential equations, integral equations, the calculus of variations, etc.

8. The Equation L [u] = £(u,x).
We consider the problem of determining & function u = u(x), where x
is an element of the n-dimensional Euclidean space Rn, which satisfies

an equation of the form
(8-1) L [u] = £(u,x) .

Here we assume that x lies in the domain D, the boundary of which is B.
The operator L is a linear operator which we take to be an ordinmary or
partial differential operator possessing certain additional properties,
such as positivity, to be made more precise below, and f(u,x) is a strictly
convex function of u for all x in D, is continuous in u and x, and has a
bounded second partial derivative with respect to u for all u and x which
enter the discussion.

In addition it is assumed that appropriate boundary conditions on u
are given so that equation (8.1), with the assigned boundary conditions
has & unique solution in the domain D. We take this condition to be of
the form

(8-2} u=0 » XEB »
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for if the condition u = u on B should be assigned and if wy is a function

satisfying L[hl] = 0 and w = U on B, then the difference function

Uy = U = u is zero on the boundary and satisfies the equation

(8.3) L[u2] = L[u] = f(u,x) = :E'('u1 +u,, x) = g(u2 , x)

where g is also convex in us-
We shall not, in what follows, specifically indicate the dependence
of the function f on x, and we shall denote partial derivatives of £ with

respect to u by means of primes.

REPRESENTATION THEOREM. In view of the uniform convexity of f(u) in

the domain D, equation (8.1) may be written in the form
(8.4) L [u] = “3" [f(v) + (u=v) f'(v)]
= £(v) + (uv) £(v) + p ,

where p is a non-negative function defined on D for any particular choice
of v. The maximization is over all functions v defined on D. Since we
know that the maximum is actually attained for v = u, we may suitably
restrict the class of admissible functions v to some class including u,
as has been remarked in earlier sections. 1In particular v is to be
sufficiently smooth that a unique solution to the associated linear
equation defined bélow is obtained for each choice of an admissible

function v.

We now introduce the associated linear equation for the function

w.=W [x;v:' s

(8.5) L[vw]=2(v) + (v=v) £1(v) ,
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which, with the boundary condition w = O on B, we assume uniquely deter—
mines w for each admissible choice of the function v. 1In particular if

v = u, then the solution becomes
(8.6) W=w [x;u] =u .

We next make the following positivity assumption concerning L: If 2,

vhich is zero on B, satisfies the operator inéquality

(8.7) L[z] - £(v) 220

throughout the domain D, for all admissible functions v, then
(8.8) z20

on D. 1In earlier sections we have given examples of operators which do
have this property.

The representation for the assumed solution of equation (8.1) now
follows immediately. The difference function u-w, according to equations

(8.4) and (8.5) satisfies the inequality
(8.9) L [u—w]}_ £Y(v) (u=w) , xé€D

and u-w is zero on the boundary. From the positivity assumption it then

follows that
(8.10) udw [x;v] s

for any admissible choice of v.

In view of equation (8.6) this implies that the representation

(8.11) u = Msx w [x;v]
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holds

Let us state this as

Theorem 8§.1. If L is a linear operator possessing the positivity

property of equations (8.7) and (8.8) and f(u) is & strictly convex function

of u for all finite u, then u, the solution of the nonlinear equation (8.1)

and the boundary condition (8.2), which is assumed to exist and be unique,

may be represented in the form

u =M:X w [X;V]

where w = w [x;#] is the solution of the associated linear equation (8.4%),

which is also assumed to exist and be unique for each admissible function v.

In many instances, as we have already seen, the requisite existence
and uniqueness proofs may already be available. The establishment of the
positivity property may, accordingly, be expected to constitute the major
obstacle in practical applications. In scme problems, as in Secticns 4, 6,
and 7, the positivity property is equivalent to the fact that certain kernel
(Greent's) functions are of one sign in the region D. Other positivity

results are referred to in the discussion of Section 9.

| Immediate consequences of the repme%entation theorem are lower

%;u;dsrfor urin the f§;ﬁ éf tggnf;;éf;o;iw =7w [x;vi] B fsf én;mchoiceu
of vy the fact that u satisfies the (nonlinear integral) equation
u=w [x;u] ; and, in the event that f is a random function of x and u,
a representation for the distribution function of u, similar to that
obtained for the stochastic Riccati equation in Section 1.

Finally, let us show how to construct a sequence of functions that

converge monotonically to u; this is, we produce a convergent minimizing

sequence for the functional w [x;f] .
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NEWTONIAN APFROXIMATION. Let an initial approximation vb(x) be

gelected and deterniine the function uo as the solution of the linear

inhomogeneous equation

v

(8.12) L [uo]

[
L)
/?
o
~——
+
—~
Oﬂ
i
o<
S~
L]
-
~~
o
~—
.

u=0 ) X€B.

1

Then detérmine &n improved pdmissible functic\in v. as the function which

‘ L W
maximizes the expression £(v) + (uo - v) £%(¥), point by point throughout
the region D. In view of the convexity of f, this function is v = vy =Y

The function ul is then determine as the solution of the equation

(8.13) L[ul] =f(uo)+ (ul —ﬁo) f'(uo) s
uy =0 , XEB .

An improved admissible function v = A2 is then dq"térhined as the function

which maximizes the expression £(v) + (u‘.L - v) f‘(v); this function is

V=yv,=1. Continuing in this fashion we are led to the sequence of

functions { un} defined by the equations
(8.14) L[uo:' = f(vo) + (uo - vo) f'(vo) s
L [un+1] f(un) * (un+l - un) f'(un) ’

uk=0, x€B, k =0,1,2, ... .

fl

Let us first consider the uniform boundedness of the sequence {un} .
We assume that the operator L has a left inverse, which we denote by T,

so that we have

(8.15) Y =T [f("o) * (“o - "o) f'("o)]
[

W1 = T[E(%) + (Pasr ‘“n)f'(“n)] '

|
-
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Then we assume that T is a bounded additive operator for which
(8.16) Il o2 || €x || £ |]

for some k < 0. Here f and TFf need not be in the same space so that the
two norms need not necessarily be the same. In the previous sections we

have defined the norm of the continuous function v on the domain D to be

M
(8.17) Hv”=xaéxD|v|.
In addition we assume that if |u|<1, then
. 1l
(8.18) 00 ) m> Max {| t(u) |, | £%(u) |, 5 | £¢¢(u) I} .

We now proceed by induction. If [|u ||<£1, then

(8.19) gy Hem (11, 11+2)

so that

(8.20) 1wy ”5% ,

which is less than unity, provided that krn(% . Furthermore if the initial
approximation o is chosen so that

(8.21) IRA Hé% <1,

then we shall be able to begin the induction for n = 0. This establishes
the uniform boundedness of the sequence {U‘n} on the domain D under the
assumption that km <% .

Let us now see that the sequence {un} is actually monotone.
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From equation (8.15) we see that

(8.22) L [un+l] = f(un) + (un+1 - un) f'(un)
L [un:l = f(un—l) + (un - un-l) f'(un_l):
where un=un+l=0 X€EB , n =0,1,2, ... .

The convexity of f£(u) which was assumed above implies that

(5.25 o] 460 * (=) (s) -

from which it follows that

(8.24) L[ = ]2t ) (%)

.1~ Y =0, XEB.

The positivity property of L then yields the result that

un+l—un20 » h=0,1,2, ... .

(8.25)

which completes the proof of the monotone character of the sequence {un} .

Since the sequence {U‘n} is uniformly bounded from above (for km(%—)

and monotone increasing in the domain D, the sequence converges to a

limit function, U(x). If now we make the assumption that

(8.26) nljg T[f u_ ] = [f(u)]

and further assume that L is the left inverse of T,

(8.27) IT =1,
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then from equation (8.15) we find
(8.28) tfv] =2,
U=0 , x€B;

that is, the limit function U is the (assumed unique) solution of
equations (8.1) and (8.2).
Let us now sumparize in the form of

Theorem 8.2. The sequence {un} defined by equation (8.15) converges

monotonically to the solution of equations (8.1) and (8.2) under the

assumptions

(a2) L has the positivity property of equations (8.7) and (8.8);

(b) the left inverse of L, T, is additive and bounded with

7 |14k || w ||, k<o; ,,
(c) m<% , mm;mf{p(un , |’fi'(£)'|',%]f'i*('u)ljx'
for [ul£1; T
(d) 1T =1I.
We now consider the rate of convergence of the sequence {un} ;5 in
particular we show that the sequence converges quadratically, which is
typical of a Newtonien approximation scheme. From equations (8.1) and

(8.15) we find

(8.29) L [u - un] = £(u) - f(un—l) - (un - . ) fl(un_l) .

This equation may be rewritten

(8.30) L [u - un] = £u) = 2oy ) = (W = vy ) £ (U] (5~ 0) £ (S
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Making use of the assumption TL = I we find

(8.31) u-u =T [f(un) -t un_l) - (u - un__l_) £ un_l) + (u - un) f'(un_l)] .

Consequently, using the mean value theorem and the properties of the

operator T, we have

. .
(8.32) Hu-w Hexfa o=y [Penllu=g I},
so that

km 2
(8-33) ||u—un||£l—_E-||u—un_l “ » n=1,2, ... .

In addition, in so far as numerical computation is concermed, it is
desirable to have an estimate available for the size of the changes to be

expected from iteration to iteration. It is easily shown, as above that
.

km 2 )
(8.34) Hu_'_l—unllémllu_un_ll[ s n=1,2,.000

In addition, since km<% ,» this argument shows that the sequence {un}

converges uniformly on the domain D to the limit funetion U(x).
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9. Discussion

In previous sections we have discussed at some length how various
nonlinear ordinary and partial differential equations may be linearized
through use of the maximum or minimum operation. We now wish to sketch
briefly a number of extensions of this technique to wvariational problems,
first order quasilinear partial differential equations, systems of differ—
ential equations, and to equations in which the Min-Max opefation can be
utilized.

Finally we shall mention a number of related positivity results
established by Chaplygin, [3] , Wilkins, [48] , and PSlys, [57] , and
others.

CALCULUS OF VARIATIONS. Bellman, [7], bas shown that the problem

of maximizing the integral

T
(9.1) iy =§ P(x,y) at ,
subject to the conditions

(9.2) S -6y,  x(0) =c,

leads to the functional equation
Max
(9.3) wy = M [Fem) 4 6(e) u ] w(e,0) -0,

under suitable regularity conditions on the functions F and G, where the

function u = u(c,T) is defined by the equation
Max
(9-8 a(e,) = "% 5 3]

for T2Z0, —c0LC L + 00,
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We observe that equation (9.3) is already in a form which is suitable for
treatment by our basic technique. This equation, then, provides an example
of the natural occurrence of equations of this type.

We introduce the associated linear equation
(9.5) vp = F(e,v) + 6(e,v) W, , w(e,0) =0,
and observe that the difference function z = u-w satisfies the inequality
(9.6) Zq = Gz 20 , z(e,0) =0,

from which the non-—negativity of z for T=0 follows immediately. This

leads to the representation
(9-7) w =" ue,mv] 720 .

QUASILINEAR FIRST ORDER EQUATIONS. Let us consider the conservation

law

(9-8) w + [£(w)], =0, u(x,0) =g(x) , TZtz0,

vhere we sgsume that f(u) is strictly convex and has a finite second

derivative for finite u. The case £(U) = -32; u is a limiting case of the
Bateman-Burger equation
(9.9) ug o+ ww o= U,

which occurs in mathematical models of the theory of turbulence

(See Hopf, [20], and Cole, {14]). The situation for the initial function
g(x) assumed bounded and measurable has been extensively investigated by
Lax, [26, 27, 28] , and Oleznik, [31 R 32], and has led to the creation of

the theory of weak solutions of equation (9.8).
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Bquation (9.8) may be rewritten as
(9.10) u, + f'(u)ux =0 .
We introduce a function U = U(x,t) for which
(9'11) UX =u,
so that equation (9.10) beccmes
(9.12) U + £ (Ux) U, =0,
or upon integration with respect to x
(9-13) Uy + £ ()=0,

an equation which holds modulo a function of t. By adding a suitable
function of t to U, if necessary, we may make the strict equality hold.
Furthermore by adding a suitable constant to U we may arrange to have

U(0,0) = 0, so that U satisfies the initial condition

X
(9.14) u(x,0) =§ g(s)ds = G(x) .
The associated linear equation is
(9.15) %+fh)+(%—v)ﬂh)=0,w&m)=ﬁn,

and the difference function z = U — w satisfies the equation
(9.16) 2y + 24 ft(v) =-p P) z(x,0) =0 ,

where p is non~negative for each choice of v.

It follows that

(9.17) z=U-we0, t20.
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Furthermore it 1s readily seen that w = U if v = Ux = u. Thus we have the

representation for the solution of equation (9.13)

(9.18) U = Min W [x t; v]

and the minimizing function is v = u, where u is a solution of equation (9.8).

Professor P. D. Lax has pointed out that the representation of
equation (9.18) is equivalent to his own representation formula, [28, p.h5],
which in turn generalizes a formula of Hopf, [20]. To see this we observe
that the minimizing function u is constant along characteristics and there—
fore that it is sufficient to admit those functions v which are constant
along characteristics. Furthermore, the value of the solution w of equation
(9.15) at a point p depends only on the values of v along the characteristics
through p. Therefore it is sufficient to consider functions v which are
constant. For constant v equation (9.15) can be solved explicitly, which
leads to the desired formula.

The representation of equation (9.18) leads us, as in earlier sections,
to consider the Newtonian approximating sequence {Un} , defined by the

relations

(v ) + £(%) ((0) -v) f-(vo)=o,
(sl 2 () (fo - 0) 7 (02) -

U, (x,0) = G(x) , X =0,1,2, ... .

(9.19)

Lax has also observed that the sequence {Uh} converges to U(x).

Now consider the equation

(9.20) Uy + [f(u)] Uy 5 u(x,0) =g(x) , u>o0,
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which, as before, upon the introduction of the fucction U, where UX = U,

becomes

(9.21) U, + f(pgy =0U_, U(x,0) = G(x) ,

or

XX

(9.22) U MEX [f(v)4—(UX —<Q f'(v)] =pU__ .
We let w be the solution of the linear equation
(9.23) W+ £(v) + £'(v) (wx - v) =V w(x,0) = G(x) .

Then it may be shown that

(9.24) U = Isf W‘[x,t;v] .

An interesting question to ask is whether or not the limiting process of
taking the infimum over a class of admissible v can be interchanged with

that of letting ;1 tend to zero so that the eguation

(9.25) lim Inf  _ Inf lim
»=0 v v p—0

holds.

SYSTEMS OF ECUATIONS. Scme of the foregoing theory may be carried

over to considerations concerning systems of eguations. Let us, for
. example, consider the nonlinear system of ordinary first order differential

equations

(9.26) u'(x) = f(u) u(0) =c ,

where u, f, and c are all n dimensional vectors. In addition, let us

suppose that we may represent f(u) in the form
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(9.27) tw) =" [29) + s
where J, the Jacobi matrix, is defined by
r -
mm
)vl 3v2 avh
(9.28) I(v) = C ,
of of
-2 -2
bvl avh |

and the maximization is over all vector functions v. This will be the
case if each of the components of f£(u) is a strictly convex function of

the vector u (See Section 2.). The requisite positivity property is

that if

(9.29) z' —J(v) z =p20, 2(0) =0,
then

(9.20) 220, x20 .

As is customary, we consider vectors and matrices to be non-negative if
their components are.
It is not unrestrictedly true that the positivity property holds.
A sufficient condition, though, is that the off-diagonal terms of J be
non-negative, [l}ﬂ. By making the change of dependent variable
%ot

- -\_d
(9.31) ¥; =z exXp g s as | ,
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equation (9.29) becomes
zfj ;‘ of
t _ — - — =
(9.32) ¥yt = z 57 Yy + Py exp )5, ds| , yj(O) 0,

" i
itd
from which the assertion follows. In the event that J is a constant

matrix, the above condition is also necessary.

MIN-MAX OPERATION. Some nonlinear equations may be linearized by

use of the Min-Max operation. As an illustration of this remark consider

the equation
(9.33) ut? = f(ut,u) , u(0) =u(b) =0 )

vhere we assume that b is sufficiently small to guarantee the existence

of a unique solution u = u(x), 0<x<b. Let us assume that the sufficiently

smooth function f(u!,u) may be represented in the form

(9.3%)  f(ut,u) - “3’1‘ el E{CARO (wrm)e, 4 (w)e,
= M‘:l;n M:‘: f(vl,v) + (u'—vl)fvl +* (g-:v)fv- s

vhere the maximization is over all functions v defined on the interval
[0,0], and the minimization is over all functions v defined on that
interval. The interchange of the operators is assumed allowsble.If f is
strictly convex in u' and strictly concave in u, the representations in
equation (9.34) hold. The saddle point occurs at v, = uf and v = u.

To obtain a representation for the solution of equation (9.33) in

terms of the Min-Max operation applied to the solutions of an associated

linear equation we may proceed in the following manner. Place v = u.
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Then
(9.35) utt = Mi: [f(vl)u) + u'-vl)fvl] )
(9.36) utt> f(vl,u) + (u‘---\rl)fv

1
Next introduce w = w [x;vl ,v] as the solution — assumed to exist for

admissible classes of functions v, and v — of the equation

1
(9.37) wit = f(vl,v) + (w'—vl)i’V:L + (w-—v)fV , w0) =w(b) =0 .
When v = u equation (9.37) reduces to
(9.38) wit = f(vl,u) + (w'—vl)fv > w(0) =w(b) =0 .

1
Using the positivity results of Sections 4 and 5 we see that for b
sufficiently small
(9.39) ' z = v.---w[x;vl,u?i £0 , O0<x<b.

This in turn implies that
- Min _r .
(9.40) u = v, w[x,vl,u] ,

end lastly that

(9.11) u(x)f_.Mf"x Mi: w[x;vl,v] , 0£x2b .,
Now let us place v, = ut, which yields

(9.42) att = Min[f(u',v) + (u—v)fv] s

or

(9.43) utt < f(ut,v) + (u-v)fv .
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The function w[x;u',v] satisfies the equation
(9. 44) wtt = £(ut,v) + (wav)fv , w(0) =w(b) =0 .

The difference function u(x) — w[x;u',v] = z satisfies the differential

inequality

(9.45) ztlc2f , z(0) =z(b) =0 ,
which implies, according to the lemma of Section 4, that
(9.46) z20 , O0%£x%b ,

provided that b is sufficiently small. This inequality implies that

(9.47) u?.w[x;u',v] ,
(9.48) uZM:x w[x;u',v] s
(9.4%9) uz‘M\iri M:x w[x;vl,v] .

From inequalities (9.41) and (9.49) we see that

Max Min

v V.

(9.50) Min Max
v 1

V.

wix;v,,v] £us
1 1

w x;vl,v] ) 0£x=<b

But, in general, we have

(50 e

v] ZMa.x Min W
1

Vo [x;vl,v]r ?

so that

in Max
(9.52) u(x) =M3;xi v wx;vl,v] =Msxmi;w[x;vl,v} , 0=x%=b ,
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which is the desired representation on the sufficiently small interval
[o,b] . Also it establishes that the Min-Max and Max-Min operations are
interchangeable when applied to w X3V ,v] .

From the representation of equation (9.52) we obtain upper and lower

bounds for u(x) on the interval [0 ,b] in the form

(9.53) Min ey ,;] <u(x) , for all admissible v,
vy 1

u(x)s_ma'x w|x;v.,v| , for all admissible v, .
v 1 1

This representation is valid for more general linear operators L
having similar positivity properties for which unique solutions to the

analogues of equations (9.34) and (9.37) exist. Sufficient for this is

thet if

(9.54) L[z] 22f  + z'fVl , 2 =0 on the boundary B ,
then

(9.55) z<0 on the domain D .

The representation in equation (9.52) leads, of course, to various successive
approach schemes for the solution of equation (9.33).

An example of a different type, arising from the study of multi-stage
games, occurs in Shapley,[bfl].

NONLINEAR TNTECGRAL EQUATIONS. Let us consider, as a concrete example,

the nonlinear integral equation
1

(9.56) u(x) = g(x) + g K(x,¥) u2(3’) dy , Kz0,
o
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where A 1s & sufficiently small positive parameter. This equation may

be rewritten in the form
1

(9.57) a(x) = 600 + 2 " § ke, [eviviaty) - P ] o
0

where the meximum is attained for v = u. The associated linear equation
is

1
(9.58) Wo=g+ A é K(x,¥) [2w - v2]dy ’

so that the difference equation for z = u — w becomes
1
(9.59) Z=m§KHJWWMW)W+p,

where p is a non-negative function for each choice of the function v.

If now we assume that g(x)2 €70 on the interval [O,l] , then from
equation (9.56) we see that u(x) will be positive, and we may also assume
that all admissible functions v(x) are also positive. Purthermore, if
K(x,y) has the form

h(y) , O4y<x , h(y)Z_O »
(9.60) K(x,y) =
o , 1Z2y7x ,

it is clear that z(x) will be non-negative on some right-hand neighbor—
hood of the origin. This establishes the requisite positivity property
for some sufficiently small interval, 0< x <b.

POSITIVITY RESULTS. Scattered throughout the literature are various

positivity results which may be utilized in studies similar to this one.
Let us briefly call attention to several.

Consider the initial value problem

(9.61) utt = f(u) , u(0) = Yy s u’(0) =% o0<x ,
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vhere f(u) is & convex function with & finite second derivative for finite u.

Here the positivity property amounts to the requirement that

(9.62) ztt — £¥(v)z20 , 2z(0) =2%*0) =0,
is to imply
(9.63) 220

in some interval [0,b]. It is clear that the inequality (9.63) holds in
some right-hand neighborhood of x = 0, but how large is this interval?
The answer is provided in works of Chapygin, Petrov, [33], Wilkins, [118],
and Babkin, [3] , where it is shown that z is non-negative in the interval

[0 ,b] , provided that the equation
(9.6k) zt? — £1{v)z =0

(the classical Jacobi condition) hes a solution which does not vanish when
0<x<b.
Other interesting results are due to Polya, [57] , and Poincare, [36] .
Westphal,[39] , and Prodi, [46], have derived certain positivity results
concerning the nonlinear heat equation

(9.65)

a, = f(uxx, U U, X, t) .

t

Their results were stimulated by the original result of Haar, [19].
Bellman has employed the following lemma: ILet u, v=0, ¢>0 and u

satisfy the inequality

X

(9.66) usc + g uv dy , x20 ;
0

then X

(9.67) u<c exp g v(y) dy .

This has been extended to two dimensions by Wendroff » [11»5] .



1.

3.

b

54

9.

lo'

1l.

12,

ch

P-1165
11-1=57
o1

BIBLIOGRAPHY

Aronszajn, Ne and K. Smith, A Characterization of Positive Reproducing
Kernels. Applications to Green's Functions, University of Kansas,
Technical Report 15, 1956.

Aronszajn, N. and K. Smith, "Characterization of Positive Reproducing
Kernels. Applications to Green's Functions," American Journal of
Mathematics, Vol. 79 (1957), pp. 611-622.

Babkin, B. N., "On A Generalization of & Theorem of Academician S.A.
Caplygin on a Differential Inequality," Molotov Gos. Univ. g§=,Za o
Vol. 8 (1953), pp. 3-6.

Bailey, V.A., "Reflection of Waves by an Inhomogeneous Medium," The
Physical Review, Ser. 2, Vol. 96 (1954), pp. 865-868.,

Bellman, R., "On the Existence and Boundedness of Solutions of Non~-
linear Partilal Differential Equations of Parabolic Type,"
Transactions of the American Mathematical Society, Vol. 64 (1948),
ppo 2]."‘“}.

Bellman, R., "The Theory of Dynamic Programming," Bulletin of the
American Mathematical Society, Vol. 60 (1954), pp. 503-515.

Bellman, R., "Dynamic Programming and a New Formalism in the Calculus
of Variations--I," Rivista Mat., Univ. Parma, Vol. 6 (1955), pp.
193—213 .

Bellman, R., On the Non-Negativity of Green's Functions, The RAND
Corporation, Paper P-1065, April 1957.

Bellman, R., "Functional Equétiohs in the ThéorjrofWDYnaﬁicrﬁfbérémming.
II. Nonlinear Differential Equations,"™ Proc. Nat. Acad. Sci. USA, R
Vol. 41 (1955), pp. 482-485.

Bellman, R., "Functional Equations in the Theory of Dynamic Programming.
V. Positivity and Quasilinearity,"” Proc., Nat. Acad. Sci. USA, Vol,
41 (1955), pp. 7h3-746.

i ——— St ———— —— T orep——— —

Stochastic Differential Eguations, The RAND Corporation, Paper P-1125,
July, 1957,

Bellman, R., "A Note on Monotone Convergence to Solutions of First Order
Differential Equations," Proc, Amer. Math. Soc., to appear.

Bellman, R., I. Glicksberg, O. Gross, "On Some Variational Problems
Occurring in the Theory of Dynamic Programming," Rendiconti Cir.
Mat, Palermo, Serie II, Vol. III (1954), pp. 1-35.




14.

15.

16.

17.

18.

19¢

20.

21.

22.

23.

25.

26.

27.

P-116%
11-1-57
92

Cole, J., "™On a Quasi-linear Parabolic Equation Occurring in Aero-
dynamics," Quarterly of Applied Mathematics, Vol. 9 (1951),
pp. 225- 236

Courant, R. and D. Hilbert, Methoden der Mathematlschem Physik, Vols.
I and II, Springer, Berlln, 1937.

Doetsch, G., Theorie und Anwendung der Laplace-Transformation, Dover
Publications, New York, 1943.

Feller, W., "The General Diffusion Operator and Positivity Preserving
Semi-Groups in One Dimension," Annals of Mathematics, Vol. 60,
No. 3 (Nov. 1954), pPp. L17-L46.

Friedrichs, K.0. and J.J. Stoker, "Forced Vibrations of Systems with
Nonlinear Restoring Force," Quarterly of Applied Mathematics,
Vol. I (1942), pp. 97-115.

Haar, A., Atti Congresso Intern. Bologna,1928, Vol. III, pp. 5-10.

Hopf, E., "The Partial Differential Equation u + uu, =
Communications on Pure and Applied Mathematlcs, Vol. 3 (;x§0
Pp. 201-230.

Kantorovi¥, L.V., "On Newton's Method," Trudy. Mat. Inst. Steklov,
Vol. 28 (1949), pp. 10h-1hk.

Keller, E.G., "Some Present Nonlinear Problems of the Electrical and
Aeronautical Industries," Quarterly of Applied Mathematies, Vol. 2

(1944 ), pp. 72-86.

Keller, J., On Solutions of Au = f(u), Research Report No. MME-1,
New York University, Institute of Mathematical Sciences, 1957.

Keller, J., "Electrohydrodynamics I: The Equilibrium of a Charged
Gas in a Container," J. of Rat, Mech. and Analysis, Vol. 5 (1956)

pp. 715-724.

Keller, J.B., "On Solutions of Nonlinear Wave Equations," New York
University, Institute of Mathematical Sciences, Research Report
No. MME-3, April 1957,

Lax, P,, "Weak Solutions of Nonlinear Hyperbolic Equations and their
Numerlcal Computation," Communications on Pure and Applied Mathe-
matics, Vol. 7 (1954), pp. 159-193.

Lax, P., "The Initial Value Problem for Nonlinear Hyperbolic Equations
in Two Independent Variables," Chapter 12 of Contributions to the
Theory of Partial Differential Equations, Annals of Mathematics
Study No. 33, Princeton University Press, Princeton, 1954.




P-1163
11-1-57
95

28, Lax, P., Initial Value Problems for Nonlinear Hyperbolic Equations,
University of Kansas, Technical Report 14, 1955.

29. Minakshisundaram, S., "Fourier Ansatz and Nonlinear Parabolic
Equations," Journal of the Indian Mathematical Society, N.S., Vol. 7

(1943), pp. 129-143.

30. Morrey, C.B., Jr., "Nonlinear Methods," Chapter 16 of Modern Mathe-
maties for the Engineer, E.F. Beckenbach (ed.), McGraw-Hill Book
Company, Inc., New York, 1956.

31. Olezhik, C.A., "Zada¥a Ko$i dlya Nelinéinyh Differencial 'nyh
Uravnenii Pervovo Poryadka ¢ Razryvnymi Na¥al'nymi Usloviyami,''
Trudy Mockovskovo Matematiceskovo Ob%¥estva, Vol. 5 (1956), pp.
1098-11C1.

32. Oleznik, 0. A., "O Razryvnyh Re¥eniyah Nelineznyh Differencial *nyh
Uravenenii," Doklady Akademii Nauk 3SSR, Vol. 109 (1956), pp. 1098-
1101.

33. Petrov, V. N., "The Limits of Applicability of S. Tchaplygin's Theorem
on Differential Inequalities to Linear Equations with Usual
Derivatives of the Second Order," Comptes Rendus (Doklady) de
L,Academi des Sciences de L'URSS, Vol. 51 219&65, pp. 255-258.

34. Petrovsky, I.G. Lectures on Partial Differential Equations, Inter-
science Publishers, Inc., New York, 1954.

35. Picard, E., "Mémoire sur la Théorie des ﬁquations aux Dérivées
Partielles et la Méthode des Approximations Successives,' Journal
de Mathématiques (L), Vol. 6 (1890), pp. 145-210.

36, Poincaré, J.H., L'Intermediaire des Mathématiciens, Vol. I (1894),
pp . lLI»l“lL}llv -

37. Pélya, Ge, "On the Mean-value Theorem Corresponding to a Given Linear
Homogeneous Differential Equation,”" Transactions of the American
Mathematical Society, Vol. 24 (1922), pp. 312-32,.

38. Pglya, G. and G. Szegd, Isoperimetric Inegualities in Mathematical
Physics, Annals of Mathematics Study No. 27, Princeton University
Press, Princeton, 1951.

39. Prodi, G., "Questioni di Stabilita per Equazioni Nonlineari alle
Derivate Parziali di Tipo Parabolico,™ Atti Accad. Nazl. Lincei Ren.,
Classe sic. fis. mat. e pat., Vol. 10 (1951), pp. 365-370.

40, Schelkunoff, 3., "Solution of Linear and Slightly Nonlinear Differential
Equations," Quarterly of Applied Mathematics, Vol. 3 (1945). pp.
34,8-355.




hy.

L2,

L3.

Ly,

45,

L6,

e

L8.

P-1163
11-1-57
ok

Shapley, L., "Stochastic Games," Proc. Nat. Acad. Sci. USA,
Vol. 39 (1953), pp. 1095-1100. —

Siddiqi, R., "Boundary Problems in Non-linear Parabolic
Equations, "The Journal of the Indian Mathemstical Society, N.S.,
Vol. 1 (1934-1935), pp. 125-128.

Stoker, J. J., Nonlinear Vibrations in Mechanical and Electrical
Systems, Interscience Publishers, Inc., New York, 1950.

von Khrmén, T., "The Engineer Grapples with Nonlinear Problems,"
Bulletin of the American Mathematical Society, Vol. 46 (1940),
pp. 615-683.

Wendroff, B., "An Integral Inequality,” Bull. Amer. Math. Soc.,
Vol. 63 (1957), p. 2u43.

Westphal, H., "Zur Abschatzung der Losungen Nichtlinearer
Parabolischer Differentialgleichungen,” Math. 2., Vol. 51

(1949), pp. 690-695.

Weyl, H., "On the Differential Equations of the Simplest
Boundary-Layer Problems," Annals of Mathematics, Vol. 43
(1942), pp. 381-L0OT.

Wilkins, J. E. Jr., "The Converse of a Theorem of Tchaplygin
on Differential Equations,” Bulletin of the American

Mathematical Society, Vol. 53 (1947), pp. 126- 129.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /SyntheticBoldness 1.000000
  /Description <<
    /FRA <>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


