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SUMMARY

This paper is a systematic study of the mathematical
structure underlying naarl& perfect exchange markets whieﬁ are
spatially or temporally separated. The prineipal questions
investigated are "What are equilibrium conditions for a set
of exchange rates?" and "How can arbitrage possibilities be
discovered, 1f they exist?" The analysis involves the combined
use of an algebraic representation, which is conducive to the
derivation of qualitative features characterizing a multi-
exchange market; and two linear programming models, one of
which has use in establishing a desirable set of equilibrium
exchange rates, and the other of which has a special form
permitting an efficient computational scheme for discovering
arbitrage possibilities.
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A MATHEMATICAL STUDY OF ARBITRAGE
Jeremy J. Stone and Harvey M. Wagner

INTRODUCTION

Arbltrage is an important equilibrating mechanism in all
nearly perfect exchange markets which are spatially or temporally
separated. For example, a differential in foreign exchange ratés
which allows the possibllity of buying a money in one market and
selling it at a net’gain in another 1s soon removed by the actién
'éf arbitragers; the profitable transaetiens; by creating addi-~ 2
tienal demand for one currency and supply of the other, drive the
foreign exchange rates back to egquilibrium. Similar economic
xorces are present where trading takes place 1n stocks and sharea,
Qullien, marine insurance, and commoditlies for spot and future :
delivery. This paper is a systematic study of the mathematical
étrueture underlying such markets. We primarily address ourselées
éo the questions, "What are equilibrium conditions for a set of%
éxchange rates?" and "How can arbitrage possibllities be dis—
éovered, if they exist?"
§ Our analysis involves the combined use of an algebraic rﬁpre+g
dentation, in Section 1, which 18 conducive to the derivation of
Qualitative features characterizing a multi-exchange market, and
of two linear programming models Bectian@Aa and 3. One of these
linear programming models has use in establishing a "best" set j
qf equilibrium exchange rates (the definition of "best" is giveé
éelow) while the other has a special form permitting an efficieﬁt

*Some of our results are derivable using either one of the

techniques of analysis; in such cases, we have attempted to employ
the method which appears most immediate.
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computational scheme for discovering arbitrage transactions.

| We begin by considering only n—country currency exchange.
Section 1.1 is devoted to situations of "pure exchange" markets
or networks in which buying and selling rates between any two
currencies are exact reeipfocale (thus ruling out two-currency
arbitrage) and do not differ in the associated two eountries;f‘
Section 1,2 1s concerned with "general exchange networks," in
which two-currency arbitrage may exist, brokerage fees may be
levied against transactions, dealings in commodities, bullion, ?
iteeka, etc. are permitted as exchange possibilities, and ex—
§hange rates may not exist explicitly for all pairs of eurrenei;s
;nd eommedities.‘gﬁgﬁicns 2 and 3 contain the programming mode1§
A ?hieh solve for equilibrium systems and arbitraging schemes,
&espeetively.

Definitionas and rules of operation

By & network we shall mean a set of countries or, equivalent-

1y, currencies and a set of rates between pairs of countries. &he

countries are thought of as nodes and the rates as arcs on a %
?r&ph. If a rate is prescribed between countries X, and ;Jn %
the rate between xJ and 11 Wwill also be preacribed, in

bther words, it is assumed that whenever & market exists for the

purehase of one eurreney in exehange for anether, there 1a

SN 3 BNSC RN 2%

’!ar example, we assume the exchange rate of dollars for
pounde and of pounds for dollars are exact reciprocals of each other,
and the dollar-to-pound rate 48 the same in the United States as in

Britain., ‘
#*Throughout the paper, we assume that no rate is zero.
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concomitantly a market for the opposite exehange.% If these

rates are always reciprocal, the network is called a pure ex—
change network. If rates are prescribed between all pairs of
countries, the network is designated a complete network. Networks

! W
which are not complete are referred to as g networks. ?

We use the term "currency devaluation" in a broad sense, not
distinguishing between devaluation and appreciation. We shall

hlwaya mean by devaluation the action of a country in changing

ita rates by a constant factor with respect to all other countries.
@e define “xixj" to be the rate of exchange of countriﬁ Xi'%
?urreney for that of Xﬁ's. A series of letters, e.g. xExTXBXMng? »
ée defined to be the product of the numbers 1917, x7x3, nga.

;ﬁxs, X517. 8uch a series of letters, to be referred to as a

ihain, is seen to represent the number of units of the last eeu%try's
ﬁeney which might be obtained by taking one unit of the first
@ountry's money and sending it through the indicated series of
countries.‘** In many cases we must discuss general kinds of
ghains, and accordingly, for transactions of secondary interest
in the computation, we do not indicate the exact country involved

but simply number the countries by a superscript. For example,
#113113213133?31 s indicatés money flowing from country Xi t? x§gg§;.

| #3uch a condition might not hold for a financiler in a country
imposing tight exchange control; the central bank might be willing
to exchange domestic currency for some scarce currency but unwilling
to make the opposite transaction. ;

, #%je assume that all networks are connected, i.e., it 1s
possible to exchange any currency for any other currency via some

ssples of transactions ,

- aweh gtring of letters may represent either a number or 8
geries of countries. Context will make our usage clear.



going through five other countries, (not necessarily distinct),
before returning to Xi « Chains which have the property of

the above example, that they begin and end with the same letter,
are called oycles. To arbitrage in a currency network is tg per—
form a series of exchange transactions resulting in no net loss

of any currency and a net galn in some currency. Examples of ;
hrbitrage might involve a "cycle® of transactions such as trading
ﬁollars for pounds, pounds for francs, francs for lire, lire for
ﬁollara, or a simultaneous exchange of lire for pounds, pounds ?or
franes, francs for lire, with profit in lire which is then tran?—
formed into dollars. In particular, a eycle permits arbitrage
when 1ts value is greater than 1., There can be no arbitrage
in a network unless such agéyéiggex1sts.* A network is sald to
be in equilibrium if it is not possible to arbitrage in that
network.

The above definitions are seen to define the following rulé?’

) X, XL x, = X PR X thk .

OQur definition of a pure exchange network gives

(2) X, X,Xy= 1 for all 1, J

#If a chain does not return to its point of origin end "buy"
gt least as much as it "sold"™ when it began, the arbitrager would
be in debt at that point. :

**A raiged dot between series of letters indicates multiplication.
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1.1 COMPLETE PURE EXCHANGE

Most elementary expositions of arbitrage illustrate such
schemes in terms of two currency or three currency exchanges
under (2). Of course it is recognized that more complicated
poesibilities might be constructed. In this\section we investigate
the structural relations involved in n-country pure exchange net—
works. Our results will be segregated into those of intereat to
the arbitrager, who is assumed to be unable as an individual to
affect the exchange rates by his own transactions, and those of
interest to an international monetary conference, which is eon%

cerned with multi-lateral exchange rate agreements.

1.1.1 Arbitrage. We assert in the following statement that in

a complete pure exchange network the value of any chain remaina

unaltered if a new currency is introduced within the chain as
phown below,

fﬂﬁ?g§l§10¥ 1: In a complete pure exchange network,

(3) x,x'...xx xl...x‘xk xxl.,.xpx . XX, xtoax% .

Proof:

1 et x@
XX XXX = XXX - XXX

= X X - XXX, e XXX

1 1
- XX ...xpxjxm © XXX ,..x“g‘

by applying in order, (1) (2) end then (1) three times.
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Next we assert that exchanging currency in "@ifferent
directions" along a chain in a pure exchange network determines

regiprocal numbers.

PROPOSITION 2: 1In a pure exchange network,

R T e A S AT e = T

Proof: This follows easily by applying (2), (1) and induetion.
' A8 a corollary we have for the case J = 1 that in a 'f;pu;‘ei :
Qexchagge network the values derived from traveling in oppesite%
ﬁdireetiens around a cycle are reciprocal; consequently, 1if it %
is unprofitable to canduct a given "cyele" of exchange transaeéions
in a pure exchange network,it is profitable to conduct the traﬁs—
.aetions in exactly the reverse order. |

The next proposition states the fundamental property of
complete pure exchange networks. If it 1s possible to arbitraée
'in the network,then every currency will be able to arbitrage |
éin some three-way (triangular) transaction. centr&positively,é
iir triangular arbitrage does not exist for any given country X

no arbitrage can exist in the entire network.

Let X, be any designated country in a eempletef

PROPOSITION
pure exchange network, 8. 8§ 1is not in equilibrium if and
only if 1t is possible to arbitrege from X, through two other
countries (i.e. XoX;X,Xy > 1 for some 1, J) . '



Proef: The conditien isk”ebvieusly gufficient. To show that it
is necessary assume that arbitrage 1s possible and thus that |
XX, X X, X" ...XPX_ > 1 for the indicated countries. By application
of (1), (2) and Pﬁepeaitien 1 we shall systematically turn the
cycle into a series of triangular (4 letter) cycles from Xq-
This is done in such a way that the product of the values of
these cycles will be equal to the value of the original cycle
and hence greater than one. 8Sinece a product of non-negative
tnumbers can noet be greater than one unless at least one of the
factors 1s greater than one, we shall conclude that X.e can
arbitrage in at least one triangle. The construction follows.
The reader may verify that at each step of the construction the
value of the c¢ycle or produet of values of the cycles remains
fixed.

Case 1. a #% 0, Construct

xexaxhxexd34 v XPX X,

using (1) and (2). Then consider the third and fourth letters
of the cyele, X, anérrxe , and act as follows:

A. b$0, ¢+ 0, Construct

XX H Xy ° ;6x§xaxl...x?x§xb,

haing Proposition 1.



P-1478

B. b=0, ¢c ¥ 0. Censtruet
. 1 P 1 P

’usin; (1) and (2).

x‘Qxa xexd cee xp?'axb B

using (1).

Case 2. a = 0. In this case the cyecle 15 of the form
XXX X X'+ XPX,

Perform the steps A, B, and C letting Xc and Xd of this
‘eycle correspend respectively to the countries Xb and Xe of
‘the other case.

Having performed these steps en the original cycle we
now continue this process working from left to right on the
remaining eyele if it has more than four letters. This cyele
will satisfy case 2. We preserve untouched the four letter
eyeles produced (in alternatives A or C). Since three letter
.eycles correspond to factors of 1 which can be ignored, and
‘because c¢ycles (which are the only entitlies turned up by the
algorithm) must have at least three 1etters; this aethed must ;

‘reault in a set of syeles er raur letters er mere‘



' However except possibly for the original applieation of the
algorithm, the size of the cycle being dealt with must decrease
by at least one letter. Hence the method must terminate in a set
of four letter cycles. This, taken with the introductory argu—
ment, establishes the result.

Pig. 1 illustrates the decomposition in the proof for a
possible 7 country eycle.

. ﬂ. x
. XS
CYCLE SIS /‘\
\’/u 16
5 Xy
DECOMPOSITION X

¥y e Xg

o T—rxg

PFig. 1

As a corollary to this result we have

iﬁﬁrailary»l; Given a complete pure exchange network with n
2 :t
‘determine whether or not arbitrage exists anywhere in the systgm.

:eeuntriee, it is sufficlient to examine cycles to

(This represents the number of triangles from one country.)
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One might ask whether it is possible to establish definitely
the existence of equilibrium by testing less than (n-—1)(n-2)/2

‘cycles. The neXt result show that this 1s not posaible, no matter

how complex the cycles considered.

PROPOSITION 4: G@Given a complete pure exchange network with n

countries, it is not possible to determine that the system 1is 1n
equilibrium by examining fewer than LESE%LBZE) oycles. !

?reef: Order the triangles through some fixed country X, ani
%let ¥y be the value of the ith triangle in some fixed direeti?n,
1=1,2,..., ‘a—&,én-e . We first show that the {?1} are
independent (i.e. there 1s a network corresponding to any pesit?ve
set {?1} ) for let {Eyi€}>be any desired gositive set of values;

Let xaxj take on any fixed positive values, Define

0 -
x x - y * x . g
1,51, = 91 1, Xy xbxia

?here Xi and Ii are the countries involved in the ith

g 1 2
triangle. Since the rate x X appears in only the ith ;
triangle this uniquely derines 1t and we can easlly see that

git gives the required value for yie « Henece for any set of

positive values {?1’ 1w 1,2,,.., o2 2, there is a

!

&erﬁespeading network. We shall mhow that for any set of eyelds
%k s K= 1,2,.0.0,K » kg,<ﬁ%*“**‘-*“*) (and corresponding valuns)
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there is a network wWhich is not in equilibrium but which has
rates such that the given cyeles have the glven values. Hence
the cycles could not have determ;ned that the given network

was in equilibrium. By Proposition 3 each given cycle can be
replaced by a set of triangular cycles with origin Xys the pro-
duet of which gives the value of the original ecycle which we may
take to be onc. Hence the given cycles correspond to the equa+
tions :
- p-1)(n-2) <

a
ddy T el k- 1,250,k

where the a,, are integral exponents. BSince ko < {
it 18 evident that we may sclve for Rg of the vy in terms of

the other s@*d'aﬂ”g ~ ko varigbles. Hence at least one of

the ¥y may be chosen not to be equal to one. Aldowing the

dthers to be determined or chosen in any fashion consistent with
qhe equations and the general positivity requirement, we determine
a set or‘{y¥} By the independence argument there exists a neeqork
Hith these y, . By the construction of the {yi} the given eyele{s
1111 have value one in this network. But since at least one
ﬂriangle arbitrages in the network, it &8s not in equilibrium. ‘
lﬁsnee that the €., k = 1,2,...,k, have value one is not sufrieisnt
tb determine that the network is in equilibrium and the result 15

e;tabliuhed.

f #If the ayele did not have value one, no network eontaining
that eyele eould be determined to be in equilibrium. Any country
in the cyele coudd arbitrage by sending its currency through tha‘
cyele in the directien-having its value greater than one {see

Proposition 2.)
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1.1.2 Multi-Lateral Adjustments Up until now, we have con—

sldered relations that ascertain the existence of arbitrage

posaibilities in a pomplete pure exchange network; the results
involved determing the values of a set of chaina. Here we shift
attention to the component rates themselﬁés. We establish son-
ditions which must exist among the exchange rates in order for
us to construct an equilibrium system, or to restore a system E
‘to equilibrium; also we delineate the effests of exchange rate

‘alterations and devaluations upgn' a pure exchange system.

'PROPOBITION 5: @Giver an incomplete pure exdhange network in
equilibrium, S, which tontains all n countries, there 1s a unique
‘complete pure exchahge network, S', in equilibrium which eanbainu
it. ‘

Proofi Assume xixé is not defined in 8. Sinte, by hypethesis,
all countries are part of §, there exists a path XX ...x?xﬁ

in 8. Define XX, = X,X'...X°X, . fhis definition is unique.
For assume that another path exists xixP* ..‘R?+q!3 in 8.

By assumption § 1s consistent, so
xixlucxpxjxy‘*q..‘xp'*&&# xixliutxpxd . x;xp*q*“xp+lx1 - 1 ’
By proposition 2

% 313p+1-‘~3p+q13 . xégﬁ*q“pX?*iii - ;;3%. B

3y
¥
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and since no rates are zero we have
p+1 P+q P
xix .« e x xix L z XJ *

The network S with this rate adjoined is again consisten$, for
if arbitrage involving the new arc is possible, l.e.,

& VS S % S SN ot L

then

XXt o xfxt L xPx gt xS

is easily seen to hold. Bt since this cyele involves only
arcs in 8, we have aehievéd a contradiction. Thus the assign—
ing of rates can be carried out in suech a way as to preserve
consistency, and hence the subnetwork can be expanded into

a consistent one. It is unique by construction, which gives
the result.

As simple corollaries we have

Corollary 1: The n—-1 rates between a currency and all other
currencies in a pure exchange network determine a unique

“equilibrium in the complete network.
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Corollary 2: A chain of links through all nodes, of the form
Xlxax ...Xh_IXh, in a pure exchange network determines a unique
equilibrium in the complete netwerk.*

In our discussion to this point, we have made no assumption
about the institutlonal aspects of curreney markets; we have
assumed only that a pure exchange network exists. The following
theorems are directed at the implications of curreney devaluation
and alteration 6f rates. Gensequently it is helpful to construct
a hypothetical institutional framework in which sueh changes can
be made. We suppose that each currency is managed by a central
authority in the corresponding country. The authority has disgpe—
tlonary power to set exchange rates; but, since throughout this 
section we preserve (2), any direct alteration in the rate xixj by xi
is automatically agreed to by XJ in that XJ makes the reciprocal

¢hange 1n‘XJXi.

#This result implies an alternative to Prapesition,3, viz.,
in a complete pure exechange network, 8, consisting of n countries,
8 18 not in equilibrium if and only if one of the follewing equalities

does not hold:
XXy = Xy XXy

X%, = LXKX,

L L d
* -

X% = X XoX5e . X,
XZXQ = xaxax;‘

X% = REXX,

X2 = Xno¥na¥n
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We a@sert a ﬁéll known statement that an across—the—board
percentage change in any one country's rates (and the correspond-
ing reeciprocal change in the cross rates) does not create arbitrage

possibilities.

PROPOSITION 6: If a currency is devalued, in a network in equilib—

rium, the network remains in equilibrium.

Proof: Let Xb be the devaluer. Let a be the factor of devalugtion.
By Proposition 3 it is sufficient to verify that every triangle
through Xb has value 1. This verification is left to the reader.

Suppose that in p countries, the monetary authorities decide
to change several or all of their exchange rates with other coun—

tries; what is the effect on the system?® We first prove

let 8 be a complete network in equilibrium.

PROPOSITION 7
Let xl, XQ»n,Xi, p < n,countries devalue their currency. Then
the resulting network 8' is independent of the order in which

devaluation takes place.

1 , .
Proof: Let primes indicate the new rates (in 8 ) and consider

g country XS' 8 > p,which 18 not devaluing. Then defining Ki by

t 1 !
xsxi - kixsxi i = 1,2, A‘-t,p
and considering
L S :
XX, = XX, i = p+l..,n 148

we -see -that -the -rates attached te”xa are defined independently
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of the order of devaluation. 8ince by Corollary 1 of Proposition 5
these rates uniquely determine S', S' is independent of the
order of devaluation.

We prove a statement which contains as a special case a

converse of Proposition 6.

PROPOSITION 8: Let 8 be a complete network in equilibrium.

Iet s' be a complete network in equilibrium which arises from

§ through the alteration of exchange rates by a group of ceuntries,
say xl, 12, cesy xﬁ, p < n. Then 8' is equivalent to a sys—
tem resulting from a uniquely determined devaluation of each of

the p currencies.

L}
Proof: Let primes indicate the new rates (in 8 ) and, considering
a currency xg,s > p, which 18 not in the group, define the ki
by the egquations

X;Ii = kX X, 1 =1,2,c00,p.
Evidently we also have
x;x; = X X, 1 = p+l, p+2,..,0 14 s;
A complete network with thege new rates for xé could be aehigved

by having each curreney xi’ i=1,2,...,p, devalued by a factor
1/, 1 = 1,2,...,p . By Proposition 6 such a sequence of
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devaluations would preserve equilibrium. By Corollary 1 of Pro~
position 5 there 1s a unique complete network in equiiibrium with
these rates. Hence this network must be S‘, and S' has been
attained by devaluing each of the p currencies. The devaluatien
required of each currency is uniquely determined by ki . This
completes the proof. '

A corollary is that if a single country alters its exchange
rates by any process other than devaluation, arbitrage possibiliss

tieg arise.

Corollary 1: The only unilateral action which preserves equilib—

rium is devaluation.

Purthermore by repeating the proof of Proposition 8 as if xs

wished to change p of 1its rates we have

Corellary 2: ILet 8 be a complete network in equilibrium and

let Xs change only p of its rates, p < n. Then to reach the
new equilibrium determined by this action requires the equivalent
of a devaluation of p currencies. The devaluations are uniquely

determined.

1
Corollary 3: lLet S, 8 be complete networks in equilibrium.
L
Then 8 may be transformed into 8 by no more than n-l.

devaluations.

We turn from discussing rate alterations which preserve
equilibrium to the problem of establishing equilibrium in a given
system by adjusting as few rates as possible. Such a question
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might arise 1f there existed an international monetary conference
which desired a good way of altering the current rates to remove
the extant arbitrage possibilities.* We start by examining a
case in which only relatively few rates need to be changed; this
case includes the event in which only one rate is improperly set
(1.e., in which a single alteration establishes equilibrium),

We define a complete network to be in near-equilibrium if
it can be changed to an equilibrium network by altering fewer
than (n-1)/2 rates. We demonstrate the relationship between a
network in near-equilibeium and the triangular arbitrage trang—

actions existing in the system.

FROPOSITION 9: A necessary and sufficient condition that a

complete network, 8, be in near—equilibrium 1s that
N(j) = min N(1) < (n-1)/2 ,

where N(i) is the number of triangular arbitrage possibilities

from Xi .

n—1 ‘ |
Proof: A?s?me N(J) < - let vakXQXﬁ permit arbitrage.
Define ka& - xka . xjxh to be the new rate replacing ka& .
Repeating this procedure for each instance of triangular arbitrage

and leaving the rest of the network untouched, we crgatera new

*The reader should note that in choosing among types of
possible alterations which would restore a system to equilibrium,
one would not necessarily select that set which requires the least
number of altered rates. A full discussion of other alternatives
18 beyond the scope of this paper. . .



system S' in which IJ cannot arbitrage in any triangle. By
Proposition 3, 8' is in equilibrium. 'Sinece only N(J) arecs were
changed, S was in near-equilibrium and the condition 1s suf—
ficient. Now assume that the condition is not satisfied. Then
N(1) > %~ for all i and because the equilibrium, 8; ,
determined by the ith country's rates i&fropositien 5, Corollary 1),
can be achieved only by the constructiﬁn above (changing a speciflec
rate in each of N(1) triangles), 8, cannot be achieved by changing
fewer than H(i)‘z BEE— rates. Any other attempt to achleve
equilibrium must change at least one arc attached to every coun—
try, or at least n=l arcs. Since n-l > EEE_ for all positiye
n, 8 could not have beaﬁ in near—equilibrium. This completes
the proof.

We next show the uniqueness of the equlilibrium reached by
changing less than (n—1)/2 rates. We define R(S,T), where
8 and T are complete networks, to be the number of arcs which
are not the same in the two networks. R 18 a metric. In this
case the triangle inequality states that it requires at least
as many arc changes to transform network sl to 8, and then

to 83 as it wolld to transform 81 to 35 .

PROPOSITION 10: If 8 18 in nehr~e§u111br1um, there is a unique

' t n—1
equilibrium situation 8§ such that R(8,8 ) < —— .

Proof: By the previous assertion we know that an 83 exists
with the property in question. Assume that a éiggiagt equilibrium
situation S' has the same property. Since the n—-1 rates of

XJ uniquely determine aﬂ'equilibrium situation (Preoposition 5,
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Corollary 1) it must be that x;x; * X,X;, for some 1, where

! indicates the arcs in 8‘. By Corollary 2 of Proposition 8,
the number of values, 1, for which the inequality holds indicates
the number of devaluations that must occur to take 8 into s’.
Each devaluation changes n-1 arcs and no set of them can change
fewer than n-l1 . Hence R(sJ.S'),Z n-l1 . However since both
SJ and 8' have the property that their "distance" from S 1is

less then I3t we conelude by the triangle inequality,
| 1 .
R(SJ,S ) £ R(SJ,s) + R(8,8 ) < - + == =n-1

Hence it is a'eentradietien to say that S' and 8 are distinct,
and the preposition is proved. '

Propositions 19 and 10 enable one to identify the near-
equilibrium networks and to use the constructive method in
Proposition .9 with the certainty that it achieves equilibrium
while changing the fewest number of rates.

These results permit one to recognize and repair the apecial
case in which a previous equilibrium has been destroyed by a sfns
gle incorrectly set rate (for n > 3). If the network is not in
equilibrium and does not satisfy the conditlon of the previousk
proposition then the determination of an equilibrium system
éequiring the least number of altered rates is, in general, a

difficult problem, and we defer & solution until Section 2.
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1.2 GENERAL EXCHANGE NETWORKS

In this section we drop the assumption that the network is
a complete pure exchange currency network and consider general
networks. In particular we remove (2) (and thereby the general
validity of Proposition 2). We permit both Xj_XJX1 > 1 and
xixdxi < 13 the former possibility immediately leads to arbitrage,
and the latter possibllity corresponds to admitting drains which
might include brokerage charges, currency shipment charges, and
insurance (insofar as these can be represented ag a percentage
of the amount of currency exchanged). Thus we permit the actual
or quoted rate to be diminished to reflect the existence of
ad valorem transaction costs. These deviations from (2) are
usually of small magnitude and for that reason, several of the
previous results, e.g., those concerning devaluation, retain a
certain validity, although in a strict sense the assertions can
no longer be proved. For the arbitrager, however, tiny deviations
from the pure exchange case are very important since, in reality,
his rate of profit 1s itself usually small; we postpone until
Sections 2 and 3 techniques of analysis open to the arbitrageﬁ
in the general network. The crucial implication of relaxing
(2) 15 that Proposition 3 fails to hold. We also relax the
assumption that the network need be complete. In the general
network, the analogue of Proposition 3 is Propposition 3'.

- PROPOS ITION (1) Let X, be any country in a complete exchange

- network, 8, which satisfies X X;Xy = 1 for all 1. Then it is

30
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possalible té arbitrage in 8 if and only if it 13 possible to
arbitrage from X, through two other countries (1.e. xbxaxkxb > 1
for some (J,k)).

(11) In a general network, 1f it 1s possible to arbitrage,
then it 1s possible to arbitrage in a series of exchanges which
involves no more than one buying and one selling transaction for
each country.

As the reader may verify, the hypotheses in (1) are the only
econditions necessary to apply the construction of Proposition 3.
The result is applicable if an arbitrager faces no transaction
charges when dealing in his domestic curreney; the effective
charges would then have the nec¢essary property.

The assertion of (4ii) follows from the faet that, even in
a general exchange network, a cycle that passes through a country
twice can be presented as two cycles whose product has the original

¢ycle’s value. Thus, spplying (1) twice, we have

xix;: . ‘xpxdxp+l .e ‘ququ*l ‘e 'xxjxi -
xIx }A"’ﬁxd ' Xpr «..x xj xjx 3 -&xnxi

-yl D +1 . +1 ;
xixi.r..x xjxq*“ . XX, xjxp ...quj )

If the original cycle arbitraged, one of the derived ones must.
‘!ﬁe proposition follows by repeating the process as many times

as is necessary.
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The reader should observe that since the network is connected,
if profits can be made by arbitraging, they can be exchanged 1nto
any other currency.

Proposition 4 remains true if the word "pure" is deleted,
but it loses much of its significance unless a situation like
the one hypothesized in (1) above exists. Proposition 5 and
its corollaries remain correct if the words "pure" and "unique"
are deleted. Propositions 6 and 7 nold" but Prepesltien 8 and.
its three corollaries do not; however if the deviations from
pure exchange are small (as they usually are) and if the multi-
lateral rete alterations contemplated are large (as they usually
are) the results are essentlially correct. Propositions 9 and 10
are no longer true and their significance remains unimpaired only
in the case that rates are so badly set that arbitrage is»ef a
different order of magnitude from that of the deviations from
pure exchange (e.g. if rates are actually set at a distinectly
incorrect level); as we show in Section 2, the problem with
which these propositions are concerned i1s completely solved by

a linear programming formulation.

1.2.1 Multi-Bloc Exchange. An incomplete network of particular

ifiterest is one in which the n countries are divided into m
currency bloecs, each of which has a single distinguilshed currency.
Within eaeh bloc a complete network exists and the network be—

tween the distinguished currencies is complete; but to exchange

#We assume, as before, that 1if Xk changes hils rate x&xi;
to kixkxi, theh X, changes X;X to- 1 xix* e
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a minor currency in one bloe for a minor currency in another
bloc, it is necessary to go through intermedilary exchanges with
thé distinguished currencies. S8uch a network appears in Fig. 2.

X, hwoobh
X x ’
Z
Z, ' 1
Zs 2,
z, 3 2

Pig. 2
The "capital" countries here are X, Y, Z, and W. A typlcal
cycle might appear as below: ‘

X, X .. Pxvyt. L ydvzzt. L gTaeed L vt

By successive application of (1) the reader can verify that
the following product of cycles can be substituted for it:

x:_xl..-fxxi * YY].QQOYQY . Zzl.-«zrz A Wl.«.waw ¢ IYZVX
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If the original c¢yecle had a value greater than one we again res—
son that one of the above c¢ycles must. Hence it is sufficient
(and obviously necessary) to examine, for the possibility of
arbitrage, each of the complete networks which arises.by con-—
sidering a single bloc¢ plus the complete network among the

“capitals."

1.2.2 Commodity—-Curréncy Exchange, Finally we consider networks

in which certain nodes correspond to currencies while others
correspond to commodities at various locations in time or space.
At each country, there are defined exchange rates for commodlitles
in terms of that country's currency, and an exchange rate for a
type of commodity in one country in terms of the same type of
commodity in another country (suech a rate takes into aceount .

ad valorem shipping or holding charges levied in the transferal
of a commodity from one country to another). We are interested

in determining, under various circumstances, the number of trans—
actions necessary to permit arbitrage when dealing in a commodity.
Because we are primarily interested in commodity arbitrage, we
confine our attention to the easé in which it is impossible to
arbitrage in money alone (i.e. the sub-network composed of currency
nodes is in equilibrium). Since the costs 6f shipping commodities
are 5o much larger than the cest attached to money transactions,
we first consider the situation whére the currency sub-network

is a pure exghange network.
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\OPOSITION 11. In a combination currency—commodity network

r which the currency sub-network is a complete pure--exchange

'twork, if an arbitrage posgibility utilizing commodity trans—

‘tions exists, then only one commedity ahipment need he made.*
#Proof' Let x stand for the currency ef country i and Yi

a Zi for particular commodities purchasable in country 1. Then,

ould the eycle shown in Fig. 3 permit arbitrage, by utilizing

@ pure exechange of currency, we could substitute for it the

0 ¢ycles xlxéYQYBxBxl . X1133§2£E%3521 whose product must

again be greater than one. Hence one of these must permit

arbitrage, while each involves only one commodity.

Filg. 3

One implication of the proposition is that under the
hypothesis, a firm of abbltragers may be sectioned into groups
of commodity specialists, each group searching for profitable
transactions by exchanging its own commodity. Such a division
of effort is bound to discover an arbitrage possibility if one

exists.

*In the case of futures trading, we interpret "shipment"
as the aet of holding the commodity from one period of time to
another, while perhaps incurring storage costs; the transaction
might also involve physical trapsport of the commodity.
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The proposition remains valid i1f the currency sub-network
is not in equilibrium, but in this case it may occasionally be
better to dispense with commodity transactions altogether. When
we consider the situation where (2) does not hold in the currenby
sub-network, then the assertion is no longer true.

when the rate of exchange of currencies depends to a signi-
ficant degree on the loecation of the currency (e.g. the dollar
for pound rate in New York is not the same as the dollar for
pound rate in London), the currency network becomes a special
kind of commodity network. Unlike the commodity networks dis—
cussed thus far, it has no underlying currency sub-network. A
diagram appropriate to the situation, Fig. 4 indicates several
families of currencies, each attached to a location or home
ecurrency. A currency can change location only by exchange with
home currencles or by shipment. In the latter case there may or
may not be & cost attached to shipment. Dotted lines correspond
to possibilities of shipment.
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2. A STATIC LINEAR PROGRAMMING MODEL

It is commonly recognized that linear programming may be
applied to several models of international trade (2, 5, 6, 8,
9, 10‘]. In this section we present a linear programming
formulation of exchange transactions which formally embodies
or extends several of the previous results. For the sake of
simplicity, we confine our discussion in thils section to a
complete (not necessarily pure—exchange) system of currency
exchange; the reader will have no difficulty in making the
necessary modifications to allow for the possibilities of
commodity exchange or for an inecomplete system.

We let xij % 0 be the number of units of currency Xi
exchanged for that of currency XJ and °1J > Q be the ex-
change rate of xi's currency for xg's cuqﬂency.*' To econstruct
the model which ascertains the existence of arbitrage, we let
M > O be an arbitrary amount of some currency, say xl's,’whieh
we wish to earn by means of currency transactions. The con-

straint equations of the linear programming model are
n n

4) - 2 %,, 4+ 3 e¢,, X M

M) = 2Rt 2, %% 2

and

(5) =-Zx ,+3 Cye Xgpp 2 O k=2,35...,nm,
fé*k,kd 4 Jk 3

#Heretofore, we denoted oyy bY XXy .
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The cost form being minimized is ldentically zero in this form—
ulation. Equation (4) énsures that the net gain from all cur—
rency transactions involving Xl's currency 1s at least M, and
Equation (5) ensures that the net gains in the remaining currencies
are non—negative (i.e., no debts may be incurred). Note that
if a feasible solution to (%) and (5) exists, any positive
multiple ( > 1) of all the Xy also ylelds a feasible solution;
equivalently, the feasibility of (4) and (5) is independent of
M, *

If we are merely interested in locating an arbitrage
scheme , énly‘seareh for a feasible solution to the model. In
addition we may wish the solution to have some "optimal" property.
For example, we may desire to find that solution which involves

the least amount of selling of Xi' In this case we would

n
(6) min § x .
e 1

gin the speclial case of a pure exchange network, 1‘e;,
cij c:,1 = 1, we may reduce the number of variables by netting
out xij and xJi‘ Explieltly, let yij’ i < jJ, denote the net
exchange of Xi's currency for that of XJ's

= Vyy =T Xgy o+ CyyXy,.

‘The variable gij i8 unrestricted in sign. We note that
cinij = eijxij "'xji’ and thus the model becomes

g n
o - M
(4') Jgayl 32

(5') = Ty, + Ye, >0 K =2,3 ..., n,
g\ck" Pr it

(Continued on next page)
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Or there may be a fixed transaction cost dis involved in making
the exchange x1J , and we may wish to find a solutlon which
minimize& the sum of the transaction costs; the speclal case of

d1J = 1 corresponds to minimizing the total number of transactions

used in the solution. In this case we add to the equatlons
and L > O 1is an arbitrarily large number
(8) min I 'rijdij .

Constraint (7) ensures that whenever X, > 0, 713 = 1,

If we convert (4#') and (5') takequalities bj adéiag slack
variables Ty k=1,2, ..., n, and utilize the fact that the
yij are unconstrainéd in sign, we can solve for Y14’ J =2, 3,...,0,
(or alternatively Vyo 5417 J=1,2, ..., n=1) in (5') and eliminate
these variables by substitution in (4') yielding

. ® n ’
oy vy = ZPchc = M By >0

* . *
where the yijfare the remaining variable and uiJ their co-
efficients. A necessary and sufficient condition for no arbitrage
*
to be possible is that all the “13 = 0. One can derive from the
. :
relations “ij = 0 either Proposition 3 or equivalent conditions
for equilibrium, depending on the y 3 chosen for elimination.
We also néte that since we only needdto investigate basic solu—
tions in a linear programming model, part (i1i) of Proposition 3'
can be verified from the programming model; in fact, if an
arbitrage possibility exists, it is possible to earn M units
of any currency in no more than n transactions, given the
‘assumptions of the statis formulation. o B R
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and (8) ensures that ’Tij_ = 1 only if X4 >0 . The syétem
with (7) added 18 a linear programming model involving several
integer-valued variables; consequently one must resort to an
algorithm such as that of R.E. Gomory [4] to-solve the problem;

Despite the simplicity of strueturé and compactness of
constraints of (4) and (5), the model has two main drawbacks.
First, the arbitrage possibility indicated by the model may
require that the arbitrager is able to execute his exchange
transactions instantaneously (1i.e. without liquidity con-—
straint) or, alternatively, that he possess capital reserves
in some other country than his ewn. An example of such a
solution would be an American arbitrager earning dollars by
selling pounds for francs, francs for lire, and lire for pounds,
and then converting his profits in pounds into dollars. Such
a chain of transactions might be impossible unless the arbltrager
had a certain amount of foreign (pounds) funds available to
"pump—prime” the pounds—francs-lire cycle, or were in a position
to act 1nstantaneously.. Second, the model is ill~equipped to
solve the problem of finding arbitrage possibilities in a few
transactions. Although the technique illustrated in (4) and
(5) can be adapted trivially to provide an upper bound constraint
on the number of allowable transactions (number of non—zero xij)’
the ecomplexity of the partial integer linear programming problem

i1s increased considerably. The model presented in the next

#The arbitrager would also have the possibility of converting
dollars into pounds, compounding profits in the pound-franc—lire
market by repeating the arbitrage eycle, discovered by the model,
provided the profitable set of rates exigtgd ;Qng,?“°9$§f apd then )
ébﬁveftin§ enough pounds back to dollars to overcome an "un- §
favorable” dollars—to-pounds conversion rate. f
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section, although 1t apparently involves more equations, over-
comes these difficulties and also has a speclal structure ena+
bling the direct computation of a complete solution without
resort to an iterative technigue such as the simplex method.
Consequently we do not recommend the arbitrager use (4) and (5).

Our present model is well suited to solving the intermational
adjustment problem posed in Section 1.1.2, viz., given a nysteﬁ
8 whieh 1s not in equilibrium, to find an equilibrium system 8'
which involves changing the least number of rates in 8. However
by Proposition 5 any consistent sub-system can be extended to
a complete equilibrium system, and hence our problem reduces to
finding the largest sub—system in equilibrium (the ares which
are to remain the same must certainly be in equilibrium). Hence
we wish te find the largest sub—system such that (1) and (2)
are infeasible. Consider the dual problem: corresponding to

each xiJ we have
(6) -V, te v, 0 v 20 max Mv,

where the v, are the dual variables.

We know from the Dual Theorem [3] that no solution to (1)
and (2) exists only if elther no solution or an infinite solution
exists for (6). But vy = 0, for all k, is an obviously feasible
solutien to (6); consequently to solve our problem we want to
find the maximal number of dual relations which admit an infinite
solution. We observe the relations (6) are homogeneous, and

thus an infinite solution exists if and only if a feasible solution
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to the subsystem can be feund with v, = 1 (because of the homo—

1
geneity, the maximal subsystem is independent of the actual value
chosen for 'vl). Consider a related dual problem:

(7 gt ey V- t1J = 0 Ve 2 0, tii 2 © Vi =1
(8) tyy— 8¢5y £ 0 3= %L

and S > 0 iz a large positive number

(9) min 2513 .

Note that (8) ensures that eig = 1 if tiJ > 0, and (9) #nsures
that eiJ > 0 only if tiJ > 0. ' The model solves for a set of
v, (v1 = 1) which exactly satisfies as many relations in (6)

as possible; any relationsin (7) where tig > 0 implies the
original dual relation in (6) is not satisfied. Those relations
for whiech tij = 0, indicate the maximal sub—network.’

In the pure exchange network, all we need are

(7') -V, + CqgVy *+ Uyy - Wy o= 0 1<3 v 20, w2 (’J‘xvi3 >0
v, = 1 ‘

(8') u g+ Wiy = SeiJ <0 1<, €4 = 0, 1,

and S is a large positive number

(9') min ¥ €5y -
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3. A NETWORK FLOW METHOD

Suppose that a potential arbitrager with resources in
some country's currency, not necessarily "dollars", wishes _
to maximize his profit in "dollars" subject ©6 the restriction
that he enter into no more than n transaetions; ¥e will pre-
sent a model which solves this problem and at the same time
solves an identical problem for initial resources in the cur—
rency of any other ceuntry;

We first consider the problem of maximizing profit while
restricting the number of transactions to n or less, where n
is the number of currencies in the system under consideration.
In order to visualize the possibilities of buying and selling

that might arise, we construct a dlagram for n = 3, such as

in Plg.5

Figure 5

The 013'5 act as flow amplifiers or deamplifiers and
represent the exchange rates. The problem is to maximize the
flow entering the sink on the bottom right (i.e. the number

of units ef x3's currency.) Fortunately this sort of linear



programming problem can be solved in an exceedingiy”siﬁplg way,
as has been noticed by W. Prager [7] and utilized by A. Charnes,
W. W. Cooper, and M. Miller in [1]. If the equations which
describe "conservation" of flow for the various nodes are
written down in an obvious systematic way, taking the nodes
in the first transaction, then the nodes in the second trans—
action, étc., the matrix expressing the problem takes the form
in PFig. 6:¥ The xﬁJ represent the amounts of X, 's money turned
to XJ'B at "stage k." The equations on page 35A correspond
to the example above.

The Ri i=1, 2, 3,are the available rescurces at Xi’
The us 1 =1, 2, ..., 12, represent the dual variables. We
will solve the problem by assigning values to the dual varliables
in such a way as to minimize ulRl + u2R2 + u333° This will
determine an optimal solution by the Dual Theorem [3]. In
order to solve the dual problem, we simply assign U 1, .
U, = e2§, Uy = °13' The dual equations then require that we

assign u7, ug and u9 80 that:

e *—1 - §
By adding the "flow in~flow out" equations for all nodes
corresponding to the same currency, we generate a set of new

equations. If the variables yij = are substituted in

» _k
18 1
these equations, the columns, or activities, will take the form
exhibited in the static model.
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ug > max (u12,932u11,e31u10) = max (1,e32c23,c31013)

(10) ug > max (023u12u11’621u10) = max (e23,c23,021013)

Ug 2 max (eljula’cleull’ulo) = max (°13'312°23'°1}) .

Having assigned values to ug, ug and u7 whieh'satisry (10),
we derive simllar equations for Ug s u5 and uy and for u3, u,
and uy - In order to minimize u1R1 + u2R2 + uBRB’ we evidently
must minimize u;, u, and us (Ri 20, 1=1,2,3) and thus we
can do no better than to define the dual variables to be as
small as possible at each step of the procedure. Hence we
determine Uy, ug and Uz 80 that equality holds in (10) and
continuing in this way we assign values to all the dual variables.*
We obtain a solution to the original problem by throwing away the
set of eolumns whose dot produet with the dual variables is not
exactly zero and solving this simplified system with the last
three columns.

A little consideration will show that despite the large size
which the matrix might present, e.g. in a case involving 50

*A dynamic programming, or funetional equation, approach
provides an alternative means for deriving the algorithm. Let

rk(xi) denote the maximum amount of curreney of country X,
achlevable starting with a unit of currency of country Xi and

making k exchange transactions. We allow for the fere%eing of an
exchange by defining Cyqy = 1 to be the exchange rate of a unit of

gurrency of country Xi for itself. If a single transaction is
pemitted' fl(xl) = Gin 1 E 1,2,«005“.

The recursion relation is ~ ,
(%) = Maxtmum {E:ug((x, )} ,
which is analogous to (10). ; : -
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currencies, the exceedingly simple way of @&ssigning dual variables
will keep the problem manageable. Two further important observa—
tions should be made. S8ince the method of assigning dual varia-
bles is independent of the currency inputs, and since the value
of the optimal solution can be computed by taking the dot produect
of the dual variables with the right hand side, 1t is apparent
that the value of a dual varieble indicates that extra amount
of profit which might be realized by introducing, at the corres-
ponding node, one unit of the appropriate currency. As a result,
our solution of the problem for n stages has also solved the
problem for all intermedlate stages. When we reach any stage in
which a dual variable is seen to exceed the corresponding rate
of exchange, we have located a possibility of arbitrage, and
we might use the gilven resources to take advantage of this pos—
- 81b1ility for arbitrage. However, one might prefer to consider
more stages in the interest of loecating greater possibilities
of profit before a decision i1s reached. In adding stages, it
is not necessary to begin again but only to start with the pre-
viously found dual variables, to add the new relations at the
beginning, and to continue computing the values 6f dual variables
until sufficlently many are assigned. Thus our initial decision
to work with n stages, where n is the number of currencies, is
not essential. MK stages, hswever,’have a certain significance
in that they represent sufficiently many stages to indicate any
existing arbitrage by (1i) of Proposition 3!,
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In setting up the network flow medel &s in all models of
general exchange networks, a question arises as to exactly which
rates should be considered as the rates of exthange. An arbitrager
might feel that the real rate of exchange should rerlectﬁthe
brokerage charge or, perhaps, the interest foregone in actually
meking a transaction. From a mathematical point of view it
might be desirable to adjust the real rates in such a way that
they indicate an arbitrage possibility only in cases where it
is profitable to arbitrage after costs and in those cases indicated
the percentage of profit that could be made after broker's costs
by a single trip around the cycle involved. This adjustment can
be made by multiplying the given eij‘s by (1—933) where Py
1s the percentage taken by the broker (usually 1/32 or 1/64 of 1%)
in a transaction from Xﬁ to XJ .

If the arbltraging contemplated will take an appreciable
time, the network flow model can be constrained to deal in pre-
sent discounted funds and, thus, to indicate arbitrage only when
the arblitrage presents a more profitable opportunity than leaving
one's money to eolléct interest for the same amount of time.

Let r1J be the percentage of interest that could be collected
during the time it tekes to make a transaction from xi to XJ .
let the adjusted rates eij be defined by

BREFE
~ +r13)‘

eid

It can be eésiiy seen that the flow has become one of present

discounted money.



The network flow model can also be used as a method for
considering opportunities for speculation. If different rates
of exchange are expected to occur over time, these rates ean be
introduced in the appropriate stage and the stages thought of
as representing time periocda. A discount factor of the type
above may be used as a first approximation to provide a "certainty

equivalent'" for the risk involved in the speculative activity.
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