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SUMMARY

A method of obtaining estimates of the parameters of the
latent class model based on first classifying individuals
into "latent classes" according to some rule is presented.
Properties of the estimates and implicatiens to the
identifiabllity problem are discussed. An example of the
use of the partitioning method, contrasting it with the

determinantal method, 1s given.
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PARTITIONING METHODS IN LATENT CLASS ANALYSIS
Albert'Madansky

1. INTRODUCTION

Heretofore, the only methods which have been considered
for estimating and studying the identifiability of parameters
of the K-item, m—class latent class model have been matricial,
either based on facter analysls technlques or what we choose
to call "determinantal" methods. In this paper, we consider
the implications of the 1lndependence hypotheslis first of all
on the discrimination problem, using the argument that once one
has classified all individuals as best one can into "latent
classes," the latent class parameters are easlly estimated.
This leads us to a study of various types of discriminators,
both from the point of view of implications to the identifiabllity
problem and consistency properties of the concomitant estimates
of the latent parameters. One discriminator, A¥* (defined
below), is singled out as being easily computable and
the asymptotic variances of estimates of the latent parameters
based on 1t are determined. Finally, an example is presented
which contrasts the partitioning method based on A¥* with the
determinantal method.

As to notation, we call Qa the probabillity that a person
chosen at random from the population be a member of the a—th
latent class, where g Qa = 1, and AY

i
a=1
member of the a—th latent class answer "yes" to the i-th

the probability that a
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i1tem or question, 1 =1, ..., K. We also define Wd}&‘as the
probability that a person chosen at random from the population
answer "yes" to all the questions indexed by members of ¢

and "ne" to all the questions indexed by the complement of o,
where ¢ is a subset of the integers (1, 2, ..., K), and we
define # as the null set.

2., IDENTIFIABILITY AND STRONG IDENTIFIABILITY

There 1s some ambigulty in the latent class model in that
two individuals with the same response pattern who belong to
different classes can have their classes interchanged wlthout
affecting any of the latent or manifest parameters. However,
this is not an ambiguity regarding the probability structure of
the observables. This situation leads us to define two types
of identifiability. We shall say that the latent class model

e

is identifiable if the manifest parameters are functions of a !
unique set of latent parameters. This is the ordinary notion of
identifiability, which has been used in previous work (e.g.,

[3]). We shall say that the latent class model is strongly

identifiable if it is identifiable and if there exists, along

with the unique set of latent parameters, a unique classification
of the members of the population leading to the unique set of
latent parameters.

A simple example of a latent class model which is strongly
identifiable is the following. ILet K = 3, m = 2,
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>
)= Y, = .5 AL =1 A =0
Ap = .6 AS = .4
x% = .2 x% = .5 .

By Theorem 5 of [7] using question 1 as stratifier we see that
Ri # Ai and |A,| =i.% .i l # 0 and |A,] = i.; .é l # 0. Hence
the medel 1s identifiable. But since A\] = 1 and A3 = 0, no
two peeple with the same response pattern will be partitioned
into different classes by the latent partitions so that by
Theerem 2 (infra) the latent classification is unique.

Let us consider, for simplicity, the situation in which
our populatien is finite. If we administer the questionnaire
to all the members of the population, we can consider all
possible partitions of the responses to these questionnaires
into m non—empty groups. One of these partitions will
correspond to the latent classification. Let us compute for
each partitien a non-negative xa—like funetion which is a
measure of hew close a given partition comes to satisfying the
indepence assumptien of the latent class model, such that
for the partitien (gnd only for the partition) cerresponding
to the latent classification (i;e., for the partitien for which
the independenee hypothesis 1s satisfied) this 3‘2—like function,
say A, is zero.

When the population is infinite, it is mere reasonable

to speak of "partitioning' each of the Tyg S into m parts,
2
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(v 7\6,6, cens ¥ Ac_ 5), such that 5 aresF = "oy g‘é =1,
o

v, 20,12 7\0,;-52 0 for all a, 6, and such that i"o’;a" = 1 for each a.
Of course, there are many ways of doing this. We will then say
that the "partition” of the w's corresponding to the latent
classification is the one for which A (as a function of the
a's and Aa 5'3 subject to the above restraints) 1s zero. This

"partition” will be a set of J 's and k 5's such that (1) they

satisfy the above conditions and (2)

== T (= =) 'IT (1- = A).z) for all a, o.
? c'jeo‘ G‘Jem c‘kew ’

There may be other partitions such that A = 0. This may
be due te either of the following circumstances: (1) the
model may not be identifiable (i.e., the population can be
classifled in different ways corresponding to different sets
of latent parameters each satisfying the accounting equations);
or (2) the model may be identifiable but not strongly identifiable
(i.e., there is no unique classification of the pppulation into
m classes corresponding to the (unique) set of latent parameters).
We then have the following necessary and sufficient condition

for identifiability.

Theorem 1. The latent class model is ldentiflable if

and only if either (1) A = 0 for exactly one partition or (2)

A = 0 for more than one partitlion and the latent parameters

determined by each partition are identlcal.

Proof. The necessity of thils eondition 1s by definition.
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The sufficiency follows frem the fact that if either
(1) or (2) holds, then the accounting equations are selved
only by the latent parameters for which A = 0 by the definlition
of ldentifiability.

In this theorem we make no use of the population size,
either finite or infinite, for even if the population were
infinite, one could still consider finding the partition of
the w's such that for that partition A = 0, as described above.
Hence the theorem is true regardless of population size. How—
ever, we will continue to talk of the finlite populatlion case
only as a means of motivating our procedures.

One should note that the necessary condition for
identifiability of Theorem 1 is more stringent than bthe usual
necessary condition, namely 25~1 2'mK + m=l, for there are
cases when EK;J Z_mK + m—1 and yet the model is unidentifiable
because the condition of Theorem 1 is not met. Feor example,
when the conditions of Theorem 5 of [7] are not met, the condi-
tions of Theorem 1 are also not met (and vice versa). Yet
Theorem 5 of [7] deals with a case in which 2F—1 = mK + m-1.

Before we discuss various implicatiens of the theorem,

we shall note for future use the following result.

Theorem 2. For finite populations, there exists a unique

classification of individuals if and only 1f in the partition

for which A = 0 no twe individuals with the same response

pattern end up in different groups.

Proef of necessity. If two people wlth the same response




P—1644
>6-59
—6—

pattern end up in different groups according to this partition,
they can be interchanged and there will be anether partition
such that A = 0. Hence we would not have strong identifiabllity
whieh contradiects our assumption.

Proof of sufficiency. Consider the m groups of the partition

for which A = 0. Since the fact that no two individuals with

the same response pattern ending in different groups implies

a B _ _
that if XG}E;% 0, RG}E'“ O for all B # a, we can express the
latent parameters for the a—th group as 7_ — S where

030 Ao

1 if an individual with response pattern ¢ o

5ao‘= is in group a

0 otherwise.

For a given 6, 8&0’ o

= 1 for only one a. Hence the set Ag“
]
(and concomitantly the set {A?; J=1, eee, K} ) 1s determined

a—
o0
If we remove an individual from one group of the partition,

or eirh a by this partition. By identifiability, the set
A

remains the same for all partitions fer which A = 0.
by identifiabllity he must be replaced by someone with the same
response pattern. If o3 O is the response pattern of that
individual in group a, then xgga;z 0, B f a. Hence there is
no one to replace that individual in group ¢, and so no individual
can be removed from his group in the partition for which A = 0.
Therefeore the partition 1is unique.

Instead of partitioning the individuals and computing

some measure of how close the given partition, r, comes to
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satisfying the independence hypothesisvvia a statistle, A, of
the form

2
s wa,o_[a,a,r TT x T (1—7\0_ ,r)] where

,
a,0 o €0 %y o, €6

{Wa e 1s a set of finite, non—-negative welghts, we can instead
2

compute a ZQ—Jike statistic which measures the goodness—of-fit

v a ;
of the Wb;o; 's based on the a, P's and Aéi,r's of the partition
to the true 7, 5's, where T,z . = Zlé,r 1T o‘,r TT (1 - Gk r)

C,€06
Je

and where, for the r—~th partition of the individuals, this Xe
) where {W } is a set

Q

2
statistic is X°(r) = g'wojw 5~ Tos5,r

of finite, non-negative weights. For infinite populations, we
could do exactly the same thing if, instead of partitioning

030
deseribed earlier. Then the partition for which X (r) equals

the indlividuals, one partitions the 7 ’s in the manner
b

zero corresponds to the latent classification, and we can
substitute X2 for A in Theorems 1 and 2 (and in their proofs)
and they will both hold.

3. CONSISTENCY OF ESTIMATES BASED ON PARTITIONING

We have not yet discussed explicitly the functional form of
A. Obviously there are many A's which satisfy our basic require-
ments. A requirement which we wish to add to the basic ones
given above 1s the folleowing. Suppose that we only have a
sample of size N of our population. Clearly if we compute A for
each partition of our sample, it may be the case that no A = 0,

However, it seems reasonable to use the partition which
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minimizes A as an estimate of the latent classiflcation and the
concomitant proportions of people who answer "yes" to questions
1l, 2, ete., for each group and the group proportlions as
estimates of the xg's and the )z}s, respectively. One
requirement for A, then, is that these estimates be consistent.
et na,r be the proportion of individuals in the a~th
group of the r—th partition, (where the groups are ordered by
magnitude of the ny .'s, i.e., ny 2 Ny p D e 2 n r)’
zgjaﬁr be the proporticn of people in the a~th group of the
r—th partition who answer "yes" to all the questions in ¢ and

"no" to all the others, be the proportion of people in our

Po;o
’
sample who answer "yes'" to all the questions in ¢ and "no" to

11 th d let =
all the others, and le 21 r TTﬁgizcgd.?TT let A (r) ?eeof the
form S W, AL = 22 (1 - , Where
a,o ’{G’G’ o,e0 37 6 5 °'k P]

{Wd 0},15 a set of finlte non—negative weights. We then have the
2

following results:

Lemma 1. let r* be a partition which minimizes A(r). Then

as N, the sample size, approaches the population size, A(r*)—> O

In probability.

Proof. There is an r, r+, say, which is the "correct”
partition; i.e., for this partition each of the N individuals
is in the class to which he belongs. Then A(r+)_2kA(r*) by
definition of r*. But as N approaches the pepulation size,

£+ =L and L5 +— A= = TTA2 TT_(1-23%)

9yoT % o5, 7T oec OF oy €T %%
J
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1
so that A(rt) — 0 in probability, and, since A(r*) 20,
A(r*) —> 0 in probability as well.

Theorem 3. Assume that the model is identifiable. Let

r be the partition which minimizes A(r), and let plim £%
N>
exist for all a, 0. Thenn  _ . is a consistent estimate of

o,r*

o,r
L) and za « 1s 8 consistent estimate of N
3T 3
. = 1 = o
Proof. T, ﬁaig Py ﬁiig 5 na’r*zojr*
o
T IS Derrlonry)

= AT plimn_ _,
o G-IL+GD o,r

‘where plim £%
N—> o0

If there exist m o's such that the m equations in L

(61
oyp* = Mo (@, andpy= I p .~

ta
Ag- 2and ﬁii; Ny, p# are independent, then ﬁiigé Ny, p

and 1s Just the solution of these m equations. If no such set

x exists

of o's exlists, then there are only m—1 independent w's, and

since there are m—l independent Y1s and at least one independent
Aﬁa there are more latent parameters than independent w's andg,
contrary to our assumption, the model is unidentifiable. Now

that we have shown that plim n px €xists, let us call it Q

Noo %2
Since plim 3 px eXists for all a, ¢, then plim ZU, -
N-»c0 N—~>o0 ~j’
exists for all a, o, since GB is a 0. By lemma 1, A(r*) —>»0
in probability and so plim ﬁa“r* = plim TT l p¥ =
N—»>w ? N-»@0 07,€0 j’
TT A,S and 7y = 29"7\ =zJ, TT ‘o
o&eo* c& a o a 6360' 63 for all o. Hence by

Lihen the population size, P, is finite, A(r*) = O when N = P.
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g
identifiability J_ = ») and A = AL,

In this theorem we had to assume that plim E o, r* existed
for all ¢,0v The existence of this limit igﬁzz;endent upon the
set {Wa’a}-used in defining A. What we shall do is define a
set of weights such that this 1limit does exlst. Censistency
of the partition estimates will follow, by Theorem 3. Define

A% (r) chaE’“’f’ 1.5 v g, r %‘gsz e o 'IT (125, r] V; S

We shall not prove consistency of the partition estimates
baséd on A*(r) via Theorem 3. Instead we shall do it directly,
by means of a proof which wlll at the same time indicate a.
relationship between minimizing A¥ and minimum—lg estimation

(cf. [11] for a discussion of minimum—X2 estimation).

Theorem 4. Assume that the model is identifiable and

that the regularity conditions for BAN estimation are met.

Iet N be the size of our sample. ILet r* be the partition which

minimizes A*(r). Then n is a congistent estimate of Ja

a,r*
and zg’r* is a consistent estimate of Ag.

Proof. Defilne

7’22(r) = g_ EG';E"' z Da,r T "g':j,r T, (1"30' r] /po“'

o oaea' c‘ea‘
A
Nlﬁg(r) is the function which 1s to be minimized in the discretized
enalogue of the modified minimum—X ° method given above.

A
2 2 a2
* — = o
Now A*(r) —X<(r) g_[é N,r toser
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-zal L TTUE 0P T (42 )2

a 6‘ e 3’ 0} €0 Oy s T

-2 S n..n T & _ 48 TT_ (125, )(1—~E. )
olB a,r P,r 6"11—6‘ o~ ,r G:j,r- o"ee" k,r r:~ r

+2p6‘;3" Na,r o—‘q:-o“"a J,r

SR VS

0'1'{65'

let r = r*, By Lemma 1, A (r*) — 0 in probability. Hence
each of the terms of A*(r) approach 0 in probability (since they are
all non-negative) and so plim || Ea - TT_ (1~ ,6 r*)
N-» 00 crjetr j’ O €0

= plim 22 xe
o0 T
N—» 00 ? A

By cancellation in the above expression for A*(r) —Xe(r),

a
and by substituting plim ‘80',0",?* for plim -ﬂ_ zo, r* -IT (1~ 20_, r*)’

N> 00 N—00 erj eq o‘keo" k’
A
we obtain plim (A*(r*) ~X2(r*)) plim = :s: n2 r*(za,a-.r*)a
N-» oo N-»00 a v
Qa 2 a
+ 2 po‘;'ér'"i: na,r*ga';'é";r* Py~ 2 agﬂ Do ,p* g, p* ’80';'5';::'*

2 a ~ 2 a -
-2 g' na,r*(‘e o‘r*) }/per;'é"“ ﬁiiglo g_,{po’;'é'-(g a, r*zo“o"r*) }/pc;cr

a
leorlin;o § (po“cr PC,..OJ/PO-.Q-— 0, since p, 5 %,rle;F,r for

for all r. Therefore plimX (r*) = plim A*(r*) = 0.
N-> o0 N>
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Let us denote N-times the X2 statistic which 1s to be
minimized with respect to the J's and A's in the (non—~discretized)
modified minimum—X° method by mod X2, where

mod)-’2=z[ 2\) T g ]T(l-—)\)]/pa,a,.
o a O'JGO" ,jo‘kea' %% ’

By the assumptions of the theorem, plim (min mod 12) = 0.
N~» 00
Iet us define t* to be the vector of estimates of the
N
latent parameters based on minimizing A*(r), i.e., tﬁ =

+
( {na r*} {“i r*}' ). Let ty be the vector of estimates of
the latent parameters based on minimizing 7( (r), and let rt
be the partition which minimizes ]( (r). Then t§ =
( { g, p } {.@i ot (). Finally, define ty as the vector of
modified minimum—)f estimates of the latent parameters, l.e.,
ty minimizes mod X2,
Let us now, for clarity, make a change in notation and
write A%, )52, and mod 2’2 as funetions of a new argument, t,
a vector of estimates of the latent parameters. Thenmin mod 752(’0) =
mod Xz(tN). Since plim 7( (t*) = plim )fe(t+), for every ¢ > O,
(1) ey (1)
® > 0,there exists some Ng such that for N > Ng
Pr |X2(t ) -2 (t2)] > e/2f < 8/2. Also, since plim mod £2(t,) =
N N N-> 80 N

plimx (t+) = 0, for every € » 0, & > 0, there exists some
N->

N(Q) such that for N > N(E) Pr{lmod X2(ty) = (D > /2 }( §/2.
Let N, = max (N(l), N(e)) Then for ¢ » 0, 8 > 0 and for
NN, {:x (tN)-modY el > e }< 8
Now consider | mod X (tN) — mod Xg(tN)I
= I(moa X2(ty) —X3(£})) — (moa X 2(ty) — X2(t5))]
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-1
< ImodX3(ty) —22(¢7)| + Imoa X2(ty) —X2(£0)].
But by definition }%z(tN) = mod Yz(tN) Therefore, for
€ >0, 8>0, N > N, ; {lmodxz(tN) ~mod12(tN)| > }
< e flmoa X2(5) —Xz(tN)I >ef <.

In the latent class model the regularity conditions for BAN
estimation are usually likely to be satisfied (cf. [8], p. 169-172).
When they are satisfied, mod Ze(t) is a continuous function of t,
at least in the neighborhood of the latent parameters (cf. [11]).

Since tN is a conslstent estimate of the latent parameters, by

ontinul 11 = pl e
c nulty ﬁ»ég tN 11\)1-;13% t Hence Ny, p* and zi’r* are consistent
estimates of ‘)a and 7\i

*%
Define A = S -V, A 1-)\“) D
[ e 1, %8y TT 0 =24 s

Then estimating the latent parameters is equivalent to finding

the set of \) 's and A% ,-&'s which minimize A*gubject to the
3

A =11 Aoy O (where A] =

qe

restrictions 0 < N w2
j}.:eoz\ 5)s and Po;5 = % ‘)a 7\(;_;3., given the p_.z's. Actually,

the discretization of the process of minimizing A** (as well

as mod 12) is a technique which we use in order to introduce

a classificatory scheme based on A** (or mod)(e). For, just

as in principle the latent parameters can be estimated by
minimizing mod’)(2, the latent parameters can also, conceivably,

be estimated by minimizing A**. Actually, it 1s extremely difficult
to solve the mK + m—1 equations generated by differentiating

mod 752 or A** with respect to each of the ))a's and Ag,;-é-,'s

(subject to the aforementioned restrictions) and setting these

derivatives equal to zero for estimates of the latent parameters
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in terms of the pc?gjs. In fact this discretization of the
problem does give a method of approximating the solution of the
(continuous) minimization problem for both A** and m@d)ﬁ2. We
stress minimization of A¥* only because minimization eof mod3(2
is‘a standard statistical technique, whereas minimization of

A*¥* has, as far as we know, never been considered in this context.

4. VARIANCE OF ESTIMATES BASED ON PARTITIONING

Tn considering the asymptotic variance of the estimates
of the latent parameters based on A*(r*), let us assume that our
sample size, N, is large enough so that finding r* which
minimizes A*(r) is equivalent to solving the following problem.

(> i) T (Enga= = nfe) ]
_ 0, €0 0 €T kec'cé o} €T
a ~1
= —
(O_ncsc.)
a
gnc;'&'
o a

where 0 na}a;ginogab ng.s = 3 no; is the number of people

who answered "yes'" to all the questions in o and "no" to the
43 a

rest, and noga/g,nojabis the proportion of people in the a~th
class who answered 'yes" to all the questions in ¢ and "no"
te the rest. (Notice that this A* is just N times A** defined
above). We shall find a not necessarily integer—valued set

o
{no,;-&}, subject to the restriction NG, = Ng,g» Which
minimizes A%, This is the continuous analogue of the diseretized
problem of finding r* such that A*(r) is minimized. In
minimization, we shall not take inteo account the inequality '
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“ -0-.2 O. We merely note that for sufficiently large N the

minimum A¥* estimates are close to the latent parameters and

so the ng,,-a.'s which minimize A* will all be non-negative. Our
2
o
estimate of 1ro.’-— is no,’b—/N, our estimate of A; will be
a
ogino,’w/z no"o" and our estimate of )/ will be n /N, where
n®
= Z 1’10..,0,-
* @ — —
Expanding A* around the set {N%AG,; o‘} and {NWG'; a‘} in a
power series, one finds that
A 25 S - NUAY - - =
5_ " a o'(n a7‘o‘;o‘) + g.ba(ncr;cr ’ra';c‘)
1 a B _ _ B _
+ 2'0_‘?‘3 O%B Cac,pt\? N’)a?‘o'-cs‘)(nr,;t N\)B)\t ;T
+3 =ad (n N\) 2% —)(n — Nw_.,=)
T ao, T 030’ Ve T T3T
+E: Se (n_——N ) ( — Nw_ =), where A% —
z o,T\ 030 o’ T3T Ti;T/? o0
* *
Tr)\ -”-(l'—)\ ) aa0'=lé__’bo'” 24 s
0, €0 j 0, €0 O n_ — an __. —
J 030 036"
. _d%ax 4 BN . .. 9%a
ac,fr  y & 3 B |’ Tac,t Ty a _ N Rt -2 A _ _
ana‘,o“ann;t Mg, ant;t ’ dng. 5 n 3T

(where the vertical lines after the above derivatives indicate
that they are evaluated at the parameter points) and where

a, le, LR m""lo Then

d A*
= a + =
an ac’ T

B _ B _ —- ) -
cao‘,ﬁt (nt;’c N‘)Bxc;t) + E’ dcm",t(nt;;t ch;t) =0
030

M

is the set of ZK(m-l) equations which must be solved to determine
a *
the nmﬁ.,,s which minimize A
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It is easy to see that 8o = 0 and that the only non—zero

term in the expression for cao‘,Bt is

Za[]v a[]'y nw;‘s where Y = 1, ess, M and []:Y

a B
bno.;-a_ ént 3T

AT
denotes the term in square brackets in the expression for A*

above when a = vy, 0 = W. Also, the only non—zero term in the

expression for dao‘,t is
3[1, oL1,
2 5 nw,a . Upon evaluating the partial
— — 2
ano.;o, anm:

derivatives inveolved in these summations, we find that

P
T P [ 1 1 Q
sr e ——ald LN L Y1
o® (nY) i nY b n?;"'f:' = nz.— (
E!.eo'nuupi ’ ieFnogny Ui J
av[]:]:w:< for v #m
a - S
Mgy 1Y _
) 1. K1 ...<Z —_— R S
ow (n'Y)K-_l nT z n:(};l’fc- __Z 1’1?;"75
jeonwr 5y 3 ieFnd THi “? J _
L for vy =m
o[ ] []
and nw _ 3a nw
ant;’c- c)n'c;“i:'

1 when a = 'y
0 otherwlse

— = ay _
where &%V = { 1 when a = vy, 0" =@, 8 10 otherwise
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_Jiwheno=w, and LY —= [ ( = nY.) ( = nY.%).
0% |0 otherwise wew oW Qe T
We can rewrite the above set of EK(m—l) equations matricially .

K

as A; n + Aen(l) +a = 0, where n is the 2" x 1 vector of nG;E!s

(@ =1, ..., m1), A&, is the 25(m1) x 2% matrix of dog, o'
A, is the 2K(m—1) x 2K(m-1) matrix of cao;Bt'S’ and a is the
2K(m—l) X 1 vector of constants in the above equations. If A2

1s non—singular, n(l) = A &—AE Al and the covariance matrix

of n(yy 1s NAZ'A; [TAjAZY, where [Tis the covariance matrix of the

maltinomial distribution of the n 'S.

030
Of course, the scheme we have just outlined is not a
computational scheme for determining the set { o } which
J

minimizes A%, due to the fact that A* was expanded around

the (unknown) latent parameters. As of now, no explicit

solution of the set of eguations aA*/anG o = = 0, where the series
approximation is not made, has been found, as the equations are
extremely non—linear. By the same token, the explicit form of

any BAN estimates (e.g., estimates which minimize modfﬂe) has

not yet been found. It may, however, be that iterative methods of
gsolving these equations are easier, computationally, then the
discretized version of the minimization problem which we discussed
above. Nevertheless, the asymptotic variances of the ndsaﬂs can

be determined from this expression for n2 when we consider

0;0°
that 1éxgﬁa; is a set of constants and the variances and co—
2

variances of the n 's, estimates of multinemial parameters,

030
are easily determined. Since n® = 3 na and
o 97
ni‘ = 3 ng_,g., Var { na/N} and Var{ ng/n“} can be determined
ieg 7 ‘
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from the varlances and covariances of the n

a
—'s.
635 °

5. AN EXAMPIE

In order to get some idea of how large N should be in order
that the estimates based on A¥*(r) be close to the true parameters,
as well as an idea of how long the computation of A¥*(r) for each

value of r might take, the following situation was considered.

let Y = 3/4 v, = 1/4 (K =3, m=2).
AL = 12 A = 1/
A = 13 A5 = 2/3
A5 = 1/3 A5 = 1

Then by Theorem 5 of [7] the model is identifiable. We find that

v123;¢ = 10/192
Tozs1l = 14 /192
Tyssp = 17/192
T3 = 22/192
Ts.10 = 19/192
Tosys = 34/192
Ty,ps = 35/192
?¢;123 = 41/192 .

N = 40 was chosen as our sample size because it was large enough

so that N m_,= 2 2 for all ¢ and because it was small enough so
2

that A*(r) could be computed for each r in a feasible amount of

time.
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If we actually had observed the expected number of
respondents for each of the response patterns (rounded to the
nearest integer), then our sample and each of the latent classes

ghould have the following composition

Response
Pattern Sample Class 1 Class II
123;4 2 2 0
2331 3 2 1
13;2 4 4 0
12;3 4 3 1
3312 4 3 1
2313 7 3 4
1;23 7 6 1
312 2
#3123 zr% gg =

The estimates of the latent parameters based on this classifica~-
tion differ from the true latent parameters due to the afore—
mentioned rounding (ef. Table 1). As will be seen, this slight
"rounding error" 1s enough to allow other partitions to have
gmaller A*(r)'s than does this expected classification. Also,
if one compares the wbjs with their estimates based on this

expected classification, one finds the following:

o m m

o o o
1 L4375 425
2 4167 .400
3 .3125 .325
12 L1667 .150
13 .1406 .150
23 .1250 .125
123 . 0521 . 050

where fc,is the estimate of wc_based on the expected classificatlon.
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This small difference, also due to rounding, will, as will be
seen later, have a great deal of effect on the estimates based
on determinantal methods (cf. [1}, [2], [3], [¥], [5], and [7]).
After 4 hours of computation on the IBM 704, the three
smallest values of A*(r) and the concomitant latent partitions

were found to be

I II I II I II
123;4 2 0 2 0 0 2
23;1 3 ) 1 2 3 0
13;2 2 2 4 0 0 4
12;3 4 0 Yy o0 0 4
3312 3 1 2 2 4 0
2513 7 0 2 5 7 0
1;23 b 3 7 0 0 7
g:123 1 2 B - 2 0
Total 32 8 26 14 23 17
NA*(r)  1.708829 1.107961 . 6960355

whereas for the expected classification NA*(r) = 14.55019. Of
course, this differs from zero only due to "rounding errors.”
It is interesting to note that Nia(r) for the three partitions,
in the order given, was equal to .0641, .0277, and .0124,
respectively, whereas Ni?(r) for the expected classification
was .0534. Though we have not checked whether the partition
which minimizes A*(r) is also the partition which minimizes
22(r), the above data suggest that this may be the case.

At this point 1t would also be interesting to compare
the estimates of the latent parameters based on minimizing

A*(r) with those estimates based on determinantal methods.
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Except for slight rounding error, 1t made no difference which

question was used as stratifier. Table 1 summarlzes the

results.
Table 1
ESTIMATES OF LATENT PARAMETERS
Expected * Determi-
Latent Classifi-— Minimum A Estimates nantal
Parameters cation Estimates
¥ ‘ % £ ¥
)1 = .75 .75 .58 .65 .80 .23
AT = .50 .50 .00 .65 .37 .82
Ap = .33 .33 43 .35 .50 .23
1
.AB = 033 t37 030 035 a31 042
2
xl = .25 .20 1.00 .00 .62 « 30
)\g = .67 .60 .35 .50 .00 45
7@ - .25 .20 .35 .29 .38 .29

In contrasting these estlmation procedures, one sees that
in some cases the determlnantal estimates may:be "nonsensical"
in that they will be negative, greater than one, or complex val—
ued whereas this is not true for the estimates based on the
partitioning method. Alse, the amount of cemputatien invelved
in using the determinantal methed is independent of N and K but
increases as the cube of m, whereas the amount of computation
invelved in using the partitioning methed increases with N, K,

and m at a much more rapld rate. Finally, it would be of
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interest to compare the asymptetic variances of the determinantal
and the minimum A* estimates. This will be done 1n the following
pages.

One notes that when K = 3, m = 2, the estimates of the
latent parameters in the above example based on the determinantal
method are maximum likelihood estimates of the latent parameters}
The asymptotic variance of the determinantal estimate of each of
the latent parameters could, then, be computed by the following
method.

The likelihood function, L, is equal to

-

n L3
o TT Y, T2 T (1 -2 )} 030, It is easy to
Tng.5t o |o “oye0 ) o, 0 K

2
determine, keeping in mind that 2»& =1, that

o 5]

gloln L dIn L B NZ VoY grsi5  NoyT

5) 3. 0 - B o

N} 67\3 = "0‘;3’(7‘_1 -1 + 6041)(7\3 -1+ 60'3)
fOI‘ a, B = l, ssay My,
o m B m
gl dlnL Sni | _ NZ (Aoy5 = Aoy (M35~ Aoys)
a%u éaﬁ I
, , o 030

fO]." [» 29 ﬁ = 1, c‘;., m""l,

1A gsufficient condition for the determinantal estimates
to be maximum likelihood estimates of the latent parameters 1s
that the latent parameters be identifiable, that all the pojs
be used in the determinantal method and that there be a
one~to—one correspondence between latent and manifest parameters.

2er. [9] ana [16].



P—1644

3659
~23~
m 3
' dlnL Olm L | _ (" .5 ) Ags5
and E 63} E—— = B 8—
a 37\1 p= U’ (}\ - l -+ io,)
fOI‘Q=l, vo e In“"l, le, eve,y I,
a a 1 if ieo
where A= M- JI_(1=n_)and 8, = .
30 c‘Jec‘ 3 o €0 k 0 if i1e0r

If one renames the latent parameters as el, eoes eKm 1= ek,

and forms the matrix A whose (1,j)-=th element is

B dln L dln L
o
2-16 of [6] the lower bound on the variance of the estimate
of 8, 1s the cofactor of E dln L
aei
other words, the (i,i)—~th element of the inverse of the matrix

of B [a;.n L ln L |, .
8, de,

s, then according to the procedure of page

2
] divided by N|A|, or, in

If we let el, cens 67 be the latent parameters in the

J 1 1 1 2 2 2 1

order 1 Al’ xg, XB, Al, Ag, AB, then the information matrix

is

.73 .65 —. 94 .23 .28 —. 36 G117
2.35 .09 —. 02 .70 .09 ~.03
2.38 ,03 .11 T3 .ol
2,71 -.03 .03 JT7

. 33 e 03 . 01
«350 -,01
42

go that the asymptotic variances of N times the determinantal

(or BAN) estimates of the ©,'s are 1115.43, 39.00, 60.89, 4.96,

11 adopt the convention of only exhibiting the upper half
of symmetric matrices.




303.00, 611.55, and 31.00, respectively.
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Iet us now determine the asymptotic variances of the

estimates based on minimizing A¥*.

In our case (1/2)A; and

(1/?)A2 are the 8 x 8 matrices given below (where ;0 and

T;T are ordered as ¢;123, 1;23, 2;13, 3;12, 12;3, 13;2, 23;1,

123;¢).

. 187

(1/2) Ay = 1077

. 012

and(1/2) A, = 107

| . '
so that NAZ Alr'Al

[71.60

-.197 —.093
L7771 .O7h
074
.055 —.0069
—-.560 —.017
4ok
-1t
A, =
36.59 57.63
19.45 30.55
49.08

—-291 .097 —.219 .14%  ,115]
-.185 —.314 .013 164 —,222
.136 —,121 .204 —,151  .148
1.060 .121 —-.004% -—.502 -.082
374 —,201 156 ~.505

1.945 —.282 —.120

490 -.575

1.191

.072 ~.051 .323% — 179  .151]
. 286 .118  —.252 ,087 .249
—.163 —.149 .032 —. 100 —.309
—-. 428 L1843 ~.392 164 —,056
.194 . 326 —, 337 .080

-1.278 .188 =-.328

833  .118

- 273

29.08
14,76
23.33
11.91

40.51
22.19
35.88
16.33
26.97

11.54
6.17
9.77
4.7l
7.15
2.05

25.46
13.51
21.81
10.36
15.98

4,37

9.72

MB(l),the covariance matrix of n(l), is

16.72
9.23

15.05
6.78

11.41
3.03
6.74
4,87_
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and N(I —~ ¢ID) [ (I — ¢3p)' = NB(p), the covariance matrix of

N(Q)’ is
[69.51 37.27 57.42 29.87 39.47 9.94 24,52 17.19 ]
21.16 31.73 15.69 22.40 5.70 13.55 9.90
50.12 24.36 35.52 8.75 21.4%6 16.00
NB _ 13.17 16.49  4.40 10.44 7.22
(2) 25.89 6.22 15.28 11.85

1.83  3.77 2.90
9.27 6.93
5.56

var na is Just the sum of the elements of NB(G), and

a

a
Var ng vap n@ 2 Cov (ni, n%

a, a2

Var n;/n- = (i) + -
i i oy 2 2 a

(N\)a?\i) (Nua) (Nyaxi)(wa)

a a

where Var n, = %  Cov (n =, n%.=) and Cov (n%, n%)
1 LA 0307 T 6T 1
=Cv (= n% Z =)= = cov (n? = n%x)
ooi 030” ;0 o,toi 0307 "%

1

+ Cov ( = na 5 Sn 'e find that Var n~ = 1208.96N so

oo1 oai 5% -
that Var n;/N = 1208.96/N and, of course, Var n2/N = Var nl/N
(since n® = N-nl). Also, Var n%/hl = 39.86/N, Var n%/hl = 67.26/N,
Var n%/hl = 5.32/N, Var ny/n® = 354.48/N, Var no/n® = €49.31/¥,
and Var n3/'n2 = 44.00/N.

A comparison of these variances with those of the determinantal
method indicates that the asymptotic efficiency of the minimum
A* method in thls example 1s about .91. Also, for boeth methods,
Var %g > Var %g > Var ig for both @ equal 1 and 2. A possibdble

Justification of this ordering is the following.
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If Ny = A] but A # Rj for all j # i, then the model is not
identifiable but question 1 can still be used as a stratifier and

7\?{ and kg can be determined by the determinantal method. Then

A |x§ - A?l = 8(1) is a measure of the "determinability" of Aj

1 2
j and 7\3 may be

and AS. That is, a large 5(1) indicates that A
quite different for all j # 1. Therefore with high probability
the polynomial |P~tP*| = O studied in the determinantal procedure
of [1] will be of degree two and the estimates of 7\1 and )\f will
be real and between 0 and 1 and hence have a small varlance. One
might conjecture that the ordering of Var ig for a given a when
m=2, K= 3, is opposite to the ordering of the 5(1)'8. This
is borne out in our example, where 3(3) = .58, §(1) = .41, and
8§(2) = .33.

In comparing A* with modxg, we see that 1f mod )lz' is
expanded around the true parameters as A¥* was
differentiated, and the nz_;a-.'s which minimize mod 7[2 are
found, then again we have QK(mh—l) equations of the form

Ajn + Azn(l) = 0, where n is as defined above, n(1) is the
vector of minimum mod Y2 estimates of the ng,,a-,
3

K K ~ ~
2% (m=1) x 27 (m-1) matrix of Cos,p 's where Cos, BT
=2 3 z_a_g_ll_ za_Eal’L n,.z |» and ’Kl is the
@ -
4% ano,;o_. 2% anz.;-f 4

m m ~
2% (n-1) x 2" matrix of dyor, o' 8+ Where

i e |2l (s2llv ) 4 .
ag, o\ lan® - v on® — AHA
;T o306

's, Ké is the
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When m = 2, A, = A] + C and K, = 8, + (C + C'), where C is the

matrix of

£
Q jaQ
S
wia =
ql |+
g; Q-
r—
‘?ML_J
o] o
N
&
e
@

Hence Klg + Keﬁ(l) = Ajn + Agngqgy + Cln +‘E(1)) + C'S(l), and
if ¢ = O the minimum A* estimate has the same asymptotic varlance
as the modified minimum 12 estimate and hence is BAN. It may
be that as C differs more and more from the zero matrix, the
efficiency of minimum A¥ estimatlon decreases.

The following table summarizes the asymptetic variances of

the estimates based on determinantal and minimum A* methods of

estimation.

Table 2

ASYMPTOTIC VARIANCES OF
ESTIMATES OF LATENT PARAMETERS

" Determinantal Minimm A%
Parameter Estimate Estimate
V3 1115.43 1208.96
AT 39.00 39.86
Ap 60.89 67.26
A3 4,96 5,32
5 30%. 00 354,48
% 611.53 649.31
7@ 31.00 | 44,00
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