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This paper develops in an abstract way the theory of infinite

games. The kernel is replaced by an operator and the distributions
by suitably chosen Banach spaces and the complete theory of the de-
termiteness of a game is studied. Both weak and uniform upper and
lower values are introduced and are related, (see Theorem 1 and lemma
7). A study of Bayes solutions are given and an analysis of the change
of the value under pertubation of the operator is pursued. Some new
examples of determinate games are presented to illustrate the general
theory. A further discussion on non-linear games and the Wald Theory
is also given. Games invariant under groups of transformations are
also discussed. The usual terminology of the theory of games developed
in the Annals of iathematics Studies 24 is freely employed. A future
paper on the applications of this theory to statistical decision func-

tions is intended.

Preliminaries and Notation

Let £ and (¢ denote Banach spaces consisting of measures,
Precisely, abstract (L) spaces in the sense of Kakutani [1]. For
the clarity of the reader he may keep in mind any of the concrete
examples given below, Let 7 and ,&f be Banach spaces of functions
of the nature of abstract (M) spaces [2]. As usual,? = and 2/*
shall denote the conjugate Banach spaces. It is known that (L)
spaces and (M) spaces are mutually conjugate spaces of one another.

Let K denote a closed cone of elements in 7Y), i.e., if
X, y € K, then hx + &y e K for A, 4« >0 , and if x, -x both
belong to K , then x = 0 , Similarly, P shall denote a closed
cone in £ . The dual cone K* in 7f* shall be defined as the
set of all f in Ff* with the property that (x, f) > 0 for every
x in XK . [(x, f) is the value of the functional f acting on

the element x .] Throughout this paper the inner product notation
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shall be employed. Also, let Q be a closed cone contained in K*.
It is assumed that in nd/ a closed cone L 1is given and that P

is contained in L*. We also suppose that K and L possess
interior points u and v . This means that there exists a sphere
about wu(v) 1lying entirely in K(L) . This implies the existence
of a number ,© such that for any g€ K" with lgll = 1 that

(u, g) 2> 2+ 1Inview of this, nothing is lost by considering a
cross section of K*. More precisely, let Kz be the section of

the cone K= where (u, g) =1 . Q. 1is defined analogously with

u
the section taken relative to (@ . Finally, Pv is constructed
in a similar fashion.

A schematic diagram of the underlying spaces is given.

Shal

N

g &
AR

3 7 P K )
E*=2Z 7([1‘*:3» L Q

Space Array Cone Array

The corresponding entre in the cone array designates the cone chosen
in the corresponding entre in the space array. For example, K is

the cone selected in # . The generic elements of each of these
b b'4

spaces is given by (
y g

) y i.e., £, f' shall denote points
of &£ , etc.
A few typical examples of such spaces and cones are in order.
Examples of & or o« relative to the unit interval are:

(a) (V) - Functions of bounded variation.

(b) (L) ~ The space of all integrable functions.
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(c) (F) - The space of all finitely additive set functions of
bounded variations.

(d) (D) - The space of all absolutely convergent series.

For the cone P in these respective spaces may be taken the posi-

tive measures.

Examples of 7{ and ,gﬂ are:

(a') (M) - Bounded Lebesque measurable functions.
(b") (C) - Continuous functions.
(c') (C") - Continuously n times differentiable functions on

the unit interval.
(d") (A} = Analytic functions on the unit interval.

The cone K may be taken to be respectively (a'') all elements
of (M) non-negative almost everywhere, (b'') all elements of (C)
non-regative, (¢'') all elements of (Cn) for which x(n)(t)»Z 0
with x1)(0) >0 for 1=0,1, ..., n-1, and (d'') all functions
of (A) for which x(i)(O) >0 for every 1 .

Other examples will be considered later. It is to be remarked
that with respect to any cone can be defined a partial ordering.
Specifically x > 0 1if and only if xe&X ; Similarly, y > x
shall mean y - x > 0 . Throughout the sequel, it is to be understood
that any partial ordering used is relative to the prescribed cone
in the space.

Definitions

Let A and B denote bounded linear operators mapping £ into

~

7. The conjugate mappings A¥  and B* take #F = ¥ into 7.
Therefore, for f in P and g in ¢, (A%g, f) = (g, Af) and



P-248

(B*g, f) = (g, Bf) are well defined. We also assume that for g

in Qu and f 1in Pv that (g, Bf) > & >0 . This assumption is

not really essential but is given for simplicity of exposition. 1In

problems dealing directly with Infinite Games this reguirement shall

always be fulfilled. In the theory of linear program:ing, then,

this mild restriction can be dispensed of without difficulty.

DufinDefinition 1 Let /’ZS(A, B, P,) be the set of A for which

there exists an f in Pv such that Af > ABf (Af - ABf 4is in K).

Put XS(A, B, P) sup A for A in ';Es . Note that -Xs depends

only on P but not on ¢ .
A brief interpretation of the set J@; is in order. If A is
in Vﬁg(A, B) , then a strategy foé Pv exists guaranteeing player 1

the amount A , irrespective of any choice of strategy g in Qu

that player 2 chooses. Indeed, Af, - ABfO >0 (in K), and thus
as geQ K ; we infer (Af.; g) - MBf;; g) 20 or =~ _ >
Comr w20 © b ; Plgs &) ...

o e B . N .
~ L Te vy . LA - PN . .. . Coe i

for all g in Q;. Clearly, 'Xé is the maximum amount which can
be achieved within at least & by player 1.

Definition 2 ,. and fﬁs are defined in a similar manner

with the above inequality reversed and sup replaced by inf.

Definition 3 Let _7 = [Alfor any gy, ..., 8,€Q, there
exists an f in P_ with (g;, Af) > (g;, Bf) for i =1, ..., n].
Clearly, f may depend upon g; - Put -XWAP, Q) = sup A for A in

.. Similarly, A, and A, are defined.
The interpretation of A in % , is analogous. Player 1 can

guarantee himself the amount A against any of the alternatives
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prescribed in advance. 1In other words there exists an effective
response to each g separately which secures the amount /4 .

Definition 4 It is furthermore assumed that P and @ are

chosen large enough. Precisely, the set Qu is said to be sufficient

relative to P if whenever A = Af - )Bf for some f in P,

and (g, x) > 0 for every g in Qu, then x is in K . Similarly,

P, 1is sufficient if for any y = A'g - AB'g with g in Q> then

(y, f) >0 for every f in P, implies that y is in L . This

must be verified for any real 4 .

— _—,

Definition 5 (47, B),A:(A"; BY):.. and TE -t B e

are :defined analogously in terms:ofuthe'conjugatéwmappings.

An example of two sets sufficient with respect to K = the set
of all conﬁinuous functions non-negative on the unit interval consist
of the space of all discrete measures and the space of all absolutely
continuous measures. That is, if ‘/ﬁx(t)dy(t) > 0 for all discrete
measures y(t), then x(t) > 0 and also if ,/Ax(t)y(t)dt >0 for
all absolute continuous measures and x(t) -continuous imply that

x(t) >0 .

Existence of a value

Throughout this section we assume that Pv and Qu are suf-

ficient, unless otherwise stated.

Lemma 1
(a) }s = sup ing | gg)
febP, geq, &
(b) A= inf sup %54—5%%
-5 geq feP g, B
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Note that (g, Bf) > 5> 0 by assumption and hence the ratio is

always defined.

—

Ag = €, then for some f_ &P , Af - ABfo >0.

Proof: Let A
But as geQ CK , this implies that (Af, - ABf_, g) >0 for

(Af_, 8) —
. \ ___Q__ -
every g in Q, . Or, (3%, &) > A, - ¢ for every g . Hence
. M%,g)>x . ; (Mug)>}
in TRE - ¢ or a fortiori sup in The 0 - &.
géQu (Bfo; g) = 's fEPv géQu (Bf, g) - 'S

Now as the left-hand side is independent of ¢ , we deduce that

sup inf (gg’ g) > 75 . Let now A = AS + & then A 1is not

féPv géQu

in ,Zg(A, B) and hence for any f 1in P, the inequality
Af - ABf > 0 is not fulfilled. Thus by the sufficiency of Qu
there exists a 8¢ in Qu depending on f such that .,

(Af, g¢) o |
(Af, gp) - ABf, gg) <O, or ngi—égj < A. This yields that

. Af, g) .
inf %ﬁff—§7 < A for every f in Pv . Whence

geq,

sup inf %%%4—2% <A=A +&. As € is arbitrary, the proof
’

fep, geQ, - s
of formula (a) of this lemma is complete. The proof of part (b)
is similar.
Corollary Without any assumption of sufficiency the following
is true:

= . Af) Af =
M. < sup inf -%54———7 < inf sup -%54———% < AT .
S—= rep gy BI) = g22q  rep (8 Bf) =7

\'4 géQu ’
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Proof; The outside two inequalities have been established in
the proof of the lemwa. The inner inequality is standard and we

prove it for completeness. In fact,

(g, Af) (g, Af)
(g, Bf) = S¥B T{g, BY)
v

which yield

This is valid for any f in Pv and thus the inequality remains
true if sup is taken on the left-hand side.
feP
v

p—

Lemma 2 If P, 1is sufficient, then g < Ause

—

Proof: Let A = A%/+ € which is clearly not in /&Ug. Thus

for some finite B1s e gué-Qu no f in P, exists for which
»

(A gy ~ AB*gi, f) >0 1is true for every i =1, ..., n . Consider

the image M in n dimensional space of f‘é(Pv)

[f—) {Ei} - {(A*gi - ABg,, f)} ] .

The convexity and closure of Pv implies the same properties for
M in E7 , Furthermore, i does not intersect the interior of
the positive quadrant I . Thus there exists a plane 720 such

that (%°,£) >a for & in I and (3°,&) <a for £ in M .

As 0 is in I , we deduce that a < 0 . It is impossible that
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a < ()zo,?;) < —-£ < 0 as otherwise //‘5 with _#> 0 sufficiently
large contradicts the inequality (7?,53 > a for £ in I . Thus
a may be taken as zero. By choosing £ = (0, 0, «¢.1, ..., 0, 0)

with 1 at the ith component gives the fact that the components

, 0 , i o o _
74 2 O . We now normalize the coefficients so that z ?i. 1.

n ne 3K

Let g, = :%ggi which is in Q, and (A'g - 4B g,, f) <O
L=1 ‘

for every f in Pv . As Pv is sufficient, we conclude that

b33 K . . 5 " 3% iy

A"g, - MB'g, <0 and thus A is in :ZS . Whence A_ <A=A, * £

and as & is'arbitrarily small, the lemma is thus demonstrated.

Lemma 3 If @, is sufficient, then _AZ < s -

The proof is similar to that of lemma 2. OUn combining lemmas 1, 2,

and 3

Theorem 1 EE Pv and Qu are sufficient, then

Aw >Ag = ing  sup r—)—ﬁuf > sup  int HLEL T > %
© =TS géQu .‘E'éPV Bf, g _féPv géQu Bf, g) s = "

Definition 6 The game G(A, B, P, Q) 1is said to be determined

or to have a value if A: = Xs - When Q, and P_ are sufficient,
this coincides with the usual meaning of value.

Some criteria will be now given to insure the existence of a
value.

Definitionr?" The weak topology of a set H in a Banach space

relative to a set G 1in the conjugate Banach space is defined as
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follows: A neighborhood U(xo; Y15 +ees yne) is given as
[xlxé=H with |(x, vi) = (xg, yi)l < 5 ] . This may not define a
Hausdorff space unless there exists enough elements in G to dis-
tinguish points of H . A set H of elements is said to be weakly
compact relative to G if under the weak topology on H induced
by G , the space H constitutes a bicompact set.

Lemma 4 If Q, 1s sufficient and the image H of Af - ABf

for f in Pv is weakly compact relative to ¢ for any A, then

u

)\s = /\(,U°
Proof: It is evident from the definition that -73 < XQ/. Let

A= Aw - ¢ and supvose for no f in P, is Af - 4Bf in K .

As €, 1is sufficient we deduce that there exists a g&Q, with

(Af - ABf, g) <0 . Let G(g) = [Af - ABf|f in: P and

(Af = ABf, g) < 0] . The set G(g) is an open set in the weak to-
pology of H relative to Qu . Furthermore, the set of all G{g)
cover H and hence there exists a finite number G(gl), G(gz), ceny G(gn)
which cover H . This contradicts the definition of X, as no f
in P, canrespond to €11 Bpy +e+y g, for this 7&0 -& = A
In a similar manner it is shown that

Lenma 5 If P is sufficient and the image of A'g - AB'g with

=Aw’

—

g in Q, 1s weakly compact relative to Pv’ then A
Summing up, we have shown

Theorem 2 If Q, and P, are sufficient, then the value exists

if either

(a) The image of Af - ABf for f in P, and any A is

weakly compact relative to Qu or




-10-
P-248

(b) The image of A*g - AB*g for g in ¢, and any A is

weakly compact relative to Pv .

Remark: The stronger condition of weak bicompactness can be
replaced by weak sequential compactness provided, however, that a
weak separability condition is added. For a full discussion of
this phenomenon see '[3].

Another criterion very useful later is the notion 5f conditional

compactness,

Definition 7 A set G of elements is said to be conditionally

compact relative to functionals of H if whenever the metric

£lxy, x3) = sup | (f, x3) - (f, x2)| is introduced for x,, x, in
feH
G the space becomes conditionally compact. It is understood we

have identified points for which p(x,, x3) =0 .
It is important to note that a covering of G by open sets

U

. in this metric space does not imply the existence of a finite

covering. This is due to the lack of completeness of the metric
space.
Lemma 6 If P, and Q, are sufficient and M = image of

Af - ABf for f in P, 1s conditional compact relative to Cy»

then )\u_) = AS .

Proof: The proof proceeds as in lemma 4. Suppose to the contrary

that A = A, - £ > Xs - Then'for any f 1in P_ there exists a

g with (Af - (N - £)Bf, g) <O . Let G(g) = [h|h = Af - (A- §)Bf
and (h, g) < OJ . It is clear that G{g) constitute open sets:in

the image metric space of Pv and cover the image of Pv . Let ¢

be in the completion of elements of the form Af - CX— g)Bf with
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respect to the metric. Thus there exists an f in Pv such that
(f - Af + (Au)— %)Bf, g) | <7 uniformly for g in Q, « Let g,
be so that (Af - (A, - %f)f, go) < 0 which exists as

XuJ— %g >'7$ . As (Bf, g) >& for all f and g , we get that

2 < f(Bf, go) for ) chosen less than %é)._ Thus, it follows that
- —_— & ) -~ & .
(£, g)) <o+ (Af,- (A= 5188, g)) < (Af = (Nu- 25)BL, ) < O .

Hence G(g) covers the completion as well which is now uncondition-
ally compact and hence a finite subcovering must exist. This as in
lemma 4 is impossible.

This is a very useful result for applications. A corresponding
result employing only weak sequential unconditional compactness does

not imply necessarily the existance of a value.

o
Eed

We now obtain a form for A, and -Auu

resembling formulas (a)
and (b) of lemma 1. The following expressions shall now be established.

If Pv and Qu are sufficient, then

)% . ) (Afi’ g)
v, = sup inf sup BL. . &)
Fog F=(f3,...,f) i 8
and
X, = inf sup inf —
Y6 L Ge(gy,.e,8) (Bf, &)

where F denotes the collection of all finite sets of Pv and G
consists of the set of all finite sets of Qu . In the above context

(fl, «++y f) represents a typical element of F and (gl, ceny gm)
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denotes an element of G . The proof of the above facts is similar
to lemma 1., We present the proof only for _AiJ. To this end, let
A= Ai + ¢ . For any finite number fl, veoy fn there exists a g
depending on f. with

i

i (A*g f.)

(B g, fi) fl,...,fn ’ i
Also, inf sup : < A . Since this is valid for any

g fl,...,fn(B & fi) -

finite collection S S fn we obtain, sup inf  sup < A*/+ < .

F g fl,...,fi

On the other hand if we let A =,A$ - € , one can produce for any g

(Af,, g)
P 1 .
a finite number (fl, cees fn) such that s?p Tﬁf;:—én > A . Since
(Afi, g)
this holds for all g , we get inf sup (Bf. . 2) > A. A fortiori,
g i i» &0 7

(Afi) g) -k
sup inf sup 1Bf. . £) > Aw.- € . The proof is thus complete.
F g i ir 8 =
Lemma 7 If P, and Q, are sufficient, then _Ai}=-; < A* =‘X,.

Proof: The formula shown above gives easily

; (Af., &) (Af., g)
Az)= sup inf sup . T§TLL—~T > sup sup inf(gElL—_;
- F g F=(f,...,f )% B = 7§ F=(f1,...,f & i 8

= sup inf ggf ) - X- « Invoking also lemma 3 furnishes thus the
f g y B S
conclusion.
Some other conditions which are easily applied under which a

value will exist are
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Theorem 3 I P, and Q, are sufficient, then the value will exist

if

(a) A and B are weakly compact operztors (map bounded closed

sets into weakly compact sets).

(b) A and B are completely continuous operators (map bounded

closed sets into conditionally compact sets).

Proof: A direct application of Theorem 2 and lemma 6.

A more detailed analysis of conditions of the type given in
Theorem 3 are discussed in [3].

We now establish the proposition that every game can be imbedded
in a game with a value by enlarging P and Q appropriately and
extending A and B to the second conjugate operations.

Theorem 4 Every game G(A, B, P, Q) can be extended to a game with

a value,

Proof: Replace Q, by K. and P, by L. . Clearly K. is
contained in 7f* = ¢ and Li is contained in Af% . Also, replace
A a2nd B by A** and B** which maps z/% into 75** and are the
conjugate maps to A* and B* « The notion of positivity in 7f**
is defined by the cone K to which K* is clearly sufficient as
a result of the definition of the dual cone. Similarly, L is
sufficient for L* . Furthermore, as L* is conjugate to L and
hence L* is a weak*compactv(compact in the weak topology viewed as
functionals), the image Af - ABf for f in L: is weakly compact
relative to K* . Thus Theorem 2 can be applied and the conclusion
follows.

This result is only of theoretical interest and has no actual

value in applications as no representation of the operators and the
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cones can be given in terms of kernels defined on the unit square

as the usual case appears.

It is easily established from the definitions and properties of

3. = sup int &£, 2) o4 ¥ < ing sup (Af, B) that the inf
S (Bf, P;) -8 (Bf: g)
fée P g &Q
v u _
can be replaced by min and sup by max if A; is in 52; or As
is in )?s respectively. A criterion under which this will be so

is given in the next lemma.

Lemma 8 If M = image of Af - JBf 1is weakly compact relative
to Q, , then 7  isin % .

Proof: Consider the set An of al1] f in P with

'S
_ T 1
L [flAf— (A

¢ = Z)BE> O] . Clearly A  is weakly closed non-

void and A,Z>A2:)A3 ees « As Pv is weakly compact, we deduce

that [ = [?An #0 . Let f_ bein [ , then it is easily verified

0
that Af - A Bf >0 which shows that A, is in /2 .

Lemma 9 If M = image of A g - AB g is weakly compact relative
to P, , then A isin A_ .

Proof! Similar to lemma 8.

Completeness, Admissibility and Bayes Strategies.

A strategy f 1in Pv is said to be admissible if there exists

no other strategy f' such that (Af, g) < (Af', g) for all g in
Qu with inequality holding for at least one g . A set / of

strategies is said to be complete if every strategy outside /[ is
dominated by an element of /~1 and if there is no internal dominance
in /_7 .

Theorem 5 If the image Af of f in Pv is weakly compact

relative to Qu , then there exists a complete system.



-15-
P=248

m

Proof: We establish the existence of a complete system. To

this end, the set Qu is well ordered B1s Bps <> «e. . For

9&’
any finite set of elements B.. " 8, if one considers the image
1 n
of P into E? vy f -—>-{£ig = {(Af, :9) ); , this constitutes a
J i
convex closed set which possesses a complete undominated set Moy o

Let /ﬂ(gﬁl’ ceey & ) be the closure of the inverse image of M

n
in Pv . Put G(gﬁ) ==x_/z yafj(%*l see %<k, %x) . Clearly G(%<) # 0,
i

for otherwise by the weak compactness

n

O=ﬂ/’(e(- see g v g )=l (g, """ g g, """ g g ) #0
i - (1) > (1) S . 1 10 5.2 Son 2
i=1 "1 ky 1 kq 1 k

which is impossible., Also G(g%) form a weakly closed decreasing

In

collection of sets and hence - (76(5%) # 0 again by weak compact-
ness. It is asserted that /-1 is complete. Let fo be not in /ﬁ .

Then for any finite number of g, "' 8, there exists a closed set
1 k

e %KR)C:/ﬁ(gdl, ceey %<k) such that for f' in

Mt (e y eees %*k) , we have (Af', %Ai)'z (Afo, é*i) . Proceeding

as above, we construct G'(g and finally /T Thus, we can

-
exhibit an f' in [7' with (Af', g ) > (Af_, g,) for all g_..

As fo is not in /' and a fortiori not in ,fﬂ ', it is thus not

in some G'(gﬁ) and hence not in some rﬂ'(g o ' 8 ) . Thus for

1 e
some g _ , we get (Af', g o) > (Afo, g ) . It is edsily seen from
g =g =5
the definition of [7(g, , ..., g ) that there exists no internal
1 n

dominance. This in view of the following remark completes the proof.
Remark: It is understood that there is duplication in /~7 in
the sense that there may exist f and "f' in /7 -such that

(Af, 2) = (Af', g) for all g . This can be adjusted by considering



-16~
P-248

equivalence classes and then choosing a representative from each
class. In the future we shall assume that this has been done. We
remark that the theorem of Wald on minimal complete systems [4] can
be slightly generalized by assuming weak separability in g and
weak sequential compactness in f {see [3]}. Our result of Theorem
5 discards the assumption of separability and replaces the weak
sequential compactness by weak compactness.

We next introduce the concept of Bayes solution. The set of
f in P, for which m?x (AT, go) is attained is said to constitute
the Bayes solutions with respect to 8o - The set of f in Pv
which reach within & of the max (Af, go) are said to constitute
the £ -Bayes solutions of Eo * g

Lemma 10 The set of all admissible strategies are contained in
the set of all ¢ -Bayes solutions, provided that the image Af is
weakly compact.

Proof: Let fo be admissible and we assume the contrary that

it is not ¢ -Bayes for any g . Thus for any g there exists an

fg such that (Afg, g) > (Afo, g) + € . Proceeding in the usual

way (see lemma 2), we show that for any finite number B1s seey By
there exists an f such that (AF, g;) > (Afo, g;) + € for i =1, ..., n.
Again, in a similar manner to the oroof of Theorem 5 with the aid of

weak compactness of Af, we get the existence of an f such that
(Af, g) > (Afo, g) + €& for all g . This contradicts the admissibility
of fo .

Lemma 11 (Wald) The set of all admissible strategies coincides

with a complete system.
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Proof: This is evident from the definition of admissible
strategy and complete system,

Lemma 12 If the image Af 1is weakly compact and the image
A*g 1is sequentially weakly compact, then any admissible fo is
Bayes for some g .

Proof: In view of lemma 10 for any € there exists a 8e
such that ¢ + (fo, A*gé) > (f, A*gé) for all f . Let & = % and

apply the weak secuential compactness of A%g . We obtain a 8o
such that (fo, A*go) > (f, A*go) for all f in P, .
We noﬁ employ a device introduced by Wald [4] to describe Bayes

solutions in tems of games. The modified operator A' is defined

as follows: A' = A - (v, f)Afo . It is now assumed that f, is
Bayes for 8o *

Lemma 13 The set of all minimax strategies for player 1 is
contained in the set of all Bayes strategies relative to 8y - More-
over, fo is minimax for player 1.

Proof: We consider (A'f, go) = (Af, go) - (Afb,;go) < O(Bf, go)
for f in Pv as fo is Bayes for g, + Thus the value is less
than or equal to zero. However, fo yields A'fo = 0 and thus the
value is zero. Hence for any minmax f' we get (Af', g,) =

(Af_, £o) = max (Af, 8,) and this establishes the proposition.

It is clear generally that not every Bayes strategy is admissible:

H

however, the following simple criterion is often useful, If fo is
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Bayes relative to go where 8o is interior to Qu (interior here
means that for any x # O in K , we have (x, go) >0 ), then fo
is admissible. Indeed, if fo were not admissible, then there
exists an f' such that Afo < Af' . But this gives (Afo, go) <
(AfY, go) since o is interior which contradicts the Bayes
property of fo relative to 8o ¢
The converse is not true in genereal, However, if the space Qu
of g 1is spanned by a finite number of g and if Af is weakly
closed, then if fo is admissible it is shown that it is a limit
of fn which are Bayes strategies relative to interior points g
in Qu . This result was first achieved by Arrow and Blackwell, but
we present a very simple geometrical proof. In view of the assumption,
the set of g can be looked upon as an n dimensional simplex Qu .
We construct the game A' of lemma 13 for which fo is minimax and
A'fo = 0 and the value is thus zero. This simplex Qu can be placed
in Erl+l S0 as to be represented as the points where r. >0 Z:: r, =
Let T denote the guadrant in Euclidean n+l space consisting
of those points where té&éR implies ty 2 O for i=1, ..., n.
This is the dual cone to the simplex ¢

n+l n+l u

where z tiri Z O for every r in Qu . If we

plot the points V = {(a}f} gg)} in E™ for each £ in P

; that is the set of all
points in E
v ?
then this image is convex closed and does not overlan with T but
touches T at points which are the inverse images of optimal f
strategies for the game A' . For a complete description of this
method of analyzing finite games see [5]. It is asserted now that
the set V touches T only at the origin. Let f be so that

(A'f, gi) >0 = (A'fo,égi), but since fo was admissible, we deduce

1
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O . In particular, if the space Pv is also spanned by

(A'f, g;)
a finite number of strategies, then V 1is polyhedral and touches

T only at the origin. Consequently, V and T can be separated
by a plane which intersects T only at the origin. This plane
furnishes an optimal g strategy for player II which is interior
to the simplex Qu . Whence, we conclude that fo is also a Bayes
strategy for an interior g strategy. In the general case, we

(n) om - pl
replace Q. by G} where Q. = (glge&%l and g = 7 9184
i=1

1 (m)
- ). Let Tm denote the dual cone. As Qu — Q, and

Tm —> T the game corresponding to (Qém), Tm) tends to the game

and ?ﬁ 2

described by (Qu, T) . In the game (Qﬁ, T,) , we secure the solutions
by moving Tm along the 45° line until Tm touches V ., The points

of contact come from the optimal f Strategies and the separating
planes of T and V provide the optimal g strategies [5]. Since
the contact point of V and T is unique, it can be verified easily
that the origin is the only limit point as m —> © of any sequence

of contact points between Tm and V ., For m sufficiently large

let ; correspond to a contact point of Tm and V near fo , 1.e.
‘(A';, gi) - A'fo, gi) < £ . This exists by virtue of the preceeding

remark. Since any g strategy for (Tm, V) 1is interior to Q, >

we get that f 1is a Bayes Strategy relative to an interior g

strategy of Qu + We have thus shown

Theorem 6 If the set Qu of strategies for player 2 is spanned by

a finite number of g4 and the image of Af is weakly closed, then

any admissible fo is uniformly approximable by a f which is Bayes

relative to an interior point of Qu .
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Perturbation of value

This section is devoted to studying the effect of change of
the operator and the change of the cone upon the value of the gane.
The perturbation of the solutions will be considered later.

Lemma i If A and B are held fixed and P{Ucp{?) ang

Qél)C:Qéz) vhile X and L are unchanged, then

T (7(2) o #(2) o x|
s ="s =425 = Zs
Proof: This is immediate as the condition Af - ABf >0 is

but depends only on the cone P. . Use is made

independent of ¢ v

“u
here of corollary 1 to lemma 1.

Remark: It is to be noted that for purposes of generality one
could also vary K and L appropriately. However, in most appli-
cations only the case treated in lemma 14 shall be used. Results
dealing with the effects of changes of K and L on the value are
analogous.,

This obvious lemma indicates the direction to take. To secure
a value one wants to increase the cones P and ¢ sufficiently
until one obtains }g =‘Az . That this actually can be achieved is
shown in Theorem 4. On the other hand, if one has a value, then to
obtain more refined qualitative results it is desirable to reduce
the size of the cone to a minimum cone which still has a value.
Furthermore, keeping Q fixed and decreasing Pv essentially still
maintains a value as long as P is a cone sufficient in the sense

of definition 4.

Definition 9 (i

(i) A set of operators An converges uniformly to A with

respect to Pv if Anf = Af uniformly for f 1in Pv’ i.e.,
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(Anf, g) converges uniformly to (Af, g) for all f in Pv and

g in Qu .
{(ii) A set of operators A, converges strongly to A if for

each f in P, » then Anf —> Af , i.e., (Anf, g) converges to

(Af, g) uniformly with respect to g in Qu for each f in Pv .

(iii) A set of operators An converges weakly to A relative

to Pv and Qu if for each f in Pv and g in Qu then

(Anf) g) -—> (Af) g) .

Lemma 15 1If An converges strongly to AO , and if ’An is

the upper value A of G(Aj, B, P, Q) , then lim A > Xo . e

assume here that ( is sufficient.

Proof: Let A -€& = A, Then there exists an £, with
Aofo > ABfO . As B 1is strictly positive and An converges strongly

to A_, we secure for n > n, that (Ao - A )f» < éBf . vhence,

o
on combination, we havi_ Anfo > ABfO - (AO—A A 24)B o
Thus we conclude that An > )b -~ 26 for n> no , or lim X. > Xo
Lemma 16 If Aﬁ converges strongly to A% , then 11m A* Sléo .

Proof: Similar to the above proof.

Remark: Even if both An and A: converge strongly to AO

and AZ and each An possesses a value, it does not follow that

AO will have a value. This will be shown later to be false by use

of the classical counter example of Ville,

Lemma 17 1If An —> A uniformly with respect to PV , then

Ay, — A, » Provided that Q, 1is sufficient.

Proof: Let An = An - & and £ be such that AL, > (”n

|

The uniform convergence and sufficiency guarantees an ng such that

for n > n, , (A- An)fn > - 6Bfn . This gives

- &)Bf

n
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Af = (A - AE + A f >—¢Bf + (4 - &)Bf .

Whence A  >A - 2¢ or A >1limA_ . Combining this with the

conclusion of lemma 15, we conclude that 1lim An = AO . We assume
that P and ¢ are sufficient.

Theorem 7 1If An and Ai converge uniformly to A and A% with

respect to P, and (, respectively, then if each G(An, B, P, Q)

has a value, then G(A, B, P, ¢) has a value.

Proof: This follows easily by applying lemma 17 and a similar
result obtained from lemma 17 by replacing An, A and Pv by Ai, Ak
and Q, and the conclusion by lim &i = &z .

It is to be understood in the future that A, > A, shall mean

that for f in Py » then A f > A, f

Theorem 8 Let

(a) An and An converge strongly to AO and Ao ;

(b) An-z An+1

(¢c) Each G(A

for each n ;
n B, P, Q) has a value and Pv and Qu are
sufficient ;
(d) Each A, with n #0 maps £ into 7 and £ is the
)

conjugate space to the space containing the image of Alg

then AO has a value,

Proof: It follows trivially that

/\12 /\22 ...Xn ---2)\0

or lim An = > Ao . Consider A* - £ which is in ;%; for each

n. Let /7 = [f1a,f > (M- €)Bf, £ in Pyl - As AL >,

obtain that fjn:D.F;+l and each /ﬁn is weakly*closed in & .

we
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Hence /V/ﬂn # 0 as & 1is a conjugate space and therefore each
7, 1s weak*compact by assumption (d). Thus AL, > (ﬁ*—zf)Bfo
for each n with qgé/7f¥] and hence by (a), Afo > (#- E)Bfo .
Thus A, > M - £ which yields that A = 4. Also Asg = Alg +

sl
pxd

(AO ~ An)gn < Ajg, as A% < A, since A< An and the sufficiency

* IS - 2
of P, . Let g, be such that Ag, < (in +&)B g, » then we get

Axg < (Az + E)B*gn . Therefore d: g'ii + & or Az < i; . Conse-

quently AZ < Ai = Xn —> ;O . As the opposite inequality is evident,

we conclude X = A

Corollary 1 The same hypothesis as Theorem 8 except that (a)

is replaced by weak convergence instead of strong convergence, then

A has a value.

- “ —

The prbof is similar with Aw/ and i:u used instead of As and

)\*

Ls and also lemma 7 employed.

Corollary 2 Under the same hypothesis as Theorem g, then Ao
is in Z(AO, B, P, Q) .

Proof: As Ao < An for n and the weak*compactness yields

that ;; is in ‘;E(An, B, P, Q) . We apply the argument with At - &
replaced by Ao and the first part of the argument of Theorem &
shows that Ao is in L;g(Ao, B, P, Q) .

Corollary 3 If in Theorem 8 one removes hypothesis (d), then
N Y
lim An = Ao > Ao .

Corollary 4 Let

(a) A and A; converge strongly to A, and Ai ;
* o
(b) An < A;+l for each n ;

(c) Each G(A ,-B, P, Q) have a value and Q, 1s sufficient ;
(d) Each Ai maps Y into 6/ and (" is the conjugate space

to the space containing Aif )
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then AO has a value.
Applications of Theorem 7 and Theorem 8 will be given in the
next section.

We close this section with some remarks concerning equivalence

of games.

Definition 10 Let A, B, K and L be fixed, then a cone or

came (P‘(rl), Ql(ll)) is said to be eouivalent to (p{2), Ql(l?')) if
Xél) ='Xé2) and Z\_Z(l) =Az(2) .

One could also define one-sided equivalence concepts.

Lemma 18 If the value of G(A, B, P, o1)}) exists with
Pél)CZPéz) and Qél)C:Qéz) , then (Pél), Qél)) is equivalent to
(p32) pl2))

Proof: This follows easily from lemma 14.

Lemma 19 Let the image M of A - AB of Pél) be weakly
compact relative to Q£1> . Let Qéz)CZQél) and PV be sufficient,
then the games G(A, B P(l) Q(l)) and G(A, B, P(l) Q(z)) are
equivalent.

Proof: An easy application of Theorem 2 and lemma 18.

Definition We say that Qu is sufficient in the strong sense
relative to Pv if Qu is sufficient and whenever /@ = (A - AB)(PV)
does not intersect K there exists a non-zero element of Qu which
separates n and K .

Lemma 20 Let Pv and Qu be sufficient and let Qu be suf-
ficient in the strong sense, then Is =,ﬁz .

Proof: Let A = xs + #, then for no f in P, 1is it true
that Af - ABf is in K . Thus (A - /\B)Pv does not intersect K
and hence there exists a g in o) such that (Af - )\Bf, g) < c

u
for f in P, (x, z) 2 ¢ for x in K . It easily follows that



c =0 and (f, A%g - AB¥g) < O for all f in P, + As P is

. Hence, Az<§ A

1
>

sufficient, this yields that Axg - AB%g < O
/\_: < /\ = ;\-s t € o= 2\_:/)* ¢ by lemma 7. As & 1is arbitrary, we

conclude A: < Atﬂ and as the opposite inequality is evident, we

get AZ = it). This implies by Theorem 2 that iz =’As .

2 1
Theorem 9 Let G(A, B, P, Q(l)) have a value and P, and Qé )C:Qé )

are sufficient., If Qéz) is sufficient in the strong sense relative

to P, then G(A, B, P, Q(z)) is equivalent to G(A, B, P, Q(l)) .

— \'

These ideas will be used in later context.

Non-linear Games

In this section we indicate how the entire preceding theory can
be carried over to games generated by non-linear operetors. Let
g(f, g) be a bounded real valued function convex for each f in ¢
and concave for each g in f . Let U(f, g) be a function of the
same type as ¢ except that VY 1is convex in the first variable and
concave in the second variable. We assume for definiteness that &
and Y are positive valued and (f, g) >& >0 . The elements f

and g traverse the sections Pv and Qu y respectively.

Definition 10 Let Xs(ﬁ, }) be the supremum of all A for
which there exists an f 1in P, with g(f, g) > M/(f, g) uniformly
for g in @, . Analogously, X@(¢, ¥), Az(¢, $) and XE(¢, )
are defined.

It is to be remarked that no sufficiency considerations need be
mentioned in view of the manner in which the A has been defined.

This applies even to the case where $ and ¢ arise from linear
operators. However, the important distinction now is that ’;s
depends on both cones P and 2 . Yet most of the important theorems

are valid for }s y etc. It is assumed that ¢ satisfies the
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following continuity reocuirement, namely: if f,— fo weakly,

then 1lim g(f,, g) < ¢(fo, g) for each g and that if S T I,

—n

then lim g(f, gﬂ) > ¢(f, g,) and an analogous continuity condition
is put on “\y(f, g) . Actually, in establishing the determinacy of
the value, only one of these continuity conditions need be imposed
for ¢ and ¢ . It is now asserted that most of the theorems remain
valid for this setup with little chanze in the method of proof. 1In
particular, Theorem 1, Theorem 2, lemma 6, lemma 7, Theorem 3, lemma 8 ,
lemma 9, Theorem 7, and Theorem 8 are all valid. These results shall
be used without further justification. An example of a lemma not
valid for this definition of XS(P, @) is lemma 14 and also the
equivalence theory does not carry over. The content of Bayes solution
and admissibility extends over under this generalized non-linear context.
We now establish a proposition about the variation of the cones.
Theorem 10 Let ¢ and Y be held fixed. Let K and L be fixed.
Let P1C3P2C3P3 ree —> PO (strongly) and QlCLQ2<:---' -— Qo
(strongly). If G(A, B, Py Qn) has a value, then G(A, B, Py QO)
has a value,
Remark: The cone Pn tends strongly to Po means here that
for any f in Po and any & implies the existence of n indepen-
dent only on & , such that there exists an f' in P with

n

g(f' - £, g) < € and Y(f' - f, g) < & for all g in Q - A

corresponding meaning is attached to Qn -_—> Qo .

Proof: Let A =X rfor c(a, B, Py @) and A is defined
similarly. Let Xo -& = A » then there exists an f in Po such
that g(f, g) > AU(f, g) for all g in Q, + The hypothesis furnishes

an f_  in P?  such that ¢(fn, g) > (Ao - Bé)w(fn, g) for g in
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Qo and a fortiori for g¢ in Q . Thus An > Ao - 3¢ and hence

lim A > Ao - For every f in P, there exists a g, in ¢, such

that 4(f, gp) s (Ao + €){(fF, gp) . Applying the hypothesis for Q

and € = % shows that there exists a B in Qn such that

T L2 is imolies X < T . 2.
¢(f,_gf) é (Ao +-§E)$(f, g¢) - Thlf implies An < Ao + 5¢ and hence
lim An < A, .+ This gives lim An =~Ao . In a similar manner, we

. x _ ) X< _ Ny . 5 - bx4
conclude 1lim An = Ao . As &n = An’ the assertion Ao 20 follows.,

Corollary Let the hypothesis be as before except that the game

G(A, B, Pn, Qn) is not necessarily determined, then An =‘Ao and
. * %
lim An = Ao .

Applications

The most typical application is that where £ =¥= (V) and
%f =44f= (C) . The cones chosen are those indicated on page 2. Let

1 the function identically one. Finally, put

L}

u-=v
Af = \/ﬁK(x, y)dfix) , with K(x,y) continuous for 0 < x, y <1,
and Bf = (u, f)u . The operator B in this case is one-dimensional,
mapping Pv into the function u . The conditions of Theorem 2 are
satisfied as (V) 1is the conjugate space to (C) . Actually, A

and B are completely continuous operators (see[3]). Therefore,

the value exists with Pu taken as the set of all completely additive
distributions on the unit interval. The mappine, A* can be t aken

in this case to be Adkg = \jﬂK(x, yldg(y) . For this particular
kernel, we have

Theorem 11 The games G(A, B, V, V), G(A, B, D, D) and G(A, B, L, L)

are equivalent. (See page 3 for definitions of V, D, and L .)
Proof: 'This'follows.bylanfeasy double  application of lemma 19, -
as ‘D and " L' are clearly sufficient in this circumstance.

The meaning of Theorem 12 is that for a game generated by a con-
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tinuous kernel on the unit square, one can find an effective optimal
strategy whose yield is uniformly within & of the value amongst
the absolutely continuous distributions (L) or the discrete dis—
tributions (D) .

Even more, if K(x, y) is a continuous function for O© <x,y<1l,
then if P is any sufficient set in (V) , the value of G(A, B, P, P)
exists and is equal to the value of the mame G(A, B, V, V) . This
alsc follows from lemma 19.

A set T of measures is said to be equi-integzrable with respect
to a fixed measure 4t if for any & there exists a 17(60 such that
if M(S) < ), then Js"f(t)d/u.(t) < ¢ uniformly for all f in T .

A few examples of equi-integrable absolutely continuous sets
of measures are

(a) All positive measurable functions bounded by a fixed bound
C . This is immediate as / fdt < Cm(S) .

(b) All absolutely continuous megsures for which (\/ﬁfp)l/?i C
with p > 1 . Indeed, \/[i‘i [m(S)]l/p'C by the HYlder
ineguality. °

(c) All measures for which J/‘f 1og+ f < C . This follows
from a theorem of Hardy.

In the next lemma (M) is chosen for # and 14/ with the usual

choice of K in (M) (see page 3 ).

Lemma 21 If KX(x, y) is measurable and bounded on the unit
square and let P constitute an equi-integrable absolutely continuous
set of distributions, then there exists a sequence of continuous
kernels which as operators converge uniformly to K(x, y) relative
to P . '

Proof: Extend K(x, y) to a larger region by putting K(x, y) =0

out side of the unit square. Consider
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Kn(x, y) = n2~/;y+l/nd/¥x+l/n K(t; u)dtdu .-
It follows that Kn(x, y) are continuous and converge almost every-
where to K(x, y) . We verify that A, defined by K, converge
uniformly to A determined by K relative to the given cone P .

By the theorem of Egoroff, Kn(x, y) —> K(x, y) uniformly except
for a set S of small measure ,7 . Let Sy = (yl(x, y) in Ss] and
let T = [x!m(Sx) > Oﬂ . If LUS denotes the characteristic function

of S , we obtain with use of the Fubini theorem

7 2 S S uglx, vidxdy = fim(s Jax .

Let
Tﬂ? = [xlm(Sx) > \[»7(] ,
then
‘m(T,,z) < W .
Now

: LfJ/'[Kn(x,y)—K(x,y)]f'gdxdy' < ./%c /rlKn'K‘fg+2c~/%7f~/;ig+2°»/;—2[fh/é;g

where S! corresponds to those S, where m(S ) > {ﬁ and 3! to

those Sx where m(Sx) < sz. The hypothesis implies ~/; f < ¢

i
(

and Q/EQgﬁf & for “7 chosen sufficiently small:. A simple estimate
o en

combining these facts yields
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LFJP(Kn - K)fgdxdy| < € + LCé&

with this estimate independent of f and g in P .

Theorem 12 If K 1is bounded and measurable, then the game

G{A, B, P, P) has a value where P is given as in lemma 21.

" "Remark: The meaning of the value is taken as in definition 10
and therefore the sufficiency criteria is automatically satisfied.

Proof: This is a simple consequence of Theorem 7, lemma 21,

and Theorem 3,

Corollary 1 If K 1is bounded and measurable, then the game

L) 1is determined where L consists of all absolutely

G(A, B, L., L, .

continuous distributions with bound C .

Theorem 13 If K(x, y) is lower semi-continuous or upper semi-

continuous, then G(A, B, V, V) has a value.

Proof: We treat only the case of K(x, y) lower semi-continuous .
It is well known that there exists a sequence of continuous kernels

K, {x, vy} > K (x, y) —> K(x, y) everywhere. The hypothesis of

n n+l
Theorem 8 can be verified and the conclusion is obtained by applying
Theorem 8.

This result was independently obtained by I. Glicksberg.
One can show now by a counterexample that pure convergence is

not sufficient to guarantee a value for the limit kernel. The well

known counterexamnle of Ville, namely,

[:l l=x>y >0

1 1>x>y>0
K(x,y)=J0 xX=y

-1 1>y>x>0

1 l1=y>x>0
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is a kernel with the value not existent for G(A, B, V, V) , but
K(x, y) is a function of Baire class 1 and can be approximated

strongly by Kn(x, y) continuous for each x and vy .

Linear Programming

It is known that the linear programming problem can be shown
equivalent to a Game Theory Problem. e now perform this in a general
~setting which includes both continuous and discrete examples. A
similar procedure has been followed by Gale, Kuhn and Tucker. The
statement of the problem is as follows:

(a) For all f , f; in P, satisfying Af > B,fy . Find

the inf of all A=A, for which C_f < ABf; . The dual problem

%
reads.

(b) For all g, geQ, with Axg < B¥gy , find the sup of
A = M for which Cxg > AB*g; .

The eouivalence of the two problems can be reduced to the
fundamental Theorem 1. It is assumed that Pv and Qu are sufficient
in the usual sense. Let the product space be considered throughout.

Replace Pv by vaPv and Qu by quQu y etc. Let the operators

Under the usual hypothesis of Theorem 2, we secure that

A= = A* = A* . It is easy to verify that the solution of this

game is equivalent to problem (a) and (b). One uses the fact that
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A“‘\r’ —Cr 14 e O O\
A = © and Bk = I
-Bx, O 0 B,

A special case which is often used is when A 1is an arbitrary

operator, B_ = (v_, f)bo, C (c fJu, and B = (v, flu with

o o o o’

bo in 7{7 and ¢ in_gj « All three operators By» G5y and B

are one-dimensional. One observes in this case that Bof = Bofl
for any f, fl in PV and ng = ngl for any g, g1 in Cy -
The statement of (a) and (b) become now that Ax = inf (CO, f)
subject to the constraint Af > B,f and A, = sup(b,, g) for

Axg < ng . Note the fact that in this case the same f can be

used. This is special for this problem.

Weld Theory [4]

We indicate in this section how one can interpret and deduce
the general results of Wald on Game Theory from the preceding context.
Let X and Y denote two abstract sets and K(x, y) 1is a bounded
real valued function defined on X®Y . We introduce the metric
topology on X as follows: Plxy, X,) = sup IK(xl, y) - Kix,, y)| .
The space Y 1is handled similarly. One verifies immediately that
K(x, y) is uniformly continuous in 'X(:)Y . We consider the set
of all distributions fk(/TY) over the space X(Y) with respect
to the Borel field generated by all open sets in X(Y) . We consider
the game generated by Af = / K(x, y)dé(x) for &£ in Fx and
B defined as before. If X 1is compact it follows easily that Y
is compact and thus X and Y are both totally bounded. Thus for
any & there exists Xyy e, xn(é) and Y5 *°°, yn(é) which

span within ¢ all of X and Y respectively. Thus for each
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& = % we can define the cones Pn and Qn of all distributions
which concentrate only on X13 eee xn(e) and Vis ooey yn(é)
respectively. The cones Pn and Qn can be taken increasing. The
hypotheses of Theorem 10 are satisfied. Indeed, let Zio be any
distribution.  For a given ¢, Xyy seey xn(é) exists spanning within
€& the full space X . Place at x; all the probability of £
located within & of Xy , then put at X, all the probability
within €& of X5 not already placed at Xy, etc. The new distri-
bution 26 obviously has the property that (Alfo - AZ é‘,/?) < £
uniformly for ﬁ in /7y . Applying Theorem 10 yields the deter-
minateness of the game G(A, B, /jx, [7Y) . This result could also
have been achieved by establishing that A is a completely con—
tinuous mapning of /ﬁX into C(X) , the space of continuous
functions on Y (see [3]).

Wald also introduces two kinds of convergence.

(a) éfn ——9—5; in the ordinary sense if E%JAJ ——>;§;(A) for

any set A for which £ _(A - A) =0 .
(b) Ezn -_— g; in an intrinsic sense if _/ K(x, y)dézn(x)
tends uniformly to JﬂK(x, y)dézo(x) .

It is easily verified that (a) is equivalent to weak convergence

of an to E:

convergence of A¢§; —_ A‘zo - As A is completely continuous,

o as functionals and (b) is eouivalent to strong
it takes weak*sequential convergence into strong convergence and
: . = .
thus if £n -——>fo in the ordinary sense, then Zn -—~>;,O in an
intrinsic sense.
If X 1is compact metric, then C(X) is separable and hence

/jx is weak*compact. This is well known; its proof involves a
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simple selection process. This states that if X is compact, then
[jx is compact in the sense of ordinary convergence. Finally, if

X is separable (i.e., there exists a countable dense set xi) ,

then for any distribution éfo there exists éf(é) concentrating
its full probability only at the points X; such that (AE&:AEifT).S -
uniformly in 1? . The proof of this fact is similar to the case of
a finite x; considered above. The set of all distributions over
{xi} is eouivalent to (1) (the space of absolutely convergzent
series of positive terms). This is well known to be separable.
Thus if X 1is separable, then /~; is separable in the sense of
strong convergence of A:ﬁ.

This summarizes the main results of Chapter II of the work of
‘tald on Decision Theory. HMost of the other theorems can be inter-

preted in this way.

Reduction Theory

This section illustrates the use of the abstract theory as a
guide to solve certain types of games. The idea is to use the
nature of the kernel in choosing the spaces and partial orderings.

Example Let M(x, y}) for each x satisfy Myy(x, y) >0
where Myy(x, y) 1is continuous in both variables with
0<x, y<1. In other words M(x, y) 1is for each x convex in
y . Let ‘Z? consist of the space of all functions h(y) twice
differentiable and let Kyo 0 <« Yo < 1l consist of the cone of
functions for which h(yo) >0 and h'(yo) =0 and h"(y) >0 .
The operator B is the same as before and the operator A is taken as

hiy) = /PM(x, y)df(x) . We investigate first the solution to the

problem Af - ABf >0 for a fixed A . This becomes equivalent
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to the following three inequalities:

1
(a) %( Myy(x, y)df(x) >0 .
1l
(b) {j My(x, yo)df(x) =0 .
1 %
(c) JOH(x, y)df(x) > A .
o

If f(x) 41is a distribution, then the hyvothesis implies that the
first inequality gives no restriction. There exists a convex
combination of two pure distributions which fulfill (b) and (c).
Indeed, consider the mapping of f 1into the two dimensional space
<‘{?1My(x, y,)df, {TIM(x, yo)df(x)> .

The extreme points of this convex set lie amongst the images of
the pure distribution Ix which constitute a connected set. Thus
any f satisfying (b) and i(¢) can be respresented as a convex
combination of two pure strategies. A similar analysis can be
apnlied to the cones Ko{h(o) = 0, h'(o) >0, h"(y) > O} and
K{p(1) >0, h'(1) <O, h"(y) > 0} . Furthermore, if a A exists

satisfying (a) - {c), then by Taylor's expansion

S Mix,y)df(x) = S lx,y )df(x) + (y-y,) J”my(x,yo)df(x)
(y-yo)2 1 '
+ M. (x,5)df(x) > for 0<y <1 .
21 \ép yy (X 3 x) > A or Yo

A similar argument applies to Yo = O or 1 . Conversely if
fo(x) is optimal for player 1, then h/nM(x, y)df(x) > v for all

Y . As \/pM(x, y)df(x) 1is convex a minimum occurs at Vo, say with
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0<y, <1, then fmy(x, y,)df(x) = O . Hence, it follows that

f, Dbelongs to Kyo satisfying (a) - (c¢) with A = v and fo is
thus represented as indicated above. Again, the case Vo = Oorl
is handled similarly. It follows immediately from this that player
I1 has a pure optimal strategy.

The essential idea of the proof has been to reduce the game to
a different problem where the nature of the solution is evident.
The special properties of the kernel have been emoployed in choosing
the partial orderings or equivalently the cones.

The above analysis carries over to the case where y ranges
over a n dimensional convex set and M(x, y) 1is convex for each x
in y . The n dimensional Taylor expansion serves in this case.
The result is that there exists an optimal strategy for olayer I
which is representable as a convex combination of n + 1 pure
strateszies.

Further results usingz these ideas shall appear in a subsequent
paper.

The next two sections investigates the relation of certain
classes of games and groups of transformations. Some results in
this direction were introduced earlier in connection with statistical
applications [6], [7]. 1In a later paper, we shall also extend these
ideas to the study of statistical inference problems left invariant
under a given group of operations. However, in this discussion we
are concerned only with strict game theory problems where the

strategy space for both players consists of distributions.

Convolution Games

This section is devoted to studying games whose kernel is
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defined on a topological group G. Precisely, the kernel is of the

convolution type. Consider

(af, 2) = //x(t"tu)df(t)de(u)

and the operator B is given as before and where t and u traverse
the group G.

A few examples of such games are:

(a) Let G = rezl line, then (Af, g) takes the form

S TR (b=u)df (t) dg (u)

-l =

(b) Let G = unit circle and X(t) a periodic function, then
21 2n
(Af, g) = / / K(t-u)df(t)dg(u) .
o o©
(c) Let G = discrete integers, then
«© &K
(Af) g) = : : an—kgk%
- -
where

x>0, I”%=1land 7, >0, Y- 7-1

with an. uniformly bounded.

All the above examples cited are abelian though non abelian
cases can be given. They are considerably more complicated., A very
important such class useful in applications consists of the group
of all transformations of the real line into itself.

It is supposed that the reader is familiar with the elements
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X (t) /K(u) X _(u)du + X_(t) / K(u) % (u)
= /' K(u)du + —2 J 2 2 = 2 = JK(udu = v .
W¥e have used the fact that H*(ts) = ¥ (t)>*(s) . This furnishes

the needed contradiction of the uniqueness.

Sufficiency Let At be another solution, then J k(™)

/nK(t-lu)dt - duO O . This follows since the Haar measure has
positive measure on any open set. Thus any optimal strategy must
yield a return of v for every open set. This requires the above
identity to hold. Let dt - @»%(t) = dv(t) . e now verify that
Jr(tL
/K(t)%(t) # 0 for any % # I , then the range of fK(t—lu)h(u) ,

u)dv(t) = 0 implies dv(x) = O . e first observe that if

with h(u) an arbitrary intezrable function, is dense in the space
of all intezrable functions on G . This is the well known ¥iener
Tauberian Theorem extended to an Abelian group [9]. Hultiply

L)

/mK(t—lu)dv(t) by h(u "w) and inteszrate. Then interchanging

orders of integration vields

Jdvit) /S hiu! bk (e a)du = 0

Putting iy = u; and afterwards t; = t *w , we obtain upon
applying the above remark that [/ dv(tw)m(t) = O for any integrable
m(t) . As the integrable functions are weak*dense in the space of
measures on G , we get that dv(t) = 0 . This establishes the
uniqueness as 1 and A, are both normalized.

Remark: In the case of the compuact Abelian Group, a statement
can be made as to the dimension of the optimal strategies. The
dimension of the optimal strategies is essentially eqgual to the

-

dimension of the linear space spanned by the characters orthosonal
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to K(t). This is a consequence to the Godement theory [9]. The theory

states that if o = linear space spanned by the characters orthogonal

to _K(t[, then if,ﬁ*( ) 1s any continuous function for which

JK(t uLM )dt = 0 , then A*(t) 1is in Gy - 7This is not true
generally, however, for the particular cases of compact groups

where the structure of the ideals of the group al-ebra is known it
is valid. This fact yields the equality of the dimension of the
optimal strategies and the character space indicated above. e now
generalize the result of Lemma 23 to the general compact group which
is not necessarily Abelian.

Let Ii(t) denote a typical unitary matrix representation of 3.

Theorem 14 The optimal solution to (%) 1is uniocue and equal to the

Haar measure if and only if (/AK(t)M(t)dt = non singular for any

unitary representation M(t) # I(t) (identity representation).

Proof: OSufficiency If 44t) 1is any other optimal strategy,

O L4

then let dv(t) = dt - g/Qt) and we obtain ‘/hK u)dv(t)

Ap»lying the Fourier representation theorem, we obtain

J [/K(t"lu)dv(t)] M(u)du = M(K)M(v) (8 page]

where M(K) = _/K(t)M( and M(v) = /J#(t)dv(t) . As K(K)
is non-singular, we set that N(v) = O for every M . By the use
of the completeness theorem (Peter Weyl Theorem [8]), we have that
dv = 0 .

Necessity Let JﬂK(t)Mo(t) = MO(K) be singular, with MO 1,
then there exists a non-zero vector X, such that VMO(K)XO =0 .
Therefore, for any vector y the inner product (MO(K)xO, y) =0 .
As Mo(t) is unitary, we have that (Mo(t)xo, Y,) # 0 for some

Yo * Let (. -+ : s
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f(t)dt = {1 + £ [ )%y, ¥v,) + (9 (E)xy, yo)]}dt .

Clearly f(t)dt > 0 for & chosen sufficiently small and one verifies
as in the proof of Lemma 23 that f(t)dt is an optimal strategy.

Use is made here of the fact that

Mo(tu) = Mo(t)Mo(u) and (MO(K)XO, Mg(u)y) = (M (K)xo, yl) = 0

for every u in G . (Mg is the transpose conjugate of Mo .)
The contradiction of the hypothesis of uniqueness is now evident
and the proof of the necessity is thereby complete.

The proof of the sufficiency used here could also be applied
to the Abeiian case discussed in Lemma 23, However, both proofs
have certain independent merits.

Case 2 The group G 1is locally compact but not compact. As
an indication of the scope of the ideas, we treat only the special
case of the real line. It is supposed that

1 T+a

lim %/ K(t)dt

—3

converges for each a to a value independent of a . Furthermore,
we assume K(t) is bounded and continuous. Let A denote a
measure generated by the density eaqual to %T on the interval

(=T, T) and zero outside this interval. /e obtain for each u
that

. @ .1 pTtu
llm(/" K(t = u)d (t) = lim == Jﬂ K(t) = v .
T>m —® AT 2T Zri
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By an application of bounded convergence, we get that

lim ® v(u) dﬁ (t - u)d/AT( u) = v
T—>w-

for any distribution dv(u) . This does not necessarily imply the game

has a value but that A% > v > As . If the convergence

lim ” K(t = u)d (t)
P> 4 Ao

is uniform for any set of u , then it can be shown that v 1is the
value of the extended game guaranteed by Theorem 4.

Finally, we close this section with an additional observation which
converts the convolution game into an ecuivalent game for the case of
an Abelian group. If we consider (Af, g) = JﬂK(t—lu)df(u)dg(t) and

apply the narseval relation, we obtain

l\’\/\/\/\/\ A

() (Af, &) = / K(u)f(u)g(u)du

A A
A
where X, f and g denote the Fourier transform of Ky £, g which

are defined on the dual group. The validity of (%) can be insured

under appropriately strong hypothesis placed on X(t) . If the Zroup
A A PN
possesses a suitable notion of symmetry, then X, f and g can ce

restricted to real transforms. The solution to the game can thus be

achieved by solving
/\/\A/\/\

A
inf sup Jﬂ f(u)g(u) = syp i
f

A
n u
g

nt S0 AR a0
&
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where g and f are transforms of distributions {positive definite
A A A A
functions with g{e) = 1 and f(e) = 1) . 1In certain instances

this problem is simpler to deal with than the original formulation.
Specific applications of the results of this section will be given

in a later section.

The Relations of Game Theory and Groups of Transformations

We deal here first with concrete kernels and develop afterwards
an abstract theory. Let K(x, y) denote a kernel defined on the
space X(S}Y and let T denote a group of transformations which
transform homeomorphically X onto itself. It is assumed that
measurable sets are transformed into measurable sets.

A kernel K is said to be invariant with respect to T if

there exists an induced set of transformations T which transform

Y onto itself such that for any t in T there exists a t in

T such that K(tx, y) = K(x, ty) and

S Kix, y)dfi{x)dg(y) = ./ K(x, y)df(x)de(y) .
t'X ®tY . X®Y

A game is said to be invariant with respect to T if the kernel is
invariant., It is furthermore assumed that the elements of T
generate linear bounded transformations of norm 1 on the space of
measures into itself which map distributions into distributions.

We now establish the following lemma fundemental in all that follows.
The game generated by K(x, y) is assumed to be invariant with
respect to T . |

Lemma 24 If fo(x) is an optimal strategy for player I, then
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fo(tx) for each t in T 1is also an optimal stratesy for player I.

Proof: Since fo(x) is optimal, we get

S Kix, y)af_(x)dgly) > v

for all distributions g(y) . Using the invariance, we obtain

{{K(x, y)df (tx)dg(y) =<{{_1X k(£ x, y)af, (x)dz(y)

as ty traverses Y , this shows that fo(tx) is optimal,
Lemma 24 establishes the fact that the elements of T trans—

form the convex set of optimal strategies into itself. In what
follows tf shall denote the mapping of f(x) into f(tx) .

Theoremng If the space of distributions is weakly compact with

respect to the cone K gf_‘/f and the group T 1is Abelian, then

there exists an optimal fo such that tfo = fo for every t in

T . That is, there exists an invariant optimal strategy with

respect to the transformations of T .

Remark: The equality of tfo = fo is to be understood as the

equality of two elements of the Banach space £ .

Proof: Due to the hypothesis of weak compactness, it follows
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by Lemma 5 and Lemma 8 that the game is determined and that the set

/7 of optimal strategies for player I is non empty. Let fo be
. £

an optimal strategy. Consider for a fixed t, in T +the distribu-

tion n
tofo + * @& @ tofo

n n

which is also an optimal strategy as a consequence of the convexity
of the set of optimal strategies and Lemma 24. Let f be a weak
limit point which is guaranteed by the weak compactness, than it

follows easily that for any given x in 7f7

n+l
to ° tofo’ X)

n

—> 0 .

S

(
(tofn - I x)' = l <

Thus we conclude that tof - £ =0 ., Restricting ourselves to the

set of fixed points [1t of [’ under to which is non empty and
convex, it is shown as agove that for tl in T there exists in
[1t an f with tlf = f . The Abelian character of T 1is used

herz in establishing the fact that ty transforms [jto into itself.

Similarly for any finite number of tys ceey b there exists a

n °?
common invariant f in /' . Let G(t, ) = [flgxf = f with f in
'] . Now S = Q)G(q‘) # 0 since otherwise as /  is also a
weakly closed subset of £ and hence weakly compact, there exists
a finite number of sets G(ti) with (?&G(ti) =0 . This was shown
to be false. Thus any element of & %;rnishes the required conclusion
of the theoremn.
We now remove the hypothesis that T is Abelian.

Theorem 14 Under the same hypothesis as Theorem 15, except that the




group T constitutes a solvable group, then there exists an optimal

fo such that tfo = f for every t in T .

o
Proof: Since T 1is a solvable group, there exists a finite

chain TIDTl:D---:DTn with T, a maximal normal subgroup of
T

i+l

T Ti Abelian, and finally Tn is a simple group. Let t be

i+l
an element of Tn , then there exists a non empty set J of f

o)

with tfo = fo (see proof of Theorem 15).

Let S be the set of all t in T for which tfo = f

n-1 o

for fo in A . OUne verifies easily that this constitutes a normal
subgroup of T and hence by the simplicity and the maximal character
of Tn relative to Tn—l either coincides with Tn or Tn—l .

Supvpose § = Tn . de observe that .7

tsfo = t[?o(sx)] = f (sx) = sf

and hence any typical element of the co-set ts for t in Tn and

s in Tn—l yields th% same effect acting upon the elements of [~ .
Thus we can consider ——%:l— as transforming /j into itself. As
—E%:;; is Abelian, we app?y Theorem 15 and deduce phe existence of

ann £ in I for which t*f = £ with t% in ‘n-1 . As T_ leaves

T n
fj pointwise unchanged, we deduce for f that tfn= f for t in
Tn-l . Proceeding in this way produces an f which Tn_2 leaves
invariant, etc, and finally an f which is invariant under the
transformations of the total group t in T .

It is important to note that no topological structure was imposed

on the group T to ascertain the validity of Theorems 15 and 15.
Hoaever, additional results can be obtained if a suitable topological
artifice is placed on T . 1In the next two theorems questions of

- measurability and the validity of the use of Fubini theorem are not



-4~
P-248

-discussed. In any specific applications these matters are easily
handled. The following proofs suppose that any procedures involving

such considerations are valid.

Theorem 17 If T 1is compact and the set of optimal strategies for

player 1 is non empty, then there exists an invariant optimal strategy.

Proof: Let fo be an optimal strategy, then consider

with I any measurable set in X and where dt denotes the Haar
measure of T of total measure 1. One verifies immediately that

f(x) 41is a distribution. Indeed,

J df(x) = S S df (tx)dt = J v S df (tx) = 1
where
Jdf (tx) = 1,
as t ‘transforms distributions into distributions. Also

JnK(x,y)dE(x) =U/JPK(x,y)dfo(tx)dxdt = J"j"K(tx,Ey)dfo(tx)dt .

Repvlacing x by v 1x yields that

JS K(x,Ty)df (x)dt =/ ( JKx,ty)df (x) dt > v .

This estzblishes that f is optimal. Finally,
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1

S £yt tE)de =/ £ (tE)dv = £(&)

where tﬁe substitution tot = t and the invariance of the Haar
measure have been used.

We now proceed to show how this can be extended to the general
locally comvact group. A seguence of measures Ay of total measure
defined on a topological group T is said to be (uniform) almost
left invariant if for any measurable set E of finite measure with

respect to all A, » We have (uniformly for any set E ) that
wn(xb‘) —/An(E)' —> 0 .

A similar definition can be given for right invariance.

Theorem 18 If the group T possesses a sequence of uniform left

almost invariant measures and the set of distributions of player 1

is weakly compact, then there exists an invariant optimal strategy.

Proof: e first observe that the assumption of weak compactness
implies the existence of an optimal strategy for player I. Let fo
be an optimal strategy.

Put _fn(S) =L4‘fo(t8)40h(t) with S8 a measurable set in X
and let f(x) be a limit point which is insured by the weak compact-
ness. One verifies now as in Theorem 17 that ; is an invariant
optimal distribution.

That such sequence of measures exist in many of the comnon
examples is well known.

Wwe now formulate an abstract version of this invariance theory.

.
Let iT} denote a group of operators transforming £ into itself
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and such that each t in T maps the conical section PV into
P, . Let { T'} denote a group of operators which map 7/ into
itself. The game G(A, B, P, Q) is said to be invariant with
respect to {'T} and {T'} if for any t éT there exists a t!'
in T' such that ¢t'A = At and t'B = Bt ,

We assume the cones Pv and Qu are sufficient.

Lemma 25 1If f, 1is such that AfS > ABfO , then tfo has

the same property.

Proof: Consider for any g in Qu

(Atf,2) = (L'Af,8) = (Af ,t'¥g) > A(BL_,t'*g)
= (t'Bfo,g) = A(Btfo,g) .

As (C,. 1is sufficient, this implies that Atf > ABtfo .

u
The role of Lemma 25 is similar to that of Lemma 24. We now
remark without elaborating on the details that the analogous statement
to Theorem 14 is valid for this abstract setup. These ideas will

be pursued further in another paper.

Applications

It is worthwhile to give several specific apolications of the
above theory.

Example T Let X and Y be a finite set of n points, The
game is equivalent to a matrix game. A convolution game corresponds
to a circular matrix where aij = ay with K = i-j- modulo n .

The remark following lemma 23 applies here and the full discription

of the optimal strategies are:
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Let r be the real part of the complex vector

1 21 (n-1)1
lawnoa wn 0, "'9UJn ©

where lUn is a primitive n* root of unity with Y aKuﬁl = 0

This last eauality expresses the vanishing of the Fourier transform.

The set of all optimal strategies are given by the form

(%, ceny %) + rlo and cyclic permutations of rlo
Examople I1 Let X and Y be the unit circle and let K(t)

be any function defined on the circle or in terms of the unit

interval a periodic functions of period one. The kernel given by

¥(t-u) defines a convolution game acting on the compact circle

group. Thé condition of unigueness expressed in lemma 23 becomes

the reouirement of the non vanishing of all of the Fourier coefficient

th

of K(t) except for the zero coefficient., This example was also

considered by L. J. Savage. The Parseval relationship expresses the

rame 1n terms of the Fourier coefficients. Explicitely,

UPJPK(t—u)df(u)dg(u) = Z:: bnancrl .

where bn’ a and ¢, are the Fourier coefficients of f, g and K

n?

respectively.

Example TIT Let K(t-u) be the kernel defined with -®< t <w

and =~w< u <o , then this defines a convolution game on the group
consisting of the real line. The condition of uniqueness is the
non-vanishing everywhere of the Fourier transform of K(t) .

Example IV Let X and Y be the unit intervals. Consider
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the group of transformation T acting on the unit interval which
consists of the identity and the transformatior which takes x into
1-x . Let the induced group ; be the same group transforming the
y interval into itself. Let X(x,y) = K(x=x, 1-y) with K con-
tinuous, then as a consequence of Theorem 15 one can find an optimal
strategy for both players which is invariant with respect to the
group of transformations T .

Example V We generalize the results of the previous section
in the following manner. There exists a group of transformation T
operating on the product space X(® Y which transform X(g,Y into
itself. The kernel K(x,y) is invariant with respect to T if

K(t(x,y)) = K(x,y) and an additional condition placed on

t(X

, Uﬁg; K(x,y)dxdy .
X Y)

The induced transformation on the measure space becomes

tle(x)f(y)] = tulx,y) = ;(t(x,y)) .

We consider the special example where T consists of the identity

and a reflection about the line Yy = x . The measure g(x)f(y)

goes over into the measure f(x)g(y) . If K(x,y) = -K(y,x) , then
it can be shown as a consequence of Theorem 15 that if g(x)f(y) is
ontimal for both players, then so is t({g(x)f(y)) optiral for both.

The negative sign is needed to establish the conclusion of proposition
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24 for this example. This is the well known fact that for a symmetric
game the set of optimal strategies for both players coincide.
In general, the apolications of the above invariance theory is

much more abundant to problems of statistical inference.
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