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The past few years have seen an increasing utilization of network
models as an aid in scheduling and planning activities. The primary reason
for this is the capability to use networks for both communication and
analysis purposes. Specifically, networks are easily understood by all
levels of personnel in the organizational hierarchy and they can be used
as a communication device as they provide a reference point for dis-
cussions. Because of this latter feature they promote interaction among
the various 'types' of people, such as research, planning, and operational
personnel. Furthermore, networks facilitate the identification of per-
tinent. data and present a mechanism for data collection. 1In addition to
these characteristics, which can be grossly classified under communication,
there are the benefits associated with the ability to analyze the activity.
The most common analytical use is found in conjunction with the PERT-CPM
type networks, where system parameters, such as duration of the project,
estimated completion and arrival times of the lot, part, or assembly,
and total project cost, are estimated. There have been many other appli-
cations of network representation in the areas of production, planning,
and scheduling (e.g. Ref. 3). TFor the current discussion, the PERT type
network is considered as a reference base as it is most commonly asso-

ciated with the scheduling or planning functionms.

*Any views expressed in this paper are those of the authors. They
should not be interpreted as reflecting the views of The RAND Corporation
or the official opinion or policy of any of its governmental or private
research sponsors. Papers are reproduced by The RAND Corporation as a
courtesy to members of its staff.

This paper was prepared for presentation at the Depot Scheduling
and Control Conference held on 1-3 December 1964 at The RAND Corporation,
Santa Monica, California.
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Recently, several articles (Ref. 1 and 2) have pointed out that
PERT type networks are limited in terms of the types of logical elements
permitted. This refers to the PERT requirements that (1) all activities
incident on a node must be completed before the node can be realized,
and (2) all arcs emanating from the node must be taken. In many cases
it is desirable to represent probabilistic flows from one activity to
another. For example, it is necessary that there be two output branches
from a maintenance activity where, depending on whether the item
passed or failed a test, it would continue normal flow or be routed to
appropriate maintenance activities. Another limitation of the PERT type
network representation is the restriction to unidirection. flow.
Referring to the maintenance test example, if an item failed a test one
possible decision would be to retest in order to ensure proper. test

results. This requires a flow in the opposite direction.

THE GENERALIZED ACTIVITY NETWORK

Salah E. Elmaghraby of Yale has developed a basic algebra for ‘the
analysis of networks which considers the logical relationships between
events and permits flow in any direction (Ref. 2). Utilization of this
basic algebra on a complicated network requires the user to consider all
of the possible paths from one node to another and the interrelation-
ships of these paths. A.A.B. Pritsker and W. W. Happ of Arizona State
University have extended Elmagrahby's work by developing a set of
equations which permit the analyses of certain types of networks by
direct evaluation. It is, however, only applicable when there are no
"and" nodes* in the forward paths of the network loops. We do not in-
tend to delve into the derivation of these equations at this time since
this material will be discussed in a forthcoming paper by Pritsker and
Happ. The purpose of this discussion is to indicate that a formal tech-
nique exists for reducing many types of compound feedback networks. This
technique, when used in conjunction with the basic network algebra, pro-
vides a strong analytical tool for estimating the system parameters of

interest.

Je

The node classification utilized in this paper is developed in
Ref. 2. An "and" node is characterized by the requirement that all
activities incident on the node must occur for the node to be realized.



ILLUSTRATION OF THE PROCEDURE

The technique for reducing a generalized activity network consisting
of many nodes (all exclusive-or nodes)* and branches into an equivalent
network with two nodes and one branch is illustrated below. Consider
a hypothetical repair facility modeled after the Heath facility dis-
cussed in the study by Ronald Steorts (Ref. 4). The following diagram
is the network representation of the flow of a reparable item from

receiving to shipping:

/

Fail

Receive Diagnose Major repair

Minor repaoir

Fig. 1 -- A "Repair Facility"

Suppose we were interested in the expected time it would take for
a specific répafable to go through this repair cycle. This quantity
will be denoted by ECT. If a probability and a time can be associated
with each activity as defined in Fig. 1, then the technique referred
to in the above section could be used to determine the time required
for an item to go through the system for a given resource configuration.
I1f the resource availabilities are changed, then the time estimates
for each of the branches would need to be reconsidered. Each time
estimate is composed of three components: transit time, queue time,
and operation time. The diagram could just as easily represent each

of these components as a separate activity.

An exclusive-or node is characterized by the restriction that
one and only one of the activities incident on the node can occur.
The occurrence of any activity causes the node to be realized.
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Fig. 2 -- The "Repair Facility" in Analysis Form

Figure 2 depicts the repair facility of Fig. 1 with illustrative
probabilities and transfer times. The first element of the ordered pair
is the probability of transfer for the activity (pi); the second element
is the estimated mean duration of the activity (ti)' For generality

it will be assumed that W, is characterized by a Poisson distribution

3

(this knowledge is assumed to be obtained from an analysis of past

data).

To determine the expected cycle time we proceed as follows:

(1) Connect the terminal node (T) to the beginning node (S)

1
with an arc, /WE(S) =1/pEMS(tE), where P is the probability

of transfer from node S to node T; and M ) is the moment

s(te
generating function associated with the transfer time from
S to T.
%
(2) Write the topological equation of the network (H(S))

H(S) = 1-Z simple loop product + & product’of two non-

touching loops - & product of three non-touching

loops + ... = 0.

*
This is the topological equation of signal-flow graph theory which

describes the relationship between branches for any closed system (see
Ref. 5).



(3)

(4

(5)

In this case, as there are no combinations of non-touching

1
loops, H(S) = 1-[w1w2(w W, W +w8)w6] WE - WW W W =0,

345
st t3(es-l)
where W, = p.e for i # 3, and Wy = pge .
Sti
NOTE: e is the moment generating function of a
constant;
t3(es-1)
e is the MGF of the Poisson distribution
assuming t3 is the mean of the Poisson
distribution.

Solve the topological equation for WE(S):

s - W Wy (W W, WA W
E T - WW,W, W,

Substituting the values of Wi yields:

_ S
WE(S) = [plp2p6p3p4p5 exp[S(t1+t2+t6+t4+t5) + t3(e -]

+ P1PoPcPg exP[S(tl+t2+t6+t8)i]///{l - p2p3p4p7
S
exp[S(t2+t4+t7) + ty(e -1)]} .

Evaluate Py = WE(O):

P P, (P3P, PctPg) Py
We(0) = pp = —7—
PyP4P, P

Substituting for the 19 yields

D (.75 .
. _ (l-%f7)(?2;) 3 = 1 as expected.

P

a )"
Calculate ETC = E{ t = e =
E ds WE(O)

S=0



w'K{plp2p6p3p4p5(tl+t2+t3+t4+t5+t6) + plp2p6p8(tl+t2+t6+t8)}>
[1-p,pap,p, 07" + {p,P,p PP, Pe + }
2P3P4P7 1P2PeP3P4P5 T P1PoPgPg
-2
[ popgpypy (epreyttyvey) Hi-popap e, 7"
Substituting yields
E(tE) = ETC = 72.24 time units.

Thus, the equivalent network is:

(1, 72.24)

® a®,

Two basic formulas were used to find the equivalent network:

(1) B =W.(0),

(2) EIC

]
=
o
t
jeal
N
0
mla
w
e
=
= tﬁz
tan] B
ol »
o/ p—
N—

In general,

2

n) _ a" WE(S>
=i} - ;S—E{WE«))

S=0

W (S)
and W_TBF is the moment generating function of the transfer time from
E
node S to node T.
The repair cycle time if there was a major repair and no recycle

would be 73 hours. The cycle time for minor repair is 33 hours, and the
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cycle time if there is recycle depends on how many times the reparable
item had to be recycled. The estimated cycle time of 72.24 hours takes
all these paths into consideration. If this time is felt to be too
large, management would be aware of the necessity to take some form of
action, such as reallocation of resources.

It would also be of interest to calculéte the probability that the
cycle time would be = some number k. As previously indicated, the
moments can be calculated for this distribution and a lower bound can
be obtained on this probability by an approximation technique such as
Tchebycheff's inequality.

As a second example, consider a production line in which the first
operation manufactures a part and the processing time is five hours.
Following this operation the part is inspected. Inspection takes one
hour and as a result of the inspection 25 per cent of the parts are not
accepted and are sent to a modification section. To modify the parts
takes three hours. Parts which required modification are reinspected and
40 per cent of these are rejected and scrapped.  The other 60 per cent
are sent to a second operation with the parts that were accepted after
the initial operation. The transit time to the second operation is
assumed to be one hour. The second operation takes three hours, 70 per
cent of the time, and six hours, 30 per cent of the time. A final
inspection is performed which takes one hour and 10 per cent of these
items are rejected and scrapped.  The network representation of this

process is given below.

Modification Inspection of modified parts
(1,3 (4, 1)

Scrap
Yio
{.1,0)
(.7, 3)
-~ (1,4)
Wy o W2 W W o Wy Wiz
1st operation 4st inspection Travel 8 Final operation Finished

2nd operation product
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ILLUSTRATION OF THE GENERALIZED NETWORK MODEL APPLIED TO A
SCHEDULING PROBLEM

A scheduling problem in which the approach discussed above is being
applied is the assessment of the value of alternative countdown plans--.
schedules:of testing activities. We are currently studying the problem
at RAND. The. following discussion attempts to briefly describe the
application.

Countdown is the final validation phase of the assembled launch
vehicle and spacecraft prior to launch. Countdown has as its objective
the bringing of the vehicle into a launch-ready state. To accomplish a
countdown (and countdown planning) involves a large organization
structure with many activities and interactions. Furthermore, it brings
together diverse groups and treats a highly sophisticated man-machine
system.

The key control mechanism of current countdowns is the script.

A script is a schedule, formulated prior to countdown, of

the operations to be performed during a counfdown. A gchedule of
countdown operations differs from the more common shop schedules in the
sense that there is no significant competition for resources and there
are no queues in the ordinary sense. The only quantity that is
progressing is time. This, ofrcourse, makes the problem more applicable
to the analytical approach of network representation. The problem in
developing a countdown schedule or script is to perform the operations

in a sequence that meets the necessary precedence relationships, such



-10-

|

as A must be performed before B, and to accurately determine the state
of the system--discover and repair malfunctions. This must all be
accomplished within a given time constraint--the countdown must be
completed within the launch window for a launch to be acceptable.

The "Generalized Activity Network'" has been used to model a count-
down and performance measure of the system determined through reduction
of the network. The performance measure is the probability of success-
ful countdown. This is the probability that the countdown is completed
within the launch window and there are no undiscovered malfunctionms.
Thus, the joint probability of two events is being estimated. One is
the time ﬁﬂ:some number k, which is the same concept as discussed in
the "Repair Facility'" example. The other is the probability of transfer
from the start node to a particular terminal state--no undiscovered
malfunctions. This is directly determined by the network reduction
process. We are now able to compare two alternative schedules to

determine which is more desirable in terms of the performance measure.

CONCLUDING REMARKS

The "Generalized Activity Network'" model is a technique which
possesses all the communication benefits associated with the PERT type
networks yet permits the analysis of more complex logical relationships
and feedback loops. It is an analytical tool which, when used in
conjunction with a technique which estimates activity times, appears to
yield a feasible method for short-range evaluations of a given resource
configuration. In those cases where resource availability is not an
active constraint the network approach provides a mechanism for evaluating

alternative schedules.



~11~

REFERENCES

1. Eisner, Howard, "A Generalized Network Approach to the Planning
and Scheduling of a Research Program,' Operations Research,
Vol: 10, January-February 1962.

2. Elmaghraby, S. E., "An Algebra for the Analyses of Generalized
— Activity Networks," Management Science, Vol. 10, No. 3, April 1964.

3. Fulkerson, D. R., Scheduling in Project Networks, The RAND
Corporation, RM-4137-PR, June 1964.

4. Steorts, Ronald C., A Simulation Model of an Inertial Guidance
System Repair Shop: A Planning Tool, The RAND Corporation,
RM-3599-PR, March 1964,

5. Lorens, Charles S., Flowgraphs for the Modeling and Analysis of
Linear Systems, McGraw-Hill Book Co., New York, 1964.














<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /SyntheticBoldness 1.000000
  /Description <<
    /FRA <>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


