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Consider a situation in which an experimenter observes a stochastic
process starting at time £t = 0. A continuous sequential test of simple
hypotheses concerning the underlying distribution of the process is
performed and terminates at some time t = T20. At termination, a
choice is made between the alternate hypotheses in accordance with the
test procedure. The test procedure is, in fact, designed to produce
this choice within specified probabilities of error. The experimenter
may, however, be concerned whether he can also utilize his knowledge
of the test duration of the particular test he performed in order to
increase his knowledge about the underlying distribution of the process.
The results of this paper demonstrate that for a sequential probability
ratio test (SPRT) he can not. In fact the terminal decision and the
test duration provide no more information than the terminal decision
alone. The amount of information provided by the experiment i1s here
defined in the sense of Shannon-Lindley [1]. Equivalently the terminal

decision in a SPRT is a sufficient statistic and knowledge of anything
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other than which boundary was crossed in a particular SPRT is irrele-
vant when attempting to decide which hypothesis is correct.

These results are a direct consequence of a simple property of
the SPRT tests, which is expressed by the theorem proved in this
paper. The property is that in a SPRT of two simple hypotheses, the
conditional distribution of the time at which the test terminates,
given the terminal decision, is the same under the two hypotheses.
Once stated, this result is simple to prove. It holds in any situa-
tion in which the likelihood ratio is continuous in time on those
portions of the sample paths involved in the decision process.

We begin the proof of the theorem by sketching a framework in
which we can consider a continuous SPRT of two hypotheses. TLet X be
a stochastic process in continuous time parameter s20, x(s)€X and 05
a o-field of subsets of X. Let Bt be the o-field of cylinder sets relative

to which all Baire functions of x(s), s<t are measureable. The probability

measures b, and by on& correspond to the two hypotheses about X. By
o . Po + M
means of conditional expectations and the measure - which dominates

both o and ul we can define the likelihood ratio between by and b con-

ditioned on the process up to time t. We will denote this by dul t/duo ¢
2 b

a function measureable on ﬂ& .
t

A SPRT is performed on X [2]. This test is determined by « and B,

the probabilities of error of the first and second kind (corresponding

to the hypotheses HO,H that the probability model for X is given by

1

po,ul). The experimenter continues testing as long as

diy L (x(s))
< —--—-i—-—-—————-< .1___@. (1)
- duo,t(x(s)) o
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and ceases as soon as either inequality is violated,llﬁaccepting HO or
H1 depending on whether the lower or upper bound has been exceeded.
Thus the test consists of taking a sample function x(s), s<T where T
is a random variable denoting the duration of the test or equivalently
the termination time of the test. The test induces mew structures

-ki;g)? ﬁé((e = 0,1) etc. where the elements of X are the stopped paths

in X. That is if x(s)EX then '%J(s)é}\f is such that %X(s) = x(s)ps<T ]

and x(s) = x(T) ,s > T. The induced likelihood ratios, which
are measureable functions on @)t will similarly be denoted by
dE1,t/(ﬂo,t'

We require that dﬁi,t/dﬁb,t is continuous on almost all ®(s). The
reason we add the restriction at this point rather than ask that dul,t/duo,t
be continuous on almost all paths x(s), st is that we are not concerned
with the likelihood ratio with respect to a path after it has caused the
test to terminate. I; could become infinite for finite t as long as it
has no jump discontinuities.

Let ?é(A = 0) be the set of paths that lead to the acceptance of

hypothesis H, at or before time t. Then for any Elelzt(A = 0),

o
diry GO/, (&) = 5

1-o

Thus we have

[du, (& I
, 5 ~ - _@_— ! ~
J dﬁfo’tzx:) d““o,t&) T dp‘O,tG{) ,

~ X
xt(A=0) t(A=0)
integrating we obtain

171,1; (X_(4=0)) _Eo,t(%“t(Aw))
8 B 1-¢

(2)




A similar equation can be obtained when A = 1. Recalling the relation
between X and X and noticing that 8 is the probability of accepting HO
when H1 is true and 1-¢ is the probability of accepting HO when it is

true, equation (1) is a statement of the theorem we wished to prove.

Theorem 1: The conditional probability that a continuous SPRT of
simple hypotheses terminates at or before time t (t = 0) given the
terminal decision is the same under the two hypotheses. [We assume
that the conditional likelihood ratios are continuous in time on almost
all paths up until the time at which they lead to termination of the

test. ]

A partial converse of this theorem is easily proven. If we consider
the class of generalized SPRT's (i.e., sequential likelihood ratio tests
in which the upper and lower boundaries are functions of time) with error
probabilities & and B, then if (2) holds the test must be effectively a
SPRT. We say effectively because obviously the'boundary can differ from
the constant boundaries over any set of values of t for which the prob-
ability that the test terminates is zero. On the other hand the converse
is only partial because it is restricted to likelihood ratio tests.

Now to formalize the statements in the first paragragﬁiilet D(x),
xeX be a sequential decision rule, D(x) = (T(x), A(x)) where the value
of T(x) is a positive real number and both T(x) and A(x) depends on x(s)
for s < T. The function A(x) takes the values O or 1 in action space
corresponding to the acceptance of hypothesis Hy or Hl. T(x) represents
the duration of the test. The measuresl%e ® =0,1) corresponding to

the two hypotheses about X induce measures on D(x) which are again



indexed by 6. We have, by Theoremll, that if D(x) is a SPRT (with
the likelihood ratio satisfying the continuity conditions discussed
above) the conditional distribution of D(x) given A(x) is independent
of 6. TIn other words, A(x) is a sufficient statistic for D(x), and
consequently the time at which the test terminates cannot be used to
improve the terminal decision.

Using Lindley's [1] results on the measure of information provided
by an experiment, we have that when A(x) is sufficient for D(x), the
amount of information about 6 provided by A(x) is equal to the amount
of information provided by D(x). This interpretation of our results
implies that in a SPRT, the knowledge of the time at which a sequential

test terminates contains no additional information that may be utilized.

Finally, we would like to point out that these results apply to

discgézgingT's if we make the assumption that is co;;;nly made when
dealing with these tests, that the excess over the boundaries can be
ignored. We then have equality at either the right or the left hand
side of (1), for almost all sample paths, at the point at which the
paths reach the value that causes the test to terminate.

The authors are grateful for the many helpful comments that were

made by the referee.
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