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ON SOME VARIATIONAL PROBLEMS OCCURRING IN
THE THEORY OF DYNAMIC PROGRAMMING

Richard Bellman
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§1. Introduction.

The purpose of thils paper is to present some results of an
investigation of a class of interesting and important variational
problems involving the control of a physical system over a time
interval. One large category of problems of this nature arises
in connection with the maintenance of a dynamic system in or near a
specified state at minimum cost. The cost 1s usually compounded of

two parts, the first part measured in terms of the deviation of the

‘system from the desired state, and the second part measured by the

cost of the resources used for control. The theory of mechanical,
electrical, and economic systems contain many questions of this
type.

Another large category of problems, of economic and industrial
origin, are those in which it is required to maximize the output of
a system given a limited quantity of resources. Only one represen—
tative of this category will be discussed in this paper.

The mathematical difficulties encountered in treating prob—
lems of the types above depend to a large degree upon the mathema-—
tical model used to represent the system, the functionals employed
to measure the cost of deviation and the cost of resources, and the

constraints imposed upon the permissible types of control.
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As far as the mathematical models are concerned, we shall
consider here physical systems which are ruled by a system of

linear differential equations of the form

N
dxi
(1) ~E— ;i ay %Xy + fi(t), i=1,2,+++,N

I
e

x; (0)
which in the more convenient vector-matrix notation takes the form
dx
(2) g =Ax+ £(t), x(0) =c¢, 0LtLT

where

Here the vector x represents the state of the system at any time t,
and the forcing term f(t) represents the influence of the resources
used for control.

If, in place of continuous control, we apply intermittent

control, the equation above is replaced by a difference equation,

(%) x(t+1) = Ax(t) + £(t), ©=0,1,2,°"°,T,

x(0) = c.
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If we consider systems in which time lags occur, in place

of (2) or (4) we obtain equations of the fom

(5) 9x(8) _oax(t) + Bx(6-1) + £(t), 1<tgT
at

b(t), o<t .

ke
]

A discussion of control problems involving differentlal-difference
equations will be postponed to a subsequent paper because of the
variety of new features which arise.

As far as the functionals representing the cost are concerned,
we shall take them to be linear or quadratic, with constraints of
linear form involving boundedness and positivity.

We discuss first, in~§2, the case where the cost of deviation

T - =
is measured by"f [?—y, x—&}dt, where (u,v] represents the inner
- Ie} [N —

i
—

product of two vectors, where x is the actual state, y the desired
T _.

state, and the cost of control is measured by a J”[?,?]dt, The
o)

problem is then that of choosing an f so as to minimize the total

cost
I . . T -
(6) J(f) = 5(’ Lx—y, x_;d dt + a Sr]:_f,f]dt

where x depends upon f by way of (2). Using the known representa—
tion theorems expressing the solutions of inhomogeneous linear dif-—
ferential equations in terms of the solutions of the homogeneous

equations and the forcing terms, the problem may be reduced to
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minimizing the functional

T t t
(7) uf L_¢r K(t,t1)f(ty)dty — v, \f K(t,t1)f(t1)dt1~¥]dt1
0 o

o)
T

+ gﬁ [?,fjdt

over all f.

A completely analogous problem is obtained for difference
equations in which integrals are replaced by sums. For the case
of differential—differehce equations a functional corresponding
to (7) 1s obtained.

To treat these various problems Simultaneously we abstract the
general problem and conslder the problem of minimizing

i

(8) [lar+ gl |2 + al|f]l®

where A is a bounded linear operator on functions belonging to

T
2 2 r,rldt = (f£,f).
12(0,T), and ||f]| Sr L;,det (£,f)

Related to the problem of minimizing the total cost 1s that
of minimizing the cost of deviation subject to the restriction that
the cost of control be bounded by a fixed quantity, and the dual
problem of minimizing the cost of control given that the cost of
deviation is to remain below a certain bound.

Afﬁer having obtained the existence and uniqueness of the

minimizing function in the general case, together with the integral
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equation 1t satisfies, we turn to the application‘of the general
result to the differential equation model.

In the next three sections we consider some particular
problems in which the cost functions are of a varied type and
in which there are constraints on the forcing term f. In 53
we treat the problem of minimizing \% (1—u)3dt over all f

0

subject to

(a) < m,

0< f
(b) \f; fdt < ai,
y >

(9)

where u is related to f by means of the equation

(10) P =+, ul(o)=t.

In the succeeding section, §&, we treat the problem of miniwizing

n
T
J (du/dt)®dt subject to the same constraints.
'
In 95 we treat the problem of minimizing Max |1-u| subicct
0K t<T

T
to [ f2dt < a;, by comsidering the solution of the dual prcblem

o

T
of minimizing Br f2dt subject to —d <1 —-udfor 0t <7

Turning from this class of problems we consider a problem
arising in the mathematical theory of economiles concerning maxi-
mization of profit. Setting

N

dxi
(11) ax = ;;; ERLAT x;(0) = ¢y
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where aij, > O, the problem is that of choosing Iy between C and

X; S0 as to maximize the functional

(12) SF (_ggg (Xi—yi)jj dt.

In the course of the solution 1t is necessary to answer the

following question, of some independent interest. Given

N
ax, ‘
(13) —'a—ﬁl'— = FZ}_ aijxj ‘+fi(t)’ Xl(O) = Cy

what arethe necessary and sufficient conditions upon the matrix
A = (aij) in order that x; > 0 for t > O whenever ¢y 2 O and
£i(e) > 02

The answer turns out to be quite simple, namely ait > 0, 1 % J.

L)

There are a multitude of interesting questions which we have
not mentioned at all. A guite important one 1is that where there

are two forcing terms,

joN
4

(1%)

= AX + £ + g

jo?
-~

the first, f, representing factors at our control, and the second,
g, representing exogenous factors beyond our control. Although we
shall not discuss any problems of this type in this paper, let us
merely point ocut that there are at least two approaches to the cor-—
respording minimization problems. We may regard g as a random

function with known expected value and autccorrelation function,
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and minimize E(J(f,g)). Or we may introduce the concepts of game
g
theory and conslder the problem of determining the f and g which

yield

(15) Min Max J{(f,g), Max Min J(f,g),
rf g g f

and then consider the corresponding game over function space.

Finally we mention that there are several alternative approaches
to the problems we discuss. If we allow the problem to remain in
its native form (6), subject to differential side condition, we
have the classical problem of Bolza. It seems, however, simpler to
‘consider the space of functions féLg(O,T) than the space of func—
tions possessing derivatives.

In this connection we can also use the Lagrange multiplier

approach, particularly in the problems of the later sections. We

oy

have preferred to use a direct attack based upon the Neyman—Pearso
Lemma. Subsequently we will present a new approach tce a more

extenslve class of problems based upon dynamic programming technlgues.

§2. Quadratic Functional.

In this section let us consider the problem of minimizing
(1) Ja(f) = (g + Af: g + Af) + a(f’f)’ a > O:

where f and g belong to Lz(O,T) and A is a bounded linear coperator
on 12(0,T). The function Ja(f) represents, from the above
models, the total cost of control, where the first term represents

the cost of deviation and the second term the cost of control.
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Theorem 1. There is a unique £€ L2(0,T) which furnishes the mini-

-
i

mum_to ua(fl

Proof: Since ﬂa(f) may be interpreted as the norm of the element

[g + A, f] of L? x 1L?, the existence and uniqueness of the mini—
mizing f, which we shall call fa’ is a simple consequence of the
fact that a strongly closed convex set in Hilbert space has a unigue
element of minimal norm. It is clearly sufficlent to consider

those f for which a(f,f) < i?f Ja(f). These form a weakly compact
convex set. Since A is weakly continuous, the image of this set

in Ly x Lz 1s weakly closed, hence strongly closed, and convex.

Theorem 2. Let

be the resclvent operatcr of the positive operator A*A (wherg A*

is, as usual, the adjoint operator to A), then

(3) f. =R _ Axg.

Proof: Let A be an arbitrary real constant, f an arbitrary func-—

tion in L®(0,T) and consider

(%) J(fa4-%f) (g-kAfa'+AAf, g4—Afa-+AAf)4-a(fa4~hf,fé-+?£
= J,(f,) + 2A[ (g + Af_, Af) + a(fa,fB

+ & [C(af,Af) + a(r,f) 7]
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The condition that J(f_+ Af) be a minimum at A= 0 yields

(5) 0 = (g+Af,, AT) + a(f_,f)

(A*g + A*Af, + afa,f),

for all £, which implies

(6) A*g + A¥Af, + af, = O,

which in turn yields (3), since — a < O is in the resolvent set

of the positive operator A*A.

Now, as 1is well knowuwn, R?\is an analytic Tunction in the

d 2 4 .2 s ﬁ
4 = — = — ZR7 d
resolvent Set, T Rf>\ RA’ 5_5\— R;{ 212, an
-1 ~1 -1 . . - A —
R=—A (1 +) Axa) tends uniformly to zerc as A —> 00. Thus
2 ‘ o Lz - e 112 s o
(RE_Ax*g, A*g) = ;ifa;[ —>0as a —> o0, and | [f_||¥ is non-

increasing as a function of a > O, for

d d ,
(7) ga— |1£,117 = 7z-(R%, Axg, A*g) = 2(R®, Axg, Avg)

!

2(R_,f,, ;) <O
since R—a’ as the inverse of a strictly negative operator, is
strictly negative; indeed since f_ = O only if A*g = 0, [|f_ ]|® is

strictly decreasing if A*g + O. Similarly, since
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(12) (g + Af , & + Afa) = (g + Af,, g) + {(Axg + A*AL,, fa)

(g,8) + (£, A*g) —a(f,, £,).

It

(g,8) + (R__A*g, Axg) —alf_, ),

we have

p—

d

(2 d
(13)  —g e+ af ]

da

_
(R_jA*g, Arg) — a(RZ Axg, A+g>mj

= (RZ Axg, A*g) — (RZ_ A*g, Axg)
- 2a(Rf_aA*gu A*g)

= -~ 2a(R f_, £ ) > 0.

* o . - -~ . . . o
Thus |ig + ﬁfa§§2, as a function of a > 0, is non-decreasing, and
strictly increasing if A*g % 0.

These properties enable us to easily dispense with the related
problems of minimizing the cost of deviation with a limited amount

of control, that is, obtaining

(10) ¢(e) = min llg + AT]]|3,
1] ]3<e

The monotone character of %lfaliz and ||g + Af_|[® can also be

seen for A*g % O from the fact that £, % f,» 0 <& < b. For if
— 2 - ! 2 .

u, = g + Afalj y Vg = l;fal] , then u_ + av, < u, + av, and

uy + bvy < u, + bvy so that uy + by, <uy, + av, + (b-a)va < uy

+ avy + (b—a)va and (b—a)vb < (b—a)va or vi, < vy; adding — av, <

~ avy to u_ + avy < uy, + av, we obtain uy < Uy, -

a
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and the dual problem of obtaining

(11 Y(e) = THIE

min
| le+af][2<e
which 1is the minimum cost of control required to keep the cost
of deviation below a certain level.

Let us consider first the trivial case where A¥g = 0 = fa

H®

-y

(for a > 0). Since J,(f,) = |lell® <3, (f) = ||g+ar]|2 +« a ||
for any f and all a > 0, ||g||® < ||g+Af||2 for all f and clearly
b(c) = llgl|? for all ¢ > 0. Moreover we have Y(c¢) = O for
e > |lgll?, with NV(C) undefined for ¢ < ||g||®. In the somewhat
less trivial case of A*g % 0, since I]fa]iz 1s continuous and

strictly decreasing, for ¢ in the range 0 < ¢ < sup ||f_||2

a
= lii;c} ]!faijz, we clearly have a unique a > O for which §§fa§§2 = c,
p= Ee—
and thus fa alone provides ¢(c), since otherwise we should have
an f & £, for which ||g+af||® g,]]g+Afa!{2, bieii# g\éifa§§2 S0

that Ja{f} £ J,(f.), which is impossible. Thus, to complete our

a‘‘a’
discussion of (10}, we need only consider the case in which

sup ilfaiég is finite, and ¢ > sup i}fa}ia.
If sup [[f ]|% = 1im I]failz is finite, then there is an
a—-> 0
element fo to which fa converges strongly as a —> O, which mini—
mizes ||g+Af||2 for all f in Lp, hence provides o(c) for all

c > sup ]}failz. This follows from the fact that the set g}a}

has a weak cluster point f, for which |[f_[|2 < 1im iifa]{z,
a—>0

and the minimal property of |lg + Afaj]. For since g + Af_ is a

cluster point of g + Af_, we have || g + Af Il € 1im [lg + Af_ ||
T a—>0 a

< lleg + Afails Hence, if [lg + Af]] < |lg + Afoll, we have
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g]

E

N
N 00
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Ja(f} < Ja(fa} for sufficiently small a, contradicting the minimal

property. Thus, ||g + Af_ || < {lg + Af|] for all f. Furthermors,

llg + Af]] = |]g + Af_|| if and only if Af = Af_, from the strict

O

convexity of the unit sphere in Lz. Now 1if Af = Afo and therefore

"3

llg + AFl] < g + Afa]§ for all a, we must have ||f|] > §§fa§§ o

all a so that ||f]|]| > 1lim l!fall > et > 1im isfail,
a—->0 a—->0

Thus, fJ is the unique element of minimal norm in the closed
variety {%: Af = Afé}.

Since this 1s true for any weak cluster point fo, there 1ias
only one and since ]ifaii —> [t 1, £, - £ 1] —> 0 as asserted.
Also, since A*g + A*Afa = - afa tends strongly to zero, we obtain
Axg + A*AT = O.

Similar considerations apply to {11 when &%g #= 0. FO% o in
the range of §§g+Afa§§2, 0 <a < w, we have a unique a for which

i e
egtar | % =

&

and f_ alone provides V{c). If ¢ is not in this
range, we have two cases. If ¢ < ilg+Afa§!2 for all a > O and
iifaiiz is unbounded, the problem is vacuous, since ||g+Af|]®? < ¢
< ijg+Afai!2 implies J (£} < J,(fy) for {[f,[[® > |[£{[®. But ir

sup I(faflz < @ then since the element f_ provides the absolute

minimum of ||g+Af]]|2, Ky(c} 1ls defined only if ¢ }§g+AfO§12,
and then Y(c) = ||f,|]|2. On the other hand, if ¢ > le+ar |2 for

> |1g]l®, ang

(¢

all a > 0, then since ||f,||® —> 0 as a —> o0,
\P(c) = 0 is provided by f = O.

Thus
Theorem 3. If A*g § O, either c = ]éfa§§2 for some a > O, in which
case f_ alone provides ¢{(c) or c > §§fa§i2 and £, = 1lim £
a3 O ’

provides the minimum. For c in the range of [|f_|]|?,




(12) dble) - 4

where ¢ = l{fajiz relates ¢ and a.

Similarly, either ¢ = §g+Afa§I2 for some a > O, in which
1
i

ifa§l2 is bounded and

case f, alone provides \y(c), or

c = |lg+Afoil2, in which case f_, along provides our minimum

YKC), or ¢ > §§g+§faliz for all a > 0, and £ = O provides the

minimum. Also, in the range of |[g+Af,||?,

(13) a¥(e) . _ L, o = |lg+hr, |2,

It only remains to verify (12) and (13). S8ince —

_d i 12 da _ y da _ 3
= —aa-;§g+Afagg —e— = - Ea(R_afa,fa)~35—- and ¢ = (fa,fa,

(R2, Axg,A*g),

. Y 1 = 3 A%y A e @a - O & £ da’“,
(14/ EN 2(R_a fx¥ g‘,rl O,) Tém (:(‘*L.“.a*a’e 5 ‘NS:E P

and (12) holds. Similarly, for ¢ = §§g+Afa§§2, 1 = “‘za(ﬁma’faffa}“ag”
and

d (C) —_ d 3 2 . o da
(15) %E - de¢ I'Iail - Q(R_alasfa)—a‘a“‘ 3

and (13) holds,
Let us finally observe that if for some element h€ L2(0,T) we

have g = —Ah, then the value of Ja(fa> is given by
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(16) Jagfa) = (g + A, 8 + Af) + a(f,8)

(g + AL, &) + (g + AL, AL) + a(f,t)

(g + Ag, 2),
by virtue of (5). Using g = —-Ah and (5) again, we obtain

(17) If,) = a(f,, h)

a’

93. Application to Differential Equations.

Let us consider the application of the preceding results to
fhe case where the system under control is ruled by a set of dif-

ferential equations of the form

dax.
(1) e = b, .x, + £, (%)
at < IR B AR

du d u

(2) + a, + +a.u = £(t)
ath a1 N ’
h(k)(o) = Ck’ k=0,1,2,""",N-1.



In the latter case we consider the problem of minimizing

T =N-1 ay T
(3) J(£) = f l'g_; b, ( W—Ck)gj{ dt + a f f2dt,

O o]

while in the former we wish to minimize

T ~ N T r- N -
_ 3” T 2 : 2 l g
(W) J(f) = J Li bk(xk—ck) ] dt + a f 5 r§-1 £

o]

Since every N-th order linear equation may be converted into an

N—-th order linear system by means of the substitution

(5) Xy = u
o = du
-2 — d—ﬁ.
J
a1y,

AT TR=T
NN

we shall confine our attention to systems. These are most effec-—

tively discussed using vector matrix technique. Set

X1\ f1(t)\ /ey
XQ\: f(t)=§/fz(t)\, c=602\},

[ :
EAREERE [
\XN / \f{q(t) }I \ey /
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Equation (1) may now be written
ax

Let us assume for simplicity that the coefficients b, in (4) are all

unity, and use the usual inner product notation

N

®) g = Z X5, -
1=

The expression to be minimized takes the form

m
4

T
(9) J(r) = f [x—, x—¢] dt + a f [*,f]at.
O

o
Furthermore, we define the norm as

- 1/2
(10) Lol = (£,1) = {

1/2

© e Ty
i
b
jo8
o

To convert this problem into the type discussed
in §2, we require the following well-known result in the theory
of linear differential equations.

Lemma 1. The solution of (7) may be written in the form

t
(11) X =y + f Y(t—t,)f(t,)dt,,
@]

where y is the solution of the homogeneous equation

(12) ?T;}Ef’_ = By, Y(O) = C,
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and Y 1s the matrix solution of

ay _
(13) e~ = BY, ¥(0) = I,
which is toc say ¥ = eBt, vy = eBtc
If we set

(14) g =y —c¢

t

s@)= § v(t—t)e(t)as,,
O

then x = g + Af, and the variational problem is now a special case
of that considered previously.

Furthermore, since y satisfies (12), we have

(1_[—\ %‘%“"’ = Bg + Bc, g((}:) = Q:
whence
t
(16) g(t) = _f Y{t—t,)Bc dt; = ABe(t).
Q

The adjoint operator to A, Ax, is defined by

T

(17) aer = | Y(t—ty ) (6y)dby .
t



We obtain this by considering

T

JP Af,g]dty

o]
fT

(18) (Af,2)

t
f Y(t—ty)f(ty)dt, ,g(t{]dt.
O

e i

- T

1
f(t), E/>Y(t~t1> g(t)dtidt,,
e 1 =l

it
O.L_~\"‘3 O

as we see by interchanging the orders of integration, where
B'(t—ty)

%1

is the transpose of Y(t-t,), the matrix e , Where B

the transpose of B.
Referring to the previous secticon, the minimizing [ is
(19) £ o= ( —a — A*)"L axg,
which means that f satisfies the integral equation,
(20) af + A*Af = Ax*g.
From (17) and (20) we obtain the condition

(21) £(T) = 0.

Since the inverse of A* is ~%€ - B', we obtain from (20)

(22) a (Gt —B'f) + Af = —g,

Paﬁgﬁ

B
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which means that

(23) i~ -~ B'f =0 at t = 0.

Using the operator d — B we have
dat

(24) al 5g-8") (Gg -3)r+ 1= (3¢ - B)g= -Be.
This is a system of linear differential equations subject to

the two-point boundary conditions of (21) and (23). The solution

exists and is unique by virtue of Theorem 1.

§4. Application to Difference Equations.

Similar results hold for the variational problem associated

with the system of difference equations

(1) x(t+1) = Ax(t) + (¢, t=0,1,2, " ,T

x{0}

i
(e
A

with the norm defined by

T
(2) el = ( [£(t), £(t]])

PO e

The analogue of Lemma 1 is

Lemma 2. The solution of (1) may be written

L8

(3)  x(t) = y(t) + {:O Y(t—t3-1)1(t1),
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where

(4) y(t+1)
v(t+1)

By(t), y(0)
BY(t), v(0) I,

i
o

which is to say Y = Bt, Y= Bt c.

The remaining details are now completely analogous.

©5. Differential-difference Equations.

If we consider problems of continuous control with a time lag

we meet functional equations of the form

(1) ) au(e) + bulea1) + £(8), b o> 1

u(t) = g(t), 0<t < 1.

Although results similar to the avove hold, we shall postpone dis—
cussion of these untll a later paper devoted solely to equations

of this type, since some additional difficulties arise.

56. A Result Concerning Positivity.

Let us agree to call a vector x non-negative if all of its
components are non-negative and write x > 0, and similarly call a
matrix A non-negative if aij > 0, writing again A > O.

Using this notation we shall prove

Theorem 4. The necessary and sufficient condition that the solu-

tion of
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(1) 5% =ax o+ f(t),  x(0) =,

be non-negative for t > O whenever f(t) and ¢ are non-negative

is that

from which it follows that if x > O for all ¢ > O and f(t) » O,
Fa

we must have eA“ > 0, and clearly this 1s sufficient.

. The problem then reduces to finding the necessary and suf-
o 2 2. g AT S 4 3 . At ~ j o~y Aw‘,ﬁ — A s
ficlent condition that ¢ ~ > O for € » 0. Since e®> = ] + AL
+ <*+, it is clear that aj3 20, i £ j 1s necessary in order that
At . . :
e > 0 for small positive t. The following simple proof that this

condition is sufficient is due to S. Karlin. We have e'U = (eAt/h)n
At/n > 0

for any integer n. Choosing n large enough, we will have e >
for 0 < € < ty, by virtue of aij > 0. Since the product of non—
negative matrices 18 non-negative, we obtain the desired result.

In the case of variable A(t) sufficiency at least may be

established readily by means of the change of variable

t
\ tid
(l"'} o\faii( ) ¢ yi’ 151,2,"‘,1\1,
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converts (1) into the form

(5) ay, ~J Auloee

The sufficiency of the condition aij(t) > 0, 1 ¥ j, is now clear.

'§7, A Problem in Mathematical Economlcs.

Let us conslder the followling

tical econcmics. We have a system

- L T T - ERY £ ~ 2 BT
variables x,(t), 1=1,2,°°°N. Each
arts y. and 7. where z., 18 taken out as profilt and y, iz reim
b A4 4 - RS
P | s Taa deny B i o 3 ey b bae 4 3o 3 -y
o increase Tuture cutput. Assuming thal Lhe change in cutpud is

\
o dxi(t) N_
\1/\ N ; 2 yJ(t>J i=1,2,"',i\é,
a% =T
x.(0) = ¢,

with aLi(j > 0,

what reinvestment policy does one follow in order to maximize the

total profit, of N
7
? : (xi yi) at
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Since 1t is not difficult to establish the existence of a
sclution, we shall omit this point and turn immediately to obtain—
ing the solution.
In order to illustrate clearly the technlgues involved, we
shall treat in succession, the one-dimensional, two-dimensional,
and N-dimensional problem.

The One-dimensional Problem.

We have
shd
(2) “%%Lm = 2a11V1, 231 > 0, x(0) = ¢,

and we wish to maximize
T t

] I
(3) Jy = f (e + ayr J yidty — yi)dt,
C Q

where y: is subject to the conditions

t

(5) 0 <y £¢c1 + asy vf yidt.
3

An interchange in the order of integration in (%) yields
T
(6) 3= cam+ J (ars(T-t)—1)y,dt,.
0

Let T3 be the value of t for which

(7) a1y (T~t) -1 = 0,
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assuming for the moment that T > 1/2:1. The function y; which

maximizes (6) subject to (5) is then given by

t
cy + a1 \f y.dt, 0] <t < Tl,
O

(8) Vi

Note that T; depends upon T. If T £ 1/a;1, y1=0 is the maximizing
function. There is no difficulty in obtaining the explicit form

of Vi

The Two-dimensional Problem.

Consider the problem of maximizing

T
(9} dp = J? (21+Zg)dt,
s
where
dxi
(10) T T 24191 t 8V sl
Xi(O) = Cy»
aij > 0, and, finally, Zy = Xy — Yy 0 < vy < X5 -

Solving for the x; in terms of the y, in (10) we obtain

t t
(11) X, = ey +oag, fyldt +a,, fygdt, i=1,2.
(o] O



The expresslon for Jz then

m
Y
~

i

(12) Jda c1 + ass

Let Ty, Tz be given by

(13) (ag1+az1 ) (T-Ty )1

(a1o+app ) (T-Tz )1

and take T large enough so
without loss of generality

A partlial solution to

by

(14) Y1

I
o
-

Yz

il
o
O

Zg
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takes the form

t -

vidt + ap: f y1dt — y1 |4t
[}

Ol o

ik

——f

t
y2dt + az2 Vf y2dt - yz
o

o
ot

t

C
»3
¢

((a11+a21)(T—t)~1> yidt

that Ty and Ts are positive. Assume
further that T > Ti1.

our maximization problem is then gilven

I
ot

I~
N
)

I
t
IN
2



The only unknown remaining is the value of =z, in Ty <t < Te.
Returning to the expression for Jz in (9) and using the partial
results of (14) we obbtain

i)

~
(15) Jz = Jg z1dt, + (T-Tz2) (Xl(Tz) + Xz(Tz}} .
Ty

Employing (9) we obtain

T T
(16) x1(T2) = c1 + agy \f? y1dt + 212 J yedt
o o)
T T
P ﬁz
= Ca + ai1 \j yedt + aje .} Xedt,
T1 Tl
where ¢z 1s a constant independent of the value of ys in ‘FggTéj,

and similarly

To ;2
i ’
(17) x2{Tz) = cs + azy vidt + ags Kol
Ty Ty
¢ %
Using z; = %1 — y1 = €y + a4 \3 vi1dt + a,p ‘[ yodt — y;, we obtain
o) o
finally

(18) Jo = cg + Tga (06(T—t)—l) vi1dt + alg(fgﬁe gf ygdt) at

T2
+ (212 + azy) \fﬁ X2dt.
Th
t
o
To proceed further, we require an expression for o Yzdt for
0

0L t <Tz. In this interval we have
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-t ) t t
ol ‘%E I 7 '
(19) a5 (J“ yzdti = yo = Czp + 821 | yi1dt + ass j y2dt,
o / o) 0
and thus sclving, we obtain
s

t
agat n  —Azps
t = e j F)
0

t
e
(20) _j yed Cz + agz1 f yidty ds
&) o

. t
. agza2t A ~8z25 _f\ Y
=, (t) + azy e J e vi{ti)dat, }dSs
T4 Tq /

for T, < t £ Tz, where ¢1 is independent of the value of y; in

[T:1,T2]. Hence

T2 132
(21) f xedt = vadt
T;_ Ts
To
az2T2  p ~8228 9
= ¢y + az1e J (e J yilti)dt,)ds.
Ty 1

Interchanging orders of integration, this is

az2Te iy e —ap28
(22) Cqy + 85y € f (yl(tl) f e ds) dt,.
T1 tl

The important point to observe is that the coefficient of y;, namely

ap2T2 —Ap28
azi € Jﬂ e ds, 1is a decreasing function of t;.
th

Te

X
It remains to simplify the expression _Jﬂ <;~} ygdt> dt.
Ty O

We have



NE-TSi
T t T - S —t
.0 u( A [Tasat —8228 A N
i P H i - 2 L -
(23) ( yzdt> dt = cg + a21 o e B (e e ri{ty )dey }dsfa
m T o i
11 o] paS ] N 11 E 1 - B
To r— { -
2 7 aset - —8228 ]
= i i ) ; + Y 4
°g * ap1 e J vilts) { o e ds/ dt, | at.

The integral has the form

~,

T2 Asont t
22 .
(24) f e ( f yl(tiw(t,mdtl) dt
Ts ’

Ty

T2 . T2
/1 N £ i/-, a2 L \ \\
\ ¢ N .
= J yilty) L J e At,6q)4% VAt
TI \'t;_ v
We have
f‘"‘,
, ¥ agat N azp
(21‘ d S% & \»V(t;tj)di’:) f-J— "V{LL,V 1
by e NS )
Ty
T ;
- gz2%v T
+ J’ e 2 gt
s b1
13 o

e azzt —az2t1
-0+ [ e (~—e ) daty < o
£ s

Hence the coefficient of y; in (24) i1s monotone decreasing. Refer—
ring to (18) and observing that c6(T—t)—1 is monotone decreasing,
since Cg > G, we see that the total coefficient of yy will be

decreasing in (Ty,Tz) when Jz is written in the form

T2
(26)  Ja =g+ Tf (1 )31 (51)dts .
1
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To maximize then, we choose y: as large as possible in [T, ,T3]

where k » 0, and equal to zero in [T5,Tz|, where k(Tsz) = O.

onde

Since 06(T~t)u1 8 negative for t > Ty and the other coef-
ficients are zero at Tp, it follows that Ts is actually between
Ti1 and To

We have thus demonstrated that the maximum of Jz subject to (1

<

et seqg. 1s given by

(27) yi = yz2 = 0O, T2 < £ KT
Zp = O, 0 <t < Tz
zy = 0, 0 <t < Ta,

N
oo
———
m
P
N
v
B\
-
—
v
=
!
Y
]
[
)

for T > 1/(ayy + agy) > 1/(a12 + aza).
The other cases admit of similar soclutions. The conditions
as4 2 0 may be relaxed to a;; + az; > 0, ajz + azz > O.
The N~dlimensional Problem.

1T we examine the details of the previous case we see that

C

L . asat . .
everything hinges on the fact that 22" ig non-negative. In order
to see what the reguired analogue isg, let us consider the N—
dimensional case using vector-matrix notation.

We have, as before

ey
"
]
o)
l_...J
-
=
=
}
ar
!
121
o
o
ot
-

(29)
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where O { y. < x, and the x, satisfy (1). Taking T large enough,

=73 =77 J
let 0Ty (T € =0+ <L TN e glven by
N
0) a, ) {(T-T.)~1 = O.
(30) (g 2ay) (-1 =0

Az avove, it follows 1lmmediately that Ty is given by

<t
I
=

(31) ‘VN = XN’ 0L

We may then eliminate y,, and solve for v.. in
N 7N

interval in which it is unknown.

At the very next ste

ks

ing them in terms of the other yy, we are confronied by

p N R £

du, - s ,

(32) — = Z a, U, + 2: a,, J vt +c,, i=RHl, 0N
dt S =B A &5 - *

for the U, i=R+1,°"*,N, in terms of the v.,, Jj=1,2,° R, and of

e

determining the monotonocity properties of the coefficients of
the .
Y3
In order to solve thils problem we employ vector-matrix nota-

tion. Let

Vi %% ;bl \X
] 3 : A s
(33) v o= Va ’ b = bz s A = (ai:‘}y i,j=1,2, 5T,

/MMWN\{
< e )
=
/MMW i,
O .o
o}

s when eliminatinz vy, and v, and express-



and consider the system

17
b4

(34) = Av + b v dt, (0) 0.

dt

4
f
G

where all the components in b are non-negative.

for v is

~Ag
b (

‘?
o
of order of integration yields

£ t
rd " _As
[ f ot
5t

ykdt) ds.

(36} v o= et ds) b yy(tl}dti.
At ;A
. - . At 4 \ S
The matrix function e f e ds enters as
T
- \ . . L., ; A{T—Lq )
The derivative with respect to £y 1s —e ( Li/s
iNy]

Simllarly, when ws consider qu dt we cbtaln

T £
I
(37) J eAt( f}%%t,tl)b yk(tl)dtl> at
° o
T T
== f (J eAt ‘ % ’ .
o Nty \‘f(t,’lﬁ)dt Io) Yk(ﬁl)dm-

Since

P~380
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The expression
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T
“ 5o
(38) e J eMTWltieaat = T e,
ty
7 -
At Y
+ e dol.. 4t
<, 2%
2
=0 [ ePleta) g
Ty

we see that everything depends upon the signs of the elements of

eAt. We have, however, in § 6, demonstrated that all the elements

R s At . . .
will be positive In e"” if a; > O for i £ ;.
Using the above results and the previous techniques, we may

1

estavlish that the solution to the maximizatlion problem has the

b

same general form for all dimensions, namely ,

(39‘) Yo = £45 O < £ <8,
-0, 5, <t <T, k=1,2,",n

=~
!

The computation of fthe numbers Sk is laboricus but straight-—
forward.

Let us observe, finally, that the simplicity of the above
result is due to the fact that we assumed all the coefficilents
were non-negative. Actually, all that is required is that

a3y 20, 1 %+ J and that

s 2 0, J=1,2," " ,n.
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In the general case where the ay4 are both positive and negative,

the problem will be much more difficult.

68. Quadratic and Linear Iunctionals.

If elther the cost of control or ﬁhe'cost of deviation is taken
to be a linear functional, and linear constraints of physical origin
are introduced, the complexity of the problem of minimizing the
total cost 1s greatly increased. Essentially this is due to the
fact that unrestricted variations are in general no longer permissible.

The problem now requires a combination of classical variational
techniques and Neyman—Pearson—type techniques blended in an adroit
manner,

Qur first result is

Theorem 5. Let x be the absolutely continuous solution on [0,T] of

m

N

§§’= - %X + T, a.e., x(0) = 1. Then the minimum of — {1—x)24¢
T o
subject to fdt ¢a <T, 0 f < M(¥M>1) is furnished by
o
0 t < log {1/1-3)
(1) f(t) = -2 log (1/1-24) < t < log (1/1-2) + a/1-x
0 log (1/1-A) + a/1-% < ¢,

where A 1s determined by a transcendental equaticn given below.

The minimum of é@ (dx/dt)%dt under the same conditions is furnished
o

by

f&(tﬁ—b)z + PO(t-b) t <D

(2) £(t) =
0 bt<T
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wherqj‘,f, b are determined by transcendental equations, given

below.

Proof: Let & denote the subset of Lz (0,T) of all f for which

0L f <M, \f f dt < a, which is weakly compact. Since

S
5
5 o~ -t
(3) x{t) = e v, et J eSf(s)ds,
0
the mappings f —> 1-x, f —> dx/dt = —x + f are weakly continuous

SO that the images are weakly (hence strongly) closed convex sets

and have unilque elements of minimal norm. Since each mapping is

easily seen to be (i1-1), in each case there is a unique minimizing f.
Let f_ minimize J(f) =~f(1_x)2dt, and for f in 8§

let £, = (1-2) £, +Af, 0L AL 1

E

) ey =an,) = (1 { [ (s)man(s) Jas)zac.

Since $(0) must be the minimum of ¢ on [0,I], we have

(5) 0<$(0) =2 {(1x,)( tf (£(s)—£(s)ds)at
t
. £ —£ { S . t .
where x, (t) =e” + e J e’f (s)ds. Since clearly ¢" > 0, this
O
condition implies J(f ) = $(0) < ¢(1) = J(f). Thus f_ is the unique

element of 8 for which

£ T t
T ~
p 0 (1x)e™ [ e® )ds at > ~f (1-x_)e™" J e®f(s)as at
(O) 8} O o] o]

for all £ in S. Interchange of the order of integration ylelds
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T T i T
() Sf fo(s){%s gr e_t(l—xo)dg}ds > gﬁ f(s) [}S gﬂ e“t(l—xo)(élds

T
so that f_  maximizes (f,KO)=%ffKods, over 8, where
T
s [ -t
v

(8) Ko(s) = e e (1—x,)at

8

(which of course depends on fo), and the determination of fo appears

as a problem of the Neyman-Pearson type.
Before we pursue fo further, note that for > 1, T g‘u((a.e)
implies x < &, with strict inequality for & > 1 (in particular
x(t) < M); for etfo(t) = d/dt(etxo(t)} S}Xet and thus etxo(t) -1
so(et —-a(_<_g(et —~ 1. Also K_(t) = ® on a set implies, as one sees
by differentiation, that x (t) = 1 — & = f_(t) (a.e) on this set.*
With these simple facts in mind we can now deduce several Tacts
about K, which will determine f_ . First E = {%: Ko(t} > 0?} 1% non—
void; otherwise, since clearly fo(t} = 0 {a.e) where Ko(t‘3 <0
and fo(t) =1 — 0 = 1 where Ko(t) = 0, we should have x, (t) <1
and not identically 1 (since, if x_(t) = 1, then fo(t) = 1 a.e. and

7 T
J £, dt > a) so that K,(t) = et¥fe_s (1-x_(s))ds > O for some t

o]
despite the assumption that KO < 0.

Secondly, the measure of the non-void set E (which 1s open since

K, is continuous) exceeds a/M. For if this is not the case those f

in 8 which maximize (f,KO) have f(t) = M for t&E; in particular,
since fo(t) =Mon E, K, is twice differentiable in E and

Ly

KL (6) = Ko(t) — (1-x,(t)), Kg(t) = K (t) + x1(t) = K (t) + M — x (¢t).

T
%Bbrmé4;=f€4(Lﬁow)MSandtmm gﬁt)=],—d=e
t

+ e~ ¢ \fesfo(s)ds, 80 (1--0()et = e fO(t), a.e.
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Consequently K has no maximum on EN(0,T) {(at such a maximum t
K,(t) = ©0 and O Z_Kg(t) =M —x_(t) > 0). Thus K, is monotonic
on components of E, and, as is easlly seen, if t&E then either
[0,t] is contained in E and K is non-increasing there, or [t,T]
is contained in E and KO i1s non—decreasing there. The latter can-—
not be the case since K_(T) = O; neither can the former, since
then 0 > K(’)(O) = Ko(0) — (1—=x_(0)) = K,(0) > 0, and we come to

o
the contradictory conclugion that E must be void, so that the

measure of Ef:Ko(t) > O} s ii~t:KO(t) > Oi}i > a/M.

1

Since this is the case, there 1s a non-voild set of/a> 0 for

which | {t:K (t) >/%}] > a/M; let A be the sup of these/a. Then

A

| {eKo(8) 2 23] = Iﬂ{th t) >3] > a/M and | g_tr: (t) >9@5} < aM

since {t K (t) >;X31s the union of an inecreasing sequence of

sets { t:K, znf% > f} eachof which has measure < a/M. In view
of this last fact every f in M maximizing (f,K,) has value M in
ft K >7§ and by exactly the argument used in the previous
paragraph we find this set 1is void.

Thus, setting E = {gzKO(t) = = sup Ké} , IE] > a/M and any

f in M maximizing (f,KO) vanishes outside E. Since Xq is strictly
decreasing where f, vanishes and assumes the value 1 - on E,

the closed set E must be an interval [t;,tz], and clearly

ty = log (1—?\)_1 since xo(t) = e_t, t < t;. Now it is obvious
that any f which assumes the value M on a subset of E of measure
a/M and zero elsewhere maximizes (f,K,), so that the maximum 1is
MAaM =2a; (£,,K;) =Aa = (1-2) A [E|l, |E| = a/1-7 and we see
that fo has the form indicated. We obtain an equation for A from

K(tz) =2, x(t) = (1 ?\) f2~% (ror t > ta) which yields as the

equation for A
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T—35 T ~1—5 T
(9)  3/2(1=2) =1 — (1-A"L e + 1/2(1=0) "7 e

The minimization of J(f) = f (dx/dt)2dt over 8 can be
)

achleved in the same manner, as we shall see. Let fo minimize
this functional J and set f,= (1=A)f, + Af, $(N) = J(fﬂ),

OLAL 1 or

T t
(10) = (=Nt (£)+ar(t)—eteT f esﬁl-ﬁ)fo(s)+zf(sﬂds)2dt
@] O -

for f&8. Once again we have

7
(11) 0 < o'( 2 j (£ —=x ) f(t‘,_fo(t)_.e“t J es[f( )—f _( )]ds)dt
o] (o]
and £, as the unlque element of § for which
T %
-t | s
(12) J (2,x0) (=™ ] €% (a)as - £())oc >

j(f x_) (e f e®r(s)ds—£(t))at

for all f in 8. 1Interchange of the order of integration yields

T T
(13) j f‘o(S) (es ! e—t(fo—-xo)dt — (fo(s)—xc(s);}ds >

0O

m
i

f £(s)

O

T
s éf e O)dt — (fo(s)——xo(s);]ds

M T

so that fo maximizes the inner product (f,KO) where we set
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T
(1) Ky(s) = xy(s) — £ (s) + & Sf et (r.—x_)as
for all s. K need not be continuous in this case, of course,
but KO + fo is, and this may be used to provide the analogues
of the previous arguments.

Suppose first that K (t) £ 0 a.e. Since f, maximizes
(f,Ko), £f,(t) = 0 on all but a subset E of {t: K (t) < Q:}of
measure zero. If we decrease f_ to zero on E (so that by (14) we
increase Ko) then for the altered and clearly equivalent fo and
K, we have fo(t) = O whenever Ko(t} < 0. Now for the altered K
we have i%!Ko(t) < O} open, for otherwise we have tn —> £,

K (t) < 0 and K (t,) = 0 so that K (t) + £ () = K (t) <O £ K, (t,)
+ fo(tn), which would contradict the continuity of K, + f_ guaran—
teed by (14).

Since f_(t) = O on this open set K  is continuous and dif-

ferentiable on it, and 7

Ké(t) = xé(t) + et gﬁ e“ﬁ(fo—xojds m(fo(t} ~ x,(t))

= xé(t) + Ko(t) = fo(t) - XO(t) + Ko(t)

K (t) - x,(t) <O.

Suppose (t;,tz) is a component of this set. Then tz=T, for other—

wise, since K, is decreasing on (t,,tz), Ko(tz—) < 0 and Ko(tz)
I

K (tz=) — £ (tz) < O so that tz would be in }t:Ko(t) < oj}. Thus

the set must be an interval (b,T] (the same argument shows T is in

*
From this point on we shall think of f_ and K, as specific func—
tions and not as equivalence classes of functions differing
on sets of measure zero.
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the set) although KO(T) = xO(T) > 0. Thus we cannot have
K, < 0 a.e., or | {t:Ko(t) > o?l > 0.
Now as in the first minimization we can assert that
| {t:Ko(t) > O}! > a/M. For if this is not the case then £,(t) = M
a.e. on {t:K_(t) > o} , 80 that in increasing f_ to M on all this
set we decrease K, and obtain equivalent f,» K, for which fo(t) =M
whenever K (t) > 0. For this new Kys t: (t) > O} is open;
[ o]
otherwise we would have t, —> t, Ko (t,) <0, K,(t) > O and thus
Ko(tn) + fo(tn) < fo(tn) <M< Ko(t) + M = Ko(t) + f‘o(t), contra—
dicting the continuity of Ky + fo' Now Ko is differentiable on
this set and Ké(t} = £,(t) — x () + K (t) = M — x,(t) + K (t) > 0,
80 that KO is strictly increasing on its components. Consequently
if (t;,tz) is a component, then Ko(tg—) > 0 and since, by continu—
ity, Ko(tg——) + M=K (t) + £ (), Ko(tg) = K (ta=) + M — f.(t2) > 0,
and we must have t2 = T, and indeed T in the component. Thus
{{:: Ko(t) > Oi = (b,T]. But then £,(T) = M and 0 < K (T) = x, (1)
— M < 0, which is the desired contradiction.
As in the first minimization let A be the supremum of all
M> 0 for which [{t: K_(t) Z/t}l > a/M, so that | {t: Ko (t) z_/’\}!
> a/M and | ?t: Ko(t)j>}{}l < a/M. As before we can modify £
K, on a set of measure zero so that fo(t) = M whenever Ko(t) > A,
and by exactly the argument of the preceding paragraph we find that
for the modified K, {t: K, (t) >"7\} 1s void.
Thus we have an f_ and K, for which | {t: K, (t) =:1}] > a/M
and Kq(t) < A for all t. For this K, and f_ we have fo(t) = 0
for all ¢t in {f: Ko(t) <;X}outside a subset E of measure zero. Let
w modify (fo, KO) on E to form the equivalent pair (fo, KO) in
the following fashion: set E; = {t: t €E, Ko(t) + £,(t) gx},
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~l
~~
ct
S
i

5 F . "
Ko(t) + fo(t;, fo(t) =0 for teE,

>
o}

ot

I

A, T(e) = (t) ~ (A=K (t)) > 0 for tEE,.

7 5 ¥ % i7d . 3 Yy =
Then T_ + R, =1f, + K, Ko(t} <A for all t and £,(t) = O whenever

K (t) <A. Omitting the bars we can now assert that E = {-t: K (%) < A}
<

is open, for otherwise we have t, —>t, Ko(tn> = A, Ko(t) <A

and Ko(tn) + fo(tn) > 2> Ko(t) Ko(t) + fo(t). Moreover, for
any boundary point of E we have fo(t) = O since we have tn — t $E,

t,€E and thus K (t) =2 > Ko(tn),

=x (t

o) o

t T
n -
L)t e tfe (f,—x,)ds
n

t

I
ot
D_\}—a
0
!
"
-y
g
o
tn

Ko(t} = xo(t) - f‘o(t) + e

Now suppose t;, tz, t; < tz are in the complement of E and
N o m - P - 1 . N i
(ti1,t2) € E. Then since fo(ti) = 0, K, is continuous on [%q,tz],

and in (t,,ts).

KL(E) = x!(8) + K (8) = K (t) — x,(t)

so K (t) = Ké(t) - xé(t} = Ko(t) - x (t) — xi(t) = K, (t).

of

Since Ko(ti) = A, i=1,2, we have, on [ty,t2] ,
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1
A t—t to—t
K (t) = —t1 , Gle—
o) = — B (e Qb ),
. _ t,—t _—
and, since x_(t) = x_(t1)e on [t1,ta],
2 i
\ t—t ta—t ti—t |, t s \
(e Ly e@77) = x (ty)e"? + e e 7 (f —x_)ds
i+ etg_t1 o / £ e ) ]
T
A ~t ,  te2ty _ Jt-2t -8 .
11 et2_t1 (e + € ) Ao(t1>v + Ef e (fome,ds.
Differentiating,
Ia
- 2A
to—2t ti-2t -t
= - 2x (ty) ™! + x (t)e
1 + et2~l1 0 &
= ¢x2xo(t1) et12t |« (t )etimtemt
= — x_(ty) et1-2t
O
Thus
2N — 2
x, (1) = N 2 > A
© 1+ e”@¥1 1 + etl-'tz
ti—=t 2
xo(ta) = xy(sy)e®172 o 22 (.
1+ e"@ 71

These inequalities show that the components of E = {%: Ko(t) <:Z}
are separated by non-degenerate closed intervals contained in the
complement of E. But everywhere in the complement (since K (t) < A

for all t)
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T
A= KO(t> = Xo(t) - fO(t) + et 5 e

so that fo is continuous and thus differentiable in such an inter—

val and

Ne "

T
(xg(t) — £,(8)) &% & Ef e (r_—x_)ds,

e = (xg (1) = £3(8))eT — (xg(£)=1, (£))e™"

it

~t \
— (£, (t) =, ()
and xé(t) — f1(t) = ~Aor fé(t) = xé(t) +A= £ (t) - Xo(t) + 2.
Thus £1(t) = £1(t) — x3(t) = £,(8) — x,(€) + A — x4(t) =A> 0,
f

and since then o cannot be non-negative and zero at twc polnts we

must conclude that ¥ has one component.
We may now rule out the possibility that E has a component
(r,s), 0 < r<s<T, for then {t: K (t) = ﬁﬁcontains [s,T], and

since ' = A and £ (8] = O
ols,

t) = -?—,(t—s)2 + k(t—s) for t > s.

x (£) = G (t=8)2 + (k=2) (t=5) + x4 (s)

hence

A

A=K (T) = x (T) - £,(T) = —A(T-s) + x,(s).

But since X _(t) < K,(s) =) immediately to the left of s we have
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0 < Ké(t) Ko(t) ~ x,(t) for t < s and arbitrarily close to s,

80 that A K (s) > x (s), since K, is continuous on [r,s].

Thus since s < T, A> O,
SA(T-s) + x,(5) = A> x,(s) > x,(s) — A(T-8)

and we arrive at the desired contradiction.
Finally, then we know that KO = A on an interval[@,ﬁ], T

o
and X, are second-degree polynomials there satisfying fo(b) = 0,

x5(0) = 1, £} = x! + A; the polynomials
v 7\ 2 1 T )
£ (t) = —— (t-b)® + x(t-Db)

%o (6) = B (8-0)% 4 (k=A)t = 4= D7 + 1

evidently satisfy these conditions. One may now determine the
unknowns A, b and k from the conditions: x4 (0) = fO(O) -1,

b

Jfodt = a, and A= K (b), which yleld the equations

—Ab +k —A = Db —kb - 1,

= A b® - 1/2 kb7,

o
il

™
i

1/2 [:(k—?x)b - -%- b2 + 1] (1 + eQB"eT).
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%9. The Functional Max | 1-u |.

In both of the preceding problems we have found
min SF(X): a(x) < a} for two functions F, G on a set X; such a
problem has a natural dual, that of finding min {&(x): F(x) b‘}.
A simple and gquite useful relation between the two is furnished
by the trivial

Lemma. If x_ 1is the unique x

O

o furnishing min {F(x): G(x) < %} = b

then x_ is the unique x furnishing min {C(x): F(x) < b} < a.

Proof: Clearly G(x) ¢ G(x,) < a implies F(x) > F(x,) = b, so that

F(x) < F(x,) = b implies G(x) > G(XO).
The usefulness of the lemma is apparent in the following prob-—

lem. As before, let x be the absolutely continuous solutlon of

x'' = —x 4+ f, x(0) = 1, and consider minimizing
(1) max |1 — x{t)|
t
z
for those f&L(0,T) for which j f2dt < b < T. It is not at all
O

apparent that there is a unigue minimizing f in this case until,
utilizing the lewmma, we consider the dual problem. To minimlze

J? f2dt over the set F of all f& L, for which max [1=x(t)]| < a,
)

(or 1 —a ¢ x(t) 1 + a for all t) we are again seeking an element
f of minimal norm in a strongly closed convex subset of Lz, and

this element is unique. As we shall see, for 0 { b { T there is 2
T
~T, for which the minimizing f has | f2dt = b
o

unique a, 0 {a 1 —-e

so that f minimizes (1).
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Thus, we shall proceed to solve the second problem, f has

the obvicus property that
(2) (£,£) < (f,g) for g@F

as one can see from the fact that
(M) = [Ine + (1-Pell® = F(r,1) + (1-12(g,8) + 2A(1-2)(f,g)
has 1ts minimum at 1 Moreover (2) characterizes f, for if
.ﬁEF also satisfles (2) then
0 < (f=h, £-h) = [T£,£) — (£,n]] + [(h,h) = (£,8]] < O and h = f.
By means of (2) we may determine f on the open set where
1 —a<x(t) <1+ a, or

t

t
I .
1 e® r(s)ds < (1+a)e” — 1.

(3) (1-a)e® — 1 <
O

Indeed for each component 1 of the set we have a constant ¢ for

which f£(t) = cet in I . PFor let I be any closed subinterval

C
of I; then there is an n > O for which, on I,
t
(4) (1—a)et -1+ ‘Q< f e® f(s)ds < (1+a)et -1 —72.
o]

Now if for some g vanishing outside I we have (f,g) £ 0, (e°,g) = 0,
then f + 8g will be in F for |6] small since (3) clearly holds

(for £ + bg) for t outside I_, and holds for t in I, by (4). But

then we may choose the sign of & so that (f,f+8g)=(f,f)+6(f,g) < (f,f),
a contradiction. Thus (e®,g) = O implies (f,g) = O and f(t) = cet

in IO. Since IO is an arbltrary closed subinterval of the tpen

interval I, our assertion is proved.
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We must now resort to another variation—that of T. Let us
denote by FT the set we have called F and by fT the element of
minimal norm in this set. We note that we may extend fT to all

of (0, 00),by setting fT(t) =1 —a for t > T, and, for the

extended fT, ﬁrgﬁﬁ” for all T' > O, since, trivially for t > T,

(e®x)t = (1-a)e®, efxy(t) — eTxy(1) - (1-2) (e®=T) ana
xo(t) =1 —a + e ° [Z (1) -~ (1=a)] > 1 —a
T =T <
<1-—a+ XT(T) -~ (1-a) = XT(T) <1+ a.
From the minimal property of fp, if T { T then
- Tt T T

2 T op2 T e 24+ = 2 V2 )

Sfdet g_éf £2hdt < Sf £2.dt 3-3( fRdt 5§ £Tat + (1—a)2(T'-T).

Y

1t is evident from this relation that if Tn ~—>» T then %fm i is a
Lot s
sequence of elements of F, whose norms tend to the minimal norm.
A

But, as is well known, thils implies that iy ., } converges strongly
H o

{
~ n

te £, in Lo (0,T).

T

Now if a > 1 then f = 0 is in F.,, so that we need only con-

T
sider 2 < 1. 1In this case f = 0 is in Fj for T { T, = log 1/1-4a,

clearly, and this is not the case for T > To‘ For T > TO we have

xT(T) = l-a, for if this is not the case and t_ is the least t for
T

which J‘f@dtzo, then evidently setting f=0 on (t —€,t ) for
£

T
€> 0 small yields an element of Fp of smaller. norm.

a(.
The usual argument runs: If fnefh a convex set and

e — el = §gg li£l], then [|g £ 1|2 + || +£ ]]2 =
2l ]r 1% + 2]t 1% so that

e ~f,112 =2]le 112 + 2]|£,]1% ~ 41! ~112 <elle,il? + 2fif

- lwlfol,g —> 0.
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As a consequence of these facts we can assert that Xep is
non—inereasing for all T > 0. Obviously this 1s the case for
T < TO, and if this 1s not true for some Xm then wWe have t,t!,
0< t<t' T for which XT(t) < XT(t'); consequently this must
hold for two points t,t! in the open set where 1 — a < XT(t) <1+ 8,

indeed for two points in the same component I of this set. But
t 1 t

on I, f{t) = ce”, Xy =~ Xp + ce’ so that ¢ > O; consequently
Xp can have no maximum on I since at a maximum we would have
0= Xé = - Xp + cet

o> “é = xé, “+ cet =‘cet > O.

Inasmuch as XT(T) = 1 — &, X must then assume the valuve 1 + a

at the endpoint of I. Thus for those T for which Xp is not non-

increasing max x, = 1 + a, whlle on the complementary set max Ay = 1.

Now as T —> T we must clearly have X —> X, uniformly on
n L
any finite interval (0,K) for
T
1% (8) — xa(8)] = e ° Efes(f — £ )ds|
n 0 n
1%
2t . 1/2 1/2
<e © (= 1) (,f (fT - fT)zds)
o n
k3
2K 1/2 }n Y
< ( 3 ) (o (an - fT) dS)

where T; is the larger of T and Tn' Therefore, the set of T > O
&

where X is non-increasing and its complement are closed subsets

of (0, ). Since the former is non-void the latter is void, and

Xep is non-increasing for all T > O.
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The form of f; for T > T, 1s now clear: fT(t) = cet,

O_gt_(_é‘; fT(t)=1=—o(; §<th. Let us set & =1 —a. The

relationship between & and c¢ is found from the solution of
t

X' = —x + ce”, x(0) =1, that is
4 - t
(5) x(t) = (1 —§)e "+ e,

6  (1-fet v -«
T
If we denote by ¢{c) the value of tf £33t where
o
ot
) ce’, 0<t< é(c)
f(t> = ;1 P
L%, Sley<cegr
then
2%
(7) b(c) = c® —e—-—-——_2——¥—~1———+ =2 (T -‘?)
To find fp, we must now minimize ¢{c) over all c, where § and ¢

are connected by (6), and ¢ must satisfy the additional constraints
that x be decreasing and 0 < £(c) < T.

Clearly taking c¢c < O is inferior to taking ¢ = O, and ¢ > 1
yields an increasing x so that we need only consider 0 < ¢ < 1.

Differentiating (6) we obtain

O
I

%—(eé-— e_g) + % e§ — (1 — % )e"'g) _%EL

= % (b - e—f) + (ce% —) a&
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while differentiation of (7) yields
- 2% 2_2% 2y 4§
ptc) = c(e7 — 1) + (¢ —L ) 3o

(B8~ 1) = L (eF — o) (ce® 1)

il

= (&% — e“g)(ce'i - é— ceb — %—0()

(eg - e_g)(cei’ -0l).

1
2

Moreover, if we note that our non-—increasing solution X is, from
(5), a convex combination of two functions, it is evident from (6)
that € increases with c¢. Since ¢'(c) < O for ce“: <K, d1(e) > 0
for ce® >of, it follows that the value c* provided by c*eg* = O
will provide our minimum if £% { T; otherwise (since E}'increases
with ¢) ¢'(c) < 0 for all & < T and we must take £ = T. Now from

(6), (1= 5™ = zo(s0

* . *
(i"’g‘)g; =O«)
¢2 _2¢* 42 = 0
P — — 2 Ty M o % Py
and c¢c* = 1 1 —x=. Thus g*—log and we have
1 -V 1 =%
— e
(o) = B{F=e ot g
e’ — e
fGrTO=1og-—1—=—<T<1og x » and
X 1 - /1 -«
(1 - V1 -0@)e®, 0<tglog i g
fT(t)= 1 - 1—0(
o< » &t > log =
1 - 1 —¢¢

for all larger T.
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Consider now the original problem, that of finding an f

T
with bf f2dt < b for which max |1 — x(t)| 1is a maximum. From
0<E<T

the solution f to the dual problem Jjust obtained we see that

uﬁ f2dt is a continuous function of a, and for 0 { a 1 —~ et
O -

it is easily seen to be strictly decreasing with values T and O

fora =0and a =1 —e .. Thus for each b in the range 0 < b < T

we have an a, 0 < a1 ——-e"‘T for which the corresponding f

provides min max It — x(t)].
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