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SUMMARY

This paper presents a general dynamic model of an economy
and attempts to answer a number of questions dealing, for example,
with the feasibility of certain time profiles of demand, the rate
of substitution between economic activities taking place in dif-
ferent time periods, economic growth, and industrial cycles;
undoubtedly there are many more applications of the general
model. The solutions to the questions involve the application
of linear programming to a standard Leontief input-output flow
matrix and a capital building matrix. In addition the paper
proposes a method which is designed to reduce computation time

considerably.
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A LINFEAR PROGRAMMING SOLUTION TO DYNAMIC LEONTIEF TYPE MODELS

Harvey M. Wagnerw
I. INTRODUCTION

Much research has been undertaken in the past several years on the
uses of Leontief input-output matrices; applications have been made ranging
from industrial growth models to models of interregional dynamics to esti-
mates of structural changes in the economy 1—27, ZfE7, and Zﬁ§7. This paper
discusses a general linear programming formulation of Leontief type re-
lationships.

We assume that for any time period t under consideration, we have
a standard m dimensional input-output matrix of flow coefficients <I_A)t
whose Jj-th column represents the inputs from each of m industries needed
to produce a unit of the j-th industry's output; we assume available a
capital coefficient matrix B whose j-th column indicates the inputs needed
from each of the m industries to produce a unit of additional capacity for
the j-th industry. The economy may produce for final demand in a given
period {which is comprised of consumption and export activities), may
build additional capacity which is then available at later periods, and
may create stockpiles which may be used to meet final demand or investment
requirements in subsequent periods. The activities of the economy are to

be programmed for T time periods.

*

The asuthor is indebted to Fred T. Moore for suggesting the basic
problem and many of its applications, and to George B. Dantzig for
clarifying many aspects of the linear programming technique.
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Some questions we may ask of the economic model are:

1. Does a program exist which meets a specific set of final demands
over the T time periods? If so, is there an optimal program satisfying
the schedule of final demands? If not, what are the bottlenecks? What
capacities or stocks are in short supply?

2. If the economy gives up units of final demand in some pericd,
what can be gained in the way of increases in production for final demand
in later periods? What is an "optimum" program for building up future
productive capacity using present productive capacities?

3. How are our answers quantitatively or qualitatively affected by
the number of time periods considered?

The model below is an attempt to solve these and other related
questions. The next section describes the general characteristics of the
model and subsequent sections discuss specific applications and possible

modifications.

Ii. GENERAL FORMULATION

A. The Linear Programming Model

Consider the economy over the time periods t+ =1, 2, ..., T. In each
time period the flow structure of the economy is represented by a familiar
Leontief m dimensional matrix (I-A)t -- later in the paper, for the purpose
of simplification, the subscript t will be dropped, but all of the analyses
in this paper can take advantage of an (I-A) matrix which changes over time.

We also have available an m dimensional square matrix of capital
coefficients B. B is a matrix of non-negative numbers in which the j-th

column represents the inputs from each industry needed to build an additional
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unit of capacity for the j-th industry. If m is large and therefore the
amount of aggregation in B is small, certain rows of B may be composed
entirely of zeros (indicating that some industries do not feed into any
iﬁdustry’s building process). For this reason, B-l cannot be assumed to
exist.

ft denotes a vector of final demand required in time period t; ft
includes drains for private and public consumption, exports, exogenous
additions to inventories and exogenous capacity building.l/ We define an
exogenous amount of investment as the level determined by factors outside
the model -- the model itself determines the levels of inventories and
capacity building needed in addition to exogenous investment to meet final
demand requirements. It is envisaged that most particular applications
of the model will designate zero levels for exogenous investment.

St represents a vector of exogenous stocks which are made available
in time period t from the exogenous inventory building which took place
in period + - 1 {a part of:ft_l); Sl is the vector of initial stockpiles.

c, is a vector of exogenous capacities for all industries. cl is

t
the initial capacity status of each industry; for t > 1, ¢, may take into
account depreciation of the capacity Cys also for t > l,ct takes into account
any Lt* > 0, where t*¥ < %, that is, capacity built by exogenous considera-
tions in earlier periods.

The vector Xt represents the production levels of each of the m

industries in period t.

The vector ,fl specifies the levels of non-exogenous capacity building

E/Letting Lt be an m columm vector of exogenous capacity building, then

BLt is the amount of goods required from the m industries for this investment.
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in period t (i.e., capacity building which the program itself designates).

The vector Sy specifiies the levels of non-exogenous stockpiling in period ¢

(i.e., stockpiling which the program itself designates).

The vector uy specifies the levels of unused or surplus capacity in period +.

T denotes an m dimensional square unit matrix (1's along the main diagonal

and zeros elsewhere).

It denotes an m dimensional square matrix of non-negative elements which

are less than or equal to 1 along the main diagonal and zero elsewhere. A further
explanation of this matrix appears below.
It is reguired that
7 >
Tys Spr ey Xy s ut,AA% = 0
The linear programming modelg/is then:
Figure 1.
Activities
; , £ j g boe[8q £
R s Ky Ay Sy Wy Xy Ly sy ug eeeispy Ky Sy 8y
= p—— [ ————— Py T e e LD AT T '___M ot = s e 7»;.»:[ s gy ekl
£1-5, (I—A)l -B -1 | ,
¢y I I g |
- — ,‘fwA;
£,-5, I g(I—A)e -B -I ‘
c2” -I f% - {
£_-S I ! (I-A) -B -I
37 ; (1-4)
; i ;
03 "Il i ) —§ "'I ) i I I . . 1
. . j
. — . I I B —
fp-Sp ; I (I-A)T -B -I
Cr e ey | i S T I

’
g/There are, of course, equivalent formulations, some of which may be more
convenient to handle computationally. The one above was chosen for expository

reasons onLy.
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The model in Figure 1 is probably "too general" for any particular
application. BExamples of possible simplifications are: all (I—A)t are
identical; all ¢y are equal to ¢y i.e., depreciation and exogenous invest-
ment are eliminated; all S (except perhaps Sl) are equal to zero, i.e.,
exogenous stockplling is eliminated; finally all It are equal to the
identity matrix I. Actually It will differ from I if depreciation on
endogenous capacity building is to be taken into account.

The system of equations states that in each time period, drains for
final demand ft’ capacity building ,éé, and stockpiling S which are not
satisfied by existing stockpiles, are met by actual production in the m
industries at the level X . The program requires that the operation levels

t

Xt must not exceed exogenocus capacity Cy plus any capacity built up endo-

genously in previous periods.

The equations for the last time period are somewhat flexible. In
Figure 1 they appear in a form which parallels earlier periocds. In specific
applications, activities may be added or removed.

If we assume

Cp = ¢ for all t
St =0 fort>1
It =T

(I—A)t = (I—A)l = (I-A) for all t

the model in Figure 1 can be rewritten in the following neat form:
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Note that the models in Figures 1 and 2 are of block triangular form ZT27.

Usuvally Leontief models assume that the production of period t is
available to satisfy amy final demand requirements in period t; in other
words, there is usually no time lag necessary between production and con-
sumption (there is a one period lag in capacity building activities -- see
Section ITI.C). It is relatively simple to introduce, say, a cne period
lag in production for final demand; Figure 3 is a modification of Figure 2
showing how the lag is introduced. Also the effect of capacity building
may be lagged longer than one period, and if this is the case, the corre-
sponding columns of the identity matrix representing the result of capacity
building may be moved down several periods. Further modifications appear
in subsequent sections.

The generalized model consists of 2T equations and about bmD
activities, depending on the activities present in the last period and
those, if any, which might be added to earlier pericds. TIn short we now
have a dynamic Leontief type model in terms of a set of equations con-
taining wore unknowns than the nurber of equations. Hence one approach

to the solution of the system is through linear programming.
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B. The Difference Eguation Model

The linear prograrming model as it appears in Figure 2 has an exact
representation as a set of difference equations and in this form several
properties of the éystem.become apparent. We use the same notation as the
previous section in describing the difference equations. In addition, Ft
denotes the vector of goods which the economy requires from the m industries,
not including the interindustry flows:

L) F =ft+B’Zt+s -8

R . (gg = 8;)

t

Now F,_ = (I-A)X_b or

-1 =1 Vi 1
! = - = - A -
(1) Xy (1-4) F, (1-4) i:ft +BE + s 81
In any time period the capacity level Ct 1s the sum of the capacity
level existing in the previous period and any increase im capacity which

was undertaken in the previous period: £l

(2) ¢ =¢

+.4 or C.=c, + % “
t t-1 -l t 1 -

=1

By definition, unused capacity in a period is the difference between
available ceapacity and the capacity used up for production:
(3) ¢ - X =u

Analogous to the linear programming model, it is required that

-

ny

C,, X 0

(k) r Lo Spr Vs by

L
The restriction in (4) and the identity (3) imply that production may
not exceed capacity available.
From the system of equations we derive two relationships. The first
is trivial

(5) £ - x +u - C from (2) and (3)

A second less trivial formula for ¢£i is
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() 4, = [(x-0) + 3] Tl [ (£, -=) - (2, - s5.1)] + B4

|
t - -1 -1 _
+ (St+l - st),> + L(I_A) B+IJ (ut+l ut)

+1

The derivation of (6) may be found in Appendix B and assumes the
existence of !: (1-a)7% B+I] -1

As is also shown in Appendix B, (6) is exactly equivalént to the
relationship implicit in the model in Figure 2. From (6) it is evident
that new capacity building in time t is a function of the difference of
the final demands not fulfilled by existing stockpiles, the difference in
stockpiling, and the difference in unused capacities between period t and
t+l, and new capacity building in pericd t+l.

The requirement that Ii z 0O has certain interesting consequences.
Although it is well known that (I—A)_l contains only non-negative elements,
it probably is not true that E(I-A) + B] -t has only non-negative elements.

Suppose, for example, that the j-th column of [(I-A) + B:]El contains
some negative entries. Assume for the moment that

- St = U - u_t = 0.

(1) sy = sy =4y = S
ﬁow if the column vector (ft+1 - ft) contains a 1 in the j-th position
and zeros elsewhere, (6) implies that negative levels of capacity building
are to take place, which is contrary to the requirement xft z 0. Another
way of stating the hypothesis is that if an increase of one unit of final
demand in a single industry is wanted -- stocks and unused capacity to
remain unchanged and no building to take place in future periods =-- then
the model indicates to destroy ecapacity. This type of infeasibility actually
stems from all the assumptions in (7). The explanation in economic terms

is that negative numbers in the matrix | (I-A) + Bi "L mean & unit increase
i J

in final demand in period t + 1 is feasible only by depleting stockpiles



P-609
8-27-5h
-12-

or by creating new excess capacity in some industries. Hence if the
increase in final demsnd is to be feasible, all of the zerc equalities
cannot hold in (7); surplus capacity or stockpile levels must change.
Finally notice that the level of capacity building in time t depends
both on what happens in time t + 1 and also on what happened in time t - 1.
Specifically, had additional capacity been built (increasing ut) or mer-
chandise been stockpiled before & (increasing St-l)’ then capacity building
demands on period t could possibly be eased; similarly investment demands
in period t + 1 may cause production in t in addition to that for ft and
Sy - Because of both the forward and backward effects of the different
activities, a search for a feasible solution to a given set of ft's might
be very difficult using the difference equation method directly. By employ-
ing linear programming and the simplex method, E:l:} , searching for a
feasible sclution may become relatively easier.

We shall now take up several different applications of the dynamic

model and indicate the method of solution.

ITII. FFEASIBILITY MODELS

As the pame implies, a feasibility model deals with the question of
Tinding programs of industrial output for the economy which meet a schedule

of required demands. Figure 4 is another illustration of the general model

in which
ct =cy for all t
St =0 for t >1
It =TI for all ©

(J:-.A.),c = (I-A)l = (I-4) for all t.
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Ity

(1-8)t £, = X

An inspection of the model reveals that if Cy " "

for all t then feasibility is cbviously possible. Also if ¢, ? (I-A)'l (fl-Sl)

then feasibility is not possible. The case in which (IﬂA)_l £, for t >1,
exceeds the initial capacity cy presents the real problem for it is then the

economy must be able either to stockpile in earlier periods or to build capaeity.

“Also it should be observed that in a Leontief system it is not always
possible to completely utilize capacity in every industry by high precduction
levels. This fact is-made obvious by considering an economy in which
initially all capacity is being used and then suddenly new capacity is created
in one industry whose production depends on raw materials from other in-
dustries. The new capacity will go unused for an increase in preduction

in this industry requires inputs from other industries which already operate

k'S
3

%
at full capacity levels. Thus (1-4) ¢ = T may be infeasible, i.e., f

may not contain only non-negative elements.

Finally it should be noted that if in any period the vector (ét + ut)
contains strictly positive components, then final demand in any industry can
be increased by some amount. Even if some components are zero, final demsnd
in an industry having corresponding zeros in its column of (I-A)"l may be

increased.

A. Examples

The"simplest" feasibility model is a designation of T vectors of £, to
be met given initial capacity'cl, and stockpile Sl; a linear programming
technique is to be employed to find a feasible solution. As is ususl in
linear programming problems, a feasible solution may not be unique.

It is easy to go one step further and try to find some sort of "best"

feasible solution. For example, a manpower input figure may be associated
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with each productive activity; the "best" solution may then be defined as
the solution which minimizes manpower input. Or a dollar revenue figure
may be attached to some of the activity vectors and then the solution which
maximizes revenue is defined as optimal.

Another variant is maximizing the level at which a particular activity
is employed (or a conmbination of levels at which particular activities are
employed).

As a first 1llustration, consider the recent attack for solving
feasibility problems through stages, starting at a trivially feasible pro-

gram of f,'s and then successively increasing the levels of some of the

t
components of the f%'s until infeasibility occurs. Such a procedure implies
to some extent a preference ordering which determines at one feasible
solution what it is desirable to add next to the requirements. An approach
to this problem by linear programming is to begin with a trivially feasible
solution and select what component of an ft, say that in the i-th industry,
is to be increased. A vector is added to the activities with a minus one

in the i-th position of the chosen pericd; a price of 1 is placed on this
vector, all other vectors having a price of zero. By maximizing “profit"

in the linear programming sensei/we accordingly find the maximum level at
which the new vector can operate without destroying feasibility. We may
then increase the level of the i-th industry in the chosen period by an
amount not exceeding the maximum found, and search for the maximum amount

by which we can increase output of the next selected industry in some

chosen time period.

3/ Let X denote the column vector of levels at which all activities
operate in a feasible program and let p denote a row vector of prices
associated with each activity; then pX is defined as the profit of the
program.
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Because of the usual size of such linear programming problems, it does
not seem likely that in the early s%ages one would employ this method by
merely imposing increases in single components of ft at each try. Increases
by "jumps" rather then "steps" would seem to be more practical. The determi-
nation of "jumps" is facilitated by the rigidity of the input-output re-
lationships. In general, if we find any vector v (i.e., not merely a vector
with only a single non-zero element) can be introduced at a certain level o
at time period t*, then we know from the colums of the matrix (I—A)"l how
mich we can increase different components of ft*’ viz., letting E;* represent
our desired increases in ft*’ the increases are feasible as long as (I-A)-l %t*
is componentwise less than ov.

Hence in the earlier "jumps" we might select a composite vector v
(which may even extend across different time periods) which is to be intro-
duced at a maximum level. For example, if it is desirable to increase the
output of three industries in a particular time period t*, and the increases
are to occur in a certain proportion, a composite vector which is the sum
of the corresponding vectors in (I-A)-l, weighted according to the specified
proportions, may be introduced as an additional activity for period t*.

Then the linear programming problem is to maximize the level of this
composite activity.

A drawback on the above approach is that after determining the maximum
level at which the composite activity may be introduced and the corresponding
components of f_b are accordingly increased, it may still be possible to
further introduce at a positive level a composite activity which is the
weighted average of fewer columns of (I—A)-l. When this aspect becomes a

real drawback, the process must go back to working in "steps”.
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A second illustration of the problem of maximizing the level at which
a particular actlvity is employed is found in the realm of military plan-
ning. Suppose government planners, after having determined a minimum
level of f_t to be allocated to civilian consumption, wish to utilize the
remaining resources of the economy so as to maximize the amount of munitions
production possible. Let the activity of munitions production be repre-
sented by a vector bundle of inputs needed from each industry. Then this
activity may be Introduced in each period and the linear programming tech-
nique can be used to answer certain maximization problems. If planners
are only interested in obtaining the maximum amount of the munitions mix
over the T time periods, the problem is solved by putting a unit price on
the munitions activity, which then need only be introduced in the last
period, and by maximizing the level at which the activity operates. If
it is not simply the total amount of the munitions mix over T periods
which is tc be maximized because of different time evaluations of munitions,
the planners must place relative prices on units of the munitions bundle
available in different time periods (i.e., mist set a discount rate over
time for munitions) and then maximize profit in the linear programing
sense. Note that the requirement of having to price a certain activity
in different time periods is not a weakness in the linear programing
approach but is inherent in the problem itself. In most cases, an increase
in consumption at one period implies a decrease in the potential level of
consumption in later periods because of the interrelations among the
activities over time. A condition that the vector representing the
munitions bundle operate in each period at some minimum level can of
course be easily handled by incorporating this minimel demand into the

f

+ vector requirements.
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As a third illustration one might be interested in maximizing the
operating capacity or level of a stockpile of a certain industry at the
end of T time periods. If the capacity of industry Jj at time T is to be
as large as possible, the linear programming problem is set up by putting
a unit price on the j-th colurmm of B in every period and then maximizing
the profit. If capacity created in one period is more valuable than capacity
created in another period, instead of a unit price being placed on the vector
in B for all time periods, a price should be affixed which corresponds to
the time evaluation of capacity. A similar approach is used to maximize
the final amount of a stockpile (a positive price is placed on the desired
stockpiling vector in the final period). If capacities (or stockpiles) in
several industries are to be "maximized" a problem analogous to that of
munitions production arises, viz., relative prices must be placed on units
of capacity (or stocks) in the different industries. Since it is likely
that building units of one type capacity drains resources which could be
used for building units of another type of capacity, it is not possible
to solve the problems of increasing capacity in several industries inde-
pendently; relative evaluations of capacity must be made to arrive at a
"maximum” solution.

As a fourth example we might consider varying levels of ft' There
are several possible formilations of this problem: consider the case of
not making any specifications about ff but including in every time periocd
for each industry a unit vector activity whose operating level represents
the drainage for final demand in that industry. Each of these vectors is
given a price and the linear programming problem as usual is to maximize
profit. This formulation does not seem too useful because it may turn

out that some components of ft are zero for certain time periods. Another
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approach would be to specify minimum requirements (handled in the same
manner as a specified ft) and to maximize profit by pricing the unit
vectors according to the values of componentwise increases in ft over

the minimum specifications. But even this formulation has the difficulty
of needing to decide upon relative prices for each unit vector. To over-
come this difficulty, one might introduce a single vector representing a
product mix for consumption in the civilian sector; the method of solution
of the problem now is identical with that for the munitions mix.

As a final example let us examine the capacity aspect of feasibility
models. Suppose a given set of final demands ft are required and it is
desired to know the "minimum" amount of eapacity needed to attain the final
demand schedule, i.e., to find a "minimm" c, vector which assures feasi-
bility. The quotations marks on minimum indicate that there are many
vectors of capacity which assure feasibility but probably no vector which
is componentwise less than or equal to any other feasibility producing
vector; in other words, it probably is the case that a unit more of one
type of capacity and o units less of another type of capacity are substi-
tutable insofar as feasibility is concerned. Hence relative prices on
capacities are needed to obtain a "minimum". In this example, Figure L
is altered to have a zero vector in place of the ¢ vector and m new
vectors are introduced: +the j-th vector has a -1 in the j-th position
of the capacity equations of each time period and zero's elsewhere.

¥From a planner's point of view, it is probably not of much interest
to know a "minimum" amount of capacity needed for feasibility of a certain
set of final demends, but rather the "minimm"” amount of increase over
existing capacity which is needed. For example the government, desiring

that a certain schedule of ft's be feasible if the economy is placed in
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war, wishes to know how much capacity in addition to that which exists
should be built in a prewar mobilization period. A "minimum" criterion
for building of new capacity might be easier to define in this case, i.e., -

relative prices on capacity building might be ecasier to determine.

B. Numeriecal Sclutions

The method by which a general linear programming problem is solved
is well known and therefore shall not be repeated here Z_l7. The important
restricting factor in the solution of large scale problems by high speed
computing machinery is usually the number of eguations to be satisfied in
the system, i.e., the number of rows in the linear programming matrix. A
computational rule of thumb is doubling the number of equations in a problem
increases computing time eightfold. As has been noted, the general linear
programming model in this paper contains 2mT equations. This section dis-
cusses a suggested formulation which reduces the model to only ml equations.

First suppose we consider a model which has no stockpiling activities.

Then a vector fJG which has strictly positive elements is satisfied by
(I-A)Xt Where Xt is strictly positive. The difference equation representa-
tion of the Figure I model without any initial stockpiles or stockpiling

activities is

o

(8) f, = (I-A)X_b - B,
(9) Cp = X +uy
é 2
(10) Ao vy O G, £ >0

The restrictions in (10) and the structure of (I-A) imply in this

model that X, > 0. Multiplying (8) vy —(J:~--~A)'l and adding the result to
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(9) we ge‘cy

C

3 (1-8)7B £ + u

(11) - (I-A)'lft

Bquation (11) states that capacity which is left over after production
for final demand has taken place is allocated between investment activities

-1
and unused capacity. The vector (I-A) B-fl is interpreted as the total

£ .

A We may

réquirements for all industries to accomplish capacity building
now set up the corresponding linear programming matrix from.(ll) in which

XJG does not appear explicitly, Figure 5; we also eliminate the Xt by use of
equation (9) in the maximizing form, and the corresponding solution for this
mT row matrix will be exactly equivalent to the solution of the original

2nT row system (without any stockpiling activities) since the only set of

variables not explicitly appearing in the new system is the Xt and the
system itself insures that Xt > 0.
Figure 5
~ .
Activities - o
oAy e <2 Yo -3 "3 by
ST ""’"""’"j’:"“ “"7 """"‘“"‘-“‘ Sy S iy O DI T T _‘_; Sl T ST T Simststabihenivivti oo
e ~(1-0) e, | (T-8) s 1
c -1 -1
-{I- - - B
1 -(I-8) 771, I (1-4) T
c,~(1-8) s -1 -1 (1-0)4B 1
3
R - ; - -:T [ S .W“S;__m ,,,,,
J/ i 3 ‘ .
B! o i

Ii/éince the result of the operation has a meaningful interpretation

economically the guthor has chosen to multiply by —(I—A)-l. In a genheral
problem if (I-A)™Y does not exist, equation (9) may be multiplied by -(I-A)
and added to (8) for an analogous result. The latter approach in any case
is probably an easier model computationally to use for it eliminates the
need for finding the inverse. The latter approach was suggested by G. B.

Dentzig.
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The same type of elimination can be made in the general system and
appears below, but in the general model with initial stockpiles and stock-
piling activities there is no automatic mechanism which insures that the
solution to the abbreviated system will be exactly equivalent to the solution
of the whole system; in other words, it may turn out that the solution to
the abbreviated system may not satisfy Xt 2 0. We shall consider the
abbreviated system in further detail.

We can derive a form for the entire system which is similar to Figure 5

by multiplying in each time period the final demand equations in Figure 4

by - (I—A)_l and adding to the result the capacity equations.é/

Figure 6.
; ’ Activities
i V7 7] I Ve
; ; 4 | &
it 4 51 “1! X A Sy Vo A3 A °3 "3
e SN T § S i e R e - } - T T e s S R S SR TR s e S E © T 2 T —
-1 | -1 1 )
cl-(I-A) (fl_sl) (1-A) "B (I-A)" I
c:L i I I :
e, ~(1-a)" £, I (At (@) ()t
c -I %I I
1 : i
Rt SN ok e e
cl_(I.A)'l f3 -I ; -1 -(I-A)‘l ' (I-A)‘lza (I-A)'l I
ey -1 g -I T I
,,,,,, e 1} i —_ —
| LA L ;“ - N N\
d : L !

2/ See fn. k.
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The first set of equations in a time period states that the sum of
initial capacity, previously built capacity, and previous stockpiles not
used up for final demand production equals the sum of resources allocated
to capacity building, new stockpiling, and slack capacity; thus the first
set of equations is a mixture of capacities and stockpiles -- such a mixture
is sensible from the point of view that consumption demands may be met from
either stockpiles or current production. The second set of equations repre-
sents the ordinary capacity relationships.

We will distinguish two cases for the linear form, the first being a
special type but with wide application, and the second being the most general

type of linear forn.

1. The maximizing form contains zero coefficients for all Xt’ Uy and. -

for s t < T.

.t)
. iy :6/ . .
First note that if Sl = , the solution to the abbreviated system

yvields the same "meximum" value as the solution to the whole system. If

on solving for Xt a2 single component in a time period appears to be operating
at a negative level, the corresponding stockpile must have been reduced by
the same amount, for such a reversal can arise only through depletion of an
existing stockpile. Since Sl = 0, the stockpile must have actually been
produced in earlier periods. Thus it becomes easy to correct this type of
infeasibility: alter the abbreviated program so as not to produce the stock-
pile; hence the raw material inputs are saved for later use. In the period
in which the particular component of Xt was negative, set the component equal

to zero and the needed raw materials which were previously "produced” by

running the activity backwards now are available from the inputs saved from

é/Or if initial inventories are to be maintained as minimal stocks
throughout the system. ’
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earlier periods (see Appendix A). The previous analysis generalizes to the
more complex case of several components of Xt in a time period appearing to
operate at negative levels.

Now assume the existence of initial stockpiles. Tf the system is such
that componentwise Xt 3 O for all t in the optimum program of the smaller
System, then the smaller system yields the same result as the larger parent

model. TIf in period t* the computed program reverses a single activity,

before a simple adjustment in the program can be made to restore feasibility
of the whole system. TI¢ the j-th industry before t* hag not operated in toto
at least at a level ¢, then considering only the first set of equations
yields a truly infeasible solution in the entire model.

If in t% the computed program reverses more than a single activity,
then the industrieg may have each Previously created a stockpile which is
depleted to meet the required input implied by the negative production
activity Llevel, and the above Drocedure for restoring feasibility by not
producing the stockpile andg saving the inputs is adequate; in the event that
the input of one reversed activity is made available from the "output” of
ancther reversed activity in t*, it may involve g more complex anélysis to
determine whether feasibility ecan be established.

2. The maximizing form is unrestricted.z/

In the case of a maximizing form not meeting the assumptions of 1.
above, an abbreviated system may still be used. The Xt variables, solved
in terms of cl,~i%, and u by use of the capacity equations in Figure 6, can
be eliminated in the maximizing form. The elimination will then alter the

Z/;I'he' results in this baragraph were pointed out to the author by
Harry Markowitz.
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previous prices onft and v, in the linear form. If on maximizing the new
form in the abbreviated system and on solving for Xt in the capacity equations
it turns out that Xt = 0, the program is optimal for the entire systen.

It should be noted that since any feasible solution for the larger
system will necessarily be feasible in the abbreviated system (the abbrevi-
ated system was derived from the larger model), the abbreviated system yields
a result at least as good as the entire system. Unfortunately the abbreviated
system may yield a "better" solution than the original in the sense of a
larger maximum value. The "better"” solution occurs through letting some
compenents of Xt become negative, i.e., the reversal of an economic process
wvhose inputs are actually drawn from stocks which initially exist. Hence
for a correct solution, the values of Xt must be adjusted so that all
components are non-negative; the adjustment in any particular case mey be
able to be done by sight or in any case by the Dual Simplex Algorithm Zf37.
The question of desirability of using the abbreviated system hinges on whether
the Xt will all come out non-negative and if not whether the effort involved
in "cleaning up" the solution by sight or by the Dual Simplex Algorithm is
greater than that needed to arrive at a direct solution of the larger model.

If in most models containing initial stockpiles the requirements of
Ty are sufficiently large or the economic processes are not reversed because
of the initial stocks so that each industry operates at a non-negative level,

then the abbreviated system yields a significant reduction in expected

computation time.
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C. A Static Model

Fred T. Moore has suggested a static version of the general model which
examines feasibility of a single vector of final demands f. The model
specifies vectors of final demand f, existing capacity C, and existing stocks
S for Jjust a single period to be considered. If f is so large as to require
in at least one industry more resources than the available stocks and capacity,
then new capacity must be built and we assume that this capacity is available
in the same period. But the activity of bullding new capacity requires the
further use of stocks and capacity, hence employing a building activity uses
up somc available resources and may create new bottlenecks which subsequently
must be eliminated. Thus the problem resolves in whether the feedback

generated will ultimately subside. Figure 7 illustrates the model.

Activities Figure 7.
X Z u
g £-5 (1-A) -B
5 ‘
@ ¢ I -I I
5
e

Transforming the model as we did earlier in this section we have

Figure 8.
Activities
X L u_ |
-1 -1
C-(I-A) ™ (£-8) (1-A)~ B-I I
C I -T I

Equations
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First note that if say the j-th component on the left-hand side of
the first set of equations is negative and the j-th position of the Jj-th
colum of ':(IrA)—l B—IJ is not negastive, then the vector f is infeasible.
The economic interpretation of the non-appearance of a negative entry 1is
that it takes in toto more than one unit of capacity in the j-th industry
to increase capacity of the j-th industry by one unit; if such a condition
occurs then obviously a program requiring building capacity in the j-th
industry would not be feasible since building a unit of capacity in an
industry whose capacity is in short supply takes & > 1 units of capacity
and to build a it takes B > ¢ units of capaclity, etc., the process never
converging.

The gimplex method maj e used to test out feasibility of such a model.
Appending an additional set of activities might produce mére useful results.
Any schedule of f is feasible if importing is allowed -- in mathematical
terms, if we add the vector of activities M, importing, which appends an
identity matrix to the first set of equations in Figure 7 and in Figure 8
appends —(I—A)_l to the Ffirst set of equations, we guarantee the existence
of feasibility (see also Section V). We choose a vector of import costs
corresponding to the activities M and employ the linear programming tech-
nique to minimize total costs. If f is feasible in a closed economy, no
importing will take place (cost is zero); otherwise the resulting program
will indicate which of the imports are necessary (of course, the amounts will
depend partly on their relative prices).

The computational method suggested above in B. of considering only
the first set of equations can also be employed here. In this case a
variant on Figure 8 is suggested in which the X activities are eliminated

by use of a transformation with (I-A) rather than (I-A)—l (see note k).
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Figure 9.
Activities
X 2 u M
g (£-8) - (I-A)C (I-A)-B -(1-4) I
(e}
P
g C I -1 1

IV. RATE OF SUBSTITUTION (OR TRADE OFF) MCDELS

Economists are often interested in the general question of what is
the trade-off between different production activities, i.e., by how much

8
can the level of one econcmic activity*/be raised from the resocurces freed

by lowering the level of another activity. For example, in a given year
one may want to know how much additional petroleuwm can be produced 1T the
production of coal is cub by a ton? Or one may wish to know whether a one
ton reduction in steel producticn in a year can free raw materials and
capacity so as to allow for the production of more than one ton of steel
in following years. Considerations of this type will be grouped under the
category of substitution models; we shall next indicate how the general
linear programming model set forth in Section IT can be employed to fiﬁd
rates of substitution among economic activities.

A nearly trivial problem is finding the rate of substitution between
activities in the same time period. Since the j-th column, say, of (I-A)_l
indicates the ampunt of resources from every industry needed for a unit Ofr
production for final demand of the j-th industry. knowing the final demand

to be decreased, we know the resources freed in each industry, and knowing

8/ "Aetivities" in this section are the same as those in the previous
section: direct production, capacity building, and stockpiling.
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the final demand to be increased, we can easily find the amount of increase
which is possible from the use of the freed resources. The only qualifica-
tion to be noted in this and the more complicated substitution problems is
that the amount of increase found is the minimum inerease possible; in other
words, it is the increase if the only resources which can be used are those
freed by the decrease in final demand in the one industry. If additional
excess capacities or stockpiles exist in certain industries, an even higher
increase may accrue.

A computationally difficult rate of substitution to obtain is one
between activities in different time periods; the linear programming model
is well "eguipped" for this sort of analysis. The statement of the general
problem is: at the economy's disposal are the resources freed by decreasing
final demand in the j-th industry; more specifically, the economy may
)=l

allocate the vector of capacity given by the j-th colum of (I-A
Depending on the problem, this capacity may be available for the first
period only or for all or part of the periods under analysis. It is in
the last period we wish to know at how high a level some particular activity
can operate. Again depending on the problem, stockpiling may or may not be
included in The model.

First let us consider the Tormulation of the trade-off model without
stockpiling. The linear progremming matrix is a variant of Figure 5. If
the capacity freed in the j-th industry is to be available every period,

then instead of %‘Cl - (I-A)“l ft} appearing as the left-hand columm in
Figure 5, we write the vector of available capacities specified by the j-th
colum of (I-A)™ . If the unit of final demand is to be released only in
the first period, then the j-th column of the inverse appears on the left

in period 1 and a zero columm vector appears in the remaining periods.
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In the last period we include the activity whose level we wish to maximige.
For example, the activity may be a colum, say the k-th, of (I-A)=l and its
level of operation is the amount of final demand for the k-th industry which
can be satisfied. A price of 1 is put on this activity to find its maximum
operation level, all other vectors being priced zero, and the linear program-
ming technique maximizes profit by the standard approach. HNote if the activity
to be maximized is also the j-th column of (I-A)'l and this column of capacity
is available for all time periods, then the activity can be operated at
least at the unit level in the last period. Tt is the increase over the
unit level of operation which yields the reward for not consuming in earlier
periods. In this model the maximum level found can be operated for all
succeeding time periods because it depends on capacity availabilities only.
The introduction of stockpiling presents certain complications. If
one is interested in the meximum level at which an activity can operate in
the final period and is not concerned as to whether or not the activity can
operate at that level in subsequent periods, then all stockpiling activities
in every period should be placed in the model and the model appears as in
Figure 6. It is possible that the maximum level found may be obtained by
stockpiling throughout all periods and at the last period stockpiles are
reduced to zero; if this is the case, in the period following the last cne
under analysis the activity level would fall, provided no new capacity is
made available from other sources. The method of solution is the same as
above, that is, a unit price is placed on the activity whose level is to
be maximized, other activities being given a zero price. If on the other
hand, one is interested in being able to maintain in subsequent periocds

the level at which the activity operates in the last period, then the
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maximum maintainable level can be found somewhat as before: place a
unit price on the particular activity vector, a zero price on the rest,
but do not allow stockpiling activities to take place in the next to
last period; thus the level at which the activity in question operates
in the last period depends on available capacity only (the capacity
once built can be used in subsequent periods).

The model probebly yields more useful results if it allows for
the creation of stockpiles which may be used in later periods for
production. The full model with stockpiling contains 2nl equations,
but a reduction in the number of equations to nT as was possible in
the feasibility models of Section III is also possible in trade-off

models, and is especially useful if initial stocks are at a zero level.

The results of the optimum programs which yield the trade-off
equivalences may be used in the feasibility models. Recall that one
type of feasibility model tried increasing the schedule of ft’s by steps
until an increase was no longer possible. The procedure started with a
feasible schedule of f

t

schedule of f,_'s (if one exists), presumasbly the smaller the number of

tests for feasibiiity had to be madé. Results of tréde-off models should

's; the closer the starting model was to the ideal

aid in setting up an initial feasible schedule. One approach which might
be used is sketched in the following example: suppose that we are
investigating a schedule of ft's over T periods. By using trade-off models
suppose we have also derived tables for t¥* = 1, 2,...., T indicating how
much a unit of final demand in period 1 in the j-th industry is worth in

terms of final demand in the k-th industry for period t*. Finally assume
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the schedule of exogenous capacities is available for each time period.

We can now build up a feasible solution by allocating the available capacity
to components of final demeand in any period according to the trade-off tables.
After reaching the point at which there is "no more" 2/capacity to allocate
and we are reasonably satisfied with the relative values of the ft's, we

can then try for further absolute increases in Tinal demand by direct
application of the linear programming technique described in Section ITI.
Note that increases may be possible 1) since the trade-off tables only give
minimum trade-offs ratios and excess capacities or stockpiles present in
certain industries may increase the ratios, and 2) since the feasible program
derived by inspection of the tables may not have been optimum in the sense

of conserving capacities which are in short supply.

In the process of solving a linear programming model by the simplex
method, a vector of shadow prices is computed. Multiplication of this
vector with any activity vector indicates the profitebility of introducing
an additional unit of the activity into the program. By the proper use of
the shadow prices, we can answer the question of whether it would be "profit-
able" in addition to the unit of final demend already glven up, to give up
units of final demand in other industries. Hence we might formulate a
concebt of "complementary" industries according to a capacity criterion;
more precisely, having given up in some time period & unit of final demand
in the k-th industry, we are able to determine whether the operating level
of the j-th activity in a later time period will be higher if a unit (or
part thereof) of final demand from the n-th industry is also given up.

To obtain the answer we only need to multiply the vector of shadow prices,

) 7
2/ More precisely: where lack of capacity in some industries has become
a bottleneck.
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determined in the solution of the optimum trade-off between the k-th
industry and the j-th activity, by a vector containing the n-th column
of (I-A)-l (properly positioned or repeated to take into account the time
period (s) in which the capacity freed from the n-th industry is to be

10
made available)r—/

V. GROWTH MODELS; IMPORTS; TIME MODELS; CONCLUSION

A close analogue to the feasibility models are growth models. The
distinction stems more from the criterion of purpose than structure; the
figures in Sections II and IIT are applicable here. A growth model
postulates a time path of final demand for all of the industries and
determines the implied rate of investment and total output for every
industry.

One well known formulation of a growth model is Leontief's "dynamic
open system", Chapter 3 ZT§7. Leontief presents a system of differential
equations which contain both input-output flow relationships and stock
requirements. Specifying a certain set of polynomials which represent
the course of final demand, Leontief is able to solve the system explicitly
for the functions which yield time paths of output in all industries. Two
limitations arise in this approach: the first is the solution of the system
depends in part on observing data of a time period in which capacity is
assumed to be fully utilized in all industries; the second, and Leontief

treats this difficulty in some detail, is the solution may call Ffor a

10/ . . . .
~ Note that shadow prices may be used in this fashion generally;
in all models, once an optimum program with a certain set of activities
has been found, one may test whether the introduction of a new activity
increases "profit".



reversal of certain economic processes, i.e., for a deaccumulation of

capital stock (rather than the appearance of idle capacity and surplus
inventories). To overcome the second problem, Leontief proposes a some-

what complex method of assuming an industry to be in one of several phases
depending partly on whether the industry's output is increasing or decreasing;
the introduction of phases eliminates any tendancies toward unrealistic
deaccumulation.

Although the linear programming model proposed in this paper does not
yield an analytical solution for the equations of industry output over
time, it does indicate a numerical solution. Furthermore it mekes no
assumptions about full utilization of capacity in any initial period and
automatically prohibits deaccumilation of capacity (other than that due to
normal depreciation).

One particular type of "growth" model might postulate that Tinal
demand has reached an equilibrium in the sense of remaining at certain
constant levels over time. Using the model of Figure 1. one may further
rostulate rates of depreciation of capacity determining cy and It’ and
specify a linear "profit" function of the activities which is to be mini-
mized or maximized (say, employment or national income). The model will
then test for feasibility of thé steady level of demand and if feasibility
exists the model will give the minimum or meximum profit; the feasible
model, depending on the profit function, will thus trace out the cycles
of production in each industry which arise in an economy investing only
to maintain a steady amount of demand and to replace worn out capacity.

The reader may have noticed that the models in +the previous sections
dealt with economies which were allowed to export (exports were included

in ft) but not to import (with the exception of the static model, Section
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III.C.). We can easily add import activities to the model and if it is
desired make export activities explicit. The addition of being able to
import any indusbry's goods in a feasibility model insures the existence
of feasibility for any set of ft’s. Hence if one is interested in producing
feasibility only, but assumes that home production is an activity "preferable”
to importing, then import activities may be given negative prices and the
linear programming technique in searching for feasibility is required to
select a program which minimizes the cost of imports. If the schedule of
ft's can be met by domestic production, the optimal program will not use
any imports and the total cost of imports will be zero; if the domestic
economy cannot meet the J‘.‘_t demands, the program will indicate (depending
on relative import costs) which goods are in short supply and need to be
imported.

Up to this point, the amount of time periods over which the analysis
is to take place has been thought of as fixed. Ve may alsc consider models
in which the number of time periods becomes a variable factor. In both
feasibility models and trade-off models time paths of the operating levels
of different activities may change as the number of planning periods in-
creases. Another reason for examining the time factor is one may wish to
know how soon a certain stock of goods can be created or a certain level
of final demand be sustained. The method of solution of this type of
question 1s difficult for it necessitates repeated application of the
feasibility models: start with a model where t = 1; if one period is
infeasible, try t = 2; ete.; until feasibility is finally reached. (Starting
at t= 1 is of course only one of several approaches; another is to start
with a model in which the number of time periods ocbviously is sufficient

for feasibility and then work downward.)
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In summary this paper has presented a general dynamic model of an
economy which attempts to answer a nurber of questions dealing, for example,
with the feasibility of certain time profiles of demand, the rate of sub-
stitution between economic activities taking place in different time periods;
economic growth and industrial cycles; undoubtedly there are many more
applications of the general model. The solution to the questions involved
the application of linear programming to a standard Leontief input-output
flow matrix and a capital building matrix. In addition the paper proposed
a method which is designed to reduce computation time considerably; further

details on the method are given in Appendix A below.
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APPENDIX A

Notes on the Solution to an Abbreviated System

In Section ITII.B. an outline for reducing the number of equations

in the dynamic model was given.

This appendix reviews the method in

further detail and presents a numerical illustration.

The model in Figure 4t has the following difference equation

Sg-1

P
+ (I-A)Xt - B,X% - 8y

representation:
(1) £, =
(2) cl =

t-1
-Z/g?' + X+ u

t

—

=1

7 >

(3) £ sy, Xos ,é%, e u = O

If we multiplyé;/(Z) by -(I-A) and add it to (1) we obtain

. t-1
_ 7 7 (.
() ft—u%ﬂl-%deAt-s+Ti}LMAr uAmt

The linear programming matrix is then

t

Figure 10.
. Activities .
¢ : 4 . N
I I S W W N - Ly sy mpy (X Ay syt g >
\ - e e £ - -
(£,-8,)-(1-A) ¢ B - -(I-4)
'?L 1 I
f2-(I-A;cl | (1-a) I -B -I -(I-A)
c -I I I
f3-(I-A)cl (1-4) (1-A) T -B I -(I-A)
cl -1 | -1 I I
Lob B

il? Note that the legitimacy of the multiplication is dependent on (I-4)

being a square matrix.

The economic interpretation is that the model assumes

a. unique production activity for each industry.
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Figure 10 differs from Figure 6 only because the latter was derived
from an alternative transformation using (I—A)-l. To obtain Figure 10 no
assumption as to the existence of the inverse needs to be made, and there
is no need to compute the inverse even if it exists.

The Tirst set of equations in each period in Figure 10 explicitly
contains all the variables in the system except Xt' Now if the linear
form to be maximized (or minimized) has zero coefficients for all Xt and

u, -- i.e., if direct production or unused capacity are considered as neither

t
"eost" incurring norrevemue" yielding ~-- and has zero coefficients for all

Sy t <T -- i.e., if only stockpiles existing at the end of the last period
have value -- then it is suggested that an attempt to find a solution to

the entire problem be made by using only the first set of equations in each
period. The assumption sbout the linear form is not too restrictive, since
as the examples of this paper have illustrated, one is often interested in
maximizing a stockpile at the end of T periods or a capaclty or a product
mix vector, and is not primarily interested in the corresponding rates of
production, slack capacity, or intermediate stockpiles.

The mathematical "error” in considering only the first set of equations
in each period is that the restriction Xt z 0 is no longer observed in
finding the solution. Hence by allowing the model to attach any sign to
a component of Xt’ we may obtain a larger maximum value (or smaller minimum
value) of the linear form in the abbreviated system than would be obtained

in the entire more restrictive system. The modus operandi of a negative

component of Xt suggests that often times the value of the linear form in
the abbreviated system will be correct; in some cases the correctness is
known apriori and in other cases, the correctness of the value is discoverable

by an examination of the optimal solution for the abbreviated system.
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Suppose a solution to an abbreviated system is found, and upon solving
for Xt in the second set of equations of Figure 10, it burns out that a single
component of X_b*J say the j-th, is negative. Since we are dealing with a
Leontief input-output system in which there exists only one activity that
produces the j-th industry's goods, an input of the j-th item, implied
by the negativity of the j-th comgporent of Xt*’ mist come from an existing
stockpile of the j-th good and not from any production in period t*. The
stockpile has two possible origins: it may have existed initially or it
may have been created by production taking place in previous periods in
the model.

If an initial stockpile of the j-th good is non-existent, then apriori
the value of the linear form is correct -- although, as 1t will be seen,
the program itself may need certain simple adjustments. If the initial stock-
pile is to be maintained as a minimel inventory, then an equivalent model is
one without any initial stockpile. If inspection of the production levels
in periods up to t¥* indicatesthe stockpile level of the j-th industry was
at least once at a zero level, then the value of the linear form is correct
for a reason analogous to that in the case of no initial stockpile. Finally
even if an initial stockpile exists, but upon inspecting previous production
levels of the j-th industry (starting at period t*-1 and working backward),
one finds that the j-th industry has produced at least as much as the
negative level in period t*, then the value of the linear form is correct.

The explanation for the correctness of the value of the linear form in
the above cases is: the abbreviated model used a "shorthand" way of storing
rav materials. In period t* the model desired to use as raw materials the
inputs of industry j's product in an amount equal to the level at which the

J-th industry was to operate negatively. Instead of storing these inputs



in the earlier veriods when they became available, the model embodies them

in the form of the j-th industry's product and in period t* reverses the
productive process. Hence 1f the stockpile used in t* was actually produced
earlier, one may easily translate the "shorthand" program of the abbreviated
system so as not to produce the stockpile of the j-th industry's good in
previous periods but rather save the inputs for use in t*. The translation,
altering only Xt’ Uy s and Sg> T < T, has no effect on the value of the linear

form and the translated system is both feasible and optimal in the entire

12/

system.=—

The value of the abbreviated form is probebly not correct if the stock-
pile used in t* was actually drawn from stock which existed initially. In
this case, the program called for a truly infeasible reversal of economic
activities. BEven when this occurs, the solution in some instances may be
acceptable for the initial stockpiles themselves mey be arbitrary, i.e.,
the stockpiles may exist because of production activities taking place in
8 "period 0"; hence it may be just as easy to make available in period 1
the raw material inputs for the Jj-th industry's product as it is to maske
avallable the stockpile of the product.

The analysis above generalizes for the program in which more than one

component of X,  is negative. If, as before, the input for each negative

(vl

component of X comes from a stockpile which was previously produced, the

¥
technique of unscheduling previous production for stockpiles is applicable
here. Also as before, if 8; = O, then even though there may be "erossfeeds"

among the negative variables, i.e., even though the input for one negative

activity may stem from the "oubtput'" of another negative activiiy, a feasible

Lg-/7Once feasibility is obtained, optimality follows since: wvalue of
linear form in entire system = value of linear form in abbreviated system.
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solution with the same optimel value must exist for the model is completely
closed; with unique production eactivities and no initial stockpiles new

raw materials cannot be created in the system and the notion of "shorthand"
storage simply generalizes. If "crossfeeds" are present, say, in t* and
some inventories which existed initially are carried through and used in
t*, then possibly a more complicated exeminzation for feasibility may have
to be made.

In any event -- whether the abbreviated system computes only an
apparently or a truly infeasible solution to the entire system -~ the
negative variables in the entire system can be eliminated by applying the
Dual Simplex Algorithm.[?37.

In the case of a general linear form with non-zero coefficients for
sone Xt’ Up, OF 8., We may derive a modified linear form with all the Xt
eliminated by using, say, the capacity equations in Figure 10. If it turns
out that the abbreviated solution is feasible in the entire model, Xt 2 0,
then both the program and the value of the meximizing form is optimal. If
some components of the X, variables turn out to be negative, the "cleaning
up" procedure which was suggested for the restricted linear form msy or mey
not produce an optimal program for the entire model. If the alterations
in unused capacities, stockpiles, and productions levels have no effect on
the value of the linear form, then the revised program is optimal. If the
translation of the "shorthand" storage device causes a diminution in the
value of the linear form, the new program may not be optimal. In this event,
it is suggested that the negative Xt variables be eliminated by use of the
Dual Simplex Algorithm.

To illustrate a case in which the value of the maximizing form is

correct in the abbreviated system but in which the solution contains a

"shorthand" way of storing raw materials, a model originally devised by
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Fred B. Thompson is presented here. The model is interesting from several
points of view: it contains a production lag of one period; the production
input matrix is singular; and initial stocks exisgt.

The model, slightly revised from its original form, contains three
industries ~-- motor, steel, and tool -- with initial capacities of 20, Lo,
and 6 and initial stocks of 60, 84, 6, respectively. For ten periods after
the first, 12 motors are allocated to final demand and at the tenth veriod
after the first, the stockpile level of motors is to be maximized. FPigure 11

gives the general form of the model and Figure 12 the numerical values.

W e T
PLLTe aa.

Equations

Aétivities
/ i / N 1’ ,’7 f Lo
0 A4y s v X Ay s, u, %3 A3 85 ug! """" %0 %0 S0 ,“_10 ! _7311
-S| -A B -I
! T
_____ ot T
H ? - - A__]
£ I -4 B AT |
cl E =i ; I I :
£ I I 4B I |
: .‘
- ! - : I |
cl I % I i I J
A < ~ <
: | |
- ; ST RS .
5 ! 11 I

To MAX the level of themotor component of S11°
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Xl ‘l?l 5. Y
5 T o @ - 5 0 ~ 8 ? o
B 3 8 2 8 8 B 3 8 B 8 85
= [£2] B = [4s] =] = 0 = = w =1
I T e s L
Motor - 60 -1
-8, Steel - 84 |Fl.h -L.2 |-1 -3 -2 -1
Tool - 6 -3 -6 -2 -1
{ Motor 20 |j1 1
!
¢l Steel L2 1 1
Tool 6 1 1
Motor 12 i1 1 5\x
fl ! Steel 0 1 1
L Tool O | 1 1
| Motor 20 | 1
c, | Steel L2 | : -1
. Tool 6 i S
,,,,,,,,,,,,,,, - - ‘ — - i - S _"M,i\/
W i /12'\:/ :
e = | O
| ft = fl = IK O// for all t.
\

We make the prescribed eliminations on the model in Figure 11 to obtain
Figure 13; from Figure 13, we consider only the first set of equations in

each time period, and by adding certain combinations of the rows we obtain

Figure 1h4.
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The abbreviated model in Figure 14t was run on RAND I.B.M. 701 and
Table 1 below presents the resultis (the numbers are rounded); Table 2
presents the levels of Xt which are found by solving the second set of

equations in Pigure 13, given the values in Table 1.

Table 1. Table 2.
u
4 St t X, [
[T Y N
o O ~ 0O O ~ o O o 5 -
Initial 608k 6| 20 k2 6
i ) 60 b 1 20 k2 6
2 2 68 L9 . 2 22 h2 6
3 P 78 48 3 P2k b2 6
L 2 90 bl b 2642 6
5 2 10k 38 > 28 ke 6
6 2 120 29 ; 6 ik 6
7 2 1138 17 7 i 32 k2 6
8 1 158 3 3 8 L3k o 6
9 180 7 9 15 ' 9 135 b2 g
10 203 6 10 [ 35 b2
11 206 ho a

Max. stock of motors: 226

The abbreviated solution when extended to the entire system turns out
to be infeasible; tool production in the 9th period is operating at a level
of -9. Inspection of the level of stockpiles of tools before the 9th period
reveals that in the 7th period the stockpile was zero; hence the stockpile
in period 9 must have been accumulated by direct production in periods 7 and
8. To arrive at a feasible program in the entire system, we need only to
cut production of tools in the Tth and 8th periods, which will increase the
stockpile of steel and unused capacity of the tool industry, and to change

the level of tool production in the 9th period to zero. Tables 3 and L give
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the corrected levels which are identical with those found in a solution

which was independently computed for the entire system. Employing William
Orchard-Hays' Simplex Code for the I.B.M. TOL, the abbreviated system con-
tained 34 equations plus the maximizing form and took 78 iterations of the

Simplex routine to arrive at the optimal solution.

Table 3. Table L.
/ H
”Zt | St Yy f Xy
{ . __
YRR |5 9 4
5 2 8l B3 818 8 8 B 3 38
Pericd || 2 w Elf = w5 = o M}’eriod} = w o=
Initial 608 6 20 L2 6, |
1 2 F 6o by § ‘ 1 |20 k2 6
2 2 . 68 19 | | 2 |22 Lo 6
3 g2 : 78 48 ! 3 2k ko 6
Pl 00 M B 26 ue 6
5 2 10k 38 § 5 428 k2 6
6 2 1120 29 ; 6 30 L2 6
7 o 138 20 3 T 32 b2 o3
8 1 158 1b i 6 8 3 ko
9 1180 7 ; 6 9 35 Lk
10 1 203 g 6 10 i 3% k2 .
11 1226 L2 ! '

Max. stock of motors: 226



P-609
8-27-54
=452

Models in this paper have employed both flow and capital building
matrices which were square and of dimension m, m being the number of
industries to be studied. Oftentimes in economic models there are linear
relationships which must be satisfied other than those already included,
such as labor or land input restrictions. In the case of labor, for
example, there may be associated labor inputs with the production activ-

ities Xt and building activities ii and the labor supply may have an

upper bound to be observed for each t. In the complete model, such as

the one which appears in Figure 4, the additional input restrictions may
be taken care of by simply adding new labor equations. Certain difficulties
may arise if one desires to utilize the abbreviated system proposed in

this appendix when the model takes into account such input limitations.

Congider the model in Figure I with the following additions to allow,

say, for labor supply restrictions. TIn each period the labor supply is
denoted by the column vector Sw(t)' The row vectors WX and Yf denote

the labor requirements to operate the activities Xt and “5%. In each

veriod there is an additional activity uw(t) denoting surplus labor

(unemployment). The model now appears as in Figure 15.

Equations

B Activities . Pigure 15.
. i
MLy s ey W) Ko Ly s e vy XS Iy sq ug(3) ug
1751 (1-A) B -I
_Sw(l) —WX _W/( -1
T T
T (I-A) -B -I N
_Sw(2) -WX -YF -1
-1 I I
I (1-A) -B -1
-SW( 3 ) W, —W: -1
-I -1 I
1 [ D
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The previous method of eliminating the variables Xt in the first
set of equations can also be used to eliminate the labor input coefficients

multiply the capacity equations by'wX and add the result to the labor

The result of all elimination operations is found

WX:

restriction equation.

in Figure 16.
Figure 16.
- Activities
Xl i%_ 51 uw(l) wy X2 /62 85 uw(2) u, |X3 l% §3 uw(%) u 3 —
(f,-8)-(1-A)gq; -B -I -(I-8
WXcl-Sw(l) -y -1 iy
¢y i I W
fg(LAkl (1-A) 1 | B -T -(1-4)
WXCl_Sw(2) AWX 4{€ -1 WX
AU NSO S
f3-(I—A)cl (1-p) (I-A) 1 B -I -(1-8)
w,,C. =3 -W W, -W g -1 W.
X 17%w(3) X X ya X
cl -T I -I T I
L L N N \

Now as before we can consider an abbreviated model containing only
the usual first set of equations in each time period plus the labor restric-
tion equations.

Notice that labor is a "cross" between a stock variable and a capacity

variable. It behaves somewhat like a stock since production and building

activities use labor as an input, i.e., unlike a particular kind of capacity,
labor is a commodity which is used in more than cne productive or building

activity. On the other hand, labor behaves somewhat like a capacity since

unused labor cannot be stored for use in later periods, It is the latter
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aspect of labor (or land) that may cause a solution in the abbreviated
model to be infeasible in the entire system.

We have observed that if in the abbreviated system of a model without
a labor (land) restriction, some components of Xt are negative and the
negativity has arisen from the model's using a shorthand method of storing
inputs, then an easy correction of the abbreviated system can be made
which restores feasibility in the entire model. The correction involves
not producing goods for stockplles {which are subsequently used up by
reversing the productive activity), and saving the inputs until later
periods. In a model containing labor input restrictions, a negative
component of some X%*, if corrected as before, releases labor in earlier
periods but this labor is not storable until t* when it is needed. It
uw(t*) is sufficiently large to satisfy the demand for labor created by
setting the negative component of Xt* to zero, then the correction yields
a feasible and optimal program for the entire system; i.e., as before, raw
material inputs are stored from earlier periods until % and unemployment
in t* falls. Note that Upg( gx) TEY actually consist of the labor "produced"
by operating the component of Xt* at a negative level., If uw(t*) is not
sufficiently large to meet the new labor demands then even though it may
be possible to devise a feasible program productionwise, the program is

not feasible laborwise and the abbreviated sclution must be "cleaned up"

by the Dusl Simplex Algorithm.
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APPENDIX B

Derivation of formula (6) on page 11.

; .
’{i-l =C - Ct-l from equation (2) v

t
= ( el " ] [-ut+l - J r— }g‘ 4 l_] from (5)

Hence
Zt l £+l T Xt_' +?_. Uil T utJ or
//:[I—A:]—l [(f - s, +BA - (f, - s +B,4+s)]
t £+l b4l + Sga1) t ~ Sl t
— -1
+ L‘u't-l-l - ut_l or
. { .
, Tz a0 ' 2
,5' = -
| (1-8)" B+IJ (1-8) § ey - ) - (g - s 1)_] +BAL,
3
i —
+ (5,1 - 8) [ + !_“t+1 - ut]

—

Thus, assuming | (I—A)ul B+ I:% -t exists,

AR T b e e S r
/,/ = L(I A) B+I| " I-A 1.Lft+l st) (f,G s, l)J
17 1% [— l “lr _!
+BAL L+ (s, - st)j¢ + [_(I-A) B+;] | U1 U
Now -
a0 . | 0oy N
[(I-A)lB+ITI Yl l:\; | I-a| L(I-A)lB+IJ 1
[ |- ﬁ
= [+ -] 7t
T Al
: J
Hence
VA -1 i
S L R R L D] vB,
- _ : -1 Po=1 1
+ (st+l st) ? + l (I1-A)™ B + I__!é | Upey " utJ



P-609
8-27-51,
-49-
IT. Equivalence of difference equation and linear programming models.
We shall derive from the most general linear programming model,
Figure 1, the relationship (6). Assume as in Figure 2 (I-—A)t = (I-A) for
all t.; then for any period t, multiply the first set of equations by

(I—A)“l and subtract the product from the second set:

(1) e, - (:[-A)‘l (fJC - st) = - AZl I(t_l)_ T/Z;—(I—A)-l Sp 1
( =
-1 -1
+ (I-A) B,é; + (I-A) Sy + Uy

Increase the © index in (1) by 1 and subtract (1) from the equation
in t+1:

-1

(2) [ ‘41 T % ] T [ T-A ] {(ftﬂ - Syl - (fy - 8y) } =
t t-1 ]

- L I, Ji}_fg T - Jiy-(IfA) + [St - 5.1 J

+ (1) B [jtﬂ_ - Ly :' + (1) [ Spa1 T B :l * [ut+1 T Y :]

or - o
r(I-A) Ij ./ = [Ct - e ] + [I—AJ ' {_(ft+l =8y - St)
(3) )
£y -8y -1J [ty L]/N SRSV B
+ (1) [ Sea1 T St N [ut+l e ]

Now the model in Figure 2 also assumes:

c, = ct+l = cl for all t.

I, =1 for all t.

S, =0 for t > 1 [fort =1 5= %] .
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-1
Also assuning [ (I-A)":L B+ 1T ] exists, (3) simplifies to

1
‘ét = [(z-8) + B] {Df’wl - 5y) - (£ - st-l):] +B Ay o+ (s - St)}

+ [(I-A)'l B+ I:’ N (u,,, - w)
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