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The differential equation is considered which determines the position of a
vehicle from dynamical measurements of the non-gravitational acceleration b

e

made internally. Three linear approximations to the gravitational field g(r)
of the earth, which lead to explicit solutions of this equation, are considered
and their limitations are discussed. An interval-wise solution (linear
continuation) for trajectories of extended range is described, which is based

on such linear approximations and has definite advantages in this application.

The theory is applied to the trajectory of the German al0O vehicle.

Current developments in rocket and jet propulsion have made blind navigation
a matter of practical importance, This paper discusses the theory of blind navi-
gation by means of dynamical measurements (measurements of forces or accelerations)
made on a proof body in a reference frame internal to a vehicle. Instrumentally,
such measurements are made by an accelerometer in a reference frame provided by
gyroscopic or other means, A navigation system essentially of the type considered
was used in the German V2, In the following discussion, the vehicle will be
idealized as a windowless box.

Under the assumption of local uniformity of the gravitational field, the

information derivable from the accelerometer is limited(l) by the applicability

(1) J. J. Gilvarry, Phys. Rev. 73, 1409 (1948). A misprint exists in this letter;
in the first line of the second column of p. 1410, delete “vertically."
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of Einstein's equivalence principle. In fact, an application of this principle

was pointed out by the investigator(z) who built the first (consciously-designed)
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accelerometer.

1. The g-Correction Equation.

The accelerometer reference frame Q will be taken non-rotating for conven-
ience, with origin at a point & in the box. If R is the radius vector of the
point Q referred to an inertial reference frame O, then the acceleration d%g/dtz
of this point must consist of two parts: a part g due to the local gravitational

acceleration in space, and a part b due to the operation of non-gravitational

forces. Thus one has

a 2/634%21 ‘= ;? '*'55. (1)

A
~ns

If /9 is the radius vector in the frame ¢ of the proof body and m is its mass,

the equation of motion of this body in the inertial frame O is
2 2_ /o
dE(R+p)/dti=g +L/m, (2)
where L is the force on the proof body linking it to the box. Subtraction of (1)
~

from (2) yields

7

a’z/o/a/f‘?—/_/m-—:—n’) (3)

for the equation of motion of the proof body in the observer's frame y. If the
quantity on the left-hand side in Eq. (3) is defined as the reading of the
accelerometer, it follows that an accelerometer reads the negative of the
acceleration of the origin of its associated reference frame due to non-gravitational
forces. From the method of derivation, it is clear that Eq. (3) holds independently
of variation of mass, rotation, or non-rigidity of the box.

In Eq. (1) only the term b is susceptible to physical measurement in the box,

and the observer can integrate the differential equation to yield his position
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vector R(t) only if he knows the functional form of g in its devendence on position

coordinates and also the initial position and velocity of the box. When the term g

is replaced by the function specifying its dependence on position coordinates in

space, and the term b is considered a function b(t) of time, Eq. (1) will be refer-

v s

red to as the g-correction equation.
For motion of the box in the earth's neighborhood, the inertial frame O can
be taken as approximately geocentric, It is convenient to select an initial point
Oo with radius vectormilio which, in general, is outside the earth's surface and on
the curve of motion C (Fig. 1). The gravitational field corresponding to a spherical
earth is

9= % (’“%2//‘1’3)5, (&)

if g, is the value of g at Oo' The g-correction equation then becomes

SRISLE 4 g, (RN =402, (5

/G / The sphere S, (Fig. 1) through O, and concentric with the earth will be referred
to as the reference sphere. For an initial point on the actual (approximately
spheroidal) earth, the radius and surface gravitation of the reference sphere
can be taken as the mean radius Re and mean gravitational acceleration g, over the

(L) in first approximation by
Fo=1(2/3) Feg +///’3)/‘ifpo/’ (6a)
Je = (2 /5")}769 + /3))7,0.:/, (6b)

(4) G. G. Stokes, Camb. and Dubl. Math., Jour,. 4, 194 (1€49); Trans. Camb., Phil.

Soc. 8, 672 (1849); also Mathematical and Physical Papers (Cambridge University
Press, Cambridge, 1883), Vol. II, p. 104.
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earth's surface, which are defined

where Req and Rpol are the equatorial and polar radii respectively of the earth,
and geq and gpol are the corresponding gravitational accelerations. The radius Re
is, in first approximation, equal to the radius of the earth's sphere of equal

volume, and defines an equivalent sphere Se (Fig. 1) with surface gravity 8 for
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the earth.(s) Eq. (5) is valid in a geocentric frame O' fixed in the rotating
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The equality of volumes follows on the assumption that squares and higher
powers of the ellipticity e = (Req pol)/R are negligible compared to

If the density of the earth's crust is assumed constant, R is

Hence, Eq. (4)
= 8, yields the correct asymptotic value CM/R (G = gra-

unity.
likewise the radius of the earth's sphere of ecuivalent mass.
with Ro = Re and g,

vitational constant, M =
earth.
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mass of the earth) of g at large distances from the

earth if the centrifugal and Coriolis accelerations (and the latitude-dependent

component of g) can be neglected. (6)

SR MR e Em e e e e e e o e e e e = e e e e we e e e e am e e ae e e e mr e e e ar e e e

(6) Eq. (5) likewise ignores a slight perturbation due to lunar and solar attraction
(similar in origin to the perturbations producing tides). The corresponding
effect for artillery shells is discussed in F, R. Moulton, New Methods in
Exterior Ballistics (University of Chicage Press, Chicago, 1928), p. 19.

Let a Cartesian frame O0 (Fig. 1) be defined with origin at the initial point
of motion, such that the z-axis is vertical, the x-axis is horizontal in the plane

determined by the z-axis and the initial velocity vector Vo and the y-axis is

e

selected to make the frame right-handed. It will be assumed for simplicity in

what follows that the initial velocity vy is non-vanishing unless otherwise stated

A

(and hence the convention above defines the direction of the x-axis except when the

initial velocity is in the vertical direction). If r = xi + yj + zk is the radius

vector of the box in the frame Oy E (5) becomes

-

dzr'/a/fz * wozfﬂ')o /ﬁj)s (/?oé +7) "E/J*Er

e

(7)

where the parameter GU is defined by

(yo//?)

and y
— /
2 L2 ., ro Y2 e
/? = | X +‘.:/ + (.:- +/Wo) B . (9)

with b = b i + b_j + b k. The initial conditions are r =0 and v = v i+ v k.
~— Xow  Yow A el O 2O ni  ZyOpn

(7) can be formulated as an integral equation

! ]
A e / _/'N
e g ~~N

I\/\I
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in which g(r) is g of (4) with its dependence on components of r represented
rre VA LY.7; s

symbolically, and the cubature operatort/;t (t = 7)d7T performs the operation of
double integration with respect to time (as integration by parts verifies). From
the standpoint of an automatic computer in the box, the sequence of operations
shown diagramatically in Fig. 2 yields the position vector r(t) from‘gﬂt) (the
e
initial velocityﬁzo has been put in symbolically by means of the Dirac tg—function,
& (t), which is singular at t = 0).
From the standpoint of determining‘ift) as a ciosed solution in the time,

Eq. (7) poses serious difficulties since b(t) is an arbitrary function of time
v

and the equation is non-linear in r. 1In the general case, integrals of energy
A

and angular momentum cannot be found except as purely formal expressions. Hence,
the classical method of using integrals of the motion to reduce the order of the
component differential equations is not possible in general, Exact solutions in

some particular cases are available; if b is zero, for example, Lg. (7) reduces
NAL

to the differential equation of an ellivtical free-flight trajectory. In practical
cases, however, b and g are of comparable magnitude over the trajectory as a whole

w v
(see Fig. 4), so that perturbation methods are not generally useful. Resort can

be made to various numerical and iterative methods., A difference method due to

(7)

Hartree, which avoids intermediate computation of the velocities, can be

— e e o e o e e e e ek e mm e e e e e e o e e e e e we e e e e e e = e e e e e e e
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mentioned. The integral equation (10) can be identified in coordinate formulation

with a system of non-linear Volterra integral equations of the second kind(g) to

(8) V. Volterra, Legons sur les Equations Intéérales (Gauthier-Villars, Paris,
1913) p. 90, ———— —— —

yield a general solution by iteration. Although iterative solutions have obvious

limitations, & solution of this type has been applied 2 as a computational

- e mm m e e em A e Em e e e e Er e m mr e e M a e a er mm m m ee em e e M me v em o e o e e -
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method for specific b(t).
AN

In the practical problem of computer design, the non-linear g-term of Eq. (7)
"

presents design complications. Furthermore, a suitable aporoximation for g may be
2N

sufficient on trajectories of restricted range, or when the motion is constrained

to a particular surface (see Sec. 2). The simplest such approximation consists in

replacing g by its constant value -gok at Oo’ which yields the zero-order solution
e d

=gl (g e )k +f Z#/»z‘~ r)oir)dr, (11)

AN
valid in a restricted neighborhood of the origin. The remainder of this paper will
consider the problem of replacing g by linear approximations. These linear approx-
AN

imations will be made the basis of an interval-wise solution having certain

advantages.

2. The Spherical Solution.

The g-correction equation (7) has a simple and exact solution when the vehicle
is constrained to move on the surface of a sphere concentric with the earth, and
the corresponding solution will be referred to as a spherical solution, The sphere
of motion will be taken as the reference sphere of radius Ro, on which the outward-

drawn unit normal is R/R_ or k + r/R . The condition on b for motion on S is
O o oan o] Ar o]

2 <

b (R +r) =g, RF— rZ, (12,

A v ~
which is necessary and sufficient if the initial velocity vector is tangent to So
at Oo (vo = voi). Physically, Eq. (12) states (when divided by R) that the radial

A e

component of b equals the gravitational acceleration less the centrifugal acceler-
ation on a sphere of radius R. In practice, the condition (12) can be met by
means of an altimeter (of atmospheric-pressure or radar type) used to control

independently the altitude of the vehicle relative to the earth. The field g
AN

on the surface of SO is

95 = ~% k- wo‘,\f , (13)

N
N
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which will be referred to as the spherical field.
The g~correction equation in the spherical case is
2 2 2 r
dér/dl® +awgr=5-g4 (14)
. nns Ane Oan*
The solution of Eq., (14) subject to the condition (12) on b is
r . ;‘ LD . 2 7‘_ ’\T ;
= —_— ” A IR 4
r [(sin cuoz‘)/%]M% AV /_A{V
I !
. \ L=l o . N /‘ |
+ {7 /%/’j oY) siv (F—p)d T (15)

O/W
with the restriction that v,= voi. If the sine functions appearing in the
AN N
spherical solution are replaced by the leading terms of their Tavlor expansions,
the spherical solution (15) reduces to the zero-order solution (11).

As a trivial example of the spherical solution, consider a box moving on the

surface of the reference sphere SO and such that b = O, From Eq, (12)7the speed

AN

v is a constant
5,0

04
v, = <
o= (9,7 (16)
Eq. (15) in this case corresponds to a circle of radius RO described with the

constant angular velocity auo and the period

[ o=z (/ﬁ; //O)

<

V%
(17)
7
which 1s approximately 84./4 min. for an origin on the equivalent sphere Se.
Hence, this special case corresponds physically to the motion of a satellite
around the earth in a circular orbit, and the speed Ve o will be referred to as
H
the satellite speed corresponding to the radius Ro.
When the constraining condition (12) is not satisfied exactly at all times,
the altitude,
h=-R (18)
o,

of the vehicle relative to the reference sphere So is non-vanishing, and the

spherical solution (15) yields a corresponding error., If Ssr is the true
Vil d



P-121
12-29-49
-8-

solution of Eq. (7) less the spherical solution of (15) for a given b, then

one has
omega 2 2, 2 .
 delta d°8r/dl "+ @, 01 =g, & (k+r/R) (19)
E z/. where the error parameter g is defined by

3
§=/"‘(Ro//c?) "\13h//?0’ (20)
and the approximation indicated is valid for h<<R . The quantity gs (k + r/R)
o) ' O
is the gradient of a harmonic function, and hence its magnitude assumes a maximum
value on the boundary of any closed region of space (not including the center of
the earth) considered. Thus, if a uniform bound H on the absolute value of h is

known, then
—2
(1-H/R,) ——(/—H/f?o)wé’ﬁ/ﬁo (21)
is a uniform bound on ’ g?\k + r/R)I for H< RO, and hence one can show that

/8;”/ Zy/\//'S/na)Z‘/? (Z“<7;/2), (22)

if no error exists in the knowledge of initial conditions (the direction of v, is
~N

now unrestricted), Since l(Ssij vanishes as M >0 (or H-—0), the spherical

solution (15) is a valid approximation in the large (or "on the average") for motion

which is closely spherical, within the limitations of (22) or a closer error bound,
Over a trajectory of extended range, the spherical solution is not useful

if significant systematic variations of altitude exist., The difficulty usually

cannot be avoided by taking an average R corresponding to an average altitude

in the g-term of Eq. (7); this point can be illustrated by an example. Fig. 3

/G 3 ~ (10)(11)

shows the trajectory (solid curve) of the German AlO vehicle

— e e ws e e e e e e e e me e e e e e e = e e Ew e e e e e e em e am ww = em e em e o e

(10) W.G.A. Perring, J. Roy. aero. Soc. 50, 483 (1946).

(11) J.M.J. Kooy and J.W.H. Uytenbogaart, Ballistics of the Future (McGraw-Hill
Book Co., Inc., New York, 1946), p. 349.
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extreme in its altitude variation (185 mi,), and Fig. 4 shows the non~gravitational
/G 4
/Z; accelerations(lZ) bx and bZ for this vehicle as a function of time, For this

T e e e s e e e e e e e e e e e e e e we er e o e e e e e e we e e em me e e e -

(12) Only a limited amount of information is available on the 410 {this vehicle
was proposed but never built, and was to consist essentially of a winged V2
equipped with a booster rocket). The trajectory of Fig., 3 fits the Al0O as
closely as the available information permits., The quantities bx and bz were

determined by differentiation from the assumed trajectory. Of the peaks in
each curve of Fig. 4, the first two correspond to release of the booster
and power cut-off in that order, and the ones at 560 seconds correspond to
re-entry intc appreciable atmosphere, Rotation of the earth and latitude
variation of g have been completely neglected in the data of Figs. 3 and 4.

trajectory, a solution of the g-correction equation is shown in Fig. 3 (dashed
curve) which corresponds to an average altitude of 14.9 mi.(i.e. R was taken as
R+ 16,9 mi. in the g-term of Eq. (7)). This particular average-altitude solution
yields a negligible‘error at the terminal point of the motion but defines a

trajectory passing under the earth's surface,

3. The Linearized Approximation.

It is clear from the preceding discussion that the essential problem in
connection with the g-correction equation exists when significant variations in
altitude above the earth occur. This section discusses an approximate analytic
solution which is superior to the zero-order approximation (11) when variations
in altitude above the earth occur.

The fieldﬂé(g) of (4) can be expanded about the origin 0, to yield

mega g(f):’“Yoé’wo2[§—3(é‘f)£.7 ) 7
~(sw e R [sthr) - r k-2 (hpirit - e
If only linear terms are retained in the Tayler expansion (23), the corresponding
fieldﬂ%L,defined by o .
yL(£)=~yoj-wo in-f»y«{—w.ezdé], (21,)

will be referred to as the linearized field. Under this approximation for g, the

~
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coordinate formulation of the g-correction equation becomes
’X' 7+ (z)oef( = 51 . (25a)
F-zaz -4 -g, (250)

with the y-equation symmetric to that in x, These differential equations, which
are valid in some neighborhood of the origin, will be referred to as the linearized

equations,

The linearized solution will be tuken as

x:(V /w)smwz'-/—(//w)/ 5 (Z‘)Smw([ T)C/Z’ (26a)
(//w)f 5 (r)sin w, (- 2‘)</Z’ (26b)

AN
"

(V /2 w)sm/? wf /1’ sinp wZL/Z
#(1/2 wo)/o 6, (7) s/hféz/?wo (I-7)d7, (26¢)

The case of a flat earth corresponds to RO—}<yg, or eguivalently é%—a—o. Tgs. (26)
reduce directly to the zero-order solution (11) for a flat earth as aé—a—o if'
note is taken of the limits (sin w)/u—>1, (sinh u)/u—>1 as u—=0,
The linearized field g, is symmetric about the z-axis. In the meridian X,
ol

plane, the equipotentials of the linearized field are defined by

(2 -—/‘?0/2)2— X 2/p = 00/75/," (27)

and the field lines are given by

ré(z —/‘?0/2)=60/757f_ (28)
Hence, the equipctentials form in the x,z plane a family of concentric hyperbolas
and their conjugates asymptotic tc the lines x2 = 2(z - RO/Z) through the center
of symmetry (O, RO/Q) of the fleld. The linearized field diagram is shewn in
Fig, 5 (solid curves, field lines indicated by arrows). On the horizontal plane
= Ro/2, the z-component of the linearized field vanishes and above this plane

the field becomes repulsive. The field diagram of Fig. 5 yields a qualitative
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index of the extent of the neighborhood of the origin in which the linearized
equations provide a practical approximation,

In discussing the degree of approximation of the linearized sclution, the
error vector (Slanith components éSLx, Cgiy, CSLZ will represent the true less
the linearized solution. By subtracting the linearized equations (25) from the
corresponding component eqguations of (7), one obtains {omitting the equation for
8Ly symmetric to that in aLx)

2 2 <
d°6 /0l +w, S x=w &7 (29a)

dzaLz/df2~2 woz SLZ = w02§R (29b)

°,
where g is given by (20) and the error parameter g is defined by

E=r—2z/R~(1+e/NNR IR ~~52//, 6o

Physically, the right-hand sides of ®qgs. (29a) znd (29b) are the accelerations
neglected by g on the x~ and z~axes respectively, If bounds max (15511) and
max (Iﬁ:/@,) are known from sources other than the linearized solution itself,

then one has

/SLX/ s 2 mox (/51’/) S1ri Zcuo Z‘/g_ (fS Z-A/ (31a)

. A
lo, &l < mox (1ER 1) sk 2% 7/e (31b)

Both gx and §Ro are harmonic functions, so their maximum and minimum values
must be on the boundary of any closed region of space (not containing the center
of the earth) considered.

It follows from (29) that the linearized x~ and z-solutions are exact for
motion of the box on surfaces such that égx = 0 and ;; = 0 respectively. If
one disregards the trivial locus represented by the z-axis, the reference sphere
R = R is (from Eg. (20)) the surface of zero error §§ = 0 for the linearized

x-solution (and for the linearized y-solution, by symmetry). The surface defined
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by ﬁ: = 0 is a surface of revolution about the z~axis, and consists of two sheets
intersecting the origin Oo which are shown (dashed curves) in x,z ccordinates on
the linearized field diagram of Fig. 5. The upper open branch in Fig, 5 is
asymptotic to the line z = RO/Z, and the upper and lower branches behave in the
neighborhood of the origin OO as segments (for x positive) of the two straight
lines x2 = 222° It is seen that no surface exists on which all comvonents of

the linearized solution are exact.

The leading term of the Taylor expansion of the error (SLr is given by

Vv
. - o 4— 2
P <
= L (v, - —2v )/(]cuz‘)/et// L (
S =R lev 4,0 (4 -247) k(e Lt o)
where v is the escape (or parabolic) speed
e,o0
%
= 2
Veo=(29/) ° (33)
The leading terms of élx and é&ﬁ vanish for motions initially tangent to the
corresponding surfaces of zero error, respectively, and hence never vanish
simultaneously, For v, 5% 0 the absolute error Ié;Lr l= Q(th) is never of order
N %"

L

higher than t”, and thus the Taylor expansion of the linearized solution agrees

with the true Taylor expansion offalthrough terms of order tB, as compared to the
zero-order solution (11), which agrees through terms of order t2. Since s = O(t)
whennzo;é 0, the linearized trajectory has contact of order not less than the
third with the actual trajectory at the origin, and hence the linearized solution
is essentially an osculating approximation.

For the case b = 0 (ballistic trajectory), the linearized trajectory can be

compared with the exact solution representing an ellipse in space and with the

corresponding parabola, It is convenient to introduce the dimensionless parameters

© 4

for the initial velocities, where the denominators in /Zo and (j; are respectively

A //5
A= t20 G, R) %=t e )%
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. the satellite speed v of (16) and the escape speed v of one has
sigma peed v_ _ of (16) pe speed v,  of (33) (

mu O' /LL /2 lifv < ve,o)' The linearized solution fora’; O can be written

omega /“0 S/ @, ZL (35a)

Fou z=(R /2)[/—(/——4—J ) COS/} (1/7 - faré’}_o—)] (35b)

in which the parameter 2‘ is

//
=,/ ¢ (36)

O U 5

and it is assumed that lcT'I < 1/2. 1If g, = 1/2, the z-solution becomes

- (R2)i-e" %] (7)

’
and hence the trajectory defined by the linearized solution approaches the plane

z = RO/Z asymptotically as t—>go. The time constant ZB for z to reach the fraction
1 - 1/e of its asymptotic value in this case is approximately 9.5 min. for an

initial point Oo on the surface of the equivalent sphere Se. For (j; > 1/2, the
linearized trajectory crosses the plane z = RO/Z and is unbounded in 2; thus the
linearized approximation implies an escape speed ve,o/2 which is one-half the

true value (33) on an inverse-square field, For 0 < CT;<< 1/2, the time of flight

tf corresponding to intersection with the x,y plane,

Z:c=2?8f0”/7 (38)

_ is compared in Fig. 6 with the corresponding time of flight 4 Cg 2; for a parabola,
-/6:6; and, for a few values of /Lo’ with the corresponding time of flight on an inverse-
square field,

In Fig. 7, linearized trajectories from Egs. (35) are shown (solid curves)
in two families (CT; = 0.3 and /Lo = 0,2). From £q. (35a) one notes that all the
_ linearized trajectories for'£L= 0 intersect the z-axis zt time t = TO/Z. For (j;
16 7 small and thus t. small relative to To/2 (as in the family g, = 0.3}, this

intersection point is far below the x,y plane, znd above this plane, the linearized

trajectories show a fairly close resemblance in the large to the corresponding
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ellipses (dashed curves). The intersection with the z-axis is at the origin Oo

/

for t. = T_/2, which fixes a critical value (tanh or/27/%)/2 = C.482 of o3 at
which the upward and downward branches of the linearized trajectory above the x,y
plane coincide. It is clear that for (j; close to 1/2, the linearized trajectories
for b = 0 are a very poor approximation in the large to the corresponding ellipses,

% d

in a neighborhood of the origin,

L. The wuasilinear Approximation.

The linearized approximation is based on the agsumption that the gravitational

acceleration g is a slowly varying function of rosition. This section discusses
s

a linear approximation based on the additional assumptions that the radius of
curvature of the trajectory is large and is a slowly varying function. The
approximation will be referred to as the quasilinear avproximation. For simplicity,
only motion confined to the vertical x,z plane will be considered.

If the curve of motion is an analytic curve at the origin Oo' the radius

. . . 13)
vector r to a point on the curve cuan be expanded in the serles( /

- e e em am e wr we mm e e e ee e e e mr m mm am e me e e e e e e e e e e e e e ae am mm e e

g 2
I=os BRI, o)
where s is' the arc length on the curve, Czo and /90 are the unit tangent and unit
~/
principal normal at O respvectively, and /D is the radius of curvature at O

3

The terms of order s” and higher in (39) involve first and higher derivatives with

respect to s and powers above the first of the curvature lé%). If the series (39)

for r is substituted in (23) for g(r), one obtains

9(7’)——9 £~ [a ~3(a. 4)4]3 .

swlB5 — Bk [l k=1t -z (e, k) |
— . vt [oaiiEetdiindd _]L s WMJ
- P. 7
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where the terms given explicitly represent g under the assumption that terms

3

v

of order s” or higher are negligible. Consider the canonical coordinates x

1
040A“7 and X, (defined as coordinates in the direction of CZO and /90 respectively) of
N

é)9721 the curve at the origin, The coordinates Xy and X, are given in terms of x and 2z

b
i X, | - ]r“x,o Z, o x )

U7l ) -
X2 Fro FPeoldl
where the elements of the direction-cosine matrix are components of O; and /90;

~re

these coordinates are likewise given by

rho r,=95 x, = SZ/Z/OO , (42)
from (39) under the approximztion thatterms of order 33 or higher are negligible,
By comparison of (41) and (42), one has the approximation
82= Xy oX " %zo0%, (43a)
5 =2 po[ﬂm ¥4 +ﬂz,02.7 ) (43b)

which expresses both s and s” linearly in terms of x and z. Under the substitution
(43), the terms given explicitly in (40) vield the quasilinear fieldA§Q defined
(in matrix notation) by
@)
omega 9= '”{ } - wozm’f]o x ”
=Q Yo Z )

where the coefficient matrix a is

/-6
4 0% 05 o 2R, 0%y 0% o ’@z,of’o /R,

w0

.

2 // 2 (45)
3,32,’0(562’3’0—/)/00 /% "'2+3/9£O(3a’z o—/)/Oo//?o

The parameters entering the coefficient matrix AO can be evaluated directly

~

from the initial conditions of the motion. From standard formulae(lB), one has
cross o =~ So X {,,50_90:/4\:) 5 |
oy, ’ = ) S (L6)
o]
% ~ s X(b-g k)l ¥
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and
3 k)l
rho /oo-_-%//w%x(fo g eI (&7)
cross
where bo is the initial value of b and it 1s assumed that v, is non-vanishing.
The corresponding aquasilinear equations of motion are given by
» e ” 3 [ é
, Z | ‘4 1% z
@ = . L8
0/778?0 --J + O j fé —_ (48)
z % Y o

Solutions of the system (48) can be obtained directly by the use of the Laplace
transform.

The quasilinear approximation represented by Egs. (48) yields a transition
from the linearized approximation {25) to the spherical approximation (14). The
linearized equations assume that terms of the type (x/Ro)2 in the Taylor expansion
oflévare negligible compared to terms of type x/RO, which 1s eguivalent to assuming
(S/RO)2<?< s/RO. From Eqs., (43) this condition requires that,/%<f<'RO, and one

, notes that Eqs. (48) reduce to the linearized equations (25) when /Q(}——> 0. The
(]40/%0 spherical solution (15) for motion in the x,z plane presupposes AE?O = i and

bé?fk? /90 = -k at the origin; if note is taken of the constraining condition (12) on

~ ~ry

o)

~r

b, Eq. (47) yields /Do = R_. With these values of the parameters, Egs. (48)

reduce directly to the spherical eguation (14) of motion,

3

Since the terms in the Taylor expansion of g neglected by g% are of order s”,

67,9//'0 and s = O(t) when vO;-:/ 0, it follows that the absolute error I Sqf'lof the
-— P s v
quasilinear solution is such that lé%l7", = O(ts) in general, Thus, the Taylor

expansion of the quasilinear solution ugrees with the true Taylor expansion of r

4

o~

through terms of order t* in general, as compared to the linearized solution (26),

3

which agrees through terms of order t~ at most. The quasilinear trajectory has
contact of order not less than the fourth with the actual trajectory at the origin,

and accordingly is an osculating approximation in general,
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One can define error parameters for the quasilinear equatiéns analogous to
éﬁ and g: in the linearized case, which fix surfaces of zero error for the
component equations of (48), By this means one can show that the surfaces of zero
error for both components coincide, and the quasilinear system (48) is exact if
and only if the motion is constrained to the reference sphere 5, (condition (12)
holds), in which case the quasilinear system reduces to the spherical equation ().
When /9‘3 ~ RO, the surfaces of zero errcr for both components are nearly in
coincidence, and the quasilinear solution provides an approximation which is
markedly superior to the linearized, When /Oo is shall relative to Ro, the
quasilinear trajectory differs only slightly from the linearized, and may vield
only a small margin of gain, These results are illustrated by Fig. £, which
compares the quasilinear trajectories for the ballistic case (EL= 0) with the
corresponding ellipses and linearized trajectories when 676 = 0,

In passing, it can be noted that generalization of this quasilinear approxi-
mation to three dimensions is easily made (by assuming that the torsion of the
curve of motion is likewise a slowly varying function).

S5e Linear Continuation,

When significant variations of altitude above the earth occur on a trajectory
of extended range, it is clear that none of the linear approximations gliven for
g(r) are satisfactory in the large. In this case, the g-correction equation (7)
~
can always be solvedbya step-by-step procedure in which the non-linear gravitational

term over any interval of time is replaced by a constant value corresponding to

the interval, as determined from the solution of the eguation for times up to the

~interval in question., The solution in any interval is given by a suitable modifi-

cation of the zero-order solution (11), and the solution is continued from interval
to interval by identifying the initial conditions of one interval with the terminal
conditions of the preceding interval, Such a method will be referred to as zero-

order continuation, and, while always applicable, has the disadvantage of requiring

a large number of steps for an extended range,
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To reduce the number of steps required, the gravitational acceleration over
any interval of time can be replaced by a linear approximation whose constants are
determined by the solution up to the interval. The most advantageous approximation
is the quasilinear. The initial conditions for any interval are again taken as the
computed terminal conditions of the preceding interval. Such a method of solution
will be referred to as linear continuation,

For simplicity, let the motion be plane with an initial point Oo on the

surface of the equivalent. srthere Se’ and let the components of b be measured

A

parallel to the axes x,z of the frame Oo' Let the total range, 0 to tn of t,

be divided into n intervals, to by (k = 1, ..., n) with t, = U The

t,
k-1
computed terminal point Ok 1 in the (k - 1)-th interval determines a frame x,k),
- 4
i arame r LY - i al as i ig. 0 = Q).
Z(k) with parameters Rk—l' @), o1 for the k-th interval as in Fig., 1 ‘C)o )

In the frame OP 1 (which is introduced for computational convenience), the theory
o
of the preceding sections for the frame Oo can be applied to define the pertinent

parameters €y ) k—l’mék—l by interchange of subscripts. If Bk—l designates the

AN
direction-cosine matrix

S (3
COSC&_J -y

k=1 - ’ (47)
— §/7 h—/ COS@A__/

the g-correction equation in the k-th interval when referred to the 0O _+ frame is

ool .2 X =3 e

Wlerw™ A wl =25 5z _

oo / k=1 k—1 wk—/ b > (50)

Z (k) £ 1) = 7
where Bk is the transpose of B, .. The formulation (50) corresponds to the wse

k=1 i1

of a quasilinear approximation, which reduces to a linearized or spherical approxi-
mation in the special cases

_ 7/ 0 _ [/ OJ
.,’f]/é-—/—[o _2]7 v/uqk~/ [0 /4’ (51)

respectively, The g-correction eyuation in the k-th interval is then

. R 0
“lro? B 4 B (2[4 _5 2
Y ~l o k=1 k=1 rk—1 2 5 k=1

7 EQA—J

In practice, it is found that linear continuation vields a considerable

when referred to the Oo frame,

reduction in number of intervals as compared with zero-order continuation for the
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same terminal error. This fact appears by comparison of solutions I and II with

/Zfiélflrsolution IIT in Table I, which shows the results of three different continuation

rho

della

solutions carried out for the Al0 trajectory. Solution I was based on the use of
quasilinear approximations in the intervals (as specified in Fig. 3) where fgl\u Ro;
comparison of the results with those of solution II brings out the superiority of
the quasilinear over the linearized approximation under this condition. In
carrying out these computations, the b-function (Fig. L) was tabulated to four

s
decimal places (after round-off) in uaits of . from the assumed trajectory
(consisting of segments of analytic curves), Checks indicated that the rounding-
off process in b introduced an error l 8 r} which amounted to < 2 mi, for the

AN nas

solutions of Table I, which shows that the entries in the table for ’(S r , are

AAL

significant for comparison of the approximations to g,

It should be emphasized that the computations ;;;lding Table I are of academic
nature, due to neglect of the latitude-dependent component of g and of the centri-
fugal and Coriolis terms in the kinetic reaction of the g-correction equation,

The sum of the first two of these acceleration terms varies over z range of 0,005 g
from the equator to the pole on the earth's surface, The systematic errors due
to neglect of the variation of these terms on the al0 trajectory have been calculated
approximately by a perturbation method for the case when the plane of motion
coincides with the earthts equatorial plane (the error is then in this plane likewise).
In this case the effect of variation of centrifugal reaction ('é;r lﬂu 30 mi. )
and of Coriolis reaction (ls‘r,'\v700 mi,) is extreme, These errors are larger by

v
orders of magnitude than the upper limit (lé‘r} < 3 mi,) to the round-off error

anr

found above for the data of Table I. Hence, the method of computation leading to Table
I, in the particular form used, has only a limited practical validity for the Al0

trajectory (except as an approximation in the roughly constant plane of moticn for

a trajectory in the neighborhood of a pole, where the Coriclis deflecticn is transverse).
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It is clear from these considerations that the step solution in linear
continuation must be modified on trajectories of extended range, in general, to
include terms corresponding to the variation of the latitude-dependent. component
of g, the variation of the centrifugal reaction, and the Coriolis reaction, The

Ll

fact that these terms are considerably smaller than the main radial term of g

v
materially simplifies the problem, which will not be attempted here because of
the detail involved.

The advantage of linear continuation over numefical methods such as the
Runge-Kutta process consists in the fact that the length of step or the integration
interval is fixed by the variation of the slowly varying g-function. From such

v
error bounds as (22) or (31), one can estimate the number of stens required for
a given terminal accuracy. In methods of the Runge-Kutta type, however, the
integration interval is fixed by the variation of the rapidly varying b-term, and

v

the possible interval is considerably smaller. Linear continuation vields a
reasonable compromise between the conflicting demands of a small number of steps
and simplicity of the step solution,

In conclusion the authors wish to acknowledge many helpful discussions of
this problem with Dr. W. C. Randels of Morthrop aircraft Corp., Dr. R. Isaacs

of The RAND Corp., and Prof. T. Dantzig of the RaND consulting staff. Thanks

are due also to Mrs, M. Irving and Mrs. J. Griffith for the computational work.



TABLE I:

RESULTS OF CONTINUATION SOLUTIONS ,

7/ /f Solution Step Number Error ICSI:‘
€lia Selution of Steps (mi.)
I Linearized and 5 20
quasilinears
II Linearized 39 L6
I11 Zero-order 39 254

* As specified in Fig, 3.
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