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GEOMETRY OF REDUCED MOMENT SPACES

S. Karlin and L. S. Zhapley

;1. A normalized distribution function on the closed unit inter—
val {0,1] is any reel, non—decreasing function @(t), continuous
to the right, with @(—0) = 0, @#(1) = 1. The distribution with
saltus of one at t and constant elsewhere is denoted by It' The

n*? moment of B is

o (g) = t™dg ().
__O

The region of n—dimensional euclidean space comprising the points
x; = #(@), 1 =1,2,...,n, for all distributions @ is the reduced

moment space Dn' The region comprising the points of the form
xg = A (I0) = t' is a twisted curve, denoted by ~%. P is closed

and convex, and for n > 2 its set of extreme points is precisely
-n

4+ e

THEOREM: If x is in the boundary of ~™ then there is a

unique distribution @ with moments,ﬂi(ﬁ)

X5 and x can be

of

represented as a convex combination of extreme points in just one

way,_namely

X, = /“i(It)de(t).

If x is interior to :p, then the associated distribution and the

convex representation are not unicue.

Denote by b(x) the number of extreme points participating
in the convex representation of a boundary point x of Dn, and b(x)
the same but with the points (0,0,...,0) and (1,1,...,1) counted
half. Let ' (x) be the common intersection of all the supporting
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planes to o™ at x; let a(x) denote the dimension of [ (x), c(x)
the dimension of L(x)ﬁzn.

n

THEOREM If x is any boundary point of © then

Rb(x) = a(x) + 1,

b(x) clx) + 1.

By a suitable extension of the definitions, these relations can be

. . . . n .
made to hold for points interior and exterior to =~ . In particular,
there are two distinct "minimal™ representations of the interior

points, with b(x) = (n+1)/2, corresponding to the representations
f tn+1. The boundary of may be parti—

. . C s T n
tioned into 2n disjoint "faces", A a

of two boundary points o
and_@_g , of surface dimension

. =n n
e,qa or A

Age c(x) is

a, a =0,1,...,n—1, where a(x) = a for x

constant over these faces, and indicates the order of curvature
of the surface. For the entire boundary, a—1 < 2¢ < a+1.

;2. The set of polynomials P(t) of degree n or less which
are non negative over |0,1] may be conceived as a conical region
in the (n+1)—dimensional euclidean space of the coefficients. If
the polynomials are normalized by

a convex, closed, n—dimensional regiongﬁn is obtained. Its extreme
points are precisely those polynomials that have n roots (counting
multiplicity) in [0,1j: they fall into two disjoint components
distinguished by the sign of the leading coefficient. The entire
region?“’n is spanned by extreme points taken two at a time; in fact:

THEOREM. If P is in =™ then tunere is a unique representation

P(t) = ~ (t—tzj_1) + 2t (1—t) (t-tgj)?‘)if n = 2m,
J=1 J=1 '

‘m 2 m=1
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o -m_
. ‘ 2 o L 2
P(t) =t (t=taj) + £(1-t) (=t 3=1) 0, if n o= Zm+1,
Jj=1 j=1
with «+ >0, >0, 0 <t; < ... < to— = 1. P is interior to Pn
if and only if all of the inevuulities are strict.

Denote by b(P) the number of distinct roots of P(t); b(P) the

same counting roots at O and 1 as half. Then for P on the boundary

of Pn .

g
I

n—a(P)
n—c(P),

N
o
— —~
jge)
]

a(P) and c(P) being defined geometrically as in 1. The boundary of

n P . s - I . n
' may be partitioned into Zn disjoint components ., and:wc,
. . i 8 n
c =U,1,e00.,n=1, with c¢(P) = ¢ for P in c OF T -
3. 4 convex cone in (n+1)=dimensional spuace is a set which

contains the point -x + /x' whenever it contains x and x', X and A
. i1 . *
being any non negative real numbersbt 4. The conjuzate cone C to

a convex cone C is the set of points y which satisfy

n

>0 all x=zC.

i=0

C* is convex closed, and if C is closed then C** = C.

If =™ ang - O are made into convex cones in (n+1)—dimensional
space by dropping the two normalizing conditions d@ = 1 and |Pdt = 1,
then they are mutually conjugate. Geometrically stated, this means
that the coordinates of a boundary point of r? are the coefficients
of a2 plane of support to in, and vice versa. Interior points
correspond to separating planes, exterior points to secant planes.
If x is in the boundary of r™ ind if P is interior to the (convex)
set of points in the boundary of =™ which generate planes of

support to D at x, then P is said to be conjugate to x.
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THEOREM. If x is conjugate to P, or P conjugate to X, then

The duality of conjugate cones is fundamental in the
geometrical intervretation of the theory of two—person, gzero—sum
games. [otivation for the present study came from the consideration

of games described by polynomial payoff functions over the unit square.

‘4. In this section, results will be given only for the case
n = 2m. Analogous results hold for odd dimensions.
- The duality just described leads easily to the well—known
(2] » .
fact , that ¢ =1, ‘],..., " 2m are the moments of a distribution

if and only if the guadratic forms

S ..
\'. e a "\_. A £ — l./‘-
i,3=0 i,3=1
are non negative. The first principal minors are
] I0 e o o “}( A,f]_ :2 “.' k — k+1
: :
:k =: . i an(-i =l . 1
! ‘ ¢ : C , M |
k °°° zk I Yk— k+1 k=1 2k |
K =0,1,.00,m, 2= 1,2,...,m, respectively. These determinants may
be used to characterize the facesﬁfim , é;gm of D2m . In fact, if
x is in;igm tren, setting b = (a+1)/2,
£y >0, 1<k<b; 4, =0, b<k<m
L; >0, 1<k<b; & =0, b<k<n.
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If x is in\fsm then interchange upper and lower bars.
. . . ) P 2m—1
If an interior point (#y,..., “om—1) of D is given,
then the extreme values possible for *%p are found by solving
Lom =0 and /iy = 0. The lower value, designated £5, comes from
the first equation, the upper,.“,;m , from the second. The support—

ing planes at the opposite boundary points b”b,...,/ém) and

(/6,..-,*2m) are unijue and correspond to the polynomials

) 2 ’ N 2 2
By (t) and t(1=t)| Pr (t) of F |, where
i__ —‘Hl ] "Am __J -
l i | ! 24 % S 2
! : L 0 "L - 1
o e e , T e Y™
L ! A e i
; L | t f i . 2 /3 t
R (t) = . . , P__ (t) = ; . . .
“m ) T ‘m ! . .
:‘ N .m‘ : £t * A A /[/ .m.._']
M eee l2m_1 t ' . ,‘ m—..'Lm+1 e /2m—-—2—/ 2m—1 t

The spectrz of the unique distributions 4 and w corresponding to these

opposite boundary points are the roots of Py (t) and t(1—t)%§ (t)
“m m

respectively. The two sets of roots interlock strictly (cf. the
representation of “2) and the cumulative weights of the two distri— 
butions interlock as well, so thet +(t) — Z(t) has greatest possible
nunbsr of sign changes. -

The polynomials P, , k = 0,1,...,m, are orthogonal with
o k :
respect to the weight factor ds¢(t), while PR, A =1,2,...,m, are
—-— — £

orthogonal with respect to t(1—t)di(t). These systems of polynomials,
together with the analozues for odd 1, are the basis for a new
geometric approach to the theory of orthogonal polynomials.

THEOREM. There is a 1:1:1 correspondence between (a) the

m——

2y—
interior ggl:“m 1, (b) the set of ordered pairs of polynomizls

(B, » P- ), and (c) the open simplex of strictly interlocking roots
— m e m .

O=to<t]<ooo<t4m=1o
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The representation of 22 1s thus linked to the polynomials
of this section and to the interior ofx:n-1.

‘5. In this section certain geometric features of tne
: n . Lno . . n
reduced moment space . and its dual ~ will be given. L can be

. . . . ! . k
inscrived in a very natural simplex ¢ whose vertices x( ) are
given by
k N
(k) i ,
x; = S 1= 1,2,...,n; k = U,1,...,n.
i

“ . . . . . n N .
Its dual is the simylex inscribed in . spanned by the polynomials

; y = ny ko iyn—k A
Il’k(t) - ’k/ t (1 t) k "' b,‘l,-oo,ﬂo
The barycentric coordinates with respect to  » of a point x of DM
are
1
';\n,k = | n’k(t)d¢(t) k = O,'],...,II-)

where @ is a distribution raving moments K’i(¢) =Xy, 1=1,2,...,n.

This gives a geometric interpretation to the quantitieslkn K which
)

3
play so important a role in the literature on moment theory + ].

. . n 5 . .
The relation of =P to r " leads to several qualitative results on
moment spuaces, and in gparticular gives a simple geometrical proof
of Hausdorf's Theorem.

Another property of % is that its center of gravity is
. =1/
given by the continuous distribution (t(1—t)) /3dt, whose moments

. 3 e oo s o 2n._1

satisfy, for any n,,#h =v($’ +'&n)/2‘ The supporting planes at

» b

) and Lfﬁ,”z;...,‘h) are parallel, another unique

LA ot
(/1 3 Ry ey~

n

property of this moment seyuence. Tie polynomials P, P: )
= Imn [ m
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n = 2m, for these moments are (up to a constant factor) the Tcheby—
cheff polynomials of the first and second kind.

The center of gravity of the simplex <D is given by the

rectangular distribution @(t) = t, whose moments 1, % R % yeeo give

rise in similar fashion to the Legendre and the first associated

Legendre polynomlals. .
| . v : : . , S I A RS

Finally, the n—dimensional volume of ™ has the interesting
value

B(i,i) ,

B

i=1

where B is the beta function.

»0. A similar account can be made for moment spaces based
on an arbitrary finite set of moments- ‘1.? . With certain adapta—
tions, most of the foregoing analysis and geometry can be carried
over to infinite moment sequences, and to distributions over the
infinite intervals [U,w] and [—w,»]. These results and their
proof, and additional theorems unstated here, will be published
elsewhere.
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