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SUMMARY

This paper examins the adequacy of the Affine Fleld Theory
as a descriptive geometric structure for the representation of
physical events. .It is shgwn that the theory leads to a deriva—
‘tion of elemental matter from purely geometric consideratlons
‘in an,abstract‘affine1y connected space, and ylelds equations
" which describe meaanicfphenomena in a "physical" space of four
dimensiens of the Riemann variety. The meson character arises
;séleiy'fﬁ@m‘theiinteracficns of gravitational and‘eleetromagnetic
vfields,.where enky‘gecmetric arguments enter into the Lagrangean
function and'wheﬁe the field‘mass is an integration constant.

In addition; it is shown that the theory also describes macroscopic
matter, Maxwell—Lorentz electrodynamics, and gravitational fields
interacting with uncharged matter in the absence of electro—

magnetic fields.
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1. INTRODUCTION

We have presented, in previous communications, the basic
equatioens of the Affine Fleld Theory and the general form which
the components of affine connectlon may take for fields which

are members of the non—null class.* It was shown in I that

*Edelen, D. G. B.: The Affine Theory of Electricity and
Gravitatien, Archive for Rat. Mech. Anal. 6 (1960).

¢+ On the Form of the Affine Connection in

Affine Field @heary, to be published.

We shall refer to these communications as I and II and their
cerrespending equatiens by -

affinekfield theory described vacuum electrodynamics and vacuum
gravitatioﬁ theory by appropriate cholces of the Lagfangean
function; These considerations are extended in this communica—
tion to show that affine field theory also describes macro—
scopic matter, Maxwell-Lorentz electrodyﬁamics, and gravita—
‘tional fielqsvinteracting with uncharged matter in the absence
of electromagnetic fields. In addition, it is shown that when
gravitatiénal and electromagnetic fields interact, equations

ef the vector meson type always result, in which the field

,mass is an integration constant and the Lagrangean function
pontains enly geometric quantitles analogus to the quantilties
which describe pure fields in previous theories. The resulting
,#ectar meaoh type eQuatians are of a form which may be interpreted
as holding a "physicai“ 4—dimensional space of the Rlemann type.
Thus, Affine fleld theory leads to a derivation of elemental

matter from purely geémetric considerations in a generally
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affinely connected space;Aand yields equations which describe
physical phenomena in a physical space of 4—dimensions of the
Riemann type. Einstein's principle of general covariance is
‘ex&mihed in the light of .1ts epistemological basis and 1s found
to be unacceptable. The principle of Observational Covariance

- 1is then f@rmulaﬁed and it is shown that the Affine Field Theory
‘idaatieallyisatisfies;this principle for the Lagrangean functions

'c@nsiéered.
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2. THE BASIC EQUATIONS

The space 6 used in I for the development of the affine
- field equations was a U—dimensional Hausdorff space into which
a structure was introduced by requiring that at every point
there b, defined a s etric affine connection L% . e
curvature tensor associated with Lgv was defined in the usual
~ manner
s def ‘

X T K 4 o

Kovp = 2hyu,e) * QLp[vLu]A’ (2.1)

from which the ‘fundamerital field tensors

ap = 2C(ap] = PEi[p,a] - (2.2)
i Llre _ t€
Bap = C(ap) = Le(a,B) ~ Tap, ¢
(2.3)
+ 2L [a e}a g
were obtained (c b = Kaﬂe);

AP ra a i | ‘
Let 565(Aa3’~3uﬁ’ Lgys Q(p)s X)» the field Lagrangean, be
an arbitrary function of its arguments. Extremizing the fleld

; action J / .af dv with respecﬁ to the choice of Lg,y‘and

' Q( p)’ ; Whase variations vanished on the bcundary of 1)4 3 yielded
the following field equations. :

Hf‘gas“ o o
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135 - 8 ot Y, , (2-5)
(ef,'é?‘;),g),e —-oZ‘;..,Q(p) - 0 ; (2.6)
where
1B - 4,%& , | | (2.7)
P . zﬁ’%a , (2.8)
s< | = %5,(31?5 23 e L), ; (2.9)
C£€
T??y " 5($3Lﬁ €$(§- BEYB;;; (2.10)
and
. I‘fg = I“E’ + prxpﬁ + Lg,yIap Lg,y 198 o e

"From the definitions'ef the various terms given above we have

. the additional relations

; L?B’y]""" ‘(2'.12)
  3ié£§B) . 0(;‘1?’A[¢5;?j’= o 7(2.13)
LRapeel o (eam

ot e



P—2100
5
rlaBl _ o, ‘ (2.16)
plaBl _ o .
ee Y 0. _ (2.17)
B _ mbBa . _
T‘?.B Tg=0, (2.18)
~and
o
S,a = 0 . ) : (2‘19)

The system of equatioﬁs (2.4 — 19) constituted the affine field
- theory as presented in I.. |

| In order~to discuss matter in a simple and direct manner,
we find it co’nVénient to enlarge the variational principle
kéonsidered in I infthe following way. 'In the next section,

‘:w$ deve1op the;acticn of matter d7 o/p oLy dv, where the

‘f:matter Lagrangean &f is a definite function of L% , the

B,Y}
:symmetric coefficlent tensor h 5’Pf the fundamental quadratic

form h . ax® dx5 and additional quantities particular to the

~descr1ption of matter. Identify Q( ) with the tensor h b and

' ‘ff~censider the combination of matter and field actions as the

 t@ta1 actian  f‘

, JT g{JM A I u/D; (2 - ZLp)av = /}} ZLp dv . (2.20)
i = g : iy
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Extremizing the total action with respect to L® and =h
& P By &9 Q(p) = Pap’

we obtain the affine field equations (2.4) through (2.6) and the
subsidiary equations (2.7) through (2.19) on replacing o7y by

Qf& in equations (2.6, 9, 10). Sf% remains in equations (2.7, 8)
since oZ; does not depend on AaB 8" In order for ¢ﬂ;
to be extremal we must add to the affine field equations the.

and Ra

equations which result from extremizing the total action with
respect to the choice of the quantities particular to the
description of matter, where the variations of these quantities
vaniéh on the boundary ofVD: in conformity with the boundary
requirémentSvon thetvariations of the Lgy and the Q(p) = haﬁ'
As is evident from the assumed functional form of ch, this
latter extrémizatien of afg is equivalent to the extremization
of of . |
It must be noted that the above extenslion of the affine
field theory is introduced here solely for purposes of simplicity
and directness, in that it ylelds Einstein gravitational theory,
Maxwell;xpféntz élééﬁrodynémics, énd‘Maéroscopic matter rep—
resentaticns‘in an easily recognizable'and fami1iar form. We
Shali see;§héﬁéver,fthat considerations of just the field action
alone_éffers aipoééibie representatibn of (microscopic) matter,

gravitation, and electrodynamics.
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3. MACROSCOPIC MATTER

We énvision macroscopic matter as a substance which forms
a 3—dimensional centinuum éim of the 4—dimensional ground space
& for any particular value of the "time" coordinate. Hence
it may be referréd to a system of coordinate values €, {, v

in a contlnuous manner. The intrinsic matter properties of

o sueh a continuum are described by two invariable distributions

dm > O and de defined over 25 ‘These distributions will be
referred ta as the mass and charge distributions respectively.
The "history" of matter is expressed by the fiber bundle of
"world tubes”‘generated by a'sufficientiy fine neighborhood
topology of dgn' :

We take for the definition of an infinitesimal length of a

world tube (infinitesimal proper time) the expression*

, , (3.1)

~*'haﬁdx2dxE ié assumed positive in a timelike. direction.

 wher§'h'6
 quadratic farmkof dg,and where X

1s the symmetric coefficient tensor of the fundamental
a are the coordinates of a point,
1h‘f§‘which'hapgén3’ta coincide with the matter point,g, £, v

at ‘the moment 8 in its history. The ”time" 8 1s calculated for
each worl& tube from the peint in & carresponding to ¢, ;, |
(gig.,‘the particular value‘of the time used in labeling é%n

with the coordinates £, £, v 1s s = 0).
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Létlnm be the world tube which is generated from an in—

finitesimal element of E;lwith mass distribution dm and charge

distribution de. We take as the action of mass the expression

4~“{; dm 04;1ds

and as the action of electricity the expression*

de /“dx‘“
e

m iy

m

*The reason for Lia instead of the vector potential of the
electromagnetic field appearing in this expression is twofold:
.first, there is no vector potential defined at this point; and
second, we have shown in I-Section 4 that Lﬁa possesses the
operational properties of the vector potential in the affine
field theory without the associated transformation properties,
8o that one is able to choose an arbitrary reference point for
the null point of the potential.

The action of matter is thus given by

aﬂ = dm ds + de It ax® (3.2)

M u/ﬁ {. o/ﬂ u/ﬂ Lo }
- ey &, By

,Equatién (3.2) may be expressed as a volumn integral over S

in the following manner. Let'p:b be the mass density function
of & , then e |
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dm ds = b, d& 4f dv ds = K, dE Al dv(ds)2/ds
= ko ¢ df av h g ax® axB/as
= “O haB u® uB dé¢ d{ dv ds,

where u% = dx?/ds is the instantaneous tangent vector to the

world tube Qm. Since ¢, £, v, s forms a continuous, and we
shall also assume, a differentiable coordinate covering of

& , we have

det a(é,C,V,S) >

p~ d€ df dv ds =
0 0 3L, 52,55, %0

dv = pav

where i 1s the world mass density function. Thus
/dm ds = uh . uw® uP av .
sl oy e

Similarly

153 s 3 M a
de L dx =/de L u- ds =
v Ja a = e /ﬂm o

m n

B
o= Pn L, u d€ df dv ds
.‘<;’ % “h 0 Tl

m -
i (ﬂﬁrg—;—s%—r
S

gk |
= PaU L dv =
0/1 0" Tha XX X X))

pua Lﬁa dv ,

B
355\5 =
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where p 1s the world charge density function. We thus obtain
the following restatement of the action of matter which will be

required in later sections

JM = ‘/Diz{muﬁ u® uP 4 pu® Lﬁa}dv = 4;‘234 dv « (3.3)

In order to obtaln the equations of motion of the matter
continuum (équations of the world tubes) and to extremize the
total aetion; we must extremlize the functional cg& with respect
to the choice of the world tubes. Denote the operation of
varying the world tubes by §, then

SJ/he Jf * oax® = de 8 ,LQ 3x
w ; uo , ua
' O 42; JQ;

since only the world tubes are to be varied, not the intrinsic

poperties cf‘matter or spacegl«mow

:  éﬁu/ﬁ

‘% % - |
“ ué;(dx“ Qynga —-dlﬁh 4 x%)

|  + /nma(z{ta § x%).

Thus, sinée»gxa vanishes at the extremities of the world tube
(the initial and final states of the continuum are not to be

varied~in accarﬁancé*with~the vanishing of variations on the



boundary of DZ),we.have

8 /%Lta ax® = / (L, 5= Igo) %0 ax®

upon noting that

The last equation above reéults from the fact that Lta

changes under % by the change induced 1in evaluating Lﬁa

varied world point. Similarly
6U/" dmu/ﬂ as = /" am § /° ds .
W
Cn <n &
setting

o, a B
Q= haﬁ  Phaet b |

we have
: 1
‘g/ds-e QdS:s-g/‘v?iQdS
S 4

w

i

/Qm
= ‘/sz{ u"‘u6 & x¥ 4 2ha6ua g uﬁ} ds

P—2100

(3.4)

only

at the

(3.5)

/ { a8 S5 + Mg Thy(ngg) o v} P as,
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whéfe'hg[ ”Y}u uY = O and the vanishing of gxﬁvon the extremities
Q,
of the world tube have been used.* Combining equations (3.%)

;Fav(hgc) stands for the Christoffel symbols formed from the
hgc field.

and (3.5) and converting the integration over the world tubes

and over <§m to a volume integration over &, we obtain

8 JM ""fD* { ( ap '5"" t g uv(hef;’) u” u )
: : 4

+29L[a5]u} Qxﬁdv .

Thus, since 2IM, ., = :
» 8in ,aLh[a,Bl Aaa by equation (2.2), we have upon

“annuling,é aﬂm, multiplying the reéulting_equations through by

nP9, ana relabeling indices
: dua‘k,’ I‘a : B .ow . ag v ‘
o 4 uf‘BY(hQC) u” uf — ph™ A_, u’ = 0. (3.6)

Equations,(3;6)‘are the ?equations of motion" for the matter

,b@ntinuum.% By %his Wwe mean each world tube of the fiber bundle'

, }generated by di satisfies equabiens'(3 6).

There are 3everal significant conclusions which may be

‘drawn from equations (3.6). First, if the matter continuum

ia made up of sufficiently smail and discreet "lumps," we may

interpret equations (3.6) as the equations of motion for a lump
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where = my,1s identified with the mass of the lump and p = e,

1Qentified'with the charge of the lump. In this case equatlions
(3.6) are just those equations which describe the motion of a
classic particle of mass M, and charge e0 in the presence of an

‘electremagnetic field with field tensor — A__, and a gravitational

ap

field with potential tensor h ap’
Second, we tentatively identified the tensor field A af

with the electromagnetic field tensor in Section 4 of I, on
‘noting that Aua has the operational properties of an electro—
magnetic field tensor (was of Maxwellian form), and corroborated
fhis 1nterpretaticn,1n Section 8 of I by showing that the solu—
tion manifold of the affine field equations in a proper semi-—
empty space was isomorphic with the solution manifold of vacuum

electordynamics with A as the field tensor. Since we did not

a
have an expression for zhe pondromotive force which the electro—
'magnetic‘fieid exerts on a charged particle in I, we could
aétually state no more than that A, was proportional to the
electromagnetic field tensor, where the factor of proportionality
was a constant. ,EQuation (3.6) now shows that thekAag field is
Just the negative_gf‘ﬁhe electromagnetic field tensor, since
théllast:term in equation (3 6) 1s an expression for the pondro—

metive farce generated by the A and differs from the accepted

af ,
‘expresaian far the pandrometive force by the factor of —1. The

factor of prep@rtionality being -1 is not a surprising result
since equatian (2.2) states that Aaﬁ
curl of T , the latter quantity having been identified with a

is the negative of the

potential form for the electromagnetic fileld in I-Section 4.
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The most important and final conclusion is obtained as
follews: Let the Lagrangean function for the fields be an
‘arbitrary function of class 02 whose transformation properties
under coordinate transformations of & are unspecified. Under
this assumption the affine field equations will not be tensorial
equatiens and hence wlll not be covariant with respect to co—
ordinate transformations. The world tube equations, however,
are tensorial equations and thus covariant, as is evident upon
writing equations (3.6) in the equivalent form

By

pu u? ~ phac A =0 (3.7)

oV

B

I(VB stands for the covariant derivative formed from the affinity

ng (hﬁC)) and noting that A , 1s a tensor regardless of whether

ap
the affine fleld equations are tensorial or not. Thus, even
though the affine field equations be non—tensorial, the inter—
actiens of the resulting fields with the matter continuum

assumes the covariant form (3 7).
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4, THE QUESTION OF GENERAL COVARIANCE
MMMMMNWWMWWWVWVVWV\

Based on epistemological arguments in which acceptance or
rejection of hypetheses rested on "observable facts of experience,"
‘Elnsteln stated the follewing principle of general covariance:

"he general laws of Nature are to be expressed by equations

which hold good for all gystems of co—ordinates, that 1s, are

co—variant with respect to any (coordinate) substitutions

whatever (generally covariant)."* This principle was inter—

preted by'Einstein,and his‘associated to imply that the equations

*Einsteln, A.: Die Grundlage der allgemeinen Relativitatstheorie,
Annalen der Physik 49 (1916), Section 3.

which describe fields as well as those which describe matter
muét be tensorial equatilons.

The statement that both the equatiens which describe fields
and the equatiens which‘describe matter must be tensorial equa—
tions appears to be in error if one goes back to the basic
epistemological criteria upon which the principle of general
covériance is founded, namely: "observable facts of experience."
ihe most which 1s required by this epistemological criteria is

that observable quantities are to be expressed by equations

which;hold good in ail systems of coordinates. We shall refer

to this statement as The Princigle of Observational Covariance.

To require anything mere than this must rest ultimately on ad

\hoc'assumptions or on an expanslion of the epistemological

criteria. The requirement that both the field equations and
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the matter eduations be tensorial equations is easily seen to be
a sufficient conditlon for the satisfaction of the principle of
observational cevariance. It becomes, however, a necessary
conditicn only 1if both the fields and matter are observable
,quantities.

 Matter, per s2, is a fortiori observable on a macroscopic

level, in that it forms the basis of our known facts of experience,
and we kn@ﬁ how to make e@bservations of matter in the laboratory.

}Such‘abaervatians are represented mathematically by déscribing
the matter world tubes. When we say that we observe fields,

; however, what we meén is that we observe matter which is being
acted upon by semething which we term a field (1.9., we observe
the motion of test particles). We do not observe the fields
themselves, but only their effects on test particles. In
aétuality, what we baSically mean by fields, and the way in
ﬁhich‘we fundamentally define fields 1s in terms of their

,jintéracti@ns with test particles. When we write down systems.

Qf équatiéns te "danribe“ flelds, what 1is meant is that these
aqua%i@ns describe quantities which determine the magnitude, 7

"directian, etc. ef th& interactians of a samething termed fields,

ﬂ;wh@se presance results in certain characteristic changes in the

 matter w&rld tubes. Fr@m the "observable facts of experience"

‘eriteria, fielﬂs thua have no a fortiori existential properties

in themaelves, but r&ﬁhér are abstractions arrived at by cata—
;g@rizaﬁianwefvth@ types and natures of interactions between:

‘matter and the something which we term fields. This becomes
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even more evident if we antlcipate the results of future sections
and nete that the filelds themselves are sourced by and hence
result from the aggregate of matter existent in space, at least
with respect to Elnsteinean gravitation theory and Maxwell—
Lerentz electrodynamics. [l To satisfy the principle of
observational covarlance, all that need be required is that
the equatiens which describe the interactions of flelds with
matter be covariant, but not that the field equations themselves
'necessarily:haVe such properties. In other words, general co—
variance‘ef field equations is not a neéessary conditien for
"‘cenfermity w1th the principle of observational covariance. The
necessary cenditien is that only thé field—matter interactions
‘muSt be covariantly;formnlated. We therefore must reject on
the basis of the observable facts of experience the principle
» ,ef general cOVariance‘as interpreted by Einstein in terms of -
‘»rrequiring both matter and fields to be covariantly f@rmulated
'and replace it by the principle of observational covariance
with 1ts weaker requirement of covariant descriptions of matter
,and mabter—field interactions.
‘We shawed in the close of the 1ast secti@n, that the
}  'iequati@ns which describe macrescopic matter interacting with
"the fields deaeribed by the affine field equations were always
Qcavaviant forfefp given by equati@n (3.2) even though the affine
 f1e1d equati@ns be not necessarily covariant. We may thus con—
clude that arfine field theory with Qf’ given by equatien (3.2)
V*Isatisfies thekprineiple of observational covariance automatically.

If the affine field equations happen to be tensorial it is a
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fortuitous situation and can greatly simplify the analysis, as
will be seen below. It must be noted, however, this need not
be the case in order for the affine field theory to be in con—
formity with the princlple of observatiocnal covariance, since
this confermity is automatically satisfied under equation (3.2).
It has often been stated that a field theory must be a
covariant theory, for if not, one is unable to obtain the field
identities which play such a central role in general relativity
and the recent work in unified field theory. We have shown,

however, that under the Princlple of Extremal Invariance* one

*Edelen, Dominic G. B.: The Invariance Group for Hamiltonian
Systems of Partial Differential Equations, I. Analysis, Archive
for Rat. Mech. Anal, 5 (1960) Section 7.

is able to define systems of coordinate transformations which
are naturally associated with the field equations in such a

way that the field equations remain invariant under such trans—
formations. The geometry of the ground space defined by such
transformation groups plays an analogous role to the field
identities, with the added property that the conservation laws

have real information content rather than simply state identities.*

*Fletcher, J. G.: Iocal Conservation Laws in Generally Covariant
Theories, Rev. Mod. Phys. 32, No. 1 (January, 1960).
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5. EXPLICIT FORM OF THE FIELD EQUATIONS
VMAAAAAAAAAAMAAMAAMAAAAAAAAAAAAAAAAAMAAAAAMAA

The fleld Lagrangean considered in the remainder of this

communication is the scalar density

- af 1 ad ,.B
ofF_Fh{A+ah L h'YAé,Y}. (5.1)

The quantities a, b, and A are constants, ha is the coefficient

B
tensor of the fundamental quadratic form, and
h = det (haﬁ) <0 (5.2)

ap _ -
hh® = h’haa hiep] = O (5.3)

are assumed to hold. Combining equations (3.3) and (5.1), as

prescribed by equation (2.20), we obtain the following form
for the total Lagrangean

<, =/ {A + ah%P Rog — 7 bh®® nPY Mg Aév}
+ 1hg w4 pu® LS . (5:4)

It is evident, upon inspection, that every term in QZ}
with the exception of the last is a scalar density. The lack
of imvarlance of the last term of ;ﬁT gives no trouble, however,
and will be eliminated at the close of this section by subtrac—
ting from ;Z; a term of the form (Wa),a provided the Lorentz
gauge condition is satisfied. The subtraction of such a form
froﬁ ;f& will not effect the field equations since the variation
- of such an expression vanishes identically under the condition

that all variations vanish on the boundary of DZ.*

*Edelen, D. G. B.: The Invariance Group for Hamiltonian Systems
of Partial Differential Equations, I. Analysis, Archive for Rat.
Mech. Anal. 5, No. 2 (1960).
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With the total Lagrangean, we may explicitly evaluate the
subsidiary quantities Haﬁ, IGB’ Sa, and T??W in terms of the
fundamental variables h g, A,g, Ryg, and u®.,  Substituting
equation (5.4) into equations (2.7) and (2.8) yields

19¢ _ 2,/ n% (5.5)

and

1P

il

- 5 bR Ay, n0 RPY . (5.6)

Since haa and Adﬁ are tensors, we see that IaB and HaB are

contravariant tensor densities of rank 2 and weight one. Thus,
the colon derivative defined by equation (2.11) becomes the

covariant derivative formed from the affinity Lgy .

The tensors h and hc‘B will be used to raise and lower

af
indices in the usual manner. Equation (5.6) may then be

written as

il

P -2 v 2% g (5.7)

where

L

apf _ QO BY
A 2 Aéy h~"g§h v

It must be noted that the operations of raising and lowering

indices commutes with the operation of covariant dlfferentla—

tion only if h y = 0

(.ee: W.. = (W¥n =h W +w*hn ) .

uﬁ);v ap vy aB;y
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Using equation (5.4), we have

Z =pu(6,5v) (5.8)

T’LBY a

so that

X ¢ =2 pu®

T,L -Ep '. (5°9)
ac

Substituting equations (5.8,9) into equations (2.9,10) gives

s = 1— -8 = 'r (a./=h hoP) .5~ 5 (5.10)
and
T??Y =00, (5.11)

The affine field equations (2.4,5) thus read

<— = b\/—ﬁ AGB Bi‘ = < a./~h n%P > =5 £ 4% (5.12)

<a\/_— noP > - £ 2 sl (a\/fﬁ nBe >;€ (5.13)

The continuation from this point requires the results
established in II. In order to apply these results we must
determine whether the field Ic‘6 is a member of the non-null
class, the proper null class, or the improper null class.
These classes were defined, respectively, as the classes of
IOLB fields for which the determinant of IaB does not vanish,
vanishes because I®P = 0, or vanishes with I%P # 0 for some

{a, 6).* From equation (5.5) we have

*Eg“ll Section 3
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L

det (IaB) =ah .

Thus, since we have assumed h to be non-—zero, 1%F is a member
of the non-null class if a # 0 and a member of the proper null
class if a = 0. Hence, we must distinguish between these two

cases.

Case 1l: a # 0. For this case Io‘5 is a member of the non—null

class. In addition, we have seen that IaB is a tensor density
of rank two and weight one. The results of II-Section 6 are
thereby direétly applicable. In fact, comparing equations (5.5)
and (II-6.1) we see that they are identical. The field equations

(5.12) are thus equivalent to the system of equations*

*cf. 53-6.7

hopsy = My Bog = 20 Moy (5.14)

where M& is an arbitrary vector. Equation (5.14) 1s readily

solvable for Lgv yielding (cf. II-6.5)

a _ o 1 o o _
Loy = Tsv(hec) 5 [:MY 8 + Mg O 3u® hﬁf} (5.15)

as the general form of the affinity in thls case. We also have

by equations (II~6;9,10)

. p_3
R =9 +30, Vo M =35 M, 1, _ (5.16)

LA
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and

A =2M[, 3y | | (5.17)

where Juk 1s the contraction of the curvature tenser formed
from the affinity % (hﬁﬁ) end v, stands for the covariant
derivative formed from Pa (hge) - Thus, by equations (I-4.5),
‘and (5. 17), M_ 1s related to the vector potential £, of the
'xaxwellian field by the equation

Ma a‘“g £, (5.18)

‘;Weimay"use equation (5.18) to rewrite the above equatioens in

terms of the vector potential fa~which will be required later:

haa;‘v %%f’y haB - hv(afﬁ) ; (5.29)
"—‘%7 ' , (h c:) - [f 5% +‘fa 5y — 37 hm], (5.20)
o ¥ Sl fina e
Au?‘ . fiu,ﬂ ', . . (5;22)

. ﬁit;th,Y given by equati@n (5. ao), the field equations

satisfied in terms ef the 1% unknewn

ffuhgﬁiqng h and f rhere are, hewever, exactly 14 remaining
'field equatiens, ‘the h equatians (5 12) and the 10 equations
(2 6)* for the determinati@n of the 14 unknown functions., To

*There are only 10 independent equations in the set (2.6) since
we have identified Q(P) with the symmetric tensor h af
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these 14 equations must be added the b equations (3.6) for the

determination of the uﬁ; so that there are a total of 18 equa—

tions for the determination of 18 unknowns 1in this case.

Case 2: a = 0. For thls case I°‘£3 is a member of the proper—null
iclass and 1n addition, we loose the‘field equations (2.5) since -
“they are identically satisfied. We assume that the field AaB
is nen-—zero for some (a, B). If this is to be true, Lg[ﬁ,a]

: must be non—zero for some (a, B) by equation (2.2). This
condition 1s easily satisfied 1f we take (5.19) as the defini—
tion of the L%

By
equations (5.18) through (5.21) carry over directly from case 1.

provided fa is not a gradlent vector. Thus,

This case differs from the previous case, however, in a
fundamental manner. We no longer have equations (2.5) and hence
the expression (5.19) for the affinity is not unique. In fact,
the affinity may be chosen arbitrarily from the class of affini-
ties which satisfy the conditien Lz[ﬁ,a]“% 0 for some (a, B).

For example, another possible cheoice for the affinity 1s given
by Theorem I-8. We have chosen the form given by equation (5,19)
simply to obtaln the same basic formulas in both cases consildered
and thereby simplify the succeeding cohsiderations; If we are
%@ @btaih a detefmanistic system, however, in the lightgofjthe

~ indeterminism in the form which the affinity may assume, it can

be shewn that the t¢ns®r'fie1d ha must be assumed,to be a

g : ;
given field and thus not subject to variations. Hence the field

equations (2.6) no longer hold, since hye 18 no longer subject

to variatien, and we obtain the 4 field equatiens (5.12) for
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the determination of the 4 functions £+ To these equations
must be added the 4 equations (3.6) for the determination of the
ﬁiﬁriuﬁ, so that there are a.total of 8 equatiens‘fer the
determination of 8 unknowns in this case. |

| We new have the results reqﬁired to eiiminate the lack of
invariance arising from the last term of aZ%. From equations

5(5.20) we have
L =t (hy,) — % £ = (4n /) —»5 1
: " Tea VB T 2 Ta ,a "2 Ta
pu® Lea =»~-§ pu £, + pu” (£n\/:H),a
Now, substituting equation (5.10) into equation (2.19) we have
@y 3 iope
(pu ) o~ 10 (I;e),a !

 The term I“e may be directly evaluated using equations (5.5)
| ‘and (5 19) glving

,e a«/:H fa ' :’ . ' -~ (5.23)

v“f'a@ that

(pu ) a( «/:H fa) .
’  5Ehu£ aince ;if'

(‘en\’/:ﬁ)’apua = (pu“ mﬁ);a—. znﬁ (Pua):a



_ =

we have
@ 1€ 1l o _5 = 0 —
2pu” L. =—mpu £, —% a(q/"ﬁ'f_),a in,/~h
+ (pu® £n~/:ﬁ)’a .
Hence, if we subtract the divergence term (pu® fn./~h) o from
2
éf&, the last term of ;Z% becomes
1
~Fpu®r —32a( A %) o /R
- We thus see that i1f elther
) ‘a-o0
{(11) f =0

or

(111) the Lorentz gauge condition
(~/~h f?),a =0

’is‘aatisfied, the last term af‘Z% becomes the scalar density

Lo pu“ fa which-is usually encountered in variational representa—

tlons of eleetrodynamics.
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6. MAXWELL-LORENTZ ELECTRODYNAMICS

We shall show that classic Maxwell—Lorentz electredynamics
_18 obtalned as a special case of the affine fleld theory. Set
& =0and b =1 in equation (5.4). The I%P field is then a
hember of the proper null class so that the results of Case 2
of the previous sectlon are applicable. Hence, we obtain the

system of equations

ap o o
and
du® o B .Y ao v
;3- + U Pﬁy(hﬁC)"u u’ — ph™ A, u =0 (6.2)
for the determination of the 8 unknown functions u% and fa’
where
Sa o - % ’pua S?Cl = 0 » (6.)4-)
o1 1 a a Q
= I'" (h - £ 6 £ 07 3T s .
Ty = Thy(heg) — [1, 83+ 15 6 - 30 ng | L (69)
and
l :
i i == : - h f 3 . .
Bapsy = 2 Ty Bap ~ By (alp) (6.6)
As nated in the previous section, the tensor hGB is assumed
glven. Since h__ is the coefficient tensor of the fundamental

ap

‘quadratic form, the abllity to choose ha is equivalent to the

, g
ability to choose the cecordinate system in which the above
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requatiens are to be solved.* The Lorentz gauge condition

*Equation'(6,6) does not place any restriction on the tensor
haﬁ other than that of differentiability since (6.6) is iden—

tically satisfied for arbitrary haﬁ under equation (6.5).

(/R f?‘),a = 0 obviously can be satisfied with no less of
generality, since the vector fa is determined by equations (6.1)
and (6.3) only to within an arbitrary gradient vector. Since
the abave'system of equations constitutes Maxwell—Lorentz
electrodynamics we have demonstrated the result stated at the

beginning of this section.

There is a point of particular importance which we note
here in connection with the lorentz gauge condition. We may
not effect the Lorentz gauge condition by the simultaneous
eenfcrmal, gauge, and projective transformations developed in
II-Section 5 which leave the affinity (6.5) invariant, since
‘fhe werld tube equations (6.2) are not transformed into world
‘tube equations by such transformations. The only time WA
this may be done 1is when_u‘z p=0 (i.e.: a pure radiation
:field), in which case the analysis is equivalent to that of
I-Section 9. This situation is not too surprising since the
affinity (6.5) was not a unique choice. Any affinity would
fhéve dene which was such that the A , field would not be a

e B
~ null field.
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7. GRAVITATION IN THE ABSENCE OF ELECTROMAGNITISM

We shall show that gravitatien in the absence of electro—
magnitism 1s a special éase of the extended affine field theory.
Set b = p = 0 in equatien (5.4) and assume that a # 0. The
1%P field is then a member of the non—null class andthemeesthe
results of Case 1 Section § are appliecable. Since b and p are

assumed to be zero, equation (5.12) implies that
3 apy 3 ,ae _
o) (gq/—n h )iB =715 L;c = O

ASubstituting this result into equation (2.5) and noting that
T“ﬁ vanishes for the é{} considered* we have

e

*§i~ equatien 5.11.

I?s = O‘ | (7.1)

Equatien (7.1) tegether with equations (5.5) and (5.1%) then
imply HER

oy
Mﬁ =% fﬁ = 0 (7.2)
and '

Hence the electromagnetic field tenservAu vanishes, as 1s

g
evident from equation (5.21). The conditions b = p = O thus
imply the absence of an electromagnetic field. 1In addition,
we have by equatioen (7.3) that the space & reduces to a metric

space with metric tensor hon (cf. I-Section 2), and by equations
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(7.2) and (§.20) that

Bun = Jua - (7.4)

: The field equations (5.12) are ildentically satisfled since
all these equatiens vanish separately, and the field equatiens

(5.13) are algebralcally satisfied by

a
Lg, = ng (hee) (7.5)
obtained from equatiens (7.2) and (7.3). Thus, the only

remaining équat1@ns are the 4 equations

a ' , .
o Fay (heg) w%u¥ =0 - (1.6)

obtailned by variation of the world tubes of matter, and the’
10 equatiens
v _
et LR S R e e S (08

@bt&iﬂ@d-by‘variatién of the haﬁ‘

'haﬁeVér, Just those equations which describe Einsteinean gravita—

Equations (7.6,7) are,

tién'theary in the absence of electromagnitism upon identifying
gﬁ with the c@am@legical constant and i-with the matter—fleld

5:‘1ntaract1@n coefficient. |

_ Equatians (7 5) and (7 6) allow us to construct a con—

| aervaﬁien 1aw f@r ‘the mass density u similar to equati&n (6.4)
. fwr the aharge dansity. Set
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From the Blanchi identity* we have

*Schouten, J. A.: Ricel Calculus (Second Edition Springer—l
Vérlag, Berlin Gottingen Heldelberg (1954), p. 1 8 equ. 's 5.28,29.

a@ . ' .
,5 0 | (7.9)

Substituting from equation (7.7) we then have

1N@w, equ&ti@n'(?.é) is equivalent to

u;B u~ =0

and the cevariant derivative of h®f vanlshes by equation (7.3)
80 that the raising and lawering of indices commutes with
‘c@variant differentiation.r Thus, (7.10) states the desired

‘j-c@nservatien law
(:;éﬁ 6)
ﬂ
a

v up@n n@ting that (7 10) must h@ld for all vectors u under
. ,aquatiens (7¢6 ?)
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8. INTERACTING ELECTROMAGNETIC AND GRAVITATIONAL FIELDS IN THE
PRESENCE OF MACROSCOPIC MATTER

We now turn to the description of interacting electro—
magnetic and gravitational flelds in the presence of matter.
Using the results stated in Section 5 for the Lagrangean functiéﬁ

SZT, we obtain the followlng system of equations
b 3
3 (/R A‘??),B=—~f‘-,\/:ﬁf?+%ua ; (8.1)
L Tnagy (8.2)

Q
p g+ 0TS () wPa —pn™ A w0, (8.3)

a(R% -~ 3 n® g, n¥Y) - 5 0% (8.4)

ook e B av- B 1l .ap v
oo A UM G e

P

e = oy e) ~ [y 4 5 - aring ] L (89)

where equation (8.4) is obtained by computing the variation of
z |
identificatien of Q(p) with ha

with respect to haB (1.e.: using equation (2.6) under the

’ B). If we set a = 0 and b =1
in the abeve system of equations we obtain the equatiens of
éectién'ﬁ which describe Maxwell-Ilorentz electrodynamics, and
if we set,bA#,P,s,O.we obtain the equations of Sectien 7 which

‘&eecribéfgfa#itéti@n in the absence of electromagnetic effects.
It is'thus‘hatural to make the tentative assumption that a

descripti@n of interacting electromagnétic and gravitational
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Under this assumption, equatiens (8.1,2) describe the electro—
magnetic field, equation (8.3) describes the world tubes of
matter, and equation (8.4) describes the gravitational field,
:f®r the form of the affinity given by equation (8.5).

Examining equatién (8.4) we see that the right side is
Just the mementum—energy tensor of uncorrelated mass and the
electromagnetic field, on noting that AaB has been identified
with the negative of the electromagnetic field tensor. We thus
obtain equations fermaliy similar to the equations of Elnstein's
general theory of relativity. There is a significant difference,

however. Rewriting equation (8.4) by using (5.50) or (II-6.13)

gives, on lowering the (a,B) indices,

a(J oot R o ba B gty o bA‘V A
ap -3 WV fop Jh o B pv
TRY 3
+3 ‘has + 7 hop Ay A +a(zhy v, ‘ (8.6)

3 3 |
L f{’ hqﬁ} -

KY
where J af § LV h is the Einstein tensor and

hyg = Ogp
Vp is the covariant derivative formed from the affinity r¢ (hét)
Thus, altheugh equatien (8. 4) is of the same formal form as

Einstein'a equatiens, when written eut explicitly in terms of

the Einstein tensor they assume the significantly different
form (8.6).
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The system of equations (8.1,2,6) exhibit certain new
properties not encountered in previéus sections. From equations

(5.10) and (5.22) we have
| &  3a I~ .0 a 5
= VAR -HuT (8.7)

:Hence, by equation (2.19) or directly from equation (8.1) the
following result is obtained

() g = F (VFY) . - (8.8)

From this equatién we see that instead of obtaining a statement
as‘t0 the conservation of macroscopic charge, we have the
-  §t&tem@ht that'at eﬁery point of space‘macroscapic charge is

‘ éehErated where the source strength is given by the expression

(N/:E f“) In Section 6 we saw that we could apply the

‘Larentz gauge cenditi@n (=R £9) = 0 since in that case £
was anly determineévt@ within an arbitrary gradient vector.
mbia 13 nat the case here as is obvious from 1nspection of
'equatian (8 1) Hence, under the above deseriptien of inter—
acting gravitatianal and electr@magnetic fields in the presence
"9f mat#er3 1t may be cancluded that the macrascopic charge

‘ fdansity is nat necessarily c@nsarved and that the Lcrentz gauge

4.§e@nd1t1@n 15 n@t neeesaarily satisried.

ﬁe knew, at least an ﬁhe labarat@ry scale, that macroscepic
‘eharge density 13 censerved and that Maxwe1L~L®rentz electro—
dynamics h@lds 80 that the L@rentz gauge condition is applicable.
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Alth@ﬁgh thésé éendit1ens can not be satisfied by the above
description, they may be approximated 1f we take the constant
@ sufficiently small that the first term on the right side of
- equation (8.1) 1s only significant on a cosmologlcal scale.
| Under this choice ef @ we obtain the normal laboratory pre—
‘dictiens, but en a aesmolegical scale we would predict that
macrwsc@pic charge dansity 13 constantly’being created or
destreyed depending on the sign of the term (A/“E fa) The
; physical m@del thus resulting predicts censtant creation simlilar,
theugh not identical, to Hoyl's hypothesis. -The predictions
flare:&uffieiently close to the hypothesis ef‘Hcyl, however, that
’ﬁé may,téntétiveiy use Hoyl's results to evaluate the constant
; 514‘ ’ |
’With ai'chesen by the above,considefations as to the
; ‘V 1ab@raﬁij cansgrvatien of macrcscopic charge density, the
:Vfi‘,quésciéﬁ:arises’as te‘whéther equation (8. 6) is an admissible
u' 'g re§ra$entatien of the gravitatienal field. wé saw, in the last
ég';ffseetxan that X was ta be identified with the reciprocal of the

, ,mattarnfield intaractien ceafficient and hence was a significantly
large number, Thera thus w@uld appear to be a conflict between

‘this cheiae of cz and the ane ebtained by the requirement of

, f§ 1abarat¢ry eanserva%i@n of macrese@pic charge denbify, not-
At?ff"withstan&ﬁng %he additianal terms appearing on the right side
‘ ef eqﬁatian (8 6) we»snall-defer ‘the demenstrati&n that there

’13 no aetual cenflict to the next section. 1In fact, 1t will be
‘ﬁh@wn that the extra terms which occur in equations (8.1) and

'~(8 6) are éssential to the existence of a pure field description
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of matter and @céur in just the required manner to yleld the
unqguantized form of the basic messonlic field representations

in a natural and stralghtforward manner.



9. FIELD»FIELD INTERACTION AND THE RESULTING PICTURE OF

ELEMENTARY MATTER
MAAAMAAAAAAAAMAAARAAALA

In erder te‘resolve ﬁhe apparent conflict pointed out in
the last séctien‘and to develop certalin fundamental conseQuences
- of Affine Field‘Theary,~we conslder the case of interacting
gravitati&n&l,and electromagnetic filelds in thé absence of macro—
' éeapic‘matter, ’Sef P = u = A = 0 in equation (5.%)
:se that the Lagrangean function to be studled is given by

L= /F (aRy, noP -+s-§- Bop Ays BV nP% . (9.1)

| prplying the results of Section 5, we obtain the following
system @f field equations

bR A% + R A0, (9.2)
A=t - (9:3)
2lgg “% le W hab) , e

b (AW o L gl
b;(Aa. ABV Tihaa AW A7)

703 3 3

S“=~3§‘-~/:Hf“ . ey
for L37 siven by |
[f’ 8% 4+ f a“ ~3f‘f hay]; - (9.6)

B'v ﬁ'v(héc) v % * %
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kheie JaB‘is'the contracted curvature tensor formed from
Tgw (h C) and Vp is the covariant differential operator formed
fr@m P cngc) Applying equation (2.19), we have, from equation

(9.5)
0= (VE) =R v (VY (9.7)
. ;? “/:H vh f?b ’

since Vb;annu18~ha5 and hence,/~h . Thus, using equation (9.7),

equation (9.4%) beggmes :

s | '
2(Jgp = 3 Ty B Bigg) | (9.8)
v 1 TR
=eb (Aa. ABV~ T Bop A K))
3 3 p
ve (g ta-Fr, Png) .

- Me abé#e system of field equations are not directly
~rec®gﬁizablé invthéir'present form, but may be transformed into

é familiar‘syst&m as follows. ‘Set
(].. B R e (o)

whére A 1a-a*aenatant t@‘be detenminéd; 31nce equation (9.9)

is a cenf@rmal transf@rmatien with constant generating function,
the affinity (9. 6) is invariant as is evident by inspection.;
Thus A may be laaked upen as an integrati@n constant resulting

ap _ 2 ,(a {B)e
in the salutien ef 5 Sy 5 é'Y I ‘e for LﬁY s as given by
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equation (9.6). Substituting equation (9.9) into the .above
System of fleld equations and dropping the primes we have

—h : - 7“7 N
R () o (9.10)
1 TRY |
a(Jaa —- 3 J}J-V h haﬁ) (9.11)
b ., W _ 1 [TRY
=-x5 (4 Rgy = 7 Byg Ay K)
3 ' 3 P
+ a(’s fa fB D ¥ = fP f‘ hafi)
s* = 3 h e - . . (9.12)
in place of equatioh8~(9.1,3;4). Setting b = 1,
k2 = _3%2\. . | ' (9.13)

and adjusting the scale of fa by the equation

: fa”\/-%— K-._k‘bdk k : ~ e (94-

‘we finally @bbain'therfollewihg system of field equations

”\/.H (1 'AaB B + x° fb‘?‘: 0 o | (9.15) :
Ay “’m,w G (9.16)
&(Jas» }% J‘*hﬁv'hgﬁ)'V - e
“ v 1 ‘k ‘ 1 V
= —a (rA‘ AB ' aa Auv A%,

14)
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s® = N/(§.x3 JR o, | (9.18)

-~ for Lg? glven by
a : - 1 a a _ g0
5y = ay (gg) — V3w x[oy 85+ 05 5~ 30T ny | (929)

This final éystem of fileld equations admitsvsimple and
direct inteﬁpreﬁétiens and conclusions.

(1) Equatiens (9.15), 16) are easily recognized as the
equatiens‘ﬁhich describe a vector meson field with the mass of

the particles equal to x and with unity spin.*

*Schweber, 8. S., Bethe, H. A., Hoffmann, F., de.: Mesons and

Fields, Vol. I, Fields Row, Peterson and Co., White Plains;,

N.¥. (1955], p. 107.

Wentzel, QG.: antum Theory of Flelds, Interscience Publications,
(1949), ch. II. -

o ’(2)  Fram'eguati@n (9. 13)Vwe see that 1if thére is né inter—
"actiﬁn included 1n the Lagrangean (1 e., a = 0) then the field
; mass vaniahes and we obtain Just MaxwellmL@rentz electrodynamics
,ag,in‘Seatian T« We may thus conclude that the vector meson
character of thé fieldsyis a direct consequence of the inter—
‘aeﬁian between the a,ﬁ field and the R, fleld.
(3) ﬁhe fiel@ mass x @ccurs as an integratian constant
Qand daas nat appear 1n the Lagrangean functi@n. In fact the
f5  Lagrangean funetian c@ntains @nly geemetric quantities and has
 ~:‘the same f@rm as anceuntered in studies of gravitation and

"‘felegtrodynamics~in the absence of macroscopic matter®* in

‘*Fletoher: cg; cit.




B ' P—2100

e )
centrast to the usual case in which the Iagrangean function has
to be speclally rigged to glve the vector mesonic field by

inclusien of terms of the form

VR R e ed .

in the Lagrangean function.
(%) fThe constant a cancels out of equation (9.17) and

does not appear in equation (9.15) so that the apparent conflict

pointed out in the iast sectlon does not occur. Hence a may

 be taken equal to unity with no loss of generality.

(5) Equation (9.17) is just the form taken by the equations
which describe the gravitational 'field generated by a vector
meson fleld of mass x and spin one. In addition, they show
that in those highly localized regions where ¢a is not small
there 1is é large spatial curvature and hence a large gravitational
field; This is not surprising since the very existanée of a
vecter meson field has been shown to depend on theyinteraotion
betﬁaen_the gravitati@nal\field and the A

: af
the possibility of constructing stable static charged particles.

fleld, and presents

(6) Qha field equations (9.15, 16, 17) may be viewed as

~,‘deseribing a situatien in a Riemann space with metric tensor

‘Eas since iny quantities which are well defined in such a

‘,ispaea appear. We may thus view the general affinely connected

space‘ 354 as a subeidiary space used for geometric description
‘purp@ses under the affine field equati@ns, where the Lagrangean
funotions involved centain only geometric arguments (i e.,: we

have seen that we may take a = b = 1 with no loss of generality
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fand h@nce the Lasrangean functien given by equatien (9. 1)
 :feentains enly gebmetric arguments)p Once the potential form of
' §ue seneral affine e@nn&etian LB? has been obtained and the
~Lg§rangean funekian ehaa&n apprapriately, the resulting field

'equatians can be eanzi&&red as describing situations in a
}3bhysiaa1" ﬁwdxmﬁnaianalu
e h \ﬂnddr’thia 1nterpretat1an, we gee that the

apaee ef the Riemann variety with

ﬁhe@ry pwavidas a methed ef derivigg rather than
E In addibi@n, tne”&esen

;f and,henae ﬁhe elemental partical nature arises selely
' _ﬁ,eractian b@%ween th& geamatric cuﬂvature fields
‘”Eﬁﬁ aad‘a ap® we m&y aanelude that the elementary particalistic

E@r matter raaulbs directly fram interactiens between the

| féurvature fields R_ B and Ap in an abstract ge@metric space in

:fiy'gaematrie Lagrangean functiens are required
eeny‘ig_éﬁplied.x Eha fiaal fielﬂ equatians‘
”ﬂalladafznaa.in phgnieal R&enann space :
¢ ‘fte)yie}d physieal,yredietians. .f

wal, by a mathed direetly similar to

/matter;inzthe prasenae @f 1ts gravitatianal





