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This paper examins the adequacy of the Af'fine Field Theory 

as a descriptive geometric structure for the representation of 

physical events. It is sh0wn that the theory leads to a deriva­

tien of elemental matter from purely geometric considerations 

in an abstract affinely connected space, and yields equations 

which describe meJ3onic phenomena in a lfphysical 11 space of four 

dimensi0ns of the, Riemann variety. The meson character arises 

solely f:rom the interactions of gravitational and elee:tromagnetic 

fields, where on~ geometric arguments enter into the Lagrangean 

function and whe~e the field mass is an integration constant. 

In addition, it :Ls shown that the theory also describes macroscopic 

matter, Maxwell-Lorentz electrodynamics, and gravitational fields 

interacting with uncharged matter in the absence of electro­

~etic fields. 
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We have presented,. in previous communications, the basic 

equat1ens of' the Af'fine Field 'lheory and the general form which 

the components of affine connection may take for fields which 

are members of the n0n-null class.* It was shown in I that 

*Edelen, . D. G •.... B.:. 'lbe Affire Theory of' Electricity and 
Gra:nta.t1e11, Arehive for Rat. Mech. Anal. 6 (1960). 
--------: on the Form of the Affine Connection in 
Affine F.1.~ld !fbeory, to be published. 

We sllal.l refer to these conununications ~as I and II and their 
e~Jt~spe>nd1ng equatiens by]· - • -

at:r1ne. field theory described vacuum electr0dynamics and vacuum 

gravitation theory.by appropriate choices of the Lagrangean 

function. Th.ese> considerations are extended in this communica­

tion. to slww that affine field theory also describes macro­

scopic mattel'J Maxl'iell-Lo;rentz electrodynamics, and gravita­

f'lelds inter~ctingwith uncharged matter in the absence 

c,f electt'9ntagnetic fields. In addition, itis shown that when 

grav1tatienal and electromagnetic fields ·1nteract, equations 

of' the .vecter meson type always result, in which the field 
. . 

mases 1a an .in.tegr~t.ion .constant and the Lagrangean function 

containt3$Uly geometric qµ~titiesanalogus to the quantities 

whioh dE::scribe.I?ure tie:J.ds in previous theories. The resulting 

tm,e eqi.ia.t&ena are of aformwhich may be interpreted 

11physica.l" 4-dimensional space of the Riemann type .. 

'.lbus, Affine field theC>t-y leads to a derivation of elemental 

matte.r from purely geometric considerations in a generally 
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affinely eennected space, and yields equations which describe 

physical phenomena. in a physical space of 4-dimensions of the 

Riemann type. Einstein's principle of general covariance is 

examined in the light of-its epistemological basis and is found 

to be unaeceptable. The principle of Observational Covariance 

is then formulated and it is shown that the Affine Field Theory 

id(anti~ally satiafies this principle for the Lagrangean functions 

censidet-ed. 
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The space l:; used in I for the development of the affine 

field equations was a 4--dimensional Hausdorff space into which 

a structure was introduced by requiring that at even point 

there. by defined a sYinD!etric affine connection L~'Y. The 

curvature tensor associated with L~'Y was defined in the usual 

manner 

(2.1) 

from which the fundamental field tensors 

(2.2) 

L€ - LE 
€(a., 13) a.'3, € 

+ 2Li[aL~]t3 ; 
(2.3) 

def 
were obta:1,ned (c~13 ~ K~t3e)~ 

Let ol' F(Aaf3' Raf3' Li, Q(p);. x), the field Lagrangean, be 

an arbitrary function of its arguments. Extremizing the field 

action Jf =. L* .;(F dv with respect to the choice of La'Y and 
. • D4 

Q(p), whose variations vanished on the boundary of D4,, yielded 

the following field equations: 

(2. 4) 



where 

. ' -. . 

-~- . 

Pf3.. ... · ·. p ••• P.· .1ag, 
. . 

' . . . - • . • 
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(2.5) 

(2.6) 

(2.8) 

(2.9). 

(2.10) 

(2.11) 

(2.14) 

(2.15) 



and 
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(2.16) 

(2.17) 

(2.18) 

(2.19) 

'Ihe system of equations (2.4 - 19) constituted the affine field 

theory as p.resen ted in . I.• 
' , • • • -

In order to discuss matter in a simple and direct manner, 

we find it convenient to enlarge the variational principle 

considered in I in the following way. 

we develop the action of matter J?M = 
In the next section, 

J:* ZM dv, where the 
D4 

matter Lagrangea.n £M is a definite function of L~, the 

£\~etric coefficient tensorhaflof the fundamental quadratic 

rormhat, dX.5 dx~, and additional quantities particular to the 

.¢le$er1pt:ton of matter. Identify Q(pJ with the tensor hat, and 

combination.or matter and field actions as the 



Ex.tremizing the total action with respect to L~~ and Q(p) ~ ha~' 

we obtain the affine field equations (2.4) through (2.6) and the 

subsidiary equations (2.7) through (2.19) on replacing 4 by 

:CT in equations (2.6, 9, 10). ;;t'F remains in equations (2.7, 8) 

since ot'M does not depend on Aaf3 and Rat3· •• In order for JT 

to be extremal we must add to the af.fine field equatiions the, 

equ~t1ons which result from extremizing the total action with 

respect to the choice of the quantities particular to the 

;de,s~r.i,;ptl;on .of .matter, where the variations of these quantities 
'. ··.•. t,Jt;c:;\ ?t ;; >/ • . . ....•• * 

- van;sho:ro.·;~e l?O®dary of n4 in conformity with the boundary 

;,c~,~~~~•4i~E;~t>..,the .variat1QlU3 of. the L;'Y and the· Q(p) ;=h 0 f3. 

r:As ±~7 '-,vid~rit,?~onr the assumed functional form of 4, this 

ia.it,ezi: ·e«ii~jnfaa't;l.$n ,of o/T ,is equivalent t9 .the extremization 
'' , );_"/;.·:" 

ir 
' · _, :tr-~t \~:,i~ted tlla.i th• ~bove extension of the affine 

. <tiEild. ~'~,or:y 1$ iit~~dueed hire $olely for 'purp<:>ses of s1mplte1ty 
- ';, ·;._ ,, •, ·•-, ,-,~>·~~ '.:"·,:\'/: ·' ' ' - - - -

, ·•M d:t~~ij;n,e.e,,i~ ,jij:.tt)•t lt·y1t,i4s· Etnstein •• grav1tat1onal tllt;!o;ey, 
\l>:·-:·/-< .. •.,.,,-··. _, 

~~'l.l.~3:pftlt~• :~1(t~t~&yr1atn1cs, .• anf'Mii:~rosc~pic inatter rep-

•·.... . : '~l!~ff f i.st±;ns j,~ ~;eaeJ_1y ~f o,.gnizab1,a . ~4 ramiliar rom. . we 

,~;ri:l~ .;[))~j.~~lti~liit~~~t:l::;rt;t(c:,c:J:;i::::::n 
e. , •• :it~l~,i~~},.~d'$i•<it~4~~ds. , 
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we envision macroscopic matter as a substance which forms 

a 3-dimensional continuum Gm of the 4-dimensional ground space 

6 for any particular value of the "time 11 coordinate. Hence 

it may be referred to a system of coordinate values ~, C v 

in a continuous manner. The intrinsic matter properties of 

such a continuum are described by two invariable distributions 

~ > O and~ defined over Gm• These distributions will be 

referred to as the mass and charge distributions respectively. 

The 11histoeylf of matter is expressed by the fiber bundle of 

''world tubes" generated by a sufficiently fine neighborhood 

topology of Gm .. 
We take for the definition of an infinitesimal length of a 

world tube (infinitesima1 proper time) the expression* 

, (3.1) 

* h dx2ctx~ is assumed positive in. a timelike,, direction. 
at, 

. where h<Z~ is the symmetric coefficient tensor of the fundamental 

quadratic form of G and Where x'- are the coordinates of a point 

1n g which happens to coincide with the matter point ~, (, v 

at, the moment !. :1.n its histoey. The "time 11 a is calculated for 

each world tube from .the point in G corresponding to ~•, C, v 

(1.e., the p21,.rt1cula.r value of the time used in labeling Gm 
with the coordinates;,~, vis s = o). 
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Let '\ii· 'be the ·world tube which is generated from an in-

finitesim.al·element of Em with mass distribution-~ and charge 

distribution de. We talce as the action of mass the expression 

and as the aeticm of electricity the expression* 

• 

. . . .. . Lµd instead ot the. vector poten,tial of the 
tt'()~~~iji;,.J t'~~ld•a.~peat-il'.lg in this expres.sion is twofold: 

.ffI's'ti th~;~/£.·n~. vector pcC>tential defined at th:ts point; _and 
.. $e~o,nd,. .weha;e,shoWP -~--I-~ction 4 that .r.f possesses the 
< . _·. •-•· < ' ··•· ·.· . ••< < •. -. • .·• .... • __ •. . . • • ._·_·. __ • . • • . µ.a . 

. -·•. j)peta.~1ona.J; Pl'9P-.r:tiec1;,: df the vec;ttor potential in the affine · 
ft-~.14, theQX-)':il1t,hol.l~ th~ a.ssqc,iated t~arisfo~ttonproperties, 

__ C;.:.;o ~t ~it(t.:f,. .ijl,ff~ t~· ~hoose an _arbitrary .reference point._.for 
·:~"·.:<'. <:_ -"-·:,i(\-·:>.,_ ,' ' ✓:\•·:··· ;.-:._, ,---:-·.,·-.",,,._'.· ,.,_:· ;; ): /\·.'' :_·it , '.\., \-, ' -"•> "._ ·,· . ,,'' _,- • 

• • : <,~. null point· of,th,e, potenti.a.-1. -:.:< /i \; ' .••. "·,, '. , , ', / ,"'•' ,, 'J ,' •• ,'' ' 

qf:i· .. -.,., efii:S t:·_ -_. . .. 

··• .. ·. ~·~~fdln . ds + rf 
.. ,.,\ ,,tfmt 



dm ds = µo d~ dt dv ds ~ µo d~ d{ dv(ds) 2/ds 

= µ0 d~ d~ dv ha~ dxa dxt3/ds 

= µ.0 ha~ ua u13 d~ d{ dv as, 
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where ua = dx.a/ds is the instantaneous tangent vector to the 

world tube n. Since;, ,, v, s forms a continuous, and we m 

shall also assume, a differentiable coordinate covering of 

·C,, we have 

where µ.<is the world mass density function. Thus 
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where pis the world charge density function. We thus obtain 

.the following restatement of the action of matter which will be 

required in later sections 

(3.3) 

In order to obtain the equations of motion of the matter 

continuum (equations of the world tubes) and to extremize the 

total action, we must extl"emize the functional ~M with respect 

to the oho.ice of the world tubes. Denote the operation of 

varying the world tubes by a, then 

$1noe only the world tubes are to be varied, not the intrinsic 

p~erties of xna tter or space. Now 

'!bus, since axa vanishes at the extremit1es of the world tube 

(the initial and final states of the continuum are not to be 

varied in accordance with·the vanishing of variations on the 



* .... • 
boundary or D4)., we have 

upon noting that 
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• \ • :< < / < . .. .· . / ... . . .. · ..•. · . . ·. . .. . ·. . .. ·. . . . . µ. 
1,••t:::,~\l.~~tel:'l•e.l;>ove_ :r~~ults. from ·tpe_. fact_ .. ·-that ·Lµ,a. ot>J.y. 

>c)l~e:J :'Uf?.ii~l,' i :1lY. tne _cnange induced in ev-a.lµa ting ~a at the 

•. · •.·. d point. .~iiu{larly 

,, ,, 

",·· .... ,/·. '., ' 

~: dm. C Jds •. •· •· •·-dm • 1/,. ds • ;•~·s:•· ·. __ ·._.•·· .. - .•--·-•· ... _·· __ 

. . 

.. ./'°"' ---t~ a~a+¾13 if:v<h4cl J"uV} ~13 de, 
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where hA .. [. . 1ua u 'Y s O and the vanishing of oxf3 on the extremities 
~ a,'Y w 

of the world tube have been used.* Combining equations (3.4) 

* " •rµv(htc> stands for the Christoffel symbols .formed from the 
ht( field. 

and (3.5) and e•n•erting the integration over the world tubes 

and over Gm to a volume integration over g, we obtain 

- --------- ----------- -- -~-

j JM =f.*. {- µ. (hatl~~a + h/\tl r~v(h~~) uµ. uv) 
D4 

+ 2p rtra,tl] u°'} $"fl dv • 

Thus, sihce 2L~[a,f3] = Af3a by equation (2.2), we have upon 

annuling j JM, multiplying the resulting equations through by 

hj3.a:,. and relabeling indices 

(3.6) 

;Equations .(~.6) a.re the ''equations of motion" for the matter 

continuum. By.this we mean each world tube of the ,fiber bundle' 

genera te4 by • G m>satisf'ies .equations .( 3. 6) . 

There.$re.aeveral significant conclusions which may be 

clrawn trom equations (3.6} .• First, 1.f the matter continuum 

:ts ll'Uide up of sufficiently small and discreet "lumps," we may 

interpret equations ( 3 .B) as the equations of motion for a lump 
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whereµ= m0,is identified with the mass of the lump and p = e0 

ifentified with the charge of the lump. In this case equatl ons 

(3.6) are just those equations which describe the motion of a 

classic particle of mass m0 and charge e0 in the presence of an 

electromagnetic field with field tensor - A013 and a gravitational 

field with potential tensor h013. 

Second, we tentatively identified the tensor field Aaf3 

with the electromagnetic field tensor in Section 4 of I, on 

noting that Aa~ has the operational properties of an electro­

magnetic field tensor (was of Maxwellian form), and corroborated 

this interpretation in Section 8 of 1 by showing that the solu­

tion manifold of the affine field equations in a proper semi­

empty space was isomorphic with the solution manifold of vacuum 

electordynamics with Aaf3 as the field tensor. Since we did not 

have an expression for the pondromotive force which the electro­

magnetic field exet-ts on a charged particle in I, we could 

actually state no more than that A013 was proportional to the 

electromagnetic field tensor, whel:"e the factor of proportionality 

was a constant. Equation (3.6) now shows that the Aa.j3 field is 

Just the negative of the electromagnetic field tensor, since 

the last term .1n equation (3 .6) is an expression for the pondro­

motive force generated by the A013 and differs from the accepted 

expression for the pondromotive force by the factor of -1. The 

f•ctor of prep0rtionality being -1 is not a surprising result 

since equat1em (2 .2) states that A013 is the negative of the 

curl of L~a' the latter quantity having been identified with a 

potential form for the elec.tromagnetic field in I-Section 4. 
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The most impQrtant and final cQnclusion is obtained as 

foll@ws: Let the Lagrangean function for the fields be an 

arbitrary function of class c2 whose trans.formation properties 

under oeordinate transformatiens <Df Gare unspecified. Under 

this assum.pti©n·the affine field equations will not be tensorial 

equatiens and hence will not be covariant with respect to co­

ordinat(ttr-.nsforntations. The worl<i tube equatiens, however, 

are tensorial equations and thus covariant, as is evident upon 

writ~ equatiens (3.6) in the equivalent form 

(v'f, stands for the covariant derivative formeq from the affinity 

r;'Y (hie>) and noting that Aat3 is a tensor regardless of whether 

the aff'ine f.1 eld equations are tensorial or not. Thus, even 

though the affine field equations be non-tensorial., the intel:"-­

·actiens of the res\llting fi~lds with the matter continuum 

assumes the covariant form (3.7). 
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Baaed on epistemological arguments in which acceptance or 

rejection of hypetheses rested on "observable facts of experience, 11 

Einstein stated the foll~wing principle of general covariance: 

'''lhe general laws of Nature are to be expressed bf equations 

which hold go~d fe;r all systems of cG-Ordinates., that is, are 

CQ-V&riant with respe~t to any (coordinate) substitutions 

whatever {jenel:'ally-cova.riant}."* This principle was inter­

preted by Einstein and his associated to imply that the equations 

*Einstein, A.: Die Grundlage der allgemeinen Relativitatstheorie, 
Annalen der Physik 49 (1916), Section 3. 

which describe fields as well as those which describe matter 

must be tensorial equations. 

The statement that both the equations which describe fields 

and the equations which describe matter must be tensorial equa­

ti:ens appears to be in error if one goes back to the basic 

epistem~logical criteria upon which the principle of general 

covariance is founded, namely: 11observable facts of experience." 

The mo_st which is required by this epistemological criteria is 

that observable guant1t1es are to be_expressed by equatiens 

Which hold ~oed in all ezstema or ce<:>rdinates. We _shall refer 

to 

To require anything mere than this must rest ultimately on ad 

hoc assumptions or en an expansion of the epistemological -
cr1:t;et>:ta. 'l.'he reqµirement that both the field equations and 
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the matter equations be tensorial equations is easily seen to be 

a sufficient condition for the satisfaction of the principle of 

observational covariance. It_becomes, however, a necessary 

condition only if both the fields and matter are observable 

quantities. 

Matter, per sl, is a fQrtiori observable on a macroscopic 

level, in that it forms the basis of our known facts of experience, 

and we know how to make ebservations of matter in the laboratory. 

Such observations are represented mathematically by describing 

the matter world tubes. When we say that we observe fields, 

hQWever, what we mean is that we observe matter which is being 

acted upon by something which we term a field (i.e., we observe 

the motion -of test particles). We do not observe the fields 

themselves, but only their effects on test particles. In 

actuality, what we basically mean by fields, and the way in 

which we fundamentally define fields is in terms of their 

1nteract1<.nis with test particles. When we write down systems 

of equations te 11d.escribe 11 fields, what is meant is that these 

equations describe quantities which determine the magnitude, 

direction, etc. of th~ :tnteractions of a something termed fields, 

whose pres«noe results in certain characteristic changes in the 

matter w0rld t\.\bes. From the ''observable facts of experience 11 

cz-iteria, 1'1e1cla th:wr .have n~ a f0rtiori existential properties 

in themselves, but rathtr are abstractions arrived at by cata-

g<tr).zatien of the types and natures of interactions between 

matter ;ind the something which we term fields. This becomes 
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even more evident i.f we anti·cipate the results ef future sections 

and nete that the t1elds themselves are sourced tly and hence 

result from the aggregate of matter existent in space, at least 

with respect t.o Einste.inean gravitation theory and Maxwell­

i:.rentz electrodynamics. -- to saf;isfy the principle of 

observatienal eovariance, all that need be required is that 

the equati(!)ns Whicch describe the inte:racti0ns of fields with 

matter be covar.iant, but not that the field equations themselves 
'' ,,·,,, •. ',, • • 

,ne;eil;ar~ly,.bave such J)roperties. In .other words, general co-

v~t$.ilce orit1eld 'eq11atiGns is not a necessaj:>y conditien for 
_.,.,-.,.,.<" 

,·ci~nti~~ w.i~hcJhe principle of observational covariance... 'Ifie 

• ''i'n:~*'sita~ :ciridit:t•n ii th~t·· only the ·r1e1a-:.matter interactions 

}nti~t ;t,ij>'~o'\Fa~aritl.y for,ltlµlated. • vie theref'o:re must reJ ect on 

,.._ aaais{et .;thtf. ~ltJ:l~tvabl~ fa~.ts of eJtJ,?erience .the principle 

··.·.·\::•~f/$~}f f }tt~f;;~,~. afJ(fn!~etj>:eted .. • by •• Einstein in .. terms •• of • 
>i;c_ ~~~;li•':~h:~tt,e?? ant tielas to l>e' co.vari~tly :r~rmula.ted., 

'~ ~~ic{ r.~· tW •. pi,inc~le·• ~r-"beerv1tti~nal cmvarianc e 

···)d.th;lis,;J~~e~ :~q~renient •et· cova.riant descript:i.Gns ot· matter 

Iil"P;i~tti~!t~t~cr:;: ... ii:;~t~:.(;~; 
i. ,,i!a,:ts:tiiea •. the »,pJ:neJp le of •• o bservatiG>nal covariance aµ~n1at1cally. 

. 'ti''"th.; ,~ri-inei~i:Jid<, ~quatie:ne llapp~n to be tensorlai :1. t .is a 
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f0rtuitous situation and can greatly simplify the analysis, as 

will be seen below. It must be noted, however, this need not 

be the case in order for the affine field theory to be in con­

formity with the principle of observational covariance, since 

this confermity is automatically satisfied under equation (3.2). 

It has oBten been stated that a field theory must be a 

covariant theory, for if not, one is unable to obtain the field 

identities which play such a central role in general relativity 

and the recent work in unified field theory. We have shown, 

however, that under the Principle of Extremal Invariance* one 

*Edelen, Dominic G. B.: The Invariance Group for Hamiltonian 
Systems of Partial Differential Equations, I . .Analysis, Archive 
for Rat. Mech. Anal. 5 (1960) Section 7. 

is able to define systems of coordinate transformations which 

are naturally associated with the field equations in such a 

way that the field equations remain invariant under such trans­

formations. The geometry of the ground space defined by such 

transformation groups plays an analogous role to the field 

identities, with the added property that the conservation laws 

have real information content rather than simply state identities.* 

*Fletcher, J. G.: Local Conservation Laws in Generally Covariant 
Theories, Rev. Mod. Phys. 32, No. 1 (January, 1960). 
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The field Lagrangean considered in the remainder of this 

communication is the scalar density 

The quantities a, b, and A are constants, h0 f3 is the coefficient 

tensor of the fundamental quadratic form, and 

h = det (h0 f3) < 0 

at, 
hh = h,h h[af3] _ 0 

at, 
(5.3) 

are assumed to hold. Combining equations (3.3) and (5.1), as 

prescribed by equation (2.20), we obtain the following form 

for the total Lagrangean 

;(T =~ { A + ahaf3 Rat, - ¾ bha~ hf3'Y A0 f3 A0'Y} 

+ µh u¾13 + pu0 L€ . 
af3 €a 

(5.4) 

It is evident, upon inspection, that every term in ~T 

with the exceptien of the last is a scalar density. The lack 

of i1l.variance of the last term of -;IT gives no trouble, however, 

and will be eliminated at the close of this sectien by subtrac­

ting from ,;/T a term of the fOrm (w°), a provided the Lorentz 

gauge con<tition is satisfied. The subtraction of such a form 

from ;;f T will not effect the field equations since the variation 

of such an expression vanishes identically under the condition 

* that all variations vanish on the boundary of D4 .* 

*Edelen, D. G. B.: The Invariance Group for Hamiltonian Systems 
of Partial Differential Equations, I. Analysis, Archive for Rat. 
Mech. Anal. 5, No. 2 (1960). 
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With the total Lagrangean, we may explicitly evaluate the 

subsidiary quantities Haf3, Iaf3, Sa, and Ta~ in terms of the 
•• 'Y 
a fundamental variables ha~' Aaf3' Raf3' and u. Substituting 

equation (5.4) into equations (2.7) and (2.8) yields 

(5-5) 

and 

(5.6) 

Since ha~ and Aa~ are tensors, we see that Ia~ and Haf3 are 

contravariant tensor densities of rank 2 and weight one. Thus, 

the colon derivative defined by equation (2.11) becomes the 

covariant derivative formed from the affinity L~'Y. 

The tensors ha~ and ha~ will be used to raise and lower 

indices in the usual manner. Equation (5.6) may then be 

written as 

• ..af3 1 Aa(3 ;::::t;" , 
tt· == - """b v-u 

t::. •• 
(5.7) 

where 

It must be noted that the operations of raising and lowering 

indices commutes with the operation of covariant differentia-
-- --- ----



Using equation ( 5. 4) , we have 

so that 

..., 5 o; .• 
<11{..T L € = 2 pu • · 

, Cl€ 
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(5.8) 

(5.9) 

Substituting equations (5.8,9) into equations (2.9,10) gives 

and 

(5.11) 

The affine field equations (2.4,5) thus read 

( f~~ A~~),il: = / 0 ( a,/=li hail ); 13 - ~ u" (5.12) 

( a ,._;:::fi h o:(3 ) ; 'Y = ~ o ( ~ ( a ...;:E h f3 ) € ) ; € ( 5 • 13 ) 

The continuation from this point requires the results 

established in ll· In order to apply these results we must 

determine whether the field raf3 is a member of the non-null 

class, the proper null class, or the improper null class. 

These classes were defined, respectively, as the classes of 

rail fields .for which the determinant of Iaf3 does not vanish, 

vanishes because r0 f3 = o, or vanishes with Iaf3 ~ O for some 

* (a, f3). From equation (5.5) we have 

* c:t. II Section 3 
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Thus, since we have assumed h to be non-zero, Ia~ is a member 

of the non-null class if a~ O and a member of the proper null 

class if a= o. Hence, we must distinguish between these two 

cases. 

case 1: a f o. For this case Ia~ is a member of the non-null 

class. In addition, we have seen that Ia~ is a tensor density 

of rank two and weight one. 

thereby directly applicable. 

The results of II-Section 6 are -
In fact, comparing equations (5.5) 

and {II~.fl ~e see that they are identical. 'lhe field equations 

'(5.12) are thus equivalent to the system of equations* 

*cf. II...;6. 7 - • 

h A• = M h ~ - 2h ( M~) , a~,~ ~ a~ ~a~ 
(5.14) 

where M'Y is an.' arbitrary vector. Equation (5.14) is readily 

sol vabl.e fer Li yield:l.ng (.£f. II-6. 5) 

tl'le general form of the affinity in this case. We also have 

:oy>,,q~at14lllS {::CI-6 •. 9 ,lo) 

{5.16) 



and 
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(5.17) 

where Jµi is the centraction of the curvature tenser fermed • 

·ft-om the arrinity r;Y (h(c) and viL stands for the covariant 

derivative t~.rm.ed tre~ rl,w. (h4c> • .Tht.l.S., by equations (I-4.s). 

:Cd {5.17}> M8 is related to the vector petent.ial fa of the 

• kaiwei.11an field by the . equation 

(5.18) 

rewrite the ab(>Ve eq:i.latiens in 

r; whj_oh will t>e required .later: 

(5.,19) 

i~~ jij1i\:·to. ln:depEfn,~~j>;:~qua.tions .. in J~E?'\set. (2. 6} since 
'1d.eritlt1~d Jt(p) l'f~\~~,<.r~~-symmetric, t'ns.~r· hat, • 
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these 14 equations must be added the 4 equations (3.6) for the 

determination of the uf3, so that there are a total of 18 equa­

tions for the determinatien of 18 unknowns in this case. 

ease 2: a= o. For this case Ia.(3 is a member of the prope!'-null 

class and in addition, we loose the field equations (2.5) since 

they are identically satisfied.: We assume that the field Aa.(3 

is non-zero fer some (a, f3). If this is to be true, € 
LE[(3,a] 

must be non-zero for some (a, 13) by equation (2.2). This 

condition is easily satisfied if we take (5.19) as the defini­

tien of the L~ provided f 0 is not a gradient vector. Thus, 

equations (5.li) through (5.21) carry over directly from case 1. 

This ease differs from the previous case, however, in a 

fundamental manner. We no longer have equations (2.5) and hence 

the expression (5.19) for the affinity is not unique. In fact, 

the affinity may be cheaen arbitrarily from the class of affini­

ties which satisfy the condition L![f3,<:d-,' o for- some (a, f3). 

Fer example, another possible choice for the affinity is given 

by .Theorem I-8. We have .chosen the form given by equation (5.19) 

simply to obtain the s.ame basic formulas in both cases considered 

fltld thereby simplify the succeeding considerat~ons. If we are 

t$ &&~ain a determanistic system, h0wever., in the lightlot'liile 

1ndet:erlliniam it! the .term which the af.finity may assume, it can 

•• th•wn that tne 1;eruu•r f1t1ld h<Jf3 must be as.su:med to be a 

giv~n. tt•ld a.rte thus net subject to variations. Hence the field 

equati&Jt;a (2.6}.ne lenger held, since h0 t3 is no longer subject 

t0 var1at1en, and we Qbtain the 4 field equati~ns (5.12) for 



. . ' ,· ., 
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.th.$ letermmat:ten or the 4 tw;i.cti~ns f • To these equations , . . . .. ·. , T 

:.m.uat be added the 4 equatiens (3.6) fer the deter,mination ef the 
:'·~ 

'~luf3, so that there are a total ef 8 equati0ns fer the 

determination of 8 unknowns in this case. 

We new have the results required to eliminate the lack of 

invaria,nce arising i'rti>m the last term of ~T. From equations 

J5.20) we have 

J. ,:p· · uri>t +. • u<:l ''in 1~)· • • • 
• •·•···.·. . Y ~-i, {,a , 

• .··.•.· .. ·. •• · ·.· ... · .•• .. ·.···.•·· •·· .•• .•· .• • qua~i~n {2.19) we have 



we have 

a. e 1 a 5 ( ~ a) 2pu L = - ~ pu f - .,,,. a ,.,; -u f ea c a c • ,a 

• 
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Hence, if we subt:imct the divergence term (pu0 £n.J=fi) from ,a 
:l T' the last term of ;fT becomes 

We thus see that if either 

or 

f = 0 a 

{111) the Lorentz gauge condition 

:is slit,t:1sf1ed, the last term of ~T bec0mes the scalar density 

--½ pua fa which is usually encountered in variational representa­

tions of eleetrodynamics. 
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we s~all she1>w that classic Maxwell-Lerentz electr@dynamics 

:1e obtained as a special case of the affine field theory. Set 

a• o and b = 1 ·1n equation (5.4). '!he ICl~ field is then a 

~$ber of the.proper null class so that tll.e results of Case 2 

'.of .the previous aeet:ion are applicable. Hence., we obtain the 

system.er equatien.13 

(6.1) 

(6.2) 

functions ua and fa, 

•• (6 .3) 

\ ;;;;· a~ ••·· 
.. tens~~· of the t\mda.mental. 

~~@68 haj31B~~~al.'ltlt t~ the 

,I,,«V.Uii;J~ 'the., ce6rq;irlate system ··in Which. ~hf:tabove 
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equatiens are to be solved.* The Lorentz gauge condition 

*Equation (6.6) does not place any restriction on the tensor 
ha~ other than that of differentiability since (6.6) is iden-
tically satisfied for arbitrary haf3under equation (6.5). 

(,v'-=Ii t~),a = O 4i>bv1ously c~ be satisfied with no less of 

generality, sil'lce the vector r13 is determined by equatiens (6.1) 

and (6.3} only to within an arbitrary gradient vector. Since 

the above sy$tem of equations constitutes Maxwell-Lorentz 

electredynamics we have demenstrated the result stated at the 

beginning of this section. 

':there is a point of particular importance which we note 

her:e in connection with the Lorentz gauge condition. We may 

not effect the> totentz gauge cond:t tion by the simultaneous 

~Gnfoi,nal, gauge, and projective transformations developed in 

5 which leave the affinity (6.5) invariant, since 

equations (6.2) are not transformed into world 

eq:y.at1$ns by such transformatiens. The only time 

may be d0ne is when µ = p::i:O {i.e.: a pure radiation 

field), in which case trie analysis is equivalent to that of 

This situa.tion ia not too surprising since the 

att1n1tY <(6. 5) .was not a unique choice. Any affinity would 

dene .whteh was sucn that the Aat3•fieldwould not be a 
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GaAVITA4'tGN IN THE ABSENCE OF ELECTR€>MAGNI~ISM . . - - . 

we sh.all show that gravitatisn 1n the absence of electre:,-
. . 

nw.gnitism is a spee1a.J,. ease of the exten~ed affine field thelory. 

Set b • p • O 1n equatien (5.4) and assume that a/, o. '!he 

1Ial3 fie1d i,.~ then a m•ber of the non--null c.lass uditla8118:fl~'ihe 

·• ):'esults it ~ase 1 Sec ti.en f are appliea.ile. Since b and p are 

u•umed t.•· be z•~ .. • e(IUation {5.12) implies that 

equation .{2.5) and.'noting that 

--~·-.•··.•• ¢t1>rtsidered"': ·,we· hEtve· . ·,T,., . .· 

(7.1) 

.~~,l~:.::~8 ·-

.In ·addi t:1.en., 

.space:;t; ~r~Juce~ t~ a ,metric 
. .,,· '; 

• 2),: 'a.rld by equations 



(7.2) and (1.20) that 
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'lbe fj.eld equations {5.12) ·are identically sat1s;f1ed since 

all thes.e equ.at1ens vanish separately, and the field equations 

(5.13) a.re algebraically satiefied by 

~~·. rain, (htc> (1.5} 

obt~~~<l,~nm equt.1ens (7.2) .and (7.3). Thus, the only 

1nittff~quat • • • • • the 4 equ,a ti~ns 

ft.6) 

ofni4'tter., and the 1 

{7-7) 

stribe_Eirist~:th~an gravita~ 

•• .itism up0n. identifying 
,. : "o ;' 

"fl;1.thth~rhcitte~i'ieid 

(7.8) 



From the Bianchi identity* we have 
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*Schouten,.J. A.: Ricci Calculus (Second Edition)., Spr1ngeI'­
Verla.g., Berlin Gottingen Heidelberg (1954), p. 148, equ. 's 5.28,29. 

(7-9) 

SU.bst1tut1ngfrom equation (7.7) we then have 

(7.10) 

:Now, equation (7.6) is equivalent to 

and the covariant derivative of ha'3 vanishes by equation (7.3) 

so that the raising and l©wering of indices commutes with 

covariant ct3.fterentiat1<:m.. Thus, (7.10} states the desired 

oc.>ne,ex-va.ti;m Iaw 
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8. INTERACTING ELECTROMAGNETIC AND GRAVITATIONAL FIELDS IN THE 

PRESENCi OF MACROSCOPIC MATTER 

We now turn to the description of interacting electro­

magnetic and gravitational fields in the presence of matter. 

Using the results stated in Section 5 for the Lagrangean functi~ 

:CT, we obtain the following system of equations 

Aµ." • t [µ,)xJ , 

dua. . a f3 av T 
µ i1fl + µ I' t!Yy (h ;() u u - ph Av T u = 0, 

a(Raf, .....: l hat, R hµv) - ~ hat, 
• • .~ µV t:. 

(8.1) 

(8.2) 

(8.3) 

(8 .• 4) 

= -!:-u°' uf3 - b(Aav Af3 - l h°'" A AµV) , 
~• • • .v 'Ji'." µv •• 

t:.V ·- ~'Y {htt;> - ¼fr'Y 0~ + ff3 0~ - 3£~ hf3'Yl , {8.5) 

where equation {8.4) is obtained by computing the variation of 

;(T w;th re$pect te haf3 {1.e.: using equatian (2.6) under the 

• ·ld•nt1t'1eatien sf Q,(p) with hata>• If we set a = o and b = 1 

1Ji tli~ .$bCfY"8 systenr er equations we obtain the equatiens of 

~eotlen 6wli1oh.describe Maxwell-Lorentz eleqtrog.ynamics, and 

;tf we S(t1; b> ~·p ~ 0 we .obtain the ~quations Q>.f Seoti0n 7 which 

deaeribe gra.vftat10n in the a.bsemee of electr(i')rnagnetic effects. 

,It is th\lS natural te m.alce the tentative aseumpti<:m that a 

d.escriptien of >1nteraet:tng electromagnetic and gra.v1ta.tional 
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fields in the presence of matter is provided by the above system. 

Under this assumption, equatiens (8.1,2) describe the electro­

magnetic field, equation (8.3) describes the w0rld tubes of 

matter., and equation (8.4) describes the grav1tat1enal field, 

fe:,:- the fe:rm of the affinity given by equation (8.5). 

Examining equatien {8.4) we see that the right side is 

:Just the momentum-energy tensor of uncorrelated mass and the 

electromagnetic field, on noting that A A has been identified . a~ 
with thenegS.tive of the electromagnetic field tensor. We thus 

pbta1n equations formally similar to the equaticms of Einstein I s 

general theory of. relativity. There is a significant difference, 

however. Rewriting equation (8.4) by using (5.50) or (;g;--6.13) 

gives, on lowering the (a,13) ih4ices, 

a(J ... - l J ·.··· hµv h. . } = ...l!.... u. u. - bA~ AA~• 
•• . • 0$> ~ µV • ••. at3 · .. ·~ a f3 . · a. ,.., .. 

+ l hat, + lhtif3 Aµv A~~ + a(J hat, "P f~ (8.6) 
3 ·.·.• .• .. • .. •·· . 3 p 

+ '8 fa tt3. ~ .Io >i-P .f. l\i~J , 

J~j! ~ l fµll }1'"1 h~. • f¾~ 18 • th¢ &1n11tein t~nsor. and . . 

the cevarianti .. ~~rlva,i!e foniied frGm the affinity ri(hfC} .. 

a.l.tb,•ugh eqttJ1;1$n .(8 .. 4) .. is of tne same formal form aa 

Ji:nst•in's equatiens,· when written eut explicitly in terms of 

the $:l.nstein, tonser>theyasst.me the significantly different 
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'Ihe system of equations (8.1,2,6) exhibit certain new 

pr0perties not encountered in previous sections. From equations 

(5.10) and (5.22) we have 

Hence, by equatiem (2.19) or ii:rectly from equation (8.1) the 

fellewing result is eatained 

(8.8) 

J'remthis equat:1.enwe see that instead of obtaining a statement 

as to the c0i.tservation of macroscopic charge, we have the 

statement that at every point of space macroscopic charge is 

gen~t-ated where the source strength :1s given by the expression 

3a { ,.;=n fa} . 
~ . . ..... ,a In se.ction 6 we saw that we. could apply the 

:t&rEtnt~ gauge ct!>hdition {,1:::1;, r°) .. = o since in that case f •: .·.· .. .·· ... · •.· •. ,a .• a 
was en;J.y determ;U'led.to within an arbitrary gradient vector. 

'lb1a.is ne>t the oaseh~re as .is obvious from inspection of 

Hence., under the above description of inter-.­

acting .f:ray;t.ati~nal and electromagnetic field1;3 in the presence 

t~iJJlay he cenc:l,ude<i that the macroscepic charge 

~•t neo1e~$~:tl.;y <!f>nserved and tllat the Lorentz gauge 

neQ,ssar:ily sat1sfie(i. 
''•'/_:;_·_ .' /·\i" _---<----.' __ ~, ·:-·,-,-,. __ :,._:: ' ' '' • ' 

••· kp,•w, at 1~~$'t on the lahex-a;toey sea.le, tha.t maqroscopic 
;_- ,,---·-·-·>-_:-.> '" :' 

,t}h•rged.ensj.ty:ts c@nsert~d.and tha.~ Maxwell-IA>rentz electro-

dynam1ca h0ld~ s<:.> that the L@rentz gauge condltion is applicable. 
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:Although these ee>nditiens ean not be satis!'ied by the above 

deser1pt1•n., they may be appNximated if we take the constant 

'<. suft1e1ently small that the f'irs,t term on the right side of 

equ~tien {8.1) is only significant on a cosmological scale. 

:under th:1.i; choice of Cl we obt.ain the nerma.l laboratory pre-

4.ic.tie~a, .but en a oesm<:>logical scale we would predict that 
-.: .,_ • " '"<,, ' 

• niacro~c•Ric .charge d$n&ity is cemstantly being created or 

• deet:r•1~ddepending op the Sign Gf the term c...;.=n f~),a. '!he 

• phJ'sfc•.f,i~del thua ;reaulting predicts. c0nstant cl'eation similar, 

tl:le~ 'fu.t.1dentieEal,. t'.c, Hoyl, 's. hypothet:Jis. The p:redict1ons 
' ,:/'--~'~· --,,:-- ' ' " - ' -, .. ' <··" ' ,\ '. : ,:..:>:. ·;:, - -c,: - - - " - - ' -

•••• •• •.; Ci;,,: +·aN·S~,:-,• •.e, .... n.·_-.t. l.·Y :e.·.·.·.t.QS ... e. t.c.-/t ... h .. e .. hvne ... th.···••·e,s.·.· .. 1.·.·•·.a ....... et .... •··.H .. G.·.-·Y· ... l_·.,· •.however,. that.·.··. ~>~·~f)/~:?:\}-,,:~:; cc;_-•<,,,,:, ', ·, -'. ,- . ," ,,--, '. --, , ,., J:' 

\tf,·/\i~1)ntiJ~:~~~;~~4r~i.; µ~e Hoyl.1s .resulte t;· eva.l~ate tne .qonstant 

by the al>pve consideratio·hS a.s to the 

/E;'; ::?::3•'.:0a..~Dir:a~i,' 6. ·:-~~~i~n of ~a.c:rose;pic. clla::t'ge · denai.ty,. the 

:tf2~~'11~~ {,f~~.-j,~:~:;::::::1
:.;1•~J~~•=•~=:b~:st 

~!i~~I~~:!:f~tl';mr~~~•~1::: :,~]t::p:::~::1:tly 
,· , ,'.';{~' ,",••·· ' ,,, ', '"'' , • '. . ,, >~ u , ,' , 

!½~ 
'"i'' .:,: .. c...,tiftt1: .. c.ld.: .. •t"~' be<:one .<-'>tita1netl •by.the· req_uj.remen.t of ·)zt,.:-: _>•·),'<'.' ;c_':,' <--~,·· •• "· /,:, ~'.~-,"-,:,Ji c!' ,·,• ,; • ,,\,;-\,.,'·':.'\/:.·~t(::/f/S\/'.fc'.> ,,_\f,,•:·i/~·•-,:,, ··::i'' •r,''"e,''\, ,'. -. ,, - ,1.',,,,,,:,,:",-',. ,· , , ·, _:M ·f: . \, _,.-,-_. , ;;••,,,,··/.: ,•·:,. ",. , "', , - ·,-'. ,·;:. ;_ ,, -" _, 

C~~!lli~~t~tt;ii:~:~:t:~:d.e 
f~:{~{:r:-:\:·~:;:~.::;:,'-":•:·,--,·i•,·:·· .. ~··'•. ,: .,:,;.:· .• ,;". ·-·,:•,, ,·- _,, ·' ', ·,.·'-,'':".-'.'•,>•;-:,.·,, -,, ·~> ... ,.-,·,_ ,, ,•,',: 

.... ~t:r-,r.~I\'1:Xe:.+i ~efer '.~hEti>4~lllGn~t~ft1"1~ . tn~t. th~x,a 
'.., • .-,, ,, 'o/' ' • " ' ' •' '' ' c, ,, ' ' ' I " " 

fjl~~ijJ;;f t• tll~ nei~ ... ,e~tii~i·••·•·• D\.>fa~ti;S~t w1i1 be 

• i•• ~::~ewn[:f. '. ' .Ct:i~i;tia .. tertJl$:rwti~ch occ'tlr in: :eqµa~i~;s (~. l). and -

:c )~i,~~~~i to tl\i11:Ci£iltence .,r a pu.re :r±;ld ilescr1pt1on 
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of matter and 0eeur in just the required aanner to yield the 

·unquantized f0:rm of the ba.sic messonic field representations 

in a natural and straightforward manner. 
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. Fl~fijIJ{ INTERACTl:ON AND THE. RESULTING PICTURE OF 
• • JELBMIN11ARY • MATTER • 
~ 

In erder to resolve the apparent·conflict pointed out in 

• the last seotitn and to develop certain fundamental consequences 

:ef Atfin.e Fieli ·'lheery., we con.sider the case of interacting 

grav;itatienal.and electro~gnetic !'ield:iJ in the absence e,f macro-

seepio aatter. S~t p .. µ • 4 :;=s O 1n equati0n (5.4) 
I ' ' • . • . . . 

ao thJt ~he Lagrangean function to be stud.ied is given by 

(9.2) 

• •• • i ·•· .. ·.·· •. µv 
A•~" --/~ ~af, f\iv §• ,) 

ft3 -it·· rp 
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wheie Jafl is tlae centu,acted curvature tensGr formed from 

r"~ (htc> and v P is the covariant differential op~rator formed 

trcm ~'Y (hlt>• Applying eq_u.at1Qn (2.19), we have, frem equation 

1(9.5) 

(9-7) 

, 

t1,·c~nuls h~ lllld hen9e~ .. 'l'tlus, using equation (9 .• 7), 

.beg•e.s. 
'c ''. ~:' ·.<~;rt 

f:} '· ... ••. / .· 
J.•.··· h 

• t haf3 Aµ;v A~t) 

• 

.... -... ·-·•·;c~s{ant ;ecSU-iting 
L;'Y, aaigi'Vjenby 
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equation (9.6), Substituting equati0n (9.9) into the above 

system o:f' field equations and .dropping the primes we have 

in place of equations (9.1,3,4). Setting b = 1, 

an.d aajusting the scale of fa by the equation 

fa = fl K ¢a 

we finally <!:>btain the following system of field equations 

a(J ia. .... l .J • hµ.v h,..Q) a,.., e: µ:v . ~ 

== -a (, A•v 'A - .;. h 'A.·. 'Aµ.v) ·. a,. f3V £t at} -µv •• 

ax2 l p + ~ · ((f)a ¢13 ..,. ~· ¢p ¢. bai3) ' 

(9.10) 

(9.11) 

(9.13) 

(9.14) 



Sa 12 3 a = ,._/ j lC -v"=fi cf>. , 

a for L g1 ven by 
'3'Y 

P-2100 
40 

(9.18) 

This flnal system ef field equations admits simple and 

direct interpretations and conclusions. 

(1) Equations (9.15), 16) are easily recognized as the 

equatiGns which describe a vector meson field with the mass of 

the particles equal to ic and with unity spin.* 

*Schweber, s. s., Bethe, H. A., Hoffmann, F., de.: Mesons and 
Fiel.dsf Vel •. I, Fields Row, Peterson and Co., White Plaine., 
N. Y. ( 955), P .. 107. 
Wentzel, G.: Quantum Theory of Fields, Interscience Publications, 
N. Y. (1949), Ch •. II. 

(2) From equatien (9:.13) we see that if there is no intel:'­

.acti&n included; in the Lagrangean (i.e., a = 0) then the field 

mass vanishes and we obtain Just Maxwell-Lorentz electrodynamics 

a~ 1n Sectien 7. We may thus conclude that the vector meson 

oharaater of the r1elds is a direct consequence of the intel'­

action between.the Aaf3 .field and .the RClt:3 field. 

{3) !he fJ.eld mass Koccurs as an integration constant 

and does.net app~ar in the Lagrangean runctien. In tact the 

tagra,ngean tuncti•n contains only geometric quantities and has 

the same :term as eneeuntered :Lh studies of gravitation and 

eleotroeynamics in the ab~n~nce ef macroscopic matterf* in 

*Fletcher: op. cit. 
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centrast to the usual case in which the Lagrangean function has 

to be specially rigged to give the vector mesonic field by 

inclusion of terms of the form 

in the Lagrangean function. 

(4) !he constant! cancels out pf equation (9.17) and 

does not appear 1n equation (9.15) so that the apparent conflict 

pointed out in the last section does not occur. Hence a may 

be taken equal tG unity with no loss of gene:r-ality. 

(5) Equation {9.17) is just the form taken by the equations 

which describe the gravitationalrfield generated by a vector 

meson field of mass Kand spin one. Inaddition, they show 

that in .those highly localized regions where ¢ is not small a 

there.is·a large spatial curvature and hence a rarge gravitational 

field. 1'his· is not su:r:-prising since the very existence of a 

v-ecter meaeQ t1eld has been shown to depend on the interaction 

petween the sravita:t,1~nal field and the Aaf> field, and presents 

tb.e pO$$ibil1tY of constructing stable static charged particles. 

{6). '.lbe.f ield equations (9.15, 16.,. 17) may be viewed as 

~e.Jl¢ribU)$ $, s1tuat1.4m in. a ru.emann apace with metric tensor 

haJ:3 since •nly quantities which are well defined in such a 

~p•e' appear~ We may.thus view the gen~~al a.ffinely connected 

sp~c.e &4 as a subtsidiary space used tcr geometric dese:t"iption 

purp$$$a under the at.fine .field equatiens, where the Lagra.ngean 

functions invQlved contain only geometric arguments (i.e.: we 

have seen that we may take a= b = l with no loss of generality 
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;.<t<h~ce··~he ·t,agi-qean riinctien given by equatien (9.1) 
_,--i'.' 

Jt~1t-$?1.a enly geemetx-10 argwnents). . Onoe the potentia.l form of 
' • • ~ 

:.••· .gen♦n.:l aff1•• eerw.•et1on L;'Y h~a been obtained and the 

l~~; fm\e,1en,oluna.~ appr$pr1ately, the resulting field 

jequ.at.1Qfts> ean .. be :ceaa:.l.d~d as describing s1.tuat1ons 1n a l ,.-·•.: ., .. · . ,, , 

,''pbYe1.aal,11. '+•••t.\UJl1$'1:Jl:•ijal, .$pace of th~ Riemann variety with 

• ~~~I) ·~~.~~r ·~ ~-. Uite;..retatun,. we see that the 

-~~J~•t~~~ .~•~l'Y ~:V:.t4ee. a •t~d. of •. 4e~1~,· rather tilan 

· \,_, ;;.: .. ; .. :.. ,; '.·ru-.~ '. ~sa ·tw• •qua ttons. Pl addi tien, tbe •eson 
,---•~¾,:t,/./??\.\'-._-::'~/:\?f - ..,:/<.'·._ ·. "' ./·:··::-_ ·_,: ,'·:/>". - ; ,, ' :\._/: . . ,) ' , <,· __ , _:- - . _- :'_ . ' , . .' 

,.~ ~ h•(He tbit el•EJntal pa:rt1'11.al. aa-ture a~ises selely 
"'i:;")>;":,,·_."'-.'•'' ., ',·•·\,,' ,,,_ ·. - i ",.-'., ·-} - ':<, ·,_" •~ .. : ' ~ : 

•:.~~•f:#\~t~~~~~~,~•~ ~,w•.en tb~ geemetr-ic .cufvatul'e tt·e.l4s 
F ·'. ·• • ., '· • ••• 0 ·.-•-' •• • 

· .. ~ •f.~.t We may e~~lude that the elementary :partiealistic 

<"b-..t~0 ♦1' lll&'tt•r r:e&ulte d:treetly t'Nm intera¢tiens between the 
, ,, . ··. . .·: - -. - ' 

r!.•}••~~II ~d Ae~ inanabstraot ge0metr1c space in 

c~~~~trtt ~l'alltl•art .functUn$ iµ-e required. 

\,. ~~:!~~~: .. ~.~· •PPf1ed. 'ae tt.~l. r1,1.a equations 

''/M.·-li'•d.•.t~•<t· •~,·-~l,•i··.n•-• .space 

'Jl'.:·fiil:v~·•·t:~ it•ltt tl:urt.te•i »~edieti1Sm.$. 
:~::· :_'-,>,•:..:, "":··:·.·1.,/':,.,_/":-, .,_, '.,_,_ ·'··" '• -. '.' •• ·;:-, '.1, 

:i>•,,,, ..... ·.·••··•·· .by a.~hod dire<.tt,;ty $1milar to 
l ,_ • • ., ' ; •• 

~ ,, ', 

·Q~ts1d.et'~~ di► 
\,.".' ,., ' - ' 

... -~•••~ti~n Gf' the . -. - ·,"' 

. ,, . ,,,- •. . 

,._ .... 1; .. ,&.lJ!;•]Mfaea1,c ''\'!!li't~1tt.4~;nll!. ••• ••• }bj ~$ .tl&~troll&gnetic 

l1'1i,e1••••1►2.~ __ • .,..=..,•- ·in·.•.·~~·· pre,~tule • ~t :tts grav£ta.tt.onal 




