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PREFACE

This report describes research undertaken for the Department of
Transportation's Climatic Impact Assessment Program (CIAP). A primary
concern of the CIAP program is the study of an aircraft fleet operat-
ing in the stratosphere and the effects such aircraft might have on
planetary life.

To achieve this goal, CIAP must rely heavily on computer simula-
tion of the global atmospheric circulation, for through such simulation
will prediction of the earth's climate be possible. It is important,
then, to assess the fidelity of global circulation models in terms of
comparing their predictions with actual measurements and also to be
able to interpret results when the simulation begins with some arbi-
trary initial or boundary condition. |

This report deals with interpreting results of computer simulations.
It presents a series of statistical tests, embedded in a computer pro-
gram, that permits the investigator to ascertain whether the simulated
climatic changes are simply random fluctuations of a normal global
circulation or are actually caused by some purposeful change in the
physical system.

The intended readership for this report is the meteorologist or
physicist who works with simulation models--~and who has some knowledge
of statistical hypothesis testing. In particular, he should be familiar
with the notions of elementary estimation theory, hypothesis testing,

significance levels, and statistical tables.
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SUMMARY

This report presents a method of comparing simulations of the
global atmosphere and determining, by statistical hypothesis testing,
if selected meteorological properties of the simulations are signifi-
cantly different. ’

The primary concern of the :CIAP program is the prediction of pos-
sible climatic change when some parf of the physical stratosphere is
altered. It becomes crucial, then, to guard against claiming a causal
connection between observed change and the simulated change in the
stratosphere when the observed change was only an acceptable random
deviation of the unperturbed atmospheric system.

This question has already been addressed by Warshaw and Rapp (1972)
through an analysis of variance procedure requiring several replications
of both the control simulation and the simulation with the atmospheric
perturbation. Unfortunately, the high cost of computing weighs heavily
against the "multiple run" method. This report describes a more eco-
nomical way of extracting an independent subsequence from a highly de-
pendent sequence of simulated meteorological data. Given such a
subsequence of multivariate data from both the control and experimental
runs, it is possible to estimate the required covariance matrices and
utilize the independent data in multivariate hypothesis tests of the
equality of time-averaged variables.

All this, and the required tests for independence, are incorporated
into an on-line, interactive computer program which 'guides" the invest-
igator through the maze of sequential decisions required to perform a
fair statistical test while giving away as little data as possible.

The mathematics of the testing procedures and transformations are
presented, followed by instructions for use of the program that imple-
ments these tests. Appendixes give the program flow chart, examples

,of usage, and FORTRAN source listings.
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I. INTRODUCTION

Computer simulation of the global atmospheric circulation promises
to provide the best answer as to whether man, inadvertently or purpose-
fully, can modify his own climate. Although we have the mathematical
models and required computing power to give the simulation procedure
both validity and authority, important physical processes are still to
be included and yet faster and larger computers will be needed to pro-
vide better spatial resolution. In addition, certain problems and un-
certainties with the simulation technique appear unavoidable. The work
of Lorenz (1969) on predictability and its relationship to climate
modification (Warshaw and Rapp, 1972) have serious implications regard-
ing our ability to sense climatic change. Very small errors or un-
certainties in initial conditions will tend to mask completely the
deterministic change caused by altering some boundary condition. Our
purpose remains, then, to devise methods of detecting differences in
mean conditions due to boundary value changes, despite the fact that
predictability (in the Lorenz sense that the state of the system is
no longer a function of its initial conditions) has disappeared before
the period of averaging is complete. More precisely, the probléms

under investigation are the following three:

e How sensitive is the model to changes in boundary condi-
tions? That is, can an observable change in predicted
atmosphere be causally related to the boundary condition
change, or is it just an acceptable random state result-
ing from a slight perturbation or uncertainty in initial
conditions?

® Models claiming to predict the same physical phenomena
should agree if they begin with identical boundary and
initial conditions. What is meant by "agreement" in
the presence of small differences in initial conditions

and do, in fact, existing models agree?



e A model, ideally, should predict the real atmosphere.
Does this happen? Or alternately, what actual compari-
sons are possible between a model and a very large file

of real climatological data?

These three questions represent long-range goals, and we restrict our-
selves only to the first in the present report.

Ordinarily, studies of sensitivity should not be a difficult prob-
lem. There are deterministic, climatological changes that may be
thought of as "signal," embedded in changes that have naturally random
variations; the latter behaving as 'moise" to obscure the changes we
wish to sense. Statistical techniques exist which permit testing the
hypothesis that the observed changes are random in nature. Rejecting
this hypothesis is equivalent to believing that the observed change
was caused by a purposeful modification in boundary condition. Warshaw
and Rapp (1972) have described an analysis of variance F-test hhich is
well suited to the problem, assuming the investigator has enough inde-
pendent samples of both the control simulation and the simulation having
the modified boundary condition. But there is a catch: the price of
a sample run is very expensive, requiring as it does about 20 minutes
of time on an IBM 360/91 for each simulated day. Hence, approximately
30 hours of computer time are needed for each 60-day sample. Six such’
samples were used in our prior work which certainly solved the problem,
albeit at much too high a price.

The principal goal of this report is to describe a computer pro-
gram and the statistical procedures which it embodies. The program
permits the investigator to extract all the desired information from
only one control simulation and one experiment simulation with a modi-
fied boundary condition.

The intended audience should be the meteorologist or physicist
who works intimately with some simulation model and who, in addition,
has enough background in statistical hypothesis testing to use the
program. Our experience has shown, however, that the meteorologist
will invariably bring his problem and data to either a computer pro-

grammer and/or statistician (e.g., the author) and expect in return



statements on the statistical significance of his results. For this
reason we have chosen not to include material which leads the non-
statistician very gently through the program. On the other hand, the
report, both from the statistical and program aspects, is complete to
the extent that any claim can be verified--if not directly in the text,
' then by a cited reference.

The program as written makes a fair demand on the statistical back-
ground of the user. He should feel comfortable with the notions of
elementary estimation theory, hypothesis testing, significance levels,
statistical tables, etc.

Access to the program is through a computer terminal which can
reach the PDP-10 computer at the University of Southern California-—-
Information Sciences Institute either directly or via the ARPA computer
network. The program is on-line, interactive, and requires the very
close cooperation of the user-—cooperation in the sense that théﬁéfo;
gram constantly asks the user for either data or decisions in the
course of the analysis. A more fully automatic version of the program
is quite feasible but will not be implemented until there is sufficient
demand. The program is written entirely in FORTRAN and with very few
changes may be exported to any other system having on-line interaction
capabilities.

Section II describes the problem and the statistical approach in
quite general terms. Details of statistical procedures, with adequate
references, are given in Sec. III; the work is not original, so proofs
are omitted, but always available from the references. Finally, Sec.
IV describes the actual use of the program. Appendix A compares the
method described in this report with the more conventional analysis
of variance techniques used previously (Warshaw and Rapp, 1972). Ap-
pendix B gives the program flowchart; Appendix C presents a few examples
of computer-—user interaction and output; and Appendix D gives the FORTRAN

source program listings.
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IT, THE PROBLEM AND A STATISTICAL OVERVIEW

We have the results of two simulations of the global atmosphere;
these simulations differ only by virtue of some modified boundary con-
dition. The question we ask is whether an observed difference in some
meteoroiogical variable generated by the simulations is attributable
to the purposeful change in boundary condition or just a realization
of naturally occurring random phenomena. The meteoroclogical vari-
able is the average value over some time period (usually 30 or 60 days).
The variable may be multivariate, that is, an n-tuple of values over
some geographic region, or univariate by virtue of averaglng over thlS
geographic region.

The problem is how to make reasonable statistical statements about
the significance of the observed difference when we have only one sim-
ulation apiece for each of the two boundary condition cases. A sample
consists then of p values of a variable for each of T times, or a total
of pT vélues. There are many ways of formulating the problem in terms
of some multivariate hypothesis test; each consists of some repeated
aggregation of values over time and space, thus forming approximately
independent samples with some assumed covariance structure out of the
pT values.

We have chosen a way of aggregating the data that seems most
natural and easy to understand. Although this way may not be optimal
and, in some instances, will actually throw data away to achieve cer-

tain criteria, we feel that the ease of use and 1n51ghtl1t glves to the

underlying physical process justifies the lack of optlmallty.

Assume the data, for a single time step, come from an m % ﬁ set
of contiguous geographic points.* We next order the mn points in a
consistent way for both the control and experiment so that a ''sample'
from either simulation at a particular time is an ordered p-tuple
vector (where p = mn). If there are T time steps, then we have T

p-tuple vectors constituting the sample from a single simulation. The

%

There is no loss in generality in assuming this. The data could
be from disjoint sets over the computing grid or even different scalar
variables at different locations.



major point here is that we choose to assign all the multivariate
properties of the sample to the spatial aspect of the original data,
and therefore all the temporal properties of the sample go into form-
ing the stochastic process itself.

The elements of either stochastic process (control or experiment)
are highly correlated. This is certainly toibe expected since the
variables do represent a meteorological process‘and if AT = 1 day, for
instance, we would hardly expect the samples at t and t + At to be
uncorrelated in such a short time; weather just doesn't behave that
way. The statistical problem now becomes that of extracting an un-
correlated subsequence from the T vectors. These uncorrelated vectors
are required to estimate the covariance structure of the p—-tuple vector
and provide an honest sample over which to average when testing the
hypothesis‘that the time average of the control and experiment values
are equal. |

The uncorrelated sample is achieved by a combination of using
every kth sample (in time) when k > 1 and attempting to transform away
the correlation by assuming the sequence has a first-order Markov
property and estimating the first-order correlation. Producing an
uncorrelated sample without discarding too much of the data is the
difficult part of the problem.

There is no single test for statistical independence (or lack of
correlation~-the two being equivalent since we are assuming the samples
are normally distributed). Hence, the claim that the sequence is un-
correlated is reached by performing a collection of tests to selective
subsets of data, hoping to find a large enough subset which passes all
the tests. |

We will consider the subsequence uncorrelated only if it passes
all the statistical tests. Given this, we proceed to compute a multi-
variate mean value over some time period, then apply a further test
to determine if the means of the control and experiment are equal.
Réjéétion of the hypothesis of equal means is equivalent to a claim
that the difference in boundary conditions caused the observed dif-

ference in mean; this, of course, was our original question.



ITI. DESCRIPTION OF STATISTICAL PROCEDURES

} The flowchart presented in Appendix B is crucial for an under-
standing of what follows in both this section and the next. Although
each element of the chart representing a mathematical procedure is de-
fined in detail, frequent reference to the flowchart is necessary for

an overall sense of unity.

NATURE OF THE DATA

The raw data on which we perform statistical analyses are produced

by the Mintz-Arakawa simulation of the global atmosphere (Arakawa,
1972; Gates, et al., 1971). Typically, we select a meteorologicali
variable (say, temperature at 800 mb) and collect these dataifor eéery
point on the computing grid (4° in latitude, 5° in longitude) and all
times (say, 60 days of simulation with a 6-hour time increment).

There are two sets of such data. First, that which is availéﬂiérfrom
a so-called "control" run; i.e., a simulation run we all agree to use
as the standard against which to measure change. Second, there is an
"experimental" run of the same duration, grid size, and time increment,
agreeing with the control run in every way except some intrinsic prop-
erty of the state of the world has been changed. For instance, we

may have artificially inserted a large amount of stratospheric dust

to modify the radiative transfer, or created a large body of water in
an attempt to alter the precipitation pattern. So the question be-
comes, ''Has the mean temperature at 800 mb changed as a result of the
boundary condition change represented by the experimental run?" By
"mean" temperature we denote the time average over some designated in-
terval. The spatial region over which we are concerned is handled in
a different manner: say, for instance, our interest is in the temper-
ature at 800 mb over the western part of the United States. This is
roughly the region between 26° to 54° north latitude and 110° to 130°
west longitude; the region is represented by an 8 x 5 array of computing
points on the Mintz-Arakawa grid. The investigator isrnbw given éi -

choice by the computer program. He may elect to treat the 40 points



as a 40-tuple multivariate sample, estimate a 40 X 40 covariance mat-
rix, and do multivariate hypothesis testing; or he may instruct the
program to average the data over the 40—poin£ region and reduce the
problem to a univariate one. If the multivariate approach is adopted,
the testing procedure will sense differences in the spatial distribu-
tion of the variable, even if the means over all 40 points are the
same. Conversely, pre-averaging over the spatial points reduces the
variance of the sample, thus making discrimination between different
mean values easier. The decision is the first of many that the in-
vestigator will make. Pre-averaging over the region produces variables
with smaller variance, hence making discrimination easier. On the other
hand, the variables may have the same spatial average but undergo a
spatial phase shift; this change could only be detected by the multi-
variate analysis. The investigator is, of course, free to try both.

In any event, we need to extract from the simulated data a sequence
of independent samples; the tests whose descriptions follow are intended
to determine this independence. T

Assume that the control and experimental runs of the model provide
us, respectively, with two discrete finite stochastic sequences {xi}
and {yi}, i=1, 2, ..., n, where X, and y; are both p~tuple vector
variables. In general, the elements of the sequence {xi} are not in-
dependent, nor are the elements of {yi}. The p elements of the vectors
Xy and vy also have unknown‘and not necessarily equal covariance mat-

rices. These two sequences constitute the sample data for all the

'tests that follow.

PERIODIC COMPONENTS

Meteorological variables have a diurnal periodic component which

is sometimes quite pronounced and sometimes negligible. In addition,
some variables contain a significant second harmonic or semi-diurnal
oscillation. This latter is explained by the sun dropping below the
horizon, thus introducing a "clipping' of the otherwise continuous
insolation. A Fourier analysis of the insolation as a function of

time verifies the predicted second harmonics term.
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The importance of these periodic contributions is very much a
function of the simulation and the extent to which the true physics
has been modeled. TFor example, in the Mintz-Arakawa model currently
used, the ground temperature displays large diurnal and semi-diurnal
variation because the specific heat assigned to the ground is zero.

Air temperatures, on the other hand, are not subject to such varia-
thDS, and the periodic components can usually be ignored.

In any event, the analyst may call upon the program to estimate
the diurnal and semi-diurnal components of the time series and may have
these deterministic contributions subtracted from the series. We do
caution, however, that there should be some justification based on
physical reasoning before these components are subtracted. The re-
moval of estimated periodic components having rather arbitrary periods
just to reduce the variance seems unwarranted to us, even though there
‘may.be a basis in reality unseen by the observer. For this reason,
the analyst may wish to return to the beginning of the statistical
program and remove the periodic components only after he has inspected
other measures of the time series, such as the serial correlation

coeff1c1ents or the power spectrum

The diurnal and sem1 —diurnal components are estimated and elimi-

nated by the following procedure Given the stochastic sequence Xis /

i=1, 2, ..., n and each X, a p- tuple, flnd for/each of the p elements

of the vector, an a and b in the expression

A _ .27k . 21k
%, = a sin =+ b sin =%, 1)
so that
n
~ 12
E lx, - %" % (2)
k=1

is minimized.
For the M-A model, where T = 4 (i.e., the data are sampled every

6 hours), we find that



n
_2 . Tk
a=z x, sin 5=, (3)
k=1
n
2 Tk
b oy X €OS 5=, 4)
k=1
and
a, k = 1(4)n ,
-b, k =2()n ,
T ) -a, k = 3(4)n , ()
b, k=404)n .

Define x& =x - ﬁk; hence all future computations will be done
with xi if we choose to subtract the diurnal component.

For the semi-diurnal component, we find a and b in the expression

R = asin 7+ b cos 7, 6)
such that
m
Ay 12
= -~ &1 ®)
k=1
is minimized; then
-b, k=12)n ,
QQ = (8)
b, k=2()n ,

and, if we choose to eliminate the second harmonic, we compute

XE = xi - ﬁé and use XE in all succeeding calculations. The primed

notation will not be adopted in the analysis that follows, and thé

above merely makes explicit the actual calculations.
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TURNING POINT TESTS
The turning point test (Kendall, 1966, p. 351) is an easy test

for cyclic behavior of the sequence. We merely count the peaks and
troughs in the series where a 'peak is a value that is greater than
the two neighboring values and a "trough"' is a value that is lower

"

than ité two neighbors. A peak or trough is called a "turning point.

Consider, for instance, the sequence Xy Xops wees %o and define

a marker variable Xi by

X, ={ |X >%._, <X, °r 9
0 otherwise;  ; 571, 2, «v., 0 =2
The number of turning points, p, is given by
n-2
-3, . a0

i=1

Kendall (1966) proceeds to show that

Elpl =2 -2,
(11)
var (p) = -l’é'n‘g‘f)“zg ,

and that p tends rapidly to normality as n increases.
The turning point test is applied to each element of the vectors
x, and Vi the test statistic transformed to zero mean and unit variance,
N(0,1), and tested by the program. Excessively large values of this
test statistic for the original data (say, with At = 6 hr) are the first

indication that the elements of the sequences are not independent.

THE KENDALL RANK CORRELATION COEFFICIENT TEST

The rank correlation test is designed to sense the presence of a

monotonic trend in the data.
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Given the samples Xy, X cees X5 in that order, count the number

2’
of pairs for which Xj > X, j > i. Let the number be P. There are a

total of n(n - 1)/2 such pairs in a sequence and the expected number of

palrs that meet the above criterion in a random serles is n(n - l)/4

" —— e

The excess of P over thls expected number 1nd1cates a p051t1ve trend in
the data,|and a deficiency, a negatlve trend.
Kendall (1966, p. 358) shows that if we define Q as the number of

values for which Xj < X j <1i, and let

4

T 1 TCEEE (12)
then, for sequences that contain no linear trend,
E[tl =0, (13)
_2@n +5)
var[T] = St = 1) ° (14)

and the distribution of T tends rapidly to normality.

This test is applied to each element of the vector sequences {xi}
and {yi}, where rejection means we reject the hypothesis of zero mono-
tonic trend. The presence of the linear trend is not fatal to our
overall goal; it does mean that independence of samples may not be
assumed and later we w1ll descrlbe an estlmatlon and testing procedure

S e e
that compares the trends of two samples.

THE DURBIN-WATSON TEST

Since periodicities in the data are easily removed and trends have
not emerged as a serious problem, the test for zero first-order autocor-
relation coefficients is of greater |importance than either the turning
point or rank correlation test. This is the Dnrbin—Watson test (Durbin
and Watson, 1950, 1951; Malinvaud, 1966).

If the random process7isMau£oregressive, i.e., if we can assume

that X = pl e l , Where {E } is a purely normal random process and

pl is the first- order correlatlon coeff1c1ent then the Durbln—Watson
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test is used to test the null hypothesis that the sequence is uncor-
related against the alternative that there is positive correlation.
Later we will experiment with the assumption that the simulated
meteorological variables are generated by some underlying autoregres-
sive process; but in general this will not be the case, so the Durbin-
Watson test has as its null hypothesis, Ho:pl = 0 and alternative
Hl:pl > 0. The test also can be applied to Hl:pl < 0 or the two-tailed
test Hl:pl # 0, but neither is required since our data invariably have
Py > 0.

The Durbin-Watson statistic, d, is given by

d=— s (15)
E (xi - x)2
i=1
where

n

=1

x == X, - (16)
i=1

A short version of the table given by Christ (1966) is shown in Table 1.
After computing d, we reject H :p; = 0 if d < d; and aqccept H_ if

d > dU, where again, the alternative hypothesis is that the data have
positive correlation. The region dL <d =< dU is uncertain.

For values of n larger than 100, d approaches normality with

- _ 2n
d = T (17)

and

2 _ 4_(1;_21 : (18)
(n - l)2
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Table 1

DISTRIBUTION OF THE DURBIN-WATSON TEST

Value of dL and dU from Durbin

Sample Probability and Watson (1951)

Size in

n Upper Tail dL dU
|| 0.01 0.81 1.07
15 0.025 0.95 1.23
0.05 1.08 1.36

0.01 0.95 1.15

20 0.025 1.08 1.28
0.05 1.20 1.41

0.01 1.05 1.21

25 0.025 1.18 1.34
0.05 1.29 1.45

0.01 1.13 1.26

30 0.025 1.25 1.38
0.05 1.35 1.49

0.01 1.25 1.34

40 0.025 1.35 1.45
0.05 1.44 1.54

0.01 1.32 1.40

50 0.025 1.42 1.50
0.05 1.50 1.59

0.01 1.38 1.45

60 0.025 1.47 1.54
0.05 1.55 1.62

0.01 1.47 1.52

80 0.025 1.54 1.59
0.05 1.61 1.66

0.01 1.52 1.56

100 0.025 1.59 1.63
0.05 1.65 1.69

ESTIMATION OF LINEAR TREND AND TESTING FOR EQUALITY OF SLOPE

We prefer the stochastic samples to be stationary. This means we
expect the mean and variance of the vector sequence to be independent
of time. There is no reason why this should be true since we have in-
duced some purposeful change in the boundary condition of tHé experi-

mental simulation, and the mean value of some climatic variable may
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change. Lack of stationarity implies a nonconstant mean value. In
order to estimate the covariance matrix more accurately, we assume the
mean changes linearly and subtract an estimate of this trend from the
original daté. When longer simulations are made, the assumption that
the trend is linear will not be correct because of annual cycles.

Most simulations are for 60 days after the alteration in boundary
condition. We usually wait 30 days for the transients to settle, i.e.,
for the numerical model to reach a state of internal consistency, then
look for changes in the average behavior over the last 30 days. This
is not much time to induce a large difference between the control run
and the experiment® but it may establish a significantly different rate
of change of the variable, so that we can claim that the climate is
changing as a result of the modified boundary condition. Note that
this |by no means precludes a significant difference in mean behavior.
The test for equality of slope is done early in the program only because
it is related to the tests for independence.

The least squares linear fit to the data is given by Hoel (1956):

L=%x+blt-1), (19)
where
=) x 3
N i?
i
__l ]
TN £ » \

1, 1+ A, 1+ 20, ...y 0,

o
~
[
1

(20)

=, .
L]

[(n - 1)/A+ 17 .
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Assuming xi:N(p,Oz), i=1, 2, ..., n, we have

E[b] = > Q1)
i
and, if x; are independent,
O2
var(b) = — - 22)
i

Our interest is in the distribution of the difference between two
slopes, b_ - b_ = Ab, under the null hypothesis H :u_ = p_. Ab has
X 2 2, 2 —2 o x ¥
zero mean and 0,, = (6_ + O )/z. (t. - t) . The normalized test sta-
Ab X yoLei i
tistic, S:N(0,1), is given by

Ab: Z (e, - D?
_ 1

0'2"|'O'2
X y

S

s (23)

2 2 . . .
.where OX and 0. are either assumed known or given by their sample

estimates S and Sz.
X y

CORRELATION COEFFICIENTS, SPECTRAL ANALYSTIS, AND A MARKOV CHAIN FILTER

This section has two pﬁrposes. First, we look more closely at
the original data by way of their autocorrelation coefficients and power
spectfaiﬁéénsity in order to better assess indépéndence. Next, we
implement a transformation which, if the original sequence has approxi-
mately the properties of a first-order Markov chain, will transform
away most of the dependence among elements of {xi}. We will see later

that this transformation has a cost because the mean and variance
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transform in a way that makes discrimination between the control and

experimental runs more difficult.

Given our original sequence {xi}, i=1, 2, ..., n, we estimate

—_1m . .
the mean x = H—Zi=l X, and define a new sequence with zero mean,
Ei =x; - x. The kth order autocorrelation coefficient is estimated
by

' 1
— N, § :gtgt+k
1
& N2 : i
i

(24)

where t = 1, 1 + A, 1 +2A, ..., n; 1 =1, 1 + A, 1 + 2A, ..., n - kA;
Nl = [(n - 1)/A + 1] and N2 = [(n - kA - 1)/A+ 1]. [x] denotes the
integral part of x, and A is selected by the investigator as the num-
ber of time steps between subsequent samples. (Note that A = 1 for

the Mintz-Arakawa simulation implies a 6-hour sampling periqgl)

[ - ———

L
Inspection of the ﬁk, k=1, 2, ..., K, gives an important indi-

—

cation of sequence independence as well as pefioaicities. K, in
practice, cannot be too large, say no more than one-tenth the number
of data points available. Thus for a reasonable A of, say, 8; K will
be around 2 or 3, given a simulation of 60 days. In any event, in
the absence of periodicities, we expect ﬁj < ﬁl for j > i. The user
will have already performed the Durbin-Watson test and may have accepted
the hypothesis that Py = 0. He should not be alarmed, however, to dis-
cover that the estimate § is non-zero. There is a sampling error in
the estimate, and therefore no surprise that 61 is not exactly zero.
If all 6k are less than someJSubjectively chosen value, say 0.15, we
will claim that the sequence is uncorfelated.

Another indicator of independence, as well as a Window iﬁéorgeﬁ—
eral statistical structure of the sequence, is the power spectrum of
the process. For a finite discrete sequence, this equals the finite

Fourier series given by
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m
_ A A SBTI' A
wp Oy + 2 pq cos =g + Oy cos pm (25)
q=1
where 5 =1, 6q is given by Eq. (24), and 6M is the autocorrelation

coeff1c1ent at maximum lag M. Agaln, in performing the calculatlon,

one is well adv1sed to restrlct M to not more than one~tenth the total

sample size. Strict 1ndependence is 1nd1cated by a uniform spectrum,

i.e., w, = W, for all i,j. Because of sampllng errors, we do not ex—~
pect absolute equality among the spectral terms even for samples of
truly independent processes, so we must make some subjective decision
about "almost uniform." The best we can say now is that if the spectral
terms appear more or less uniform, it is a good indicator of indepen-
dence. Examples of the lack of strict uniformity caused by sampling
errors are shown in Fig. 1. There we see the spectrum for a random
sequence with first-order correlation coefficient Py = 0, = 0.2, and

= 0.8 for sample size n = 100, = 500. Note particularly how non-
uu}form the graph is for Py = 0 and n = 100.

If we have any a priori knowledge of the structure of the stochastlc
process, it is possible to construct a transformation that ellmlnates
the dependence among samples. For instance, let the sequence be gen-
erated by a first—order Markov process, X4 T P1¥g + €i41° where
0<p <1and {Ei} is a sequence of independent normal random vari-
ables. The dependence among successive elements may be removed by the
transformation Zi41 = Xi41 T P1Xgo i=1, 2, ..., n -1, There is no
reason to believe, however, that Xg 78 a first-order Markov process
and that the transformation will help. We do know that our sequences
tend to have monotonically decreasing correlation coefficients with
lag if the diurnal periodicities are eliminated, and also, that the
closer the sequence is to Markovian, the more efficacious the
transformation.

For these reasons, the analysis program has the ability to perform
the transformation based on the assumption of the data being generated
by a first-order Markov process. Higher order processes were considered

and rejected for models because we found no justification in the physics
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of the atmosphere that would justify anything more complicated than
"EHQ éimplest first-order scheme.

The transformation proceeds as follows: The actual physical pro-
cess is assumed to be Markovian and continuous in time. It has then
an autocorrelationlfunction of the form R(T) = e—vlTl. The program
estimates P(i), i =0, 1, 2) ee., 6, by using Eq. (24). We then find
a Vv such that Zi [RG) - 6(1)]2 = min, i.e., do a least-squares esti-
mate of the coefficient v. Our estimate of 0y, say 61, to be used in
the transformation Zi4l = K41 T 61Xi is given by 61 = e_v. By using
this estimate of Py> rather than computing it from Eq. (24), we get
a consistently better overall fit to the actual autocorrelation func-
tion and hence a better transformation.

WheﬁﬁQéwépoke previously of the "cost" of this transformation, it
was meant in the following sense: If the sequence were independent,
the test statistic used in discriminating between control and experi-
ment would be of the form (§ - ;)/0, where g is the common variance of
random variables x and y. Now if Zip1 T Xq41 T P1E and Wil T
Yi+1 ~ P40 w; find that z_f a - El)ux’ w= (1 - pl)py, and 0, =
Oé = (1 ~ pl)c . Assuming x = M ¥ = uy, and 61 = 0y the test sta-

tistic for the transformed variables takes the form

& -9a -0
0" 1 - pi

which is always less than the original statistic, hence making dis-

(26)

crimination more difficult.

We conclude then that the Markov process transformation might be
useful and must be tried since there is no obvious way of knowing if
you gain more than you lose--another example of the interplay between
judgment and strict mathematical algorithms required for the problem.
In practice, the transformation has proved absolutely necessary for
the Mintz-Arakawa data because of thé éxceedingly large autocorrela-

tions.

| |
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TESTING FOR EQUALITY OF FIRST-ORDER AUTOCORRELATION COEFFICIENTS

- 2
In the previous subsection we claimed that z = (1 - pl)u and Oz =

(1 - pi)di if 61 = pl. In reality,ihgﬁévér, we do not know”p1 and
must use 61 as an estimate. For small samples there is a non-pegligible
error in our estimation‘of pl, particularly since we are estimating
both 6l(x) and 6l(y) and using these estimates to compute the adjusted
mean and variances of two transformed sequences.

If we could claim that pl(x) pl(y), then we could reasonably
use 2 [pl(k) + pl(y)] as an average autocorrelation coefficient, thus
eliminating the sampling error when computing the new means and-
variances.

o We need, therefore, a way of testing the hypothesis that pl(x) =
pl(y). Rather than go directly to the complicated‘problem of deter-
mining the distribution function of pX(°), it is possible by use of
the Fisher Z-transformation to transform 01 into a new variable having

an approximatelyrnormal distribution (Hoel, 1956). This transformation

is

z =-]2'-1og 1+0G) ) 27)
1 - 6(x)

Now ZX is approximately normal with mean

7 -1 1+ px)
z, =75 log (l marY e (28)
and variance
var(z.) = ——— . (29)
“x n_ -3
X
Under the null hypotheses that the autocorrelation coefficient
from both control and experiment are ‘equal, the statistic
Z -7z
g = 7 (30)
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is distributed N(0,1). & is computed and presented to the experimenter.
If the null hypothesis is accepted, the average estimated autocorrela-
tion is used to adjust both the transformed control and experimental
runs. If the hypothesis of equality is rejected, we use 6l(x) to re-
adjust the mean and variance of the\transformed control run x, and

pl(y) to do the same to the experimental 'run y. If pl(x) # pl(y)

the analyst is well advised to try a larger time| interval. At in the
data is an attempt to reduce pl(x) and pl(y). Our experlence has shown
that if 6l(x) # 6l(y), intolerable Type I errors are likely in the

final hypothesis test for equality of means.

EQUALITY OF COVARIANCE MATRICES

All efforts to this point have been to extract approximately inde-

pendent samples from our two multivariate stochastic processes., We
need the independent sequence to test hypotheses about equality of mean
values and, in addition, to estimate a joint covariance matrix.

The covariance estimation and the hypothesis test itself dependl
on whether the populations from which the control and experimental
sequences are drawn have equal covariance structures. We could assume
equality and proceed from there, but there is no a priori reason why
this should be so. In the case of equality, we will proceed to esti-
mate a covariance matrix which pools the data from the two samples,
then go on to compute Hotelling's Tz—statistic for the difference of
two means. If the covariances are not equal, we have the multivariate
Behrens-Fisher problem and will estimate a covariance matrix based on
the element-by-element difference of thg two samples. If the sample
sizes are equal, we may compute another T2—statistic for again testing
equality of means.

Prior to all of this, we test for the equality of covariance
matrices from the control and experimental runs. The test described
is a likelihood ratio test adopted from Anderson (1958) and given here
without derivation.

We wish to test the hypothesis Hl Z = 22’ where Zl is the co-
variance matrix, from the ith populatlon.' Let x(‘)(l = l 2 ..ijgﬁiz

k = 1, 2) be an observation from the kt# population and be normally
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is the sample

distributed, N(U(k), Zk). xik) is a p—-tuple, and N

k
size of the kth population.

The likelihood ratio criterion for testing Hl is

2 L
[0 "
L "spN
=] N
N i ’ (L)
|a]* 5PN,
N
[ I~
k=1
where
N | :
Ak = E (xik) _;(k)) <x£k) - E(k)> s k=1, 2,
i=1 ‘
N=N +N,, (32)
A= Al + A2 .

For N sufficiently large, -2 log A has a XZ distribution with
p degrees of freedom. 7 - - -

We now have a procedure for testing the equality of two covariance
matrices. It is not, however, obvious which case, equal or unequal
covarianées, produces the best test for the equality of means, because
assuming equal covariance matrices leads us to Hotelling's T2 test for
the equality of multivariate means. This test (described later in this
section) is based on a test statistic that has a central F-distribution.
If the covariance matrices are assumed unequal (and both sample sizes
are equal), we are again led to an F-distribution, but with only half
the degrees of freedom. So, from the standpoint of degrees of freedom,
we would prefer the equal covariance case.

On the other hand, when taking the equal covariance option and

using the scalar notation to simplify the explanation, we automatically

assume that var(x) + var(y) is the correct form of the pooled covariance.
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That is, we assume that samples from the control, x, and experiment, y,
are in&ependent when estimating the joint covériance. The Behrens-—
Fisher case of unequal covariance matrices makes the calculation of

the form var(x - y) = var(x) + var(y) - 2 covar(x,y), thus properly
subtracting the estimated joint covariance. The term var(x - y) appears
in the denominator of the\Tz—test statistic; thus for positive covar-
iance, covar(x,y), the unéqual covariance case will produce a larger
test statistic because of the essentially smaller variance. The choice
of which statistic to use depends then on the sample size and sign of

covar (x,y), so the user is well advised to try both in the absence of

any further information.

COVARIANCE ESTIMATION AND FILTERING

If the covariances of the control and experiment are equal, and

letting {xi} and {yi} be the multivariate samples from control and
experiment, respectively, the pooled covariance estimate is given by

(see Anderson, 1958)

n n

= y

e T ET%;_—"Z' D Gy PG - D D D T 2L AR Ll I EEN
i=1 i=1

On the other hand, if we assume the covariances are unequal because of
prior testing or because the assumption will lead to a better estimate

as previously discussed, we have the following estimate, assuming

n = ny =n (i.e., equal sample size):
n
s =1 E (x. - -x + V), - x + y)! 34
u n -1 Xy 7y TRTYIE, 7YV, CX ' (34)

i=1

Some straightforward manipulation produces the following relation-

ship between S and S_:
e u

s, = 2[s, - covar(x,y)] . (35)
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This equation will be important when we compare test statistics

in the next subsection. S B o R

In the actual calculation of either Se or Su’ the estimation is
done not by taking deviations from an assumed stationary mean x or y,
as shown in Eqs. (33) and (34), but by estimating a least-squares
linear slope and computing the deviations from the least-squares line
rather than the constant, x or y. Therefore, if t is the independent
variable, we replace x by x + b(t - t), where b is the estimated slope
of the x-data. A similar transformation is done: for the y-data.

For the present our concern is with calculating the inverse of
either Se or Su' Let S be an n X n matrix (either S, or Su); there~
fore, an estimation of S requires that we estimate n? values plus n
values of the mean. If we have T vector samples, each of length n,r
then S will be nonsingular if nT < n2 + n (i.e., if there are more
samples than values to be estimated). Hence, T >n + 1 will assure
nonsingularity.

At the same time, we demand the samples be independent, so there
is no guarantee that T is large enough to make S nonsingular. But
without S—l, no further testing is possible; so we propose the follow-
ing extremely ad hoc method of filtering S to produce an approximate
nonsingular covariance matrix.

From the covariance S (either Se or Su), we calculate a corre-
sponding correlation matrix R, obtained by normalizing each element

of S by the estimated variances S, and Sy' Then if rij is an element

of R, 0 < i < 1. Now choose an arbitrarily small value, say r*, and
for all L such that rij < r*, set the corresponding sij = 0. The
intent is to filter out very small nuisance values in the covariance
matrix, and in most instances, this permits the calculation of S—l.
In practice, we have chosen r* about 0.05 or less in the few cases
this trick has been used. There is no formal justification for the

procedure--just the intuition that those elements of S were unimportant

in the first place, so their elimination does not have any effect.

TEST STATISTICS

We present here, without derivation (see Anderson, 1958), test

statistics and their distributions for testing the hypothesis that the
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difference of two multivariate means is zero. For the case of equal

. . 2
covariances, we have Hotelling's T -test,

2 xny — - 1

P A — '.-..———.

T =g &-9's G-y ; (36)
X y

and for the Behrens-Fisher case of unequal covariances but equal sample

'size, we have
Y e P e
Tu = n(x - y) Su x -y . (37)

Using the relationship between S and Su from Eq. (35), and

assuming n = ny, we see that

2 _n = ol
T, =5 x-y'S -y, (38)
and
2 n o~ - -1 - =
T, =5 (x - y)I[S, - covar(x,y)] "(x - y) . (39)
The critical regions for both cases are
(o + n, - 2)p
* = - — —
x y
and

T% = (- Lp F(p, n - p)

= , (41)
where p is the dimensionality of the sample vectors and F(a,b) the cen-
tral F-distribution with a,b degrees of freedom for the numerator and
denominator, respectively. For n; = o, and p << n, the critical regions
differ only by the fact that there are twice as many degrees of freedom

for Tg, the case of equal covariance. Inspection of Egqs. (38) and (39)
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shows that for covar(x,y) > 0, Ti may be considerably larger than Te;
hence, the case of 7ot assuming equal covariance may give the sharper
test if the degrees of freedom are large enough. This is in agreement

with our univariate discussion on p. 19.
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IV. DESCRIPTION OF COMPUTER PROGRAM

INTRODUCTION
This section and the appendixes describe an on-~line, interactive

computer program that implements the statistical procedures described

in Sec. ITII. The investigator operates the program from a remote ter-
minal presently connected to a PDP-10 computer using the TENEX fime— 7
sharing system. The program is interactive in the sense that it asks
the investigator at sequential break points in the program to make
decisions affecting its future course. As presently constructed, it

is virtually impossible to do the statistical analysis of this program
in a batch processing mode.

Appendix A compares the method described in this report with the
more conventional analysis of variance techniques used previously
(Warshaw and Rapp, 1972). The flowchart in Appendix B should be self-
explanatory, the actual mathematics having been presented. Appendix C

gives a few examples of the computer—user interaction and output, and

Appendix D gives the FORTRAN source program listings.

USING THE PROGRAM

As previously mentioned, the statistical analysis program operates
in an interactive mode on a PDP-10 computer with the TENEX monitor.
The instruction "RUN STAT.SAV;1" will start the program and make the
first request for parameters from the user.

Prior to this, the user should have placed the control sample in
a file labeled "DATAX" and the experiment sample in 'DATAY." These
sample data should be written into these files with a 6(IPE12.4) FORTRAN
format, and the samples are, of course, assumed to be in time sequence--
earliest first. ) o o

The convention for writing DATAX and DATAY if the samples are two-
dimensional geographic arrays is as follows: Let the data be taken
from an m x n geographic grid——i.e., therc arc m valucs of latitude
and n values of longitude. Using a single subscript instead of the
more common double subscript, data should be written into DATAX and

DATAY using the following conversion:
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%m Xom *am
latitude %, Xm+2 .
X X
1 mwtl ... X(n—l)m+l
—
longitude

The conversion of this 2-D array to a 1-D form, where a data sam~
ple is an nm—tuple column vector and each column of the larger array

is a sample in' time, is done automatically by the ﬁ}ééfém.
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Appendix A

COMPARISON WITH ANALYSIS OF VARTANCE METHOD
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The performance of the method described in this report may be com-
pared with the more Eonventional analysis of variance techniques used
previously (Warshaw and Rapp, 1972).

In this prior report, we made three independent runs of both the
control and the experiment, thus producing a 2 X 3 array of scalar
variables suitable for analysis. The variables were zonal averages
of a particular meteorological feature averaged also over the meridional
region specified;in Table A—l.ﬂrThéiégiieAéives the variable type, geo-
graphical region, the resultrdf thérég; é éﬂélyéis of variance F—test;
and the results of the Hotelling T2—test described in Sec. III of this
report. The comparison is quite good, with only one instance of a
Type II error where we accept the null hypothesisiofiééuai"ﬁ;é;érii:é;:

no change) when, in fact, we rejected this hypothesis under the analysis

of variance method.

Table A-1

COMPARISON OF PRESENT METHOD WITH ANALYSIS OF VARIANCE RESULTS

Altitude Analysis of

Variable Region (o-level) Variance Result Tz—test Result
Temperature, T 54-70°N 0.75 Reject, o << 0.005 Reject, o < 0.005
Temperature, T 70-90°N 0.75 Reject, o = 0.01 Reject, o << 0.005
Zonal wind speed, U 74-82°N 0.25 Reject, a = 0.05 Accept, o =~ 0.1
Zonal wind speed, U 46-62°N 0.25 Reject, o.= 0.05 Reject, a = 0.03
Temperature, T 54-70°N 0.25 Accept Accept, a > 0.1
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Appendix B

FLOWCHART: STATISTICAL ANALYSIS PROGRAM
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INPUT PARAMETERS
SAMPLE SIZES
NO. ROWS IN GEOGRAPHICAL ARRAY
NO. COLUMNS IN GEOGRAPHICAL ARRAYS

v

INPUT DATA ARRAYS

DATA IS STORED IN FILES DATAX
AND DATAY, IFILE RELABLES THE
DATA FILES SO THAT REDAT NEED
NOT KNOW EXPLICITY THE NAMES
OF THE DATA FILES. REDAT CONVERTS
2-D DATA ARRAYS TO 1-D VECTORS
AND ORDERS THEM SEQUENTIALLY
IN TEMPORAL ORDER. THE SAMPLE
DATA WILL CONSIST OF AN MxN
MATRIX, EACH COLUMN BEING AN
M-TUPLE SAMPLE AND N, THE NO.
OF COLUMNS, THE SAMPLE SIZE.

N
UNIVARIATE
AREA - AVERAGE
DESIRED
?

v
CALL DIURN
ESTIMATED DIURNAL
CALL ARAV COMPONENT AND SUBTRACT
CONVERTS THE M-TUPLE

MULTIVARIATE PROBLEM
TO A UNIVARIATE ONE
BY PRE-AVERAGING OVER
THE GEQGRAFHICAL AREA
REPRESENTED BY THE
M-TUPLE VECTOR

SHOULD

SEMI-DIURNAL

PERIODIC COMPONENT BE

ESTIMATED & SUBTRACTED

FROM DATA
?

DIURNAL PERIODIC YES
£OMPONENT BE ESTIMATED™, YES
AND SUBTRACTED FROM CALL DIURN

DATA ESTIMATED SEMI-DIURNAL
COMPONENT AND SUBTRACT

ARE SERIAL
iNDEPENDENCE TESTS

DESIRED
?

YES



e
P

A4

INPUT TIME INCREMENT, K
TEST WHICH FOLLOW WILL USE
OMLY EVERY KTHSAMPLE, [SKSN

CALL TURNPT

COMPUTE TURNING POINT TEST
FOR CTYCLICALITY OF SEQUENCES

!

CALL TREND
COMPUTE KENDALL RANK
CORRELATION COEFICIENT
FOR TEST OF LINEAR TREND

{

CALL DURBIM
COMPUTE DURBIN-WATSON
TEST FOR 157 ORDER SERIAL
CORRELATION

RE-DO
INDEPENDENCE TEST
WITH NEW TIME
INCREMENT

-33-

1S
EQUALITY

OF SLOPES TEST
DESIRED

CALL SLOPE

COMPUTE LINEAR LEAST-SQUARES
FIT TO EACH ELEMENT OF MULTI-
VARIATE DATA AND AVERAGE OF
VECTCR. TEST FOR EQUALITY OF
SLOPE BETWEEN CORRESPONDING
ELEMENTS OF CONTROL AND
EXPERIMENT VECTORS

IS

SPECTRAL ANALYSIS

DESIRED
?

INPUT TIME INCREMENT FOR
SPECTRAL ANALYSIS AND
CALCULATION OF CORRELATION

COEFFICIENTS
v

INPUT MAXIMUM LAG NUMSER
FOR SPECTRUM AND SORRELATION
COEFFICIENT CALCULATIONS

SHOULD
CORRELATION
COEFFICIENTS BE
PRINTED

SET FLAG
=1

SHOULD

SPECTRUM BE

PRINTED
?

SET FLAG
12 =1

[
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CALL SPEC
COMPUTE ALL CORRELATION COEFFICIENTS
AND SPECTRAL TERMS UP TO LAG NO. K.
USE CORRELATION COEFFICIENTS TO FIT
FUNCTION EXP(-v|t}) IN LEAST-SQUARE
SENSE. USE EXP(=-v) AS FINAL ESTIMATE
OF 157 ORDER CORRELATION COEFFICIENT

IN MARKOV PROCESS TRANSFORMATION
TO OBTAIN A NEW INDEPENDENT
SEQUENCE FROM THE ORIGINAL PERFORM
THE ABOVE CALCULATIONS FOR THE
CONTROL SAMPLE ONLY.

INSPECTION OF
ORIGINAL & TRANSFORMED
SEQUENCES, SHOULD TRANS-
FORMED VARIABLES
BE USED
?

SET IFLAGS5 = 1

REPLACE ORIGINAL CONTROL
SEQUENCE WITH TRANSFORMED
SEQUENCE

CALL SPEC
REPEAT CALCULATION OF CORRELATION
COEFFICIENTS, SPECTRUM AND MARKOQV
TRANSFORMATION FOR EXPERIMENT DATA

1S
IFLAG5 = 0

NO

3

REPLACE ORIGINAL EXPERIMENT
SEQUENCE WITH TRANSFORMED
SEQUENCE

s

TEST FOR

EQUALITY OF 157

ORDER CORRELATION
COEFFICIENTS

DESIRED
?

NO

YES

CALL ZTEST
COME\UI/E\S FISHER Z-TRANSFORMATION
FOR £y, P AND TE\ST STATISTIC FOR
HYPOTHESIS Py = P,. THIS TEST IS
REQUIRED PRICOR TO RESTORING THE
PROPER MEANMS AND VARIANCES TO
THE TRANSFORMED SEQUENCES

b

PRINT EQUALITY OF CORRELATION
COEFFICIENTS STATISTICS

ARE
CORRELATION
COEFFICIENTS
EQUAL
?

USE AVERAGE CORRELATION
COEFFICIENT -5(P;+ %) TO

RESTORE MEANS AND VARIANCES

'

USE INDIVIDUAL CORRELATION
COEFFICIENTS B}, B, TO RESTORE
THE CONTROL AND EXPERIMENT

MEANS "AND VARIANCES,
RESPECTIVELY




SHOULD
INDEPENDENCE
TESTS BE RE-RUN USING
TRANSFORMED
DATA
?

YES

A 4

NOTE: AFTER CHOOSING TIME L 4
INCREMENT, K, FOR SPECTRAL
ANALYSIS AND ADOPTING
TRANSFORMED DATA, DATA IS
NEWLY INDEXED 1, 2, 3, ...,
N/K INSTEAD OF 1, K, 2k,...N

IS

EQUALITY

OF COVARIANCE
MATRIX TEST

DESIRED
?

YES

CALL VAREQ
TEST FOR EQUALITY OF
COVARIANCE MATRICES
AND PRINT STATISTIC

SHOULD
BEHRENS -~ FISHER
T2 STATISTIC BE USED FOR
UNEQUAL COVARIANCES
AND EQUAL SAMPLE
SIZES
? i

SET IFLAG4 =1

v
CALL BFCOV CALL COVAR
ESTIMATE COVARIANCE MATRIX ESTIMATE COVARIANCE MATRIX
USING SAMPLE DIFFERENCES USING POOLED SAMPLES

[

CALL COFIL
TEST FOR SINGULARITY OF
COVARIANCE MATRIX, S

s

COVARIANCE
MATRIX, S,

SINGULAR

Y

INPUT THRESHOLD
VALUE ¢*




FILTER COVARIANCE MATRIX.
IF r;<r*, WHERE r,, IS THE
ELEMENT OF THE CORRELATION
MATRIX CORRESPONDING TO
S, SET s;; = 0.

O——

PRINT

COVARIANCE

MATRIX
?

PRINT MATRIX

Y
SCALE COVARIANCE MATRIX
9 9 /gn

v

CALL MINY
COMPUTE INVERSE OF
COVARIANCE MATRIX

RESCALE INVERSE OF
COVARIANCE MATRIX

)
gij~—8ii 9u

IS

DETERMINANT

OF COVARIANCE MATRIX

EQUAL ZERO
?

YES

RESTART ENTIRE PROGRAM
CHOOSING LARGER r*
THRESHOLD IF POSSIBLE.
IF NOT POSSIBLE, NO
HYPOTHESIS TESTING CAN
BE DONE

h

MEANS

INPUT INITIAL, FINAL AND INCREMENTAL
VALUE FOR COMPUTATION OF SAMPLE

'

HYPOTHESIS
OF MEANS

COMPUTE SAMPLE MEANS FOR

TEST OF EQUALITY

|

rPRINT SAMPLE MEANS J

YES « T27ES

BEHRENS-FISHER

IFLAG4 =1
?

WAS

T CHOSEN ?
1.E. 1S

CALL BFSTAT

COMPUTE TEST STATISTIC
FOR EQUALITY OF MEANS
ASSUMING UNEQUAL
COVARIANCES AND EQUAL
SAMPLE SIZES PRINT TEST
STATISTIC AND CRITICAL
REGION

CALL HOTEL
COPPUTE HOTELLING
T2STATISTIC FOR EQUALITY
OF MEANS FOR EQUAL
COVARIANCEA AND ARBITRARY
SIZES. PRINT TEST STATISTIC
AND CRITICAL REGION
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Appendix C

EXAMPLES OF COMPUTER-USER INTERACTION AND OUTPUT
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Appendix D

FORTRAN SOURCE PROGRAM LISTINGS
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