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PREFACE

This report is the second part of a larger Rand study describing the
development of a numerical three-dimensional model for estuaries and
coastal seas. In the previous report (R-1417-OWRR; see Ref. 6) we con-
sidered the principles of computation; here we present applications to
real estuaries and bays.

The development of these numerical models is undertaken at Rand
with the aim of making possible effective policy analyses of coastal
areas. It appeared to us many years ago that modeling was not suf-
ficiently advanced to be effective for the system analyses associated
with policy studies in these regions. It also became obvious that a
strong expansion of human activities could be expected in these regions,
which would require the development of this critical modeling capability.

With the help of our sponsors we have approached the development
of these capabilities in a systematic manner and on a widespread basis.
Both deterministic and stochastic models are required. With the former
we gain understanding of the system's dynamics, while the latter are
used to describe the system's behavior--derived from the deterministic
model as well as from field data--in some manageable form for use in
assessing the impact of different alternatives in the policymaking
process.

Unfortunately, the eventual end-user of our approach will not be
merely one governmental agency. Many overlapping jurisdictions exist,
and frequently each has only limited interests. We hope, however, that
those responsible for water quality will become more interested in the
time-varying flow system of bodies of water rather than viewing them
more or less as mixing bodies, since large gains can be made by including
the receiving waters as a part of the system to be managed.

We are convinced that the approach we have taken with numerical
models is very effective for analyzing large estuary and coastal sea
regions,>since it is the only way that the effect of wind can be studied
together with tidal flow. This is of particular importance in engineering
studies.

Because modeliﬁg requires extensive support in many fields and close
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coordination with data collection and engineering analysis is required,
we are of the opinion that the application of the methodologies we are
developing should be centered in a governmental institution, particularly
since the effectiveness of an investigation depends much on experience

previously acquired.
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SUMMARY

This report describes different computational aspects of the use of
a three-dimensional finite-difference model of estuaries, bays, and coastal
seas. With this model, salinity and temperature distributions can be
computed, together with the flow field, then coupled to the flow computa—v
tions by a complicated equation of state.

In the model an approximation for the sub-gridscale effects is
introduced by use of mass and momentum exchange coefficients. The
vertical exchanges are dependent on the Richardson number.

The computational method is tested on bays and estuaries with widely
different characteristics. The results of these experiments are presented
in graphic form. It is concluded that effective simulations can be made

with the model.
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I. INTRODUCTION

More than fifty years have passed since numerical models were used
for the first time in planning major engineering works in a coastal sea.

The basis for these one-dimensional computations for the closure
of the Zuiderzee in The Netherlands was established by the physicist

1)

H, A. Lorentz. The studies made for this closure were successful.
It appeared after the closure that the water movements and tidal height
agreed well with the predictions made by computation.

Even though this approach was a success, the computational methods
found only limited application outside the country of origin, where a
small group of scientists and engineers continued to make effective use

(2-3) The study presented here has been extensively

of this approach.
influenced by the insights and experiences of this group.

One of the reasons for the limited application of numerical simu-
lation was the development of hydraulic modeling of estuaries. The use
of these hydraulic models was found to be much more attractive than
complicated, tedious computations. In the United States in particular,
hydraulic models were used nearly exclusively in engineering investigations.

In the last ten years significant changes have occurred. Industrial
development, expansion of navigation, and increased habitation of low
areas near the coast necessitated increased comstruction in coastal seas
and estuaries, Hydraulic modeling of these vast regions, often open to
the sea on many sides, becomes difficult and expensive. Moreover,
assessments of the fate of discharged pollutants and of the effect of
construction on the enviromment are difficult to make with these models.
Consequently, interest in numerical simulation increased, particularly
with the availability of digital computers able to perform effectively
the numerous computational operations required. Also, considerable
advances in the theory of the finite-difference methods for solving
partial differential equations, the basis of these numerical simulations,
make it possible to design computation procedures with minimum errors.

Nevertheless, progress in the development of models that can be

used for a wide range of areas and circumstances has been slow. Only



a few groups of scientists and engineers have been effective in the

development and use of these models, and our observation is that teamwork

as well as competence in the diverse fields involved is indispensable.

This report describes the second phase of our research on the

development of the methodology for three-dimensional modeling of estuaries

and coastal seas, in the course of which five different aspects of the

problem were studied, namely:

® The description and formulation of boundary conditions as they occur
at the water surface, sides, and bottom of the model.

® The expressions of the finite-difference method used for the advection
of momentum, particularly as to the energy aspects.

& The incorporation of the transport of heat into the model and the
interaction of heat distributions with the fluid flow.

& The representation of model results in a usable manner by graphical
means.

® The application of the model to real systems to test the adequacy of

the newly developed methods.

We originally intended to conduct a few experiments with very simple
systems, but it seemed more effective to use real bays and estuaries for
the application of the model and to make extensive graphic representations

of the results to illustrate the analytical power of this methodology.



IT. DYNAMIC PROCESSES AND THE COMPUTATIONAL MODEL

(6)

In Volume I we presented a system of partial differential

equations which describe the physical processes of turbulent fluid motions
in estuarine flows. These form the basis for the development of our compu-
tational model, which was extended in this report to include heat and its
effects on density, thence its indirect effects on equations of motion.

In order to refer the differential equations in the derivation of the
difference equations, the former will be described first.

DYNAMIC EQUATIONS FOR TURBULENT ESTUARINE FLOW

The equations of horizontal motion for an incompressible internally
source-free fluid on a rotating earth in Cartesian coordinates with the &

axes positive upward are

oT aT 3T
du . 3(uu) 9 (uv) 3(uw) _ 13p _ l_( XX Xy xz) _
tt x T -3y t 3z fv + o 3x p \ ox + 3y t=, )"0
D)
v . a(vu) . 3(vv) , 3(vw) 1ap 1({%%yx, %y 2Ty
A + + +fu+=-B_ 2| B, I JE o
ot X oy 0z p 3y p 9x oy oz

In estuarine and coastal flow systems,.the vertical accelerations of
fluid motion associated with the predominant hydrodynamic processes
(e.g., tidal and wind-induced circglationa) are extremely small. There-
fore, neglecting the vertical acceleration and advection is justified,
and the equation of motion in the vertical direction becomes the hydro-

static equation

2P 4 og = 0 (3)

The equation of continuity is



du L dv 3w _

oxX + ay 9z (#)
The equations of salt and heat balance are
as as 3s
ds 9 (us) + 3 (vs) + d(ws) _ a(Dx Bx) B Bc?y ay) _ S Bz) =0 5)
3t ax dy 3z 3x dy 3z -
9T 3T + 3T
§2_+ 9 (uT) + 3 (vT) + 3 (wT) a(Dx 8x> _ a(Dy By) _ 3 (x Bz) =0 (6)
ot Ix oy d9z X 2y 9z
and the equation of state
p =0 +p'(s,T) (7)
where X, y, z = Cartesian coordinates, positive eastward,
northward, and upward, respectively
u, v, w = respective components of velocity
t = time
f = Coriolis parameter
P = pressure
s = salinity
T = temperature
p = density
;'= reference density, a constant
p! = departure from ;'depending on salinity and
temperature
K = vertical mass diffusion coefficient
K' = vertical thermal diffusion coefficient
T T 1
Txx? Txy? Tyx® Tyy?
T__.s T._ = components of the stress tensor
xz’ yz
Dx’ Dy = horizontal diffusion coefficients

The representation of the estuarine system by Eqs. (1-7) includes

no internal sources. In the equation for heat balance (Eq. (6)) we used



the same diffusion coefficient as in the equation for the salt balance
(Eq. (5)), which means that we neglected the heat fluxes by conduction
and that only the fluxes by the turbulent fluid are considered.

The model described in this report uses a grid system with equi-
distant points in the horizontal direction. In the vertical direction,
however, the possibility of having an unequal grid distance was introduced,
since vertical gradients which often occur in the estuaries can then be
represented in detail without using a large number of grid points in the
vertical,

In formulating the model, we introduce the concept of the layer.

This is a geometrical concept only, and should not be confused with layers
in stratified flow. The layers are determined by the introduction of a
set of horizontal planes intersecting the body of the fluid. The thick-
nesses of the different layers are not necessarily the same for all layers.

The top iayer, bounded by the free surface, has a time-variable
height. 1In the formulation of the model the other layers may be inter-
sected by the bottom and have a height which is dependent on the bathym-
etry. Figure 1 illustrates the grid system and the layers of the model.
However, in our experiments we did not vary the bottom layer.

In the computational model, the origin of the coordinates is taken
at the mean sea level, whereas the water surface z = [(x,y,t) is the
upper boundary of the system.

The description of the finite-difference equations from the dif-
ferential equations was accomplished in two steps: first, the equations
for the layers were derived by vertically integrating the variables over
the layer thickness, and subsequently finite-difference approximations
for the layer equations were developed.

If we use z to denote level and h to represent layer thickness,
integrate the governing equation for mass and momentum over the layer k,

and let
ks
<)k=f () dz (8
k

then the vertically integrated momentum equation, Eqs. (1) and (2), for
the kth layer becomes (with subscript k in < >k understood)
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Fig. 1--Location of variables on the vertical grid
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3¢u) , 9¢uu) . 3<uv)
et et

Xz XZ

1
_;—:[(Tk—%—Tk%)+\Bx/+\ 3y /

d¢v) 9 {vu) vy
BZ + Bxu * 3y

1 f(yz _ . yz
;[(Tk—% Tets) T \Tax /T Ny /
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After some approximations, we have shown in Ref. 6 that we can

derive from Eqs. (9) and (10) for each layer now using u and v for

layer average values of the velocity components

9 (hu) + 9 (huu) + 9 (hvu)
ot 9x Ay

h 3
+ (uw)k_% - (uw)k+% - fhv + E-Sﬁ-

3 (hv) + 9 (hvu) + 3 (hvv)

- h 9p
at 3% oy + Wy T (W + fhu 4+ 2 o0

v
a(hAX 5 )

+lTy2) (e L x. 17"y 3y
o k+s o k=% p ax 0 3y

where Ax’Ay = horizontal momentum dispersion coefficients.

(9

(10)
=0 11
=0 (12)

These equations

of motion for each layer are the basic equations used in the numerical
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simulation.

The formulation of these equations of motion differs from the more
classical representation presented, for example, by Bowden(7) and
Pritchard(s) in that our equations are conceptionally well traceable
and contain the derivatives of products of variables rather than products
of variables and derivatives. Except for the density and the spatial
and time derivative, no dividers are present, i.e., when finite-difference
approximations of these equations are used, the number of divisions is
limited.

The heat and salt balance equations can be presented in the same

form for each layer k:

3 (hs) 3 (hus) 3(hvs) _
e T e T oy T ) T )y,
s, 25 smp_
e ST A AN LU S (13)
9% 3y 3z ks 3z k-4
3(hT) 3 (huT) 3 (hvT) - (T
St Tyt oy @D, m Oy,
9T 3T
3(hD._ == 3(hD_ )
X 9X y oy ¢ 3T, _ ¢t 3L =0 14)
e Tyt D T O Ty (

where Dx’ Dy = horizontal mass dispersion coefficients.

From the equation of continuity we derived for the time derivative

of the water surface

g=b
i;-%+zz=:1{a(h“)+a@") -0 (15)

3ax oy

and for the vertical velocity at the interface between layer k and
k-1



2=b
- [3(hu) | 3(av)
T 4 e ey (16)

The horizontal pressure gradient in the top layer was approximated

by
op 3p
1 [14 1
% - 8°1 3% T by 5% ar
k=1
op
3 1
—-——-pl = gp 3L + Lgh. 3y (18)
vy 13y 19

where Py = layer average density of the top layer. The pressure gradient

for the other layers is

ap P 3p
k _ °Pr-1 k-1
5x - ox T ghk—% 3% , (19)
k=2,3...b
op ap 3p
k k-1 -1
X +gh , —EK2 (20)
oy dy k% 2y

where Ppts = %(pk_l + pk)

Py = layer average density of layer k.

These partial differential equations are then approximated to obtain

the computational formulas of the model.
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FINITE-DIFFERENCE FORMULATION AND APPROXIMATION

A space-staggered grid (Fig. 2) was selected for the finite-difference
approximation of Eqs. (11) through (20). The pressure p, salinity s, and
temperature T are computed at integer values of i, j, and k. The velocity
components u are computed at half-integer values of i and integer values
of j and k, and the velocity components v are computed at integer values
of 1 and k and half-integer values of j. The vertical velocity components
w are computed at integer values of i and j, and half-integer values of k
(see Fig. 3). The water surface elevation { is expressed only on a two-
dimensional horizontal grid and has integer values of i and j.

A compact notation was introduced which not only describes the finite-
difference approximation accurately, but also gives this approximation the
same appearance as the differential equations. The position of the variables
in the horizontal grid is indicated by indices i,j, indicating a position
iAx and jAy from the origin of the coordinates, with i,j = 0, #}, *1, *3/2.

The vertical position is determined as to its location in the center
of the layer numbered from the top with integer k = 1, 2, 3 ... or at the
horizontal interfaces with half-integer values k = 1/2, 3/2, 5/2 ...

Time is determined by the number of time steps (nAt) from the

reference time, with n an integer value.
The following sum and difference notations are adopted:

]
o= %%F[(i + %) Ax,jAy,kAz,nat] + F[(H - %) Ax,jAy,kAz,nAt]; @D

§.F = %; F[(i + %) 4x,jdy,kbz,nat] - F[(1 - %) AX,jAy,kAz,nAt]}(zz)

These are shown only for x, but are also used for y, z, and t.

The special notation used for shifted time levels is
¥ = Pl 1Ax,$Ay,kAz, (n + 1)At] (23)
F_ = F[iax,jAy,kéz, (n = 1)At] (24)

With these space-time sum-differencing operators, the finite-difference
approximations of Egqs. (11) through (20), for the level k with layer-

average values, take the following form:
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GtCt = - Z {éx(?lxu) + 6 (Eyv)} at i, j, n (25)
X y
—X TX T X Y.y X, TZTX
Gt(h u) = - Gx(h uu) - 6y(h v u’) -h Sz(u W)
+ VY oLy - L (%), (%)
o P ks k-4
1 =X =, . .
+E—x[6x{hAX6u;_+6yhAy6yu_ at i +%, j, k, n
(26)
—t 7 —
atcﬁv) = - sx(ﬁ"u vy - cy(ﬁyv VY - s GAE)
- fhuY - };-EYG p - (Tzz) (TZZ)
RO At kHs k-
—_— —
+1 s jEVA s vh +6 !FVA § v at i, j +%, k, n
re A I - YUY vy
(27)
§_(hs) = - &_(h¥us™) - &_(Wvs’) - hé (ws?)
t X y z
+6 B s sl +6 WDs sl - [k6s + (ks s
X XX (_ M yy - z - ks z - k=15
at i, j, k, n (28)
s‘t'("hmt = - §_(B5TY) - 6 _(WvT’) - hé_(WI?)
X y z
+ 6 gﬁxn 8 T; + 6 I8, 6 T; - s T + (s T\
X hx"f_ y| hy |_ 2 et Ly SRS

at i, j, k, n (29)
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The density is computed using s(i,j,k,n) and T(i,j,k,n) according to

the equation of state:

o = [5890 + 38T - 0.375T% + 3s] /[(1779.5 + 11.25T - 0.0745T%)
- (3.8 + 0.01T)s + 0.698(5890 + 38T - 0,375T" + 3s)]

at i, j, k, n + 1

(30)

The finite-difference equation used to compute the vertical velocities

is

§ v = - sx(E"u) - ay(ﬁ‘yv) at i, j, k, n+ 1 (31)

This equation is used for the bottom layer first and then for the layer
above, etc. The horizontal pressure gradients are computed first in the

top layer:

6.p = 8(076. 1) +5 W6 p ati+%, j, 1, n+1 (32)

§.p = g(?'csy;) +5% Eyayp at i, j+%, 1, n+1 (33)
Then the pressure gradients are computed with increasing k by use of
-z . .
Gz(éxp) = ngp at i +%, j, k+%, n+1 (34)

—z r
GZ(Gyp) = zﬁyp at i, §+%, k+%, n+1 (35

Once the horizonfal pressure gradients are known, the water level and
velocities can be computed again by the sequence of finite difference
equations (25) through (35).
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III. BOUNDARY CONDITIONS

Special procedures are required for computing the variables on
or near the boundary, particularly for the seaward boundary of the model,
since field measurements do not provide enough data to describe that
boundary completely.

This section of the report presents procedures that effectively
describe these boundaries and also introduces methods that may negate
some of the undesirable computational effects produced by certain

boundary conditions.

CLOSED BOUNDARY CONDITIONS

The most simple boundary of the computational model is the closed
horizontal boundary such as occurs at the interface of land and water. In
that case the velocities can be set to zero if the boundary is taken
perpendicular to the velocity components, and no computations are made
at that point. Such a boundary is shown in Fig. 4 for the velocity
component at i, j-%, k.

The boundary described in this figure also affects the computation of
the u velocity components in row j. For example, the computation of u at
i+, j, k requires a point on land in the horizontal momentum dispersion

term. Several approximations can be used, for example,

Ui, §-1,k,n-1 = © (36)

Yi4s,3-1,k,0-1 © Yt 9,k,n-1 (37)

Y145,5-1,k,n-1 ~ Y145,5,k,n-1 (38)

Our simulation uses the first condition.
In the mass transport equations no mass is advected through the
boundary, since the velocity is zero. The dispersive mass transport is

also set to zero at this boundary by means of a zero diffusion coefficient.
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Fig. 4--Location of closed boundary on the grid

OPEN BOUNDARY CONDITIONS

The open boundary conditions are much more complicated, since
momentum and mass transport exist through the boundary. Also, boundary
descriptions are different for inflow and outflow. For a simple two-
dimensional long wave system it can be shown that during outflow only
the water level or the momentum must be given; during inflow the velocity
gradient must also be a boundary condition.

In the three-dimensional model this is even more complicated, as
the salinity and temperature are also boundary conditions, and boundary
velocity gradients in different directions exist. Because the velocity
gradients are virtually impossible to obtain from field measurements,
their values must be estimated by the model investigator. In our
approach it is assumed that the velocity gradients are zero, which is
the case if the velocities are perpendicular to the open boundary and
all have the same value.

In practice it also seems possible to obtain satisfactory boundary
conditions if the velocities do not have exactly the same value all over
the boundary. With these conditions it will be clear that designing
a model for a certain area requires a good insight into the flow con-
ditions and also into the manner in which boundary information is used
in the model, as an improperly posed boundary condition will generally

introduce instability into the computation.
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To 1llustrate the computational procedure used in the numerical
experiments presented in Section V, a vertical section perpendicular
to the boundary is considered (Fig. 5). The velocity components
shown in this section are the u and w components. With inflow, the
momentum equation in x direction (Eq. (26)) adjacent to the boundary can

be reduced to

s @) - - LT -1 |( - (=) 39
(= - 5 Gx? ;,(r_ )wi ) (39)

Thus, in addition to neglecting the horizontal advection and diffusion
terms, we have get the vertical advection term and Coriolis term at

zero on the basie of the assumed velocity distribution described above.
The pressure at the boundary used here is computed from given salinity
and temperature data.

In computing the v velocity components at a distance Ax from the
boundary (at i + 1), the horizontal advection term and the dispersion
term in the x direction are neglected, which is also consistent with
the above-mentioned flow field at the boundary. Thus this equation

becomes

—_—t -y ——xy
5, (V) = - (E"v 37) - w8 (7‘ )-— o - =W p - (TZZ>
_ AR AR 4 k+s
S
- (T_’_’) +6 ‘?’A § v' at 1, j +3%, k, n (40)
kel |y vy )

To compute constituent trangport at the points 1 + 1, Eqs. (28) and
(29) can be used directly, as the constituents are given during inflow.
However, during outflow the constituents must be computed, since the
concentrations at the boundary are established by the concentrations

inside.
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It is assumed that in the spatial interval near the boundary the
constituents do not disperse, but are only advected. Then the con-
centration of the salinity and the temperature can be computed according

to

At
81,9,k %1,9,kn - 51,9,kn T %i4,5,k,0) ax  Uits,5,kn (41)
At (42)

Ty, 5.k,04 = T1,5,kn - d,i,kn " Ti1,1,k,n’ ax ° Yi+k,j,k,n

As the tide changes and flow returns into the estuary, the constituent
concentration at the boundary can no longer be determined from values

inside the computational field. The recovering of conmstituent concentration

during flooding at a tidal inlet in reality depends to a great extent
upon the circulatory conditions outside the inlet. Therefore a good
insight into the flow conditions at the boundary is required for a proper
assessment of the time of recovery. For example, if a strong oceanic
current exists outside the inlet, then both the recovering of salinity
and decrease of land-originated constituents will be very rapid.

The functional relationship describing the variation of concen-
tration from slack-water value to the preset value (e.g., the recovering
of salinity) is assumed to be a half-cosine variation.

Designing the computational procedures for this boundary condition
was difficult; inflow and outflow conditions must be determined for
every point on the cross-section, since these do not occur over the
whole section at the same time. Also, the transitions from the last
concentration computed during ebb to concentration value of the outside
body of water are not exactly in phase.

The procedure for inserting a river inflow or discharge is slightly
different than that for a tidal opening: the boundary is taken perpendicular
to the velocity component. For these cases, velocity values are specified

at each time step, together with the concentrations just outside the
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boundary. The water level required can be assumed to have the same

value as the water level inside the computational field.

DISCONTINUITY OF SOLUTION

Local discharge of heat or mass constituents (e.g., the location of
an outfall) gives rise to another problem in the determination of boundary
conditions. The finite-difference methods
of the type employed for the numerical
model are, in a strict semse, applicable J - & - +
only for variables varying gradually in
space. i-4 i i+s i+]

When constituents are being dis-
charged into the computational field at
a point source where immediate and com- )
plete mixing is assumed, a local dis- Fig. 6

continuity is generated. TFor example, if a point source is located at

point (i,j,k) as shown in Fig. 6, and the velocity u < 0, then
i+%,5,k

at the location (i + 1,j,k) the mass flux flowing toward the point of
discharge is computed to be
el

where T is temperature. TFor easy illustration, let us assume that we
are simulating a continuous water discharge of a high temperature into
the system at point (i,j,k). In computing the mass transport from
(1 + 1,3,k) to (i,3,k) due to the current ui+%,j,k’ the average temperature
™ at 1 + %,j,k is used. Because the temperature at i,j,k is much higher
than at i + 1, an unrealistically large flux is computed which lowers the
value of the temperature at i + 1. This low temperature again causes a
too small flux at i + 3/2, and the computed temperature at i + 2 will be
too high. Consequently, upstream of the discharge a wave-type variation
in temperature is generated.

This computational effect can be suppressed by use of local upstream
differencing, as described for a two-dimensional model,(g)
an exponential weighting method described by Allen and Southwell.

or by use of
(10)
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The latter method is not, but the former is, mass-conservative.
In order not to complicate the experimental numerical procedures,

we have ignored this effect.
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IV. MASS AND MOMENTUM EXCHANGE COEFFICIENTS

The:model makes use of velocities and concentrations which are
spatial averages as well as time averages of velocity and concentrations.
As we are representing a turbulent fluid in this manner, exchange
coefficients were introduced which account for the local deviationms of
these average values. These are present for the horizontal as well as

the vertical direction.

In the operation of the model the finite-difference approximation
over the vertical will be one or two orders in magnitude smaller than
over the horizontal direction. As a consequence, the mass exchange
coefficients in the vertical direction will probably be more sensitive
in the adjustment of the model than the coefficients which describe

the horizontal exchanges. For this reason we have paid particular

attention to the vertical mass and momentum transfer.

In the horizontal direction we have the momentum dispersion
coefficients Ax and Ay and mass dispersion coefficients Dx and Dy'
We have assumed in the numerical experiments described in a later
section that the horizontal dispersions are isotropic and independent
of the flow. This is naturally not the case; the dispersion in the
direction of the flow is larger than the dispersion in a direction
perpendicular to it. For the development of a model, the exact
representation is not important, since the actual values of the dis-
persion coefficients do not significantly influence the stability of

the computation.
In the vertical direction several approaches were congidered for

a functional expression of the dispersion coefficient for mass and
momentum. In the most simple form we can write the vertical fluxes

of salinity, temperature, and momentum in the x and y direction,

respectively, as follows:

3s ¢ 2T ou v
K 3z’ K 2z ° v 2z ° and v 2
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where «k = vertical mass diffusion coefficient,

Kk = vertical thermal diffusion coefficient or thermo-conductivity
coefficient,

v = vertical eddy viscosity coefficient, or vertical momentum
exchange coefficient.

In fluids with vertically stable density gradients, each vertical
motion of water mass has to work against buoyancy forces induced by the
density gradient. If the available kinetic energy of the turbulent motion
is insufficient to overcome this stabilizing effect, turbulence is
inhibited and suppressed. As a consequence, the processes of vertical
momentum exchange, vertical mass-heat diffusion, and the corresponding
coefficients of exchange will be lower than under the neutral stability
(vertically homogeneous) condition. The criteria for the onset of this
turbulence-suppressing process in a flow system can be obtained by

11
comparing the value of a dimensionless number introduced by Richardson.( )

Richardson number Ri = !SEELQEZE (43)
p(3u/3z)

A small Richardson number indicates the maintenance of turbulence, while
a large value of Ri indicates suppression of turbulence. The reduction
of vertical turbulent mixing due to the influence of a stable density
gradient, compared with the conditions for a vertically homogeneous
medium, has often been evaluated according to various theoretical con-

siderations as functions of the local Richardson number.

’

Vo= £ R); K = vofz(Ri); k' = vofB(Ri) (44)

where Yo is the vertical momentum transfer coefficient for neutral stability

(homogeneous, R1 = 0) condition. Under the basic considerations that

<
v
<
v
Vol

for Ri > 0 and

vand k >+ 0 as Ri + = (45)
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az)

for vertically stable conditions, Rossby and Montgomery proposed

a formula of the following functional form:

v=v (1+8 Ri) % (46)

Using field data collected in Kattegat and Raudersfjord by

(13)

Jacobsen, Munk and Anderson suggest the following formula and

constants:

v = vo(l + 10 Ri)'°'5 (47)

/2

Kk =k’ = vo(l + 3,33 Ri)'—3 (48)

Formulas of the same basic form but with different constants and exponents
have been recommended by numerous investigators. This functional form
satisfies Eq. (45), but at the same time suffers a number of short-
comings (Mamayev, Ref. 14). The major deficiency of these basic
expressions is that they are valid only in the range of positive values
of Ri. For example, according to (47), v = » when Ri = 0.1, and at
certain negative values of Ri, Ri < -0.1, v and « acquiring imaginary
values. Clearly these empirical expressions are derived without considera-
tion for their use in 2 computational model, in which negative Richardson
numbers can occur. :

In the case of the density instability condition (i.e., Ri < 0),
not only do vertical momentum, mass, and heat transfer take place, but
the rate of turbulent diffusion of mass and heat are even more intensive
than under the stable conditions. TIn light of these considerations,

(14)

Mamayev proposes an exponential form:

v=yv e (49)

K=k =ve (50)
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Again, according to Jacobsen's data, Mamayev found the values of m
and r to be 0.4 and 0.8, respectively. Equations (49) and (50) do
accommodate the conditions for vertical density instability. An extensive
literature survey conducted recently by the Delft Hydraulic Laboratory in
The Netherlands(ls) indicates that Eqs. (49) and (50) give inaccurate
estimates in the frequently encountered ranges of positive Ri. In order
to preserve the properties of the exponential form as proposed by Mamayev
in the negative regions of Ri and at the same time give better estimates

of the stable stratification, the following formulas are proposed:

_, o l.5Ri 1)

(52)

The increase or reduction of transfer coefficient as compared to
the corresponding values for neutral conditions are also plotted in
Figs. 7 and 8. Under the vertical density instability (negative
gradient) conditions, Eqs. (51) and (52) imply that the turbulent trans-
fer of momentum, mass, and heat are more intensive than the condition
for the homogeneous case. The strengthening of turbulence, and hence
of the exchanges, is a result of increase in kinetic energy induced by
buoyancy force.

Mamayev indicates that the unstable density gradient causes intense
convection due to gravity and equalization of demnsity in the vertical,
which is not followed in the same degree by a corresponding equalization
of the current velocity, since the vertical velocity profile of the mean
motion tends to maintain its shape. As a result, the mass transfer coef-
ficient x is greater than the momentum coefficient for the unstable

density gradient, which gives an additional condition:
vk for Ri20 (53)

The constants and coefficients associated with the presented

formulas are only crude approximations, inasmuch as these values are
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evaluated according to the distribution of certain constituents based on

much simpler model formulations (see Ref. 16, pp. 397-400). In a
strict sense, they are valid only for the models by which they were
evaluated.

It is apparent that the use of a mass dispersion and a momentum
dispersion coefficient as presented by Eq. (44) is not satisfactory

for a model of estuaries and coastal seas.
For the homogeneous case without a wind stress at the surface, the

momentum coefficient has to be taken as a function of the depth to obtain
a velocity profile which agrees with field measurements. For this reason
we adopted in the first volume of the report a coefficient dependent on
the vertical velocity gradient, which formulation is consistent with the
well-known Prandtl's mixing length approach. It is postulated that this
type of exchange coefficient represents quite well the momentum exchange
over the finite-difference area Ax,Ay at the interface between the layers.

Similarly, the vertical mass exchange coefficient, according to
Prandtl's approach, becomes a function of the vertical velocity and
concentration gradient.

The model incorporates a combination of both approaches, and the

following expressions are used for the vertical momentum exchange:

‘ §,(0™) 2 2+%
(T:z) - -p-xz (\)o €Xp - m % _z______é_} + vl[(ézu_) + (52‘—/_‘2_!}') ] )(6:u_)
ke [ 7% [,
at i+s,j,k+s,n (54)
s, () 2 2%
(Tzz) - Eyz (\) exp %— m —-g-; ——3—‘-3———2- + vy [(6 zl—l‘fy) + '(sz_) ] )(sz_)
ity ° 0% 15,(v)]
at i, jHs,k+s,n (55)

The effect of stratification on the vertical salt and heat diffusion can
be treated in a fashion similar to the interlayer shear stress. The
vertical diffusion-dispersion of salt and heat for the nonhomogeneous

flow is approximated in the model by the following formula:
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§ p
r z
KBS__) =<y exp[—:s-'_]'FKﬁU}SS__
( z et { [ pz (SZU)Z 17z z
at 1,j,kHs,n (56)
and
‘ g GZp /
(K 6ZT_) =J{V _  exp [— = 2]+ K SZU SZT_
ks o (BZU)
at i,j,kHs,n (57)
where
2 2)%
§.U = (aﬁ"‘) +(<s?’) (58)
z z z

As was discussed in Ref. 1, a quadratic expression was used for
estimating both the surface wind-induced stress and bottom current-
induced drag. At the surface the stress term can be computed from

wind velocity and air density:

(Y
1 (sz) =C —2-w2 sing at i +%, j, 1, n (59)
—X - 1 = a
p k- p

p

*
%—- (TZZ) = C —é-wi cosé at i, j+%, 1, n (60)
3 k% 5

Similarly, the stress term at the bottom (in layer b) can be computed

from current and Chezy's coefficient:
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: Ll
L (sz)k - gu_ [uf + C*‘v_y)z] /(z:")2 at 1+%, 3, b, 0 (61)
p +s

1/2
(Tyz> = 8V_[<ﬁ’fy)2 + vf] /(C—y)2 at 1, j +%, b, o (62)
s |

D‘!d lp-a

No thermal or salinity fluxes at the bottom are introduced, and the
exchanges at the bottom can be set to zero. At the surface the salt flux
is also zero. Evaporation or rainfall would change the concentration in
the top layer, but this effect is not yet modeled.

The body of water is subject to heat transfer by radiation, convec-
tion, and evaporation, which causes distributed sources and sinks in the
system (which do not, however, change the computational aspects of the
model). These transfers require extensive time-varying inputs and are
not yet incorporated in the model, since this would entail the design of
a programming system for handling time-varying inputs, which is beyond

the present scope of the project.
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V. NUMERICAL EXPERIMENTS

In Volume 1(6)

we have demonstrated several sample cases using the
basic numerical procedures. 1In this volume, we will apply the compu-
tational model to several estuaries and coastal areas to demonstrate

the applicability of the model. The numerical experiments presented

here were performed in the course of our studies to investigate certain
particular effects or configurations. The examples shown here are intended
to demonstrate the capabilities of the model only, and should not be
considered as operational models of the prototype systems. For actual
simulations, extensive prototype data should be used for adjustment and
verification, which would require the use of a large system of processing
input and output data. This is far beyond the scope of this study.

Readers interested in the adjustment, verification, and operational
use of a numerical model are referred to a case history described by
Leendertse, Gritton, and Liu.(9’17-22)

The test cases presented here each characterize a case in which the
numerical model is more suitable for certain investigations than other
models now available. For example, simulation of an estuary will be
presented in which the Coriolis force is very important, and also the
effect of the wind.

The experiments presented in this report include simulation with a
model of:

® Wind-induced circulation in a large closed-off estuary.

® A fresh water discharge into a tidal channel with a very low

salinity.

® A large shallow estuary where wind and Coriolis forces have

pronounced effects on the tide-induced circulation.

® A branched bay with large inflow and small tidal opening,

® A deep fjord-type estuary with pronounced oceanic influence.

WIND-INDUCED CIRCULATION IN A CLOSED-QFF ESTUARY

The finite-difference scheme presented in Vol. I was tested in a
wind-driven homogeneous lake with irregular boundaries. The finite-

difference representation over the vertical had equal distances.
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Following that experiment, a model of the Grevelingen, a closed-off
estuary in the Netherlands, was tested. This model was represented with
an unequal vertical distribution of layers. The first three layers had
a thickness of 1 m, the following two a thickness of 2 m, then one of

3 m, and the lower two of 5 m. The body of water was very irregular,
with deep channels and several islands. The horizontal grid size was
800 m. We computed the wind-driven circulation caused by a 30-kn wind
by integrating with a timestep of 10 sec. The results at the 500th
step of the simulation are presented in Figs. 9, 10, and 11. It will
be noted that in the main channel the current direction is opposite to

the wind direction.

NONISOTROPIC FLOW IN A TIDAL CHANNEL OF LOW SALINITY

Following the experiments in bodies of water with isotropic densities,
experiments were made with nonisotropic flow. To be most effective with
these experiments, we selected a case with very small density differences,
as generally occur with temperature differences in the fluid. We
anticipated difficulties with these small density differences because of
the influence of truncation in the computation of density from the salinity
and temperature. The experiments were made with small density differences
generated by low salinities.

A simple geometry was selected. A rectangular basin with a depth of
7 m, a length of 3 km, and a width of 1.2 km is simulated. At the end of
the basin near its center, fresh water is discharged at a rate of 2 m3/sec,
while at the other end of the basin an open boundary is assumed. The water
level at this open boundary has a periodic oscillation with a period of 6.2
hr and an amplitude of 10 cm. Initial conditions of the simulation are
a salinity of 0.3 gr/l throughout the basin and the water level at its
maximum. The computational grid has seven increments over the vertical
(Az = 1 m), a width of 6 grid intervals (Ay = 200 m), and a length of 15
grid intervals (Ax = 200 m). The computations were made with timesteps of
5 sec. The simulation was carried out for 13.88 hr (i.e., 10,000 time
steps).

Figure 12a shows salinity isocontours in a vertical section through

the center of the basin at the 2000th timestep.
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Fig. 9--Computed vertical and horizontal circulation induced by
30-kn wind from the south,

Vertical scales are enlarged 20 times,

vector plotting ratio is 100 cm/sec, equivalent to a

grid space,.
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Computed Current at Depth = 2.5 meters Time Step = 500
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Computed Current at Depth = 4.0 meters Time Step = 500
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Computed Current at Depth = 6 meters Time Step = 500

Fig. 1D--Computed circulation at levels 2.5, 4.0, and 6 meters
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Fig. 11--Computed circulation at levels 8.5, 12.5, and 17.5 meters
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Fig. 12--Vertical salinity distribution and velocity distribution

in horizontal and vertical sections at timestep 2000
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Figure 12b shows the velocity distribution in the vertical cross-
section cut through the center of the channel where fresh water is
discharged at the left-hand side.

At this time (2.77 hr after the beginning of the simulation), a
vertical eddy is starting to become established near the lower left corner
of the basin. This local upwelling is due to the fresh water inflow at the
top layer through the mechanism of the vertical shear coupling. The
surge in the middle of the basin which is evident in the current vectors
ie induced by the sudden start of inflow on the left and the lowering of
water level on the right. Because the ratio between horizontal and
vertical secale is 200:1, both the vertical grid length and the vertical
velocity component (i.e., w) are multiplied by a factbr of 200. The
velocity contour lines in the surface layer (Fig. 12c) show the asymmetric
distribution of u components due to the combined effect of the Coriolis
force and the negative pressure gradient in the x-direction. The gradient
is induced both by the fresh water input on the left and the lowering of
the water surface to the right. The nonuniform distribution of u-velocity
components across the oscillative open boundary is a typical result of

geostrophic boundary effect. This usually happens when a numerical model
is driven by a horizontal water level across the open boundary.

In the lower layers, the velocities are small. The continuation of

this computation is presented in Appendix A,

CHESAPEAKE BAY MODEL

The Chesapeake Bay system in the eastern part of the United States
was also selected for a sample modeling investigation. The hydrodynamic
behavior of Chesapeake Bay is characterized by its circulatory responses
under four major driving and modifying forces, namely, tide, wind, river
inflow, and Coriolis forces. Because of the moderate tidal ranges at
the bay entrance as well as because of the size of the system, wind and
‘the Coriolis forces substantially modify the circulation in the bay due
to the tidal action alone.

The geometry of Chesapeake Bay is schematized into a computational
grid network of 40 x 100 x 6, with Ax = Ay = 3000 m. The thickness
of the top five layers is 4 m each, with the last layer being 8 m.

There are five major river inflows into the Chesapeake Bay system, i.e.,
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the Susquehanna, Potomac, James, Rappahannock, and York Rivers. Long-term
(23)

average discharges were used as inputs in the sample computationms.
Seven major tidal constituents were used in the simulation at the model

open boundary, namely, My, Sy, Ny, K,, 0 Kl, and P The first 56 hr

s .
of the input tidal curve is shown in Fig% 13. '
The initial horizontal distribution of salinity in Chesapeake Bay
was adapted from Ref. 24. The initial vertical salinity gradient was
assumed to be a linear function of depth for the second and following
layers according to the following relationship for our numerical experi-

ment :

85,1,k,1 = 85,1,1,1 "1 H 132k

It should be noted, however, that the initial density structure for the
Chesapeake system as we have adapted it is only for purposes of
demonstration. The temperature distribution in the system was assumed
to be uniform at 5°C, whereas the temperature of river inflows was set
at 10°C. The Chezy's coefficient was set to 20 throughout the system
for this experiment.

The numerical experiment was carried out for 5000 timesteps (approxi-
mately 83 hr).

Figure 13 is a typical simulation output map showing the horizontal
circulatory pattern for the top layer at timestep 2500 (i.e., 41 hr,
40 min from the beginning of the simulation). The ratio between the
length of a velocity vector to a grid size for this particular case is
30 cm/sec. The heavy outline denotes the water's edge at lower low water,
whereas a thin dash line delineates the 20-ft-bottom contour line. On
this map the horizontal velocity field is represented by the velocity
isolines. Near the low slack water at the open boundary, bay water south
of the Rappahannock River flows generally toward the entrance. At this
time, high slack water is occurring near the mouth of the Rappahannock
River. Bay water to the north of this point flows generally to the
north following the local flooding tide. This includes waters in the
lower reaches of the Potomac River. The vertical circulation pattern

at a few selected sections can be seen from Fig. 14 (the sections are
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-39-

Cross-section A-A

Cross-section B-B

20 cm/sec
4
NN IISTT=nII 10 em/sec
>+ 5 cm/sec

Cross-section C-C

Fig. 14--Vertical velocity distribution in three selected cross-sections
of Chesapeake Bay at timestep 2500 (velocity contours at
5, 10, and 20 cm/sec)
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indicated in Fig. 13). The circulation induced by the "outgoing" tide

is shown on the right portion of cross-section A-A. It also shows the
vertical distribution of the velocity components u and w (but not v).

At the same time, the tide is "flooding" in the northern part of the

bay. The vertical circulation is plotted on the left portion of cross-
sectional map A-A. Since the predominant velocities near section B-B
are in the v-direction, no isocontour is thus visible in cross-sectional
map B-B. The vertical velocity field near the bay entrance is shown in
cross-sectional map C-C. The distribution of surface current at approxi-
mately 65 hr after the beginning of the simulation is shown in Fig. 15.
At this time, high slack water is occurring near the entrance of the
James River, while low slack water is happening approximately 30 km

south of Annapolis, Maryland. Figure 16 shows the computed horizontal
distribution of salinity at the 4000th timestep, approximately 67 hr
after the beginning of the simulation. Because of the effects of the
earth's rotation, the northerly-flowing waters of higher salinity
originating from the ocean tend to atay in the eastern portion of the bay,
while the south-flowing waters of lower salinity from the river inflow
tend to stay in the.western portion of the bay. '

The horizontal circulation pattern is presented in Appendix B for a
complete tide cycle at approximately 2-hr intervals. The spatial
variations of the horizontal current and salinity fields at different
layers and several vertical cross-sections are also presented in Appendix B.

The computed temperature distribution at timesteps 4000 and 5000 are
shown in Figs. 17a and 17b. Temperature isolines near river inflows
indicate the gradual rise of temperature in the receiving water, which
was set uniformly at 5 degrees lower than that of the inflow. These
temperature values are, of course, arbitrarily set for the testing of
the computational code.

Time histories of input tide and the computed water level at three
selected water level stations in Chesapeake Bay are plotted in Fig. 18.
These four graphs represent the computed values in the second and third
lunar day (i.e., approximately 25th through 75th hr from the beginning
of the simulation).

From Figs. 18a and 18b, the computed phase lag from the model open
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boundary to Cape Charles is approximately 2 hr. From Cape Charles
to Solomon's Island Light is approximately 5 hr. From Solomon's
Island Light to Poole's Island Light is also approximately 5 hr.

When the input tide propagates through the bay system due to the
effect of bottom friction, dimensions of the estuary, and the nonlinear
advection mechanism, shallow water constituents are being generated.

(25)

They are usually called overtides, characterized by angular speeds
that are exact multiples of the astronomical constituents. A properly
designed numerical scheme should also generate higher harmonics, as

does the prototype system. The computed line spectra for the water

levels at these four selected stations are presented in Fig, 19. 1In
computing these spectra, Fast Fourier Transform (FFT) is applied, together

(26)

with a so-called Tukey's cosine tapering data window to reduce leakage
from the predominant frequencies to their neighboring frequencies. As
shown in Fig. 19, overtides such as M4 (6~hr period),,M6 (4-hr period),
and M8 (3-hr period) are being generated when the tides are propagating
upstream along the bay system. It will be noted that the spectral density
for frequencies higher than these overtides is nearly a straight line
when plotted on a log-log scale, and it decreases to nearly a -5/3 power
of the frequency. From these results one could conclude that the potential
energy spectrum agrees qualitatively with the Kolmogorov spectrum law(21)
for the cascading of energy. However, it is also possible that these
results are due to leakage phenomena mentioned earlier.

Computed horizontal and vertical velocity components in the surface
layer and their line spectra for a typical station are presented in Figs.
20 and 21. Computed values for layer 4 and another station are presented

in Appendix B (Figs. B~13 through B-16).
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SAN FRANCISCO BAY MODEL

To test our computational procedures a numerical experiment was
also made using a model of San Francisco Bay. The bay system is
schematized into a computational grid network of 40 x 80 x 7 with
Ax = Ay = 1000 m. The top layer was set at 3 m, with 5 m for
layers 2 to 6, and the bottom layer 15 m. For the computational

experiment the averaged values of horizontal salinity distri-

butions are provided as part of the initial input values. The vertical
salinity gradient was assumed to be zero at the beginning of the simu-
lation. The experiment was carried out to 3000 timesteps, with At = 15 -
sec. Seven major tidal components (i.e., M,, Sys N,, Ky, Kl, 01, and
Pl) were used to drive the model at the open boundary. The observed
amplitude and phase of these components are obtained from Neumann and

(16)

Pierson. A part of the input tide is shown in the upper right

corner of Fig, 22, At the other open boundary, namely, Carquinez
(23)

Strait, a long-term averaged delta outflow of 2400 cfs was assumed.
The salinity and temperature of this inflow were set at 10 g/l and 20°C,
respectively. An initial constant temperature of 15°C was assumed for
this bay system experiment. Figure 22 is a typical output map showing
synoptic tidal current fields and the isocontours of the computed
horizontal velocities at timestep 3000. The ratio between velocity
vectors and the grid size is 125 cm/sec to one grid length. The 20-ft-
bottom contour is indicated by a dash line. The computed ebbing current
in the vicinity of the Golden Gate is approximately 3 kn. Current
vectors as shown on this map are derived from the computed velocity
components in two different ways. The first set of vectors, which are
plotted at the location of the water-level points, is computed from

the velocity components in the following manner:

- 2 %]%
=1 +
Uy ﬁ[}ui’j + ui—l,j) + (vi,j vi,j—l)' (63)

The set of vectors which are plotted at a point a distance %Ax,%Ay away

from the water level points are computed by
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L
5

7 2 4 (v, (64)

2
=1
U, s 2[(“1,3' + Uy, 541) 1,3 ¥ Vim,3) ]

The computed horizontal distribution of salinity at timestep 3000 is
shown in Fig. 23. The initial condition for the salinity was adapted
from Ref. 25. The vertical salinity gradient was initially set to zero.
The horizontal movements of salinity distribution are presented in
Appendix C for a complete tide cycle at approximately two-hour intervals.
The spatial variations of the horizontal current field at differemnt layers

are also presented in Appendix C.
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STRAIT OF JUAN DE FUCA

Our last numerical example is the model of Juan de Fuca Strait
of f the northwestern corner of the United States. This estuary is
characterized by its fjord-type hydrodynamic behavior, coupled with
pronounced oceanic influences. The system is schematized into a model
with a grid network of 72 x 40 x 8 in the Xx, y, and z direction,
respectively. The horizontal grid size is 4000 m, while the vertical
grid is set to be 50 m for all layers.

With normal tidal range exceeding 10 ft at the model's open
boundary, a realistic simulation would require current data for a
properly posed boundary condition if the geostrophic effects are to be
accounted for. TFor this reason, in our experiment the Coriolis
parameter was set to zero. In addition, the connection to Puget Sound
was not taken into consideration. A constant 15-kn wind from the
south was applied during the computation, which was carried out to
1000 timesteps, with At = 15 sec.

Figures 24 through 28 give the horizontal and vertical circulation
patterns during an ebbing tide. TFigure 28 presents vertical velocity
distributions in five selected cross-sections indicated in Fig. 24.
Some wind-induced vertical circulation can be seen in cross—section
C-C in Fig. 28. 1In the computation, a salinity of 30 g/l was assumed
to be homogeneously distributed throughout the system, and the temperature
was also assumed to be homogeneous at 15°C. Although these parameters
were assumed to be homogeneous, they were nevertheless computed during

the simulation.
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VI. DISCUSSION

An investigator using multispace dimensional numerical fluid flow
models will nearly always have problems with the stability of the compu-
tation. This is not necessarily a shortcoming of the model; the fact is
that the real flow being simulated is generally unstable, and cannot
always be resolved properly on a computational grid.

In our experiments with two- and three-dimensional models the
instability of a computation could be traced to the following factors:

& Improper mathematical formulation of the physical process.

e TImproper description of the boundary conditions by which the

problem became ill-posed.

® The characteristics of the finite-difference solution method.

® Use of incorrect methods for describing the effect of sub-

gridsize fluid motions.

® Use of incorrect coefficients for describing the effect of

sub-gridsize fluid motions.

® Violation of the stability criteria belonging to the chosen

solution method.

It is often difficult to find the cause of the instabilities that
occur. Generally a rather lemgthy and time-consuming analysis must be
made to locate the place and time sequences of a growing instability.

When numerical simulations are made, only a very small part of all computed
data is stored on tape or disc for later analysis, since our interest is
generally in time histories of phenomena at certain locations or spatial
distributions of variables at certain time intervals. Also, abstraction,
storing, and later processing of simulation results is expensive--certainly
in relation to actual computation.

In cases of occurring instabilities, the simulation often has to be
repeated several times before the region of instability and the occurring
time variation of variables are properly processed for analysis. Even
when these instabilities are located and documented, their analysis is
often experimental (i.e., inducing change in formulations, coefficients,
or solution methods).

In the numerical experiments described in this report the problem
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that occurred most frequently was the description of the boundary at the
seaward end of the model., Since we had no field data for any of these
model experiments, we assumed that the sea level was completely horizontal
at the boundary; thus we ignored the effect of the earth's rotation. As
just inside the boundary the Corioclis force is acting to induce water
level gradients, a local disturbance was usually generated, and the
velocities often tended to increase towards one side of the boundary.

In the Juan de Fuca Strait model the actual gradients were quite
considerable, and their approximation with a horizontal water surface

as boundary would not work at all, so the sample simulation was made
with no Coriolis force present. In the San Francisco Bay model, some
changes in depth near the boundary were made to reduce local velocity
gradients.

We do suspect that the approximation for the vertical momentum and
mass exchange is not always satisfactory. In the design of the model
it was assumed that the stratification is not strong. If such a case
should occur, however, the physical process may be different.

At the interface of these two regions of different density,
internal waves may be generated by differences in flow intensities.

When these waves break, water of the denser layer is transferred to

the region of lesser density. We suspect that such an occurrence can
induce an instability in the computation, since these breaking waves cannot
be resolved. Also, the mass transfer would be relatively small, since in
that case the Richardson number would be large. Consequently, it may be
advisable to assign a certain Richardson number above which no further
reduction in the vertical momentum exchange coefficient occurs in addition
to that part of the exchange not controlled by the Richardson number.

This would then prevent the generation of the sharp vertical gradient

even when the mean flows are small.

In the formulation of the exchange coefficient, we use in part a
variable coefficient dependent on the vertical velocity gradiént. This
coefficient should also be dependent on the mixing length, which is
not constant as is now the case by the introduction of vy in Eq. (54)
and k and k‘ in Eqs. (56) and (57). It may be possible also to obtain

estimates of these coefficients from the flow field.
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From this discussion it will be clear that a wide field of investi-

as) has been done, but not in

gation is still open. Much research
conjunction with numerical models of the type presented here.

There is still a question as to what extent a more accurate
description of the vertical exchanges would influence the final results,
as we do not yet know the semsitivity of these coefficients in the final
solutions.

We found the initiation of the simulation also generally prone to
an unstable condition. Because all simulations were started with zero
velocities, energy dissipation is virtually nonexistent. However, the
computation procedure generates noise by truncationms, particularly through
the rather extensive computations of the vertical exchange coefficients.
We noted that simulations with an initial vertical salinity distribution
tended to be more sﬁable initially because of currents induced by these
initial distributions.

No major difficulties with the choice of timestep were encountered.
Generally we took the timestep below the Courant-Friedrichs-Lewy
stability criteria.

In determining the stability conditions of a computational method for
computing the vertical velocity distributions in channels and basins with

27)

a linear model for isotropic demsity flow, Siindermann found an

*
additional stability criterion, namely,

4o L <1 (65)

(az)?

This condition is also valid for the model presented here.

This requirement for stability originétes in the backward deter-
mination of the vertical momentum exchange terms sz,rzz'in Eqs. (26)
and (27). Siindermann eliminates this stability condition by computing
these terms implicitly, taking the computer average in timesteps t + at
and t - %At as analyzed by Richtmyer.(zs) In the approximations used in
the model described here, these terms are quadratic in nature and can
only be found implicitly by an iteration procedure. Use of iterations
is very time-consuming, and direct coﬁputation seems more advantageous,

as the Courant-Friedrichs-Lewy stability criterion is found to be more

*
The stability criterion is expressed in the notations used in this
report, which differ from those uged by Slindermann.
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stringent in the cases tested.
In addition to the stability condition for the momentum exchange, a

similar condition exists for the computation of the vertical mass exchange.

In analogy with Eq. (65) we also find necessary for stability

4 At <1 (66)
(Az)

4! AL 5 <1 (67)
(Az)

These conditions are derived from the linearized equatioms.
Stability introduced through nonlinear terms is much more difficult
to determine.

In the design of the computational procedure we have
tried to make the computation conserve energy, ignoring losses
through dissipative terms. 1In Appendix D Juncosa shows that
the finite-difference method used in the model is kinetic energy
conservative., In this analysis the horizontal advection terms were
considered,

We have not analyzed other quadratic properties which can be conserved.
Similarly, as shown for the kinetic energy in the homogeneous case, it
can be expected that for the same conditions the potential energy will be
conserved by considering the water surface variation [. This may possibly
also be the case for the variances of s and T.

The expressions for the exchiknge coefficients are also nonlinear,
and could possibly give rise to nonlinear instability. However, in
formulating these terms we have worked exteﬁsively with spatial
averages, which at least prevent the feedback of oscillations of the
shortest possible wavelength in the system.

The equation of state (Eq. (30)) is also nonlinear. This equation
could possibly be simplified without seriously affecting the solutions.
Later investigations will have to show that this is indeed the case.

With the model we are trying to simulate flow conditions as occurring

in nature. Some of the forcing functions are introduced by movements of
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celestial bodies, and the forcing of the model can then be considered
in a deterministic sense. 1In effect, most tidal models are considered
to be subject to periodic forces only and compared to field observations
with limited meteorological disturbances. ,

In our opinion the atmospheric forces should be included in model
experiments if models are being adjusted. 1In many bays and estuaries
wind setup may be much larger than the influence of tide. This would
be clearly required, for example, in experiments with a model of Chesapeake
Bay. The influence of wind causes wind circulations which may considerably
affect the energy dissipation of the tidal flows.

Present computational technology would also permit presenting the
wind forcing function with certain spatial spectral distributions as
well as time variability. Such forcing would particularly contribute
to the higher frequencies of the motions. Naturally, ultimately the
statistical properties of the flow in the model should closely resemble
the statistical properties observed in the field as far as the frequency
range which the model can represent.

It has been shown that, with a two-dimensional model, these statisti-

(21) For the three—~dimensional

cal properties can be well represented.
models such evaluations have still to be made. In the numerical experiments
presented here only one simulation was generally made and no adjustments
were carried out. For example, in the Chesapeake Bay experiment this
resulted in an underestimated tide in the bay, as the dissipative terms
were taken too large. Because of the great length and the shallowness
of the bay, the model is particularly sensitive to the magnitude of
bottom friction coefficient and the vertical momentum exchange term.

The adjustment of this model would be ?ads most effectively section-

21

wise with cross-spectral density functions. However, effective use
of these models requires extensive investment in supporting systems for
data input, data processing, and data represéntation in graphical form,
much beyond what is used here.

The computational method described in this report has a computational
mode which may cause so-called time-splitting of the solution into two
quasi-independent solutions for odd and even timesteps. We did not notice

this in our experiments, possibly because we started the computation by
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stepping forward first with a hal{—timestep and performing simu%ations
with only a few thousand timesteps. Nevertheless, we contemplate the
use of time smoothing at regular times for simulations with timesteps
on the order of 104, which would eliminate this problem.

Even though we have mentioned in this discussion a few of the
many problems which a model investigator will encounter in the analysis
of a real estuarine system, we are convinced that the model technique
developed in this report will have wide application, since at present
no other means exists by which to investigate the effect of wind plus
tidal flow on circulation in bays, estuaries, and coastal seas.

Our model research has now advanced to a point where it is possible
to compute the hydrodynamics of the system, but not yet transport of
substances. Including transport of substances would make possible the
modeling of the chemical and biological subsystems, which are naturally

of utmost importance in any envirommental assessment.
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VII. GONCLUSIONS .

The three-dimensional flows in estuaries, bays, and coastal seas
with nonisotropic density distributions can effectively be computed
according to the finite~difference method described in this report.

Besides inputs for the description of open boundaries, discharges,
and wind, the model requires coefficients used in describing the small-
scale mass and momentum exchanges. These coefficients must be found

experimentally from field data.
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Appendix A
SIMULATION OF NONISOTROPIC FLOW IN A TIDAL CHANNEL
WITH LOW SALINITY

Figures A-1 through A-5 present other resulgs of the simulation
described in Section V of the flow in a rectangular basin with fresh
water inflow at one end and a periodically changing water level at the
other end. Every 2000th timestep is presented.

It becomes evident that the outflow is not centered. In the top
layers horizontal eddies can be noted beside the outflow jet.

The currents are generally dominated by the tide, and the influence

of the earth's rotation is evident in all the velocity distributions.
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Vertical distribution of salinity at time step = 4000
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Fig. A-1--Vertical salinity distribution and velocity distribution
in horizontal and vertical sections at timestep 4000
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Vertical distribution of salinity at time step = £000
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Fig. A-2--Vertical salinity distribution and velocity distribution

in horizontal and vertical sections at timestep 6000
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Vertical distribution of salinity at time step = B00Q
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Fig. A-3--Vertical salinity distribution and velocity distribution

in horizontal and vertical sections at timestep 8000
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Fig. A-4--Vertical salinity distribution and velocity distribution
in horizontal and vertical sections at timestep 10000
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Appendix B
CHESAPEAKE BAY MODEL EXPERIMENT

Figures B-1 through B-6 present computed velocity distributions
over one tidal cycle at about 2-hr intervals. It will be noted that
a full tidal wave is present in the model. For example, at timestep
3625 (Fig. B-4) flood exists near the entrance to the bay, while in
the middle of the bay the flow is still ebbing. The situation is
reversed at timestep 4000 (Fig. B-5). Figures B-6 through B-11 present
computed velocity distributions at different depths, while Fig. B-12
presents vertical velocity distributions in a few sections. The
velocities decrease rather gradually downward, and one may conclude
that the bottom friction is taken much too large, which is in agreement
with the conclusions drawn in Section VI, i.e., that in this simulation
too much energy is dissipated.

Figure B~13 presents computed horizontal velocity components at a
point in the southern part of the bay and the line spectra of these
components.,

Figure B-14 presents the vertical velocity component and its line
spectra. The vertical velocities are naturally very small,

Figure B-15 presents the horizontal velocity components at a station
in the middle of the bay, together with the line spectra. It will be
noted that for the v velocity the spectra is smooth in the higher
frequency, which indicates that many different modes are present.

Figure B-16 presents the vertical velocity for the same station.
In Figs. B-17 through B-22, the computed salinity distributions are
presented in the different layers. The 25 gr/& contour is situated
closest to the bay entrance. It will be noted that this contour is

further in the bay in the deeper layers.
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Fig. B-1--Horizontal velocity distribution in Chesapeake Bay at
2.0 m depth, at timestep 3250
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Fig. B-2--Horizontal velocity distributfon in Chesapeake Bay at
2.0 m depth, at timestep 3375
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Fig. B-3--Horizontal velocity distribution in Chesapeake Bay at
2.0 m depth, at timestep 3500
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_Fig. B-4--Horizontal velocity distribution in Chesapeake Bay at

2.0 m depth, at timestep 3625
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Fig. B- 5--Hor1zonta1 velocity distribution in Chesapeake Bay at
2.0 m depth, at timestep 3750
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Fig. B-6--Horizontal velocity distribution in Chesapeake Bay at-
2.0 m depth, at timestep 4000
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Fig. B-7--Horizontal velocity distribution in Chesapeake Bay at
6.0 m depth, at timestep 4000
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Fig. B-10--Horizontal velpcity distribution in Chesapeake Bay at
18.0 m depth, at timestep 4000
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Chesapeake Bay at timestep 4000 (see Fig. B-6 for locations)
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Fig. B-13--Computed horizontal velocity components and their line spectra at
current station Sting Ray Point in Chesapeake Bay
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Fig. B-14--Computed vertical velocity component and its line spectra at
current station Sting Ray Point in Chesapeake Bay
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Fig. B-15--Computed horizontal velocity components and their line spectra at
current station CB-4 in Chesapeake Bay
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Fig. B-16--Computed vertical velocity component and its line spectra at
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at 2.0 m depth, at timestep 4000
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at 10.0 m depth, at timestep 4000
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Fig. B-20--Horizontal salinity distribution in Chesapeake Bay
at 14.0 m depth, at timestep 4000
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Appendix C
SAN FRANCISCO BAY MODEL EXPERIMENT

]

Figures C-1 through C-5 present salinity isocontours for every 500
steps of the simulation described in Section V. Of particular interest
are the distributions shown in the northern part of the bay in Figs.
C-3 and C-5. These figures suggest that horizontal mixing is also of
considerable importance.

Figures C-6'through C-12 present the horizontal velocity distri-

butions at different depths at time step 3000.
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Fig, C-1--Salinity distribution in San Francisco Bay at 1.5 m depth, at timestep 500
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Fig. C-2--Salinity distribution in San Francisco Bay at 1.5 m depth, at timestep 1000
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Fig, C-3--Salinity distribution in San Francisco Bay at 1.5 m depth, at timestep 1500
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Fig. C-4--Salinity distribution in San Francisco Bay at 1.5 m depth, at timestep 2000
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Appendix D
ENERGY CONSERVATION ASPECTS IN THE NUMERICAL SCHEME

M. L. Juncosa

Mathematical models of geophysical fluid dynamics problems, e.g.,
atmospheric and ocean circulations, flows in rivers and estuaries, and
some other hydrodynamics problems described by the Navier-Stokes equa-
tions are usually resolved by solving nonlinear finite-difference equation
analogs of the hydrodynamic equations. If these finite~difference analogs
are not chosen with care, a phenomenon of computational instability may
occur which usually manifests itself in the production of a rapidly
amplifying wave, usually of high frequency, in the computed solution to
the difference equations not present in the mathematical solution to the
differential equatioms.

Questions of computational stability of the particular finite-
difference schemes used are usually resolved by linearization and analysis
of the linearized equations. Occasionally this leads to overpessimistic
bounds on the permissible sizes of the time steps. Moreover, it is some-
times difficult to extrapolate these analyses of a short-term linearized
problem to a long~term nonlinear one, and (what is worse) no analysis
is possible of whether or not "nonlinear instability" occurs (see
Ref. 29). It is also shown that these instabilities occur in linear
problems with variable coefficients.(30)

Another approach with some appeal is to determine whether or not
the computational procedure preserves certain properties of spatial
integrals (i.e., integrals over the domain of space variables in the
problem) of various quantities preserved by the physical system. Examples
are temporal conservation of the total mass, total momentum, total energy,
total vorticity, total squared vorticity, etc. Since the partial differen-
tial equations and their finite-difference analogs are generally linear in
the time derivatives or time differences of the dependent variables, and
the nonlinear terms are usually simple products of the dependent variables
and space derivatives of these variables (i.e., generally bilinear or

quadratic in these variables), it is frequently possible to determine
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whether or not the finite-difference scheme has the same conservation
properties as the physical system.

A, Arakawa(Bl) has derived certain relationships that must be satig-
fied by the right-hand sides of the finite-difference analogs dynamic
equations of motion of a fluid to enjoy some of the conservation laws
satisfied by the solutions of the partial differential equations,

33 . .
(33) and others have mentioned various schemes

Lilly,(32) Grammeltvedt,
with some conservation properties and not others. Frequently schemes

are "quadratically conservative," i.e., the spatial average of the square
of the dependent variable is conserved temporally. When Coriolis accelera-
tions are ignored, conservation of the mean square components of velocity
implies comservation of kinetic energy. But the converse, as we shall see,
is not necessarily true when Coriolis accelerations are taken into account.

Here we shall be concerned specifically with investigating energy

conservation properties in the horizontal motions for the scheme described
in this report to resolve three-dimensional flows in estuaries and coastal

seas. The principal tool for our analysis is the Abel Partial Summation

Formula in either the form

K K-1
2, a, (b -b )= agby ~abg = 25 b (ay - a) (»-1)
=1 =1
or
K k-1
kz;l 8 Brey = By = by oagPy - gl Py By~ 2ay) (0-2)

which are finite-difference analogs of the formula for integration by

parts,

b b
J udv = u(b)v(b) - u(a)v(a) -.f vdu (D-3)
a

a

Appropriate extensions of the values of the variables (viz., a, and
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bk) to be zero outside the range of values of k indicated by the sum-
mations in (D-1) and (D-2) are made in order to preserve the same limits
of summation to avoid having to write explicitly the boundary values ars

bO’ ags b bl’ and bK+l on the right-~hand sides of (D-1) and (D-2) out~-

K’
‘side the summation symbol. Thus (D-1) and (D-2) become, respectively,

K

‘ K
é;% 2 By = Bpp) = - ég% B Cprr 3 (0=4)

which is a finite-difference analog of (D-3) when the initial and

terminal values are zero, and

K

X
a. (b -b ) =- b, (a, -~ a, .) (D-5)
géi k- k+1 k éé; k“k k-1

CONSERVATION OF ENERGY TN INCOMPRESSIBLE, NONVISCOUS, NONDIVERGENT FLOW

We consider a three-dimensional region with vertical planar sides
(not really necessary, assumed for simplicity), an irregular bottom,
and a free surface top given by

0 <x <X, 0 and -b(x, y) £z < ¢(x, v, t)

A
<

IA

g

The boundary conditions which we shall assume are that the normal com—
ponents of the velocities are zero on all surfaces. Hence, if
u(x, y, 2z, t), v(x, y, z, t), and w(x, y, z, t) represent the respective

rectangular components of velocity in the x, y, and z directions, we have

I
o

u(0, vy, z, t) =ulX, y, z, t) = (D-6)

I
()

v(x, ¥, z, t) = (-7)

v(x, 0, z, t)
W[X, Yy, C(X, Y t), t] = Ct(xs Y, t) - U[X, Vs C(X’ Vs t), t]Cx(X. Y t)

- vix, vy, t(x, Y t), t]Cy(x, Yy t) =0 (p-8)
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and
wizk y, b(x, y), t] + ulx, y, z(x, y, t), tlb_(x, y, t)

+ vz, v, tlx, y, t), t]by(x, vy, £) =0 (D-9)

We assume further that the fluid has constant density and that its
flow is nonviscous, nondivergent, and hydrostatic. Moreover, we shall
neglect the vertical accelerations. The equations in flux form for such

a flow are

2
u, = - (u )x - (uv)y - (uw)z + fv - 8%, (D-10)
2
v, =~ (uv)x - (v )y - (vw)z - fu - gcy (D-11)
u +v. +w_ =20 (0b-12)
x y z
and
5 r(x,y,t) 5 r(x,y,t)
Lo =~ E{'f udz - ™ vdz (D-13)
-b (x,y) Y b (x,y)

The terms fv and fu in (D-10) and (D-11) are the respective Coriolis
accelerations in the horizontal directions.

Integration of (D~13) over the domain 0 < x < X, 0 <y < Y, together
with the application of the boundary conditions (D-6) and (D-7), yields the
equation for the conservation of volume (or, equivalently in this case,

mass):

d X Y
rr f dx f z(x, vy, t)dy = 0O (D-14)
t 0 -

Multiplying (D-10) by u and (D-11) by v and adding the resulting
products eliminates the effect of the Coriolis accelerations (which do
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not do any work on the system) and we obtain

@__(u2+v2)__ u2-+-v2 )_ u2+v2
3t 2 = 2 ¢ 2V
X y
u2 + v2 )
- (—"2—‘ w/ - gluz_+ vcy) (D-15)

Integrating (D-15) over the fluid volume and interchanging the order

of integration and partial differentiation with respect to time, we have

X Y C(x,y,t) ; 2 2 X Y 2 2
g—-t- f dx f dy f (-—-—'—u ; \4 ) dz = f dx f [_______u v Ct] dy
0 0 -b (x,) 0 0 2 =

X Y r2 ., 2 %°¢
u- + v
—f dx [ > w] dy
0 0 z=-b
X Y z
-gf dxfdyf (uz. + vz ) dz
0 0 -5 = y
(D-16)

Inverting the order of partial differentiation with respect to x
and integration with respect to z in the second member of the right-hand
side of (D-16) gives
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u2+2 I
+ [____;Z_ be] - dx (D-17)

The first member of the integrand makes no contribution upon integration
because of the boundary condition (D-6).
The application of similar arguments to the third member of the

right-hand side of (D-16) yields

2 2
+ [E——tQX— vby] ; dx (D-18)
=-b

Replacing the second and third members of the right-hand side of
(D-16) by ﬁhe right-hand sides of (D-17) and (D-18) respectively and
combining the first four members of the right-hand side of (D-16) in one
integral, we see by virtue of (D-8) and (D-9) that its integrand vanishes.

We have

X Y u2 + v2
j; dxj(; [—T— (l;t+u;x+v;y-w)]—

z=g

2, 2
+[3—2—"—-(ub + vb +w)] }dx=0
x y z=-b

(D-19)
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In dealing with the last member of the right-hand side of (D-16)
we again invert partial differentiations and integrations with respect
to z after replacing the integrand by the final member of the following

equations:

ug + vcy (utz)x + (vc)y - t:(uX + vy)

(u«:)x + (vz:)y + Tw, (D-20)

X Y T Y X
f dx f dy f (uz. + vz ) dz f dy f
0 0 - ¥ y 0 o

X Y z=r
+f dx f [Cw] dx (D-21)
0 0 z=-b

By virtue of the boundary conditions (D-6) and (D-7), the first part
of the first and second members respectively of the right-hand side of
(D~21) vanish, and combining the integrands of the remaining
parts with the third member adds up to ;ct by virtue of (D-8) and (D-9).
Combining these results and (D-19) we finally obtain the expression of
the conservation of total potential and kinetic energy of the horizontal

motion of the flow:

X Y 2 r 2 2
4 ax {g RN T A Y (D-22)
dt ), b 182 ) Z
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This derivation has deliberately been kept simple and based on
fundamental operations of the calculus rather than having recourse to
well known theorems of Stokes and Green through which one could obtain
the same results for more irregular boundaries and even multiply con-
nected regions.

In the case of pure horizontal motion, the dependence upon z, the
variables w and 7, and the boundary conditions (D-8) and (D-9) which
pertain to the top and bottom surface conditions on the velocity com-

- ponents vanish, and the system reduces to

u = - (uz)x - (uv)y + fv (b-23)
2
v, =- (uv)x - (v )y - fu (D-24)
and
u, + vy =0 (D-25)

with the boundary conditions (D-6) and (D-7).
Multiplying (D-23) by u, (D-24) by v, adding, and employing (D-25),

we obtain
I R W A ol T A N P v (0-26)
ot 2 = u 2 A v 2

Integrating (D-26) over the rectangle of interest, we have the comservation

of total energy of the horizontal motion,

XpY , 2, 2
%—ff (“——tl dxdy = 0 (0-27)
t )y Jy 2

which corresponds to a simplification of (D-22) to two dimensions.
We note, incidentally, that if the Coriolis accelerations are ignored
(equivalent to requiring that £ = 0) (D-23) and (D-24)
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are quadratically conservative in u and v, respectively, besides being
kinetic energy conservative, i.e., the time derivatives of the space
integrals of u2/2 and v2/2 vanish, However, if f # 0, then each of
these space integrals is augmented or diminished, respectively, by

the space integral of uv, and these equations are not individually
quadratically conservative. Consequently, when Coriolis accelerations
are not neglected, one should not expect to prove that analogous finite-
difference equatjons are energy conservative by means of a proof that
the equations individually are quadratically conservative, as one notes in
various papers. Rather, a procedure which relies on canceling effects
of the Coriolis accelerations when the individual equations are added
together and integrated over space is required to prove energy conser-

vation.

HORIZONTAL ENERGY CONSERVATION TN THE NUMERICAL SCHEME

We consider the simplification to horizontal flows of the procedure
employed in this report, i.e., to the equations (D-22), (D-23), and
(D-24) with boundary conditions (D-5) and (D-6). A sketch of this
procedure simplified to two dimensions with constant density and no
viscosity nor divergence of fluid is as follows:

A rectangular grid of points distributed over the horizontal
rectangular region: 0 < x <X, 0 £y £Y is defined and indexed by
i and j in the x and y directions respectively. Thus x = iAx and
y = jAy. The velocity components, u and v in the finite-difference
formulation, are calculated on what is called a space-staggered grid;
that is, the velocity component u is determined at the points
[(i+%)Ax, jby, nAt] and v is determined at the points [iAx, (i+H9) Ay, nAt].
Central differences and central averaging are used throughout the
formulation.

To facilitate notation, the following conventions for these two
operates on a function F(iAx, jAy, nAt) are customary:

1 I

GXF(iAx, jAy, nAt) = i EF[ki+%)Ax, jAy, nAt] - F[}i—%)AX, Ay, nAt]‘

(D-28)

and
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FX(inx, jAy, nAt) = %‘F[(i#/z)Ax, jdy, nAt] + F[(i—‘/Z)AX, jhy, nAt}}.
( ‘ (D-29)
Similar definitions are made for averages and differences in other
variables.
Finite-difference equations derived from Eqs. (25) through (27) in

this report, analogous to (D-23), (D-24), and (D-25), are

6tut = - GX(EX)2 - éy(ubv ) + f;xy, centered at i+, j (D-30)
étv = - sX(EyVX) - éy(;y)Z - fGXy, centered at i, j+k (D-31)

and
Gxu + Gyv = 0, centered at i, jJ (b-32)

The boundary conditions for the region O < iAx < IAx = X, 0 < jAy < JAy =

for the case of zero normal velocity components are

- = = =0, j=0,1, ... -
u_129j s u1/2,j el uI_lZsj >N uI+1/2,j s > 0 ? > (D-33)
vi,—%,n = Vibon Vi,J—%,n = Vi, Isn T 0, 1i=0,1, ..., I (D-34)

where the subscripted notation is used as an abbreviation and points
have been added outside the region with zero values assigned to the
appropriate dependent variables so as to simplify the formulas resulting
from partial summations as indicated in the introduction and illustrated
by Eqs. (D-4) and (D-5).

As indicated in the previous section, because of the Coriolis
accelerations, the partial differential equations (D-23) and (D-24) with
(D-25) are not individually quadratically conservative, thus giving no
reason to expect quadratically conservative properties for their finite-
difference analogs (D-30) and (D-31) with (D-32). However, they are

energy conservative, as will be shown immediately.
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Multiplying {(D-30) by u centered at i+s, j, (D-31) by v centered at

i, j+%, and adding, reverting to subscripted notation, we have

- + v, . v, . -V, , )]/ZAt
[“i%,j,n(“i%,i-nﬂ Ui, i,0-10 ¥ Vi, 54,0, 54,01 T Vi, 54,01

2 2]
. - (u,, o tu, . ) |/4Ax
“i+1/2,j,n[(ui+%,j,n g T Cugn T g

+u, , )

- u, , , . )
ui+%,j,n[( i+, 3i+1,n i+Hs,j,n (

+ v, |,
Vitl,j+5,n i,34%5,n

- , + v, . )]/4Ay
(ui.p’59j 2el + ui+1/2’j—13n) (vi+laJ_2’n l’J_I/Z!n

+ Y (v

. , . + v, . )
Vi,j+%,n[(ui+%,j+l,n ui+%,3,n i+1,3j+s,n i,j+s,n

)j/4Ax

- + u, . v, . + v, .
(ui-%,j+l,n ui—%,J,n)( i,j+s,n i-1,j+s,n

)2 - (v + v, ., )2]/4Ay

+ v, ..
vi,j*f‘/z,n[(vi,ﬁ%,n Vi,j+4,n i,j+¥s,n  i,j-%,n

+ . + v, . + v, .
f[ui'*'%’j:n(vi-i'l:j#fsn Vi+l:J"1/2,n 1’J+1/2,n 1’J"1/23n

+ u, ., + ou, . + u, . )]/4
vi,j+‘/2,n(ui+1/2,j+l,n u1+%,3,n i-%,3+1,n i-}s,3j,n

(D-35)

We deal withveach of the five members of the right-hand side of
(D-35) individually in succession, carrying out the space summations over
the points of the overall staggered grid with the general convention
that a dependent variable is zero whenever its arguments indicate values
outside the original physical triangle.

For the first member of the right-hand side of (D-35), from (D-4)

or (P-5) and the boundary conditions, we have
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J I

2 - ¢ +u )2]
Z T v n Gt g0 T s, T Gl gt o
§=0 1=0

(u

I
=0

- X

2
T TP
=0 1 i+1/2:j » + ui"l/Zsj,n) (ul'*J’ﬁsJ '3 1—1/233 ,

L

2 2
+ u 1 )(U. . _u'l . )

i_/Zsjsn l+1/2!.] > 1-72,],0

™Mo
Mr—«

u, .
i=0 ( 1+1/29:| Rt

.
]
(]

2 u

i=0

B

[}
i}
(=]

- u L)

2
+ u, . - u, .
i+1/2’jsn(ui+§§:j’n l+1/2’J > 1'*'1/233 s 1—1/2’3 »T1 .

J
: ]
= - . u, . - u, . )
Z 120 ui+‘/z,j,n[(ui+3/z,j,n Yi+5,5,n i+s,3,n i-%4,3,n

) + (

[N
1t
(@]

For the second member of the right-hand side of (D-35), again

utilizing (D-4) or (D-5) and the boundary conditions, we have
J
3 u

0 j=0

I
1=

+ iy s + v, .
iﬁ"/z,j,n[(ui#/z,j+l,n ui-f—‘/a,j,n)(vl+l,3+‘6,n Vl,J'*‘l'E,n)

= G

+
u:'L-i"‘/z,j ,T ui-}-‘/z,j—l,n

O, 5om * V4,5,

)(

= - + u . v, . + v, . u, s
.Z E (ui+1/z,j+l,n i+1/z,J,n)( i+1,3j+45,n i,j+s,n”  iHs,j+1,n

- ui+‘/z,j,n)

J
( + ‘(u2 - u?
S Vil iHsn T V1,360 Uik, 4,0 T i,

= e

I
i=0 j
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I J
= Zzuz . (v, Lt v, oL - v, . -v )
i=0 j=o 1'*'1/2‘9:,[ , l+l:J+/2,n 1,J+/2,n 1+l,J-—]/2’n i,j_l/z,n
I J
= E u? 1, s [(V. Y -V, .1 ) + (V. A - v )]
i=0 3=0 it3,3,0 i+1,j+%,n i+l,j-%,n i,j+4,n i,j-%,n
(b-37)

In view of (D-32) evaluated at (iAx, jAy) and at [(i+l)4x, jAy] the
sum of the final right-hand sides of (D-36) and (D-37) vanishes. Thus
up to the advective terms the scheme is quadratically conservative; it is
only the Coriolis contribution that prevents the individual equations
(D-30) and (D-31) from being quadratically conservative.

The third and fourth members of the right-hand side of (D-35) are
dealt with in the same manner as the first and second. Instead of
repeating each step of (D-36) and (D-37), we simply observe that the
transformation of symbols

+

u-+v, it > 1, j > j+s, Ax > Ay

results in the identical formulas encountered in (D-36) and (D-37) when

applied to the third and fourth members of the right-hand side of (D-35).
The fifth member of the right-hand side of (D-35), the contribution

from the Coriolis accelerations, also vanishes (under the assumption

of a constant parameter f) through cancellation of terms and the boundary

conditions (D-33) and (D-34). We have

I
)

J
. . (v, . + v, : + v, . + v, .
= [ul+%’3)n( 1+133+%:n 1+1:J"%:n 113+%,n 113—%sn

i=0 j=0

- + + ) +u, , .
vi,j-i-lz,n(ui+l/2,j+l,n Uit i,n 0 Yi-k,i+1l,n “1-1/2,3,n)]
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J

[V]»-o

A ;g% Yi44,3,n Vitl it i,j+%,nui—%,j,n

98
it

+ 2: 2: (u

. . vV, . - Vv, ., u, .
i=0 =0 i+s,3,n i+1,3-%,n i,j+Hs,n i-%,j+1,n

J

1
; Z=: 1#/233 >0 1’J'_l

T Vi 5,0y, 41,0

J

I
N EE% ;Z% (ui+%,j+l,nvi+l,j+%,n - ,J+1 n'i-1 j+l,n)

where in the first equality the first and third members vanish because
they are telescoping series, the boundary values are zero, and the
second member is first modified before telescoping by adding unity
to the index j with no change in the limits of summation because of
the vanishing boundary values.

Returning to the left-hand side of (D-35) and summing over the

ranges of i and j, we have

1 J

2: 2: + v, . v, .

{=0 i=0 (ui+%,j,n+lui+%,j,n Vi,its,ntl"i,3+H5,n0
i=0 j=

=0 (D-39)

bq -

+ v, . v, . )
0 2%)(ui+%sj’nui+%sj9n—l v1>J+%’n i,j+4,n-1
J=

s
]

which is the finite-difference equivalent of (D-27). Thus, in the
specialization to two dimensions (D-30), (D-31), and (D-32), the finite-

difference scheme employed in this report is kinetic energy comservative.
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