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PREFACE

This report discusses some physical and mathematical aspects of the
problem of dealing with compressible boundary-layer flows by reducing them
to equivalent incompressible flows. Although the method is not new, it has
never been fully exploited for the case of turbulent flow, nor have its ad-
vantages and limitations been clearly described. This report is intended
to provide a point of departure for boundary-layer specialists interested
in effects of heat and mass transfer in turbulent boundary lsyers, espe-

ciselly in high-speed flight.
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SUMMARY

The first cbject of this report is to develop & transformation which
reduces the boundary-layer equations for compressible two-dimensional mean
turbulent motion to incompressible form. The second object is to apply
this transformation to the special case of the adiabatic turbulent boundary
layer on a smooth wall. An important difference between the present trans-
formation and others proposed previously is that the present
transformation represents at every stage a genuine kinematic and dynamic
correspondence between two real flows, both of which are capable of being
observed experimentally. Since the mean pressure and mean velocity can then
be measured in elther flow, the mean acceleration of the fluid can in prin-
ciple be determined, and the shearing stress cen be adequately and accurately
defined as the stress which is necessary to account for this acceleration.
This formulstion leads to & general transformation valid for laminar or
turbulent flow in wakes and boundary layers, without regard to the state or
energy equations or the viscosity law for the compressible fluid, and without
regard to the boundary conditions on surface pressure or temperature in the
event that a surface is involved.

For the case of boundary-layer flow of a Newtonian fluid past a smooth wall, but
with no other restrictions, it is shown that the combination (poouoo/pwuw)CfRe
(where Cp = ETw/p oou002 = local friction coefficient, Ry = pooqu/pco = local
momentum-thickness Reynolds number) is an invariant of the transformation.
This result, which is both new and useful, is referred to as the law of
corresponding stations,

The special properties of the transformation for the case of the turbulent

boundary layer at constant pressure are next derived. It is found that one
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further assumption has to be made in order to apply the transformation to
this problem. After a survey of experimental data on local surface fric-
tion in compressible flow, the assumption chosen here is that the sublayer
Reynolds number is unaffected by compressibility or heat transfer provided
that the density and viscosity are evaluated at a mean sublayer temperature
defined by the transformation. The remaining empirical quantity, the
numerical magnitude of the sublayer Reynmolds number, is evaluated experi-
mentally and is found to be of the order of the least Reynolds number for
which turbulent flow can be observed.

Finally, explicit formles are obtained for the effect of Mach number
on surface friction when the fluid is a perfect gas, the pressure is con-
stant, and the stagnation temperature is constant or l:"mea.r in the wvelocity.
Among the novel implications of the analysis %e A s%riaa.mlines are not
transformed into streamlines by the transformation in the case of turbulent
flow, laminar and turbulent shearing stresses are transformed by dif-

ferent rules, and the ratio Tw/P (or the product M 2 Cf) remains

©
finite at large Mach mumbers. Appendix A contains an exhaustive critical
survey of the experimental literature of low-speed turbulent flow at con-
stant pressure, and Appendix B conteins a brief criticel discussion of the
mesn~temperature hypothesis, the laminar-film hypothesis, and other analy-
tical ideas which are related to the present treatment of compressible

flow .
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I. INTRODUCTION

OUTLINE AND PROSPECTUS

This report will be concerned primarily with the effect of compres-
sibility on turbulent skin friction in adisbatic flow at constant pressure. It
has become a tradition in the literature of this problem to present the final
result of both analytical and experimental work in the menner of Fig. 1, where
the ratio of compressible to incompressible friction coefficient is plotted
against Mach number. This report, however, will follow
inadvertently another and stronger tradition. This is that research in
turbulence is most respectable vﬁeﬁ it achieves the reduction of & given
set of empirical data to a straight line--and hence to one or two empirical
constants--in suitably chosen coordinates. That the problem at hand can be
trested in this way is illustrated schematically by the evolution of Fig. 1
into Fig. 2 and then into Fig. 3. In fact, a description of the coordinate
changes involved in going from one figure to the next will serve both as an
outline and as & summary of the analysis to follow.

The real starting point of the analysis is not so much Fig. 1 as a
problem which arises in the preparation of this figure from empirical data.
This problem is to specify some condition connecting the loeal friction
coefficients Cf and 5}. Most authors have agreed that these coefficients
should be evaluated st the same Reynolds number, without agreeing on the
particular variasbles, especially the length, which should make up this
Reynolds number. If any exit from this difficulty exists, it is almost certainly

through the use of & transformation representing & genuine kinematic and
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Fig. 1. Floating-element measurements of locel surface friction in air,
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Fig. 2. Data of Fig. 1 normalized with respect to temperature ratio.
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Fig. 3. Data of Fig. 2 in the coordinates of the substructure formulation.



dynamic correspondence between the two flows. In Sections I - III, therefore,
such a transformation is carefully derived from first principles. Among the
immediate consequences of this transformation is the desired condition, in the
form of an invariant which will be called the law of corresponding stations.
In essence, this law states that the product C ng is the same at corresponding
points in any two flows related by the transformation, provided only that the
friction in both cases is Newtonian at the wall. No other important restric-
tions have to be put on the fluid properties or on the nature of the flows in
question.

Figure 1 having been established on relatively solid ground, the trans-
formation next suggests & minor modification in the ebscissa and a major
modification in the ordinate of the figure. The change in abscissa is one
which has been proposed independently by Matting et al. as a means of
reconciling their measurements in air and helium;(l) it is from Moo to
(7-1) M002/2 (or for practical purposes from M to Tw/Too or to qm/p). This
change not only removes the effect of variations in 7 for fixed Prandtl number,
but also mekes use of the fact that the curve of T /Tw against (7-1) Mof/a
is almost the only enalytical curve which can be plotted in Fig. 1 without a
detailed knowledge of the boundary-layer flow. Finally, the change in ordinate
is & simple normalization of C f/E ? with respect to this same thermodynamic
parasmeter Too/Tw' These two changes of coordinate taken together lead to
Fig. 2, in which there is still a noticeable scatter due to variations
in Reynolds number from one experiment to another.

At this stage the inferences which can be drawn solely from the trans-

formation and from measurements of gross properties of the boundary layer,



such as the local surface friction, are exhausted. More information is needed,
and the assumption is made in Section IV that this information can be derived
from the simila.rify law known as the law of the wall. The physical inter-
pretation given to this law is that the sublayer flow in & turbulent bound-
ary layer is characterized by a constant Reynolds number. An argument

based on the transformation and on the data presented in Fig. 2 then suggests that
this Reynolds number might be unaffected by compressibility if the density

and viscosity are evaluated at a certain mean temperature defined by the
transformation. Given this assumption, called here the substructure hypo-
thesis, it is found that the ordinate in Fig. 2 does not depend explicitly

on conditions in the free stream, but only on conditions at or very near

the wall. In order for the abscissa to have the same property, it suffices

to change the independent variable from (7-1) M°§/2 to (7-1) Mm2 cf/e (or

for practical purposes from qm/P to 'rw/p). The final result, as shown in
Fig. 3, is that the dependence of the experimental dsta in Fig. 2 on

Reynolds number is very nearly accounted for.

For the sake of brevity the material of this summary has been highly
abridged, and several essential arguments have been oversimplified or omitted
altogether. For example, it has been implied that the experimental dats in Fig.
3 define a straight line. Striectly speaking, this statement is accurate only
if the fluid is a perfect gas, if the viscosity is proportional to tempera-
ture, and if the stagnation temperature of the flow is constant. The analy-
sis in the text, however, is not always limited to this special case, or
even to the case of flow at constant pressure. On the contrary, the central
element of the analysis at every pcint is a transformation which is re-

markably free of restrictive conditions. Many of the relationships of



this report, therefore, may eventually be applicable to problems which
have been less thoroughly studied experimentally than the classical problem

of adisbatic flow at constant pressure past a smooth solid surface,

STATEMENT OF THE PROBLEM

The first objective will be to find conditions under
vhich the boundary-layer equations for compressible flow can be reduced to
incompressible form by a suitable transformation. The second objective will
be to apply the transformation in question to the turbulent boundary layer.
Neither problem is new, and almost all of the results to be derived for
laminar flow have been obtained previously by Stewartson and others.(g)
More recently, several writers have attempted to extend the concept of a
transformation to turbulent flow as well. However, little attention has so
far been pald to several importent issues raised by the latter application.
Among these issues are the question of the complete identificetion of cor-
responding points and the question of the use of dimensionless similarity
laws to describe the profiles of mean temperature and mean velocity. In
order to avoid compromising these and other issues in advance, the trans-
formation will be developed from first principles by means of arguments
which are as rigorous and as general as possible.

The first problem stated in brief is this: The boundary-layer equa-
tions of mean motion for & compressible fluid of variable density p(x,y) are
given in the form

Spu , Opv =0

SX—"F &— b (1'1)

pu%+pv%=-%+% . (1.2)
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It is desired to find a formal transformation from (x, ¥y, u, V, D, P, T) to

(%, ¥, &, ¥, D, p, T) such that the original Egs. (1.1) - (1.2) are reduced

to the form
é—u:-}- -a—v:-=0 b) (1'3)
x oy
. mA. 8,2, (2.4
ox oy ax oy

with the parameter p independent of position in the barred flow.

The validity of these equations will not be examined here.* They
evidently incorporate the ususl boundary-layer epproximation, in that the
stresses in the fluid have been taken to be adequately represented by the
static pressure p (or p) and by a single additional scalar component T (or
IR However, the relationship of the latter quantity to the other veriables
of the problem has deliberately been left unspecified., Furthermore, no state
or energy equation has been included for the compressible flow. This fermula=~
tion of the problem, while incemplete, has the advantage of being relatively
free of assumptions which are either centroversial or unduly restrictive. The
Present partial formulation of the problem also recognizes the fact that the
transformations for laminar and turbulent flow can be expected to have certain
properties in common. These properties, to the extent that they can be in-
ferred from the basic Egs. (1.1) - (1.4) without invoking the concepts of
turbulent shearing stress and turbulent heat transfer, are therefore likely

to have & relatively permanent significance.

*There is always the possibility that the usual boundary-layer approxi-
mation for the stress tensor may fail under certain conditions. 1In addition,
there is room for argument sbout the importance in high-speed turbulent flows
of various correlation terms (involving fluctuations in density, temperature,
or viscosity) which are neglected here in order to treat the mean value of s
rroduct such as pu or pT (but not necessarily pv) as a product of mean values.



PHYSICAL CONSIDERATIONS

In what follows frequent use will be made of g physical principle whose
importance does not seem to have been fully recognized in previous work on
the transformation. A brief discussion will show both the need for such a
principle and the way in which it is to be applied.

Suppose that a general transformation between Egs. (1.1) - (1.2) and
(1.3) = (1.4) has been established. Suppose further that the original com-
pressible flow is characterized in some region by essentially constant density.
This might be the case, for example, for adiabatic flow near the stagnation
point of a blunt body, in the upstream part of a nozzle, or far downstream in
a submerged jet. In such e region the compressible equations can be reduced
directly (i.e., without reference to the transformation) to incompressible form
by the usual limiting process of retaining only the leading terms in expansions
of appropriate dimensionless varisbles in powers of M2. The resulting equations
will be identical in form with Egs. (1.3) - (1.4), provided that the density
in the latter is evaluated at the appropriate stagnation condition in the
original flow. A question then arises: Under these conditions, is it neces-
sary for the transformstion itself to reduce to the identity transformation?

In most of the previous work on the problem it has been tacitly assumed --
€.g., by taking the reservoir conditions for the two flows to be the same ==
that the answer to this question is yes. However, it then becomes necessary
to suppose that the same fluid can behave entirely differently in the two flows--
like & perfect gas, say, in one case, but like an incompressible liquid in the
other. Whatever else may be said sbout this situation, it is unlikely that

both flows can be observed experimentally. At the same time, it is certain



that an experimental description of both flows will be an essentigl part of
any useful comparison in the case of turbulent flow.

The easiest way out of this dilemma is to avoid the presumption that the trans-
formation should reduce to the identity transformation in a region where
both flows are incompressible--or anywhere else, for that matter. On the
contrary, it is more reasonsble to suppose that the transformation should
reduce instead to an affine transformastion of the kind commonly used to in-
vestigate the question of similarity. This being so, it must be possible
to choose the density 5 and the viscosity ﬁ for the barred flow quite arbi-
trarily. To this end the proposition will be taken as fundasmental that the
two flows represented by Egs. (1.1) - (1.2) and (1.3) - (1.4%) mst be
treated in every respect as real physical flows, capable of being cbserved
experimentally. It is a natural inference that corresponding varisbles should
have the same physical dimensions and that the external and boundary condi-
tions should be at least qualitatively the same in both problems. This prin-
ciple will have several useful consequences, of which the first will be to
allow the introduction of the parameter p on purely dimensional grounds.

Finally, the point has sometimes been raised in private discussions
that an application of the transformation to turbulent flow may involve
unvwarrsnted assumptions about the effect of compressibility on the mechanism
of turbulence. That this need not be the case can be seen from an argument
based in part on the physical principle just presented, but also in part on
the fact that only one component of the stress tensor besides the pressure
is present in the equations of motion considered here.

In any boundary-layer flow described by either of the momentum equations

(1.2) or (1.4), the accelerations and the pressure forces are well-defined



quentities which can be evaluated experimentally. The unbalence between
these quantities may simply be taken to define an apparent shearing stress,
and numerical values for the latter may then be inferred from measurements
of veloclty and pressure. It is clearly irrelevant, for example, that this
apparent stress may have a turbulent part which can be independently defined
in terms of certain velocity fluctuations capable of being measured directly.
For if a transformation can be found to +treat  the acceleration and
pressure terms in the equations, and if this transformation is required to
be physically reslistic, then it must follow without reference to any
special definition of the shearing stresses that these stresses can also be
treated by the transformation. This argument may seem to be academic,
but it is probebly ’the only one which can be relied on to provide an
explicit transformation for the undefined shearing-stress terms in Egs.

(1.1) - (1.4), and it will be used for this purpose in Section II.
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II. THE FORMAL TRANSFORMATION

THE CONTINUITY EQUATION

The development of the transformation will begin by considering two
stream functions ¥ and V¥, each of which will be interpreted physically as
en integral of mass rate rather than volume rete of flow. The two contin-
uity Egs. (1.1) and (1.3) will be satisfied by introducing these stream

functions in the usual vay;

pu = %yk 5 pv = -%lf'x b) (2-1)
R A - (2.2)
& %

vwhere the physical principle just discussed requires an unspecified con-
stant density p to be included in the second pair of equations in order to
provide the same physical dimensions for ¥ as for V.

The two stream functions are evidently constant on streamlines of their
respective flows. In previous work on the transformation it has usually
been assumed that these functions are the same at corresponding points and
hence that streamlines in one flow are transformed into streamlines in the
other. For reasons which will become apparent (see the remarks following
Eq. (3.17)), it is desirable to avoid this assumption.

The relationship between § and y will therefore be left open by writing
‘Tf(i:i) = c(x,y) w(x,y) (2.3)

where o is a completely unspecified function of x and y.



THE TRANSPORT TERMS

The formal rule for the transformation of a derivative from coordinates
(x,¥) to coordinates (x,y) may now be applied to the stream function v, and
the result expressed in terms of velocities with the aid of Egs. (2.1) and

(2.2). It is found that at corresponding points in the two flows

m:%(aagy;-avg'>-g§j-, (2.4)
=t (FE-md)t g (2.5)

Further differentiation and substitution in the transport terms on the left-
hand side of Eg. (1.2) yield, after some extremely tedious algebra, an iden-
tity which is given in full for the record as Eq. (2.6). In this
identity the factors J(A,B) denote the appropriate Jacobien 3(A,B)/d(x,y).
In vector notation, k J(A,B) = grad A X grad B, with K the unit vector nor-
mal to the xy plane. Hence J(A,B) vanishes if A or B is a constant or more
generally if A is a function of B alone,

The terms on the right-hand side of Eq. (2.6) have been arranged in de-
scending order with respect to derivatives of ¥. At least the first term
mist gppear in the transformed momentum equation (l.’-l-). The other terms are for
the most part expendable, end the next step is to reduce Eq. (2.6) to manage-
able proportions by suitebly restricting the dependence of the functions o,
X, and ¥ on x and y.

For this purpose it is instructive to look at the behavior of the vari-
ous terms in Eq. (2.6) outside a shear layer in the barred coordinates. Sup-
pose first that there is a pressure gradient in the original flow, so that
the left-hand side of Eq. (2.5) is non-zero but bounded for large values of
y. If the regions outside the two shear flows are to correspond both physi-
cally and formally, there should alsc be a pressure gradient in the barred

filow, and the right-hand side of Eq. (2.6) should be non-zero but bounded
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for large values of ¥. Now as far as the factors V¥, u, ou/dy, etc., are
concerned, it appears that the term in v 53/ dy will ordinarily vanish for
large values of y and that the terms in Du/Dt and 32 will become at most
functions of X only, while the remaining terms will behave either like ¥
or 1like §2. The simplest condition which will assure the proper behavior
of the right-hand side of Eq. (2.5) is the requirement that each of the
terms behaving like ¥ or like :}2 should vanish identically. This condition
in turn is easily shown to be equivalent* to requiring each of the quanti-

ties 0, X, and dy/pdy to be independent of y.

THE MOMENTUM EQUATION

At this point the transformation, except possibly for the jet, can be

represented in the form

% = o(x) , (2.7)
& . i, (2.8)
%%- - nx) (2.9)

*An identical result is obtalned if the flow at infinity is assumed to
be a uniform stream, but the condition on ¥y seems to be unnecessary if the
flow is bounded at infinity by fluld at rest. A closer examination of this
case, i.e., of the jet entering a stagnant fluid, will not be undertaken
here. Even for the other cases mentioned the transformastion in question
may not be the most general or the most useful one which can be found, firstly
because the sufficient conditions used to bound the right-hand side of Eq.
(2.6) for large y have not been shown to be necessary, and secondly because
these conditions have been applied not only for large ¥ but throughout the
barred flow. Furthermore, it has not been proved that the two flows involved
in the transformation must always have the same character; i.e., that if
one flow is a wake, so is the other; if one flow is a boundary layer with
pressure gradient and mass transfer, so is the other; and so on. On the
other hand, the transformation considered here is more general than any
which has been considered previously, and has several properties which will
prove to be useful in eny study of turbulent flow. The possibility of a
more general transformation will therefore not be investigated further.
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where ¢ and 7, like ;c, are dimensionless functions of x yet to be determined.
Note that a second constant reference density is needed in Eq. (2.9) to give
the proper physical dimension to the transformed varisble y, but that this
parsmeter can be identified with p in Eq. (2.2) and any difference absorbed
in n(x) .

The dependent variables u and v as derived from Egs. (2.4) end (2.5)

are now
1;.:%11 s (20]-0)
7= P9 . ¥ _Vv d (
V==V + u - = 2.11)
pE & g pédx ’

and Eq. (2.6) can be written

5u+v6u> - (auau>25f
p(u& a; P u&- 'Va-’-so-z

]

u- dnfo . ¥ oudg

*nfe & oy ax (2.12)
. o
--2.& .

Of the three terms in Eq. (2.12) generated by the transformation of
the transport terms in the original momentum "equa.tion (1.2) subject to the
conditions (2.7) - (2.9), the first provides the transport terms in the trans-
formed momentum equation (1.4). The other two terms, those in pu2 and ¢ ou/dy,
will therefore have to be suitably cambined with the terms dp/dx and dt/dy.
Consider new a companion equatien to Eq. (2.12), obtained from the latter

by solving for the transport terms in barred coordinstes and using Eq. (1.k):

- 2
- (= pa d o pu dn/o ¥ ou do
hy <u, ) E (-.2+ - )

+ v & e &y &

&
& 1&
L]

(2.13)

L]
[}
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The second equality in Eq. (2.13) is a relatienship involving primarily
pressures end shearing stresses. The right-hand side of this equality
consists of two terms, dp/dX and oT/0y. According to the physical princi-
ple underlying the present transformation, the first of these terms must
depend only on x (or x), and the second must vanish for large ¥ (or y).

It is therefore necessary to write the left-hand side in the same fashion,

and it follows immediately that the transformed quantities 13 end T have to

be defined by 5
i%"‘%ﬁé(ﬁ%; %+:oz ddxc) (2.1%)
and by
- =2
2 l(E-ne) 2 (1)) F2M ) e
respectively.

The slightly awkward form of the last two relationships is justified by
their generality. Neither an equation of state nor an energy equation for
the compressible flow has yet been cited. Furthermore, it has not been neces-
saxy to define the shearing stresses T and T explieitly, and no conditions
have been imposed which require the presence of & so0lid boundary. The fact
that the form of the transformastien can be established under such genersl
conditions is due largely to the emphasis which is put here on physical con-
siderations. In particular, the argument relating to Egs. (2.12) - (2.15)
can be recognized as & repetition of the argument outlined at the end of Sec-
tion I in connection with the irrelevance of the shearing-stress mechanism,

However, the transformation is not in a useful form at this juncture,
inasmich as nothing is known ebout the properties of the three scaling

functions o(x), £(x), and n(x) which are so far defined only by Egs. (2.7) - (2.9). In



=16=

Section III it will be shown that some information about these functions can be
obtained at a quite reasonable cost measured in terms of generality. First,
however, one important and useful property of the transformation will be

demonstrated for the special case of & flow bounded by a smooth wall.

THE IAW OF CORRESPONDING STATIONS

So far there has been neither need nor opportunity to introduce a
viscqsity ;I for the barred flow. An obvious and natural means for introducing
this parameter is the use of the condition T = pdu/dy for Newtonian friction,
provided of course that this condition is eppropriate. In the case of a
free turbulent flow such as a jet or wake, or in the case of a boundary
layer on a rough wall, the condition is evidently not appropriate. The
viscosity is in a certain sense an artificial parameter, and the Reynolds
number plays at most a secondary role in the description of the mean moction.
When these cases are excluded, there remains the case of a boundary layer on
a smooth wall, and here the viscosity clearly plays a primary role.

Consider such a flew, with the wall tsken for convenience to be at
y = ¥ = O. Whether the flow is laminar or turbulent, and whether or not
there is mass transfer through the surface, the conditions "r'w = p( aﬁ/ai'r)w
and T = (uau/ay)w can be expected to hold at the wall. The transformation

Egs (2.9) and (2.10) for u and y then require -'r'w and 7_ to be related by

T =B O
T P TI2 T (2.16)

Iocal friction ceefficients C, and Ef, defined in the usual way, are then

£
found to satisfy

. = 2'rw - O’p.w Oy 'rw ~ °“w EI"_ = , )
f 2~ - p_ == - P r 2.17
P oo %en B T pu poo®
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where the subscript @ refers to the extermal flow. Upon introducing the

conventionsal momentum thickness
(0]

- pu U
e-f =D <1 -z )tlv (2.18)
o ® 00
2he _
a.ndA corresponding thickness ©, it appears that
7 - = P
s-/ & <1-:E_>d§,=_?; no - (2.19)
o u, U )

Finally, Reynolds numbers based on @ and © may be defined in the usual

way and connected by

_ pcoubo° _ i puboe _ ﬁ =
Ry = == — =3 Ry (2.20)
Hoo oo u o

where ﬁ in Eq. (2.20) is again to be interpreted as the viscosity of the

barred fluid. When o is eliminated between Egs. (2.17) and (2.20), it is

seen that
p_ K
E R- = M (] >
£6° o e (2.21)
and this is the desired result. The relationship (2.21), which seems

to have been overlooked in previous work on the transformation, will be called
the law of corresponding stations for the boundary layer on a smooth wall.

A special case of this law is well known in the theory of similar solutions
for the laminar boundary layer. However, it éilOuld be emphasized that Eq.
(2.21) has been derived here by consideriﬁg the structure of the incomplete
equations of motion rather than the behavior of certain special solutions

of these equations. This law will obviously be of considerable value in

any use of experimental data to test the validity of the present trans-

formation for the case of turbulent flow.
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III. THE THREE SCALING FUNCTIONS o, &, and q

LAMINAR FLOW
The remaining step in completing the transformation is the specification
of the three scaling functions o, £, and 7, which determine the transformation
of the stream function ¢ and the coordinates x and y respectively. These
functions will be studied first for the laminar case, with the object of pro-
| viding at least a qualitative model for the later discussion of turbulent flow.
If the flow is laminar, the shearing stresses T and T are no longer
unspecified, being given by udu/dy and by pou/dy throughout the two flows
related by the transformation. It follows that Eq. (2.16) is valid without

the subscript w;

¥

g
oz T, (3.1)

Lol

and therefore that

§=£@_(61_1 u) : (3.2)
5 ocun & " u

This indirect transformation (3.2) for 3%/dy, which is a consequence
of the separate transformations for u and y, must be consistent with the direct
and more general transformation (2.15), which does not assume Newtonian
friction. The simplest way to assure consistency, although perhsps not
the only one, is to require the two expressions for d7/dy to be identical.

This will certainly be the case if

do _
Ex""'o ) (303)

o, (3.1)



and
ol 1 1 ae(,2_42)=0 ,
dx(poo p>+'rva T (um “) ° (3.5)

o P
_g_ P wpw CDP'ED . (3.6)

The conditien given by Egq. (3.1+) will evidently be satisfied for a

perfect gas having the usual equatien of state

D = PRT (3.7
with R = CP -c, = constant, if in additien the viscosity is propertienal
to the temperature. The condition given by Eq. (3.5) will be automatically
sé:bisfied if thei‘e :Ls no pressure gradient in either ﬂdw, since Egs. (2.11#)
and/or (2.10) then require the ratio n/¢ to be independent of x. More

generally, however, the condition given by Eg. (3.5) can be rewritten after

a separation of variagbles as

i_ L
= = . 3.8)
n/o ap .2 ax
o o
2 2.

If the compressible fluid is a perfect gas, the second equality immediately
suggests that c(x) should be taken as R/cpp(x). Equation (3.8) then yields
the two conditions

+¢ T =¢ T =

u2
-0
2 P @ Ppo

+ ¢ T= c:p To = constant (3.9)

and

2 Too :
= =, (3.10)
o T
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where T in the second equation denotes an arbitrary constant of integration with the
dimensions of tempersbure. Both of the last two expressions make indirect
use of the condition ppm-y = constant for an isentropic external flow, with
Y = cp/cv = constant.

As might be expected, these results for laminar flow are simply a
restatement of the well-known conditions (perfect gas, p/T constant s P Or
To constant) under which the momentum and continuity equations can be
uncoupled from the energy equation and integrated separately in barred
coordinates .* The preblem of the laminar boundary layer was first approached
from this direction by Dox'od.n:§.‘csyz1.(5 %) In Dorodnitsyn's formulation, how=
ever, the omission of the scaling function called here n(x) led
tc the appearance of a factor T/Too mltiplying the transformed pressure=-
gradient term, so that the reduction to incompressible form was achieved
only for the case n = constant or dp/dx = O. Cope and Hartree, in the
course of some research in a different direction, independently proposed
a partial transformation in the spirit of Eq. (2.9) for the normal coordinate
7.7 Howarth, again independently, also introduced a partial transformabion

equivalent to Eq. (2.9), but with n(x) proportional to 1/Ap(x) rather than to

*The transformation derived in this report has been designed specifically
for turbulent flow, and strict attention has been paid from the beginning
to the physical principle that it must be possible to observe experimentally
any flow whose properties are supposed to be known. This principle, which
makes it essential to keep in close touch with the physical variables and
with the conservation laws connecting them, is most appropriate for problems
which cannot be treated by analytical means. For problems which can be so
treated, on the other hand, almost any transformstion or change of variable
is acceptable if it leads to equations which are mathematically more trac-
table than the equations of motion in their original form. The principle
involved in such cases is a mathematical principle, however, not a physical
one, and may be as much out of place in discussions of turbulence as is the
physical principle in most discussions of laminar flow.

An example of the use (and misuse) of the alternative mathematical
principle is supplied by the transformation first proposed by Stewartson ()
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m ;{.8) Howarth also elected to preserve the streamwise velocity com-
ponent u rather than the stream function ¥ at corresponding points, and
the pressure-gradient term again emerged in quite awkward form in the final
equation for the transformed stream function. Stewartson, in continuing
Howaxrth's work, chose to preserve the stream function instead and to use a
suitable scaling function 7(x) » and thus arrived at a laminar transformation
equivalent to the transformation considered here.(z) Minor differences
include Stewartson's use of boundary-lsyer variables y/f\)— and v/«/\T (but not
1,'//1/;_ » and his early consolidation of the various scaling functions. The
general conditions under which the compressible equations of motion can be
reduced to incompressible form were also discovered simultaneously by

Illingworbh,(9) working in von Mises' coordinates x, { rather than in physical

coordinates x,y.

TURBULENT FLOW AT CONSTANT PRESSURE

If the flow is turbulent, the arguments leading to Egs. (3.3), (3.6), and (3.10)
have to be discarded and a fresh beginning made. For the present the discussion will

be limited to the case of flow at constant pressure, for which the general

and later cited for turbulent flow by some writers. The transformation

in question may be obtained by simply dropping the subscript o in Egs. (2.14)
and (2.15) of Section II. For a perfect gas the quantity in parentheses in

Eqg. (2.14) can then be written as R'I'odp/pdx, where Ty is the local stagnation
tempersture. In this formulation the principle of physical existence for

the barred flow seems to require Ty = constant if dp/ax # O as before,

whether the flow is laminar or turbulent. However, this requirement is
entirely without force for the turbulent case, because the physical princi-

Ple is being applied one stage too late in the argument. Even for laminar

flow the requirement in question is largely irrelevant, and Stewartson's
transformation has been used (e.g., by Cohen and Reshotko and by Coles) to
obtain physically meaningful similarity solutions for laminar flow with heat
transfer and pressure gradient, in spite of the fact that the transformed (3,k)
equations do not correspond to any flow which can be observed experimentally.' >’
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transformation (2.15) for B‘T/By can be integrated in the relatively
simple form
3
= 1l do du »
;.B.T=T+a._‘}/r-w§§dy. (3.11)

At the wall this expression becomes

Bnz o ldo 2
U2 T Wt g dx(poo Up €+ %y uoo) ? (3.12)

where the notatlion makes use of an identity
fos}

f v % dy = pmuc')2 e+ Y B (3.13)

o
which can be obtained from the definition (2.18) for e by putting ov/dy
for pu and integrating by parts. These relationships are independent of the
state and energy equations and the viscosity law, and they can be applied to
rough as well as to smooth surfaces as long as Tw and. ?w are interpreted
as tangential force per unit area.

For the particular case of a smooth wall, the shearing stresses at

¥y = O must also be connected by Eqg. (2.16),

P 2 _ _
LS AN (3.28)
ol '

Moreover, if there is no mass trensfer the combination ¥ dg/dx in Eq. (3.12)
may be taken as zero (ef. Eq. (2.11) evaluated at y = 0). Equations (3.12)

and (3.14), together with the momentum-integral equation T = Po uos de/ax,

then imply
2
£ o, fo%%w e |
o P To & o do (3.15)



-23-

This expression provides virtually the last point of contact between the
analyses for laminar and for turbulent flow. For  laminar flow the two
sides of Eq. (3.15) vanish identically, by virtue of the condition dc/dx =0
or g = constant which was originally imposed by requiring Newtonian friction
eway from the wall, For turbulent flow, on the other hand, the experi-
mental evidence to be cited shortly implies that do/de is not zero, so that
Eq. (3.15) is no longer a trivial identity but a genuine condition connecting
the three scaling functions with each other and with the ostensible data of
| the problem. This single condition for turbulent flow, moreover, differs
from the corresponding two conditions (3.3) and (3.6) for laminar flow
in one important respect, since Eq. (3.15) involves not only quantities like
Hw and Uy which are usually regarded as part of the given data for a
particular problem, but alsc quantities like tw(x) and 6(x) which are usually
regaxrded as part of the solution,

Finally, if ¢ is in fact a function of x for a turbulent boundary
layer at constant pressure, it follows from an argument inverse to the one
employed for laminar flow that T 1s not transformed like pdu/dy except at
the wall. Consequently there seems to be no reason in the case of turbulent
flow to require the compressible fluid to be a perfect gas or to require the
viscosity to be proportional to tempersture. Neither is there any reason to
suppose that the energy equation plays any significant part in the direct

transformation, at least when the pressure gradient is zero.

THE FUNCTION o(x) FOR TURBULENT FLOW

At this point it is convenient to consider briefly some experimental investi-
gations which have recently been carried out in adiabatic turbulent boundsry layers

in supersonic flow at constaent pressure. The discussion will be limited to
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eXbeiiﬁénts>ﬁﬁiéh inciﬁaé”ﬁeasurements of localrsurface friction as well as
measurements of local mean-velocity distribution. That the number of such
experiments is by this time usefully large is evident from Fig. &4, in which
are collected all of the local friction data so far cbtained in air.

In vhat follows, any slight discrepancies in Fig. 4 between the date of
various observers will be overlooked in order to assume that there is a unique

relationship among the three parameters Cf, R., and N%D, at least for air

OJ
at typical wind-tunnel temperatures. The main objective of this report
is to determine the relationship in question. The immediate problem, however,
is to determine empirically the value of the combination ﬁ/ouw, which is

expressed in terms of readily measured quantities by Ea. (2.17),

- p. C
My Po Cf

The local friction coefficients Cp and 5& in Eq. (3.16) are supposedly

connected by the law of corresponding stations,

p_K
- =  _ "m'm
CeRg = o~ Cp Ry (3.17)
vV w

*
end the coordinates of Fig. 4 have been chosen accordingly. In order to use

Eq. (3.17) to determine c'::E when M__, C., Ry, and the fluid properties are

9}
knowvn, it is necessary to know the dependence of éf

incompressible flow, especially at the lower Reynolds numbers. This depend-

= T Ry s
on Ry (or on Cs e) in

ence is also shown in Fig. 4. Although the curve drawn to represent the

*Although Fig. 4 is equivalent to Fig. 1 of Section I, the earlier
figure emphasizes the dependence of skin friction on Mach number, whereas
Fig. 4 emphasizes the dependence on Reynolds number. In & different sense
Fig. 5 is equivalent to Fig. 2, since the coordinates in one figure are
essentially reciprocals of the coordinates in the other. In this case, however, the
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incompressible data can be described analytically with the aid of certain
similerity laws, this curve should be viewed for the present as & strictly
empirical result, and the calculations involving Eqs. (3.16) and (3.17)
should be viewed as nothing more complicated than & comparison of one set
of experimental data with another.

When the parameter E/cuw determined with the aid of Eq. (3.16) is plot-
ted sgainst, ssy, the temperature ratio Too/Tw’ as shown in Fig. 5, it is
found that the data at & given Mach number show a weak but definite depend-
ence on Reynolds number, quite apart from unavoidable experimental scatter.
The necessary conclusion is that the combination E/ouw, which is here equivae-
lent to the ratio Cf/Ef, is not only a function of Mach mumber for these
experiments, but alsoc a function of Reynolds number. Because My and E
are constants for these data, it can be concluded that ¢ must be treated as a func-

tion of Reynolds number and hence of x for the flows in question.

earlier treatment of the date is simply a normalization of Cp/Cy with re-
spect to temperature ratio, whereas Fig. 5 represents an inquiry into the
properties of the scaling function o(x) of the transformastion.

In the construction of Figs.k4 and 5 the ratio TW/TQD has been referred
to & recovery factor of 0.885 in all cases where no experimental value is
given in the original reference. Values of viscosity have been taken from
standard NBS-NACA tables. The usual practice has been followed of assuming
constant stegnation temperature T, for the purpose of computing u(y) and
o(y) and thus 6(x) when only M(y) can be inferred from the measurements.
The floating-element data have been corrected for gap effect by using the
combined area of element and gap rather than the area of the element alone
to relate force and shearing stress. Finally, the values of Cy for low-
speed flow have been estimated by fitting measured mean-velocity profiles
to the law of the wall, using methods which are discussed st some length in
Appendix A.
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IV. THE NOTION OF A SUBSTRUCTURE

RECAPTTULATION

Up to this point the search for a transformation capable of reducing
the compressible turbulent-boundary-layer equations to incompressible form
has been carried out in three steps. The physical basis of the transforma-
tion was laid down in Section I; the trensformation itself was formally
constructed in Section II; and a preliminary study was made in Section III
of the three scaling functions whose properties must be known before the
transformation can be applied to a given problem.

For turbulent flow, even for the special case of turbulent flow at con-
stant pressure, only two independent relationships have so far been found

for the three scaling functions o, &, and n. One of these relationships,

1

= constent = —92-, say , - (4.1)

e’

31a
[~

follows from the condition of constant pressure; the other,

Pyt
%:..‘_CT_:-%SE, (5.2)
PR

then follows from the additional condition of Newtonian friction at the
wall. For flow in a wake, the condition which replaces Eq. (4.2) is evi-
dently n = constant = Eé/pbog’ sey, in view of Eq. (2.19). None of these
conditions implies any restriction on the state or energy equations or on
the viscosity lew.

Before the transformation can be applied to turbulent flow, it will be
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necessary to find a third condition corresponding to Egqs. (4.1) and (4.2).

The form of this third condition can be expected to vary with the circum-

stances of the problem. For example, the condition ¢ = constant, which has

already been shown to be generally valid for laminsr flow or for a turbulent

wake, must be rejected on experimental grounds when the flow is an adiebatic

turbulent boundary layer at constent pressure. For the latter case, accord-

ing to Fig. 5, the quantity U”w/; depends both on Mach number and on Reynolds

number. The analytical nature of this dependence is so far unknown, and

will presumably have to be established with the aid of some physical argu-

ment beyond those already cited. Whatever the nature of this argument mey be, it

should be clear that the problem that now has to be solved is a different

problem from the one originally formulsted in Section I. The issue is no

longer the transformation of the equations of mean motion to incompressible

form. Instead, the issue is now the search for a hypothesis which will al-

low this transformation to be applied to the turbulent boundary layer. Inasmuch as
a great variety of physical considerations might be taken as char-

acteristic of turbulent boundary-layer flow, an equally grest variety of ar-

guments might serve to complete the transformation* by determining

the scaling function o(x). It goes without saying that different writers

may prefer different arguments for this purpose, and therefore that the

*It is important to note that the end to be served is the completion
of the transformation, not the completion of the equations of motion through
the introduction of an explicit relationship connecting the shearing stresses
7 and T with the other dependent or independent varisbles,as in the case of
laminar flow. On the contrary, the use of any such relationship is quite
likely to prejudice the concepts of turbulent shearing stress and turbulent
heat transfer in much the same way that these concepts are prejudiced by
the mixing analogies of the older literature.
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particular argument which follows can and should be judged by less critical

standards than those used to judge the material of Sections I - ITI.

THE ILAVW OF THE WALL

The physical considerations which will be taken here as characteristic
of turbulent flow near a smooth wall are contained in an empirical similarity
relationship known as the law of the wall. For incompressible flow this
law has the form

; 55/, /5

= ¥f —_— = f(z) . (4-3)
/T A

When translated into compressible varigbles with the aid of the transfor-

mation formlas for u and y, this statement becomes

Ty u £ IHy,; v Tw/pw y
= — XX dy | - (+.1)
\/: AW \/; Hr ‘/; i

If the flow is incompressible, two alternative physical interpretations

are available for the relationship (#.3). One is that the edge of

the viscous sublayer, defined by specifying a suitable numerical value for

the function £ or its argument z, is a streamline of the mean flow. The

other is that the sublayer Reynolds number, defined by specifying a suitable
numerical value for the product fz, say, is a constant. Both of these in-
terpretations are expressed in terms which allow their immediate formal extension
to compressible flow. However, the first interpretation has now to be dis-

qualified on the ground that it requires the scaling function ¢ to be a



~30-

* s
constant. The second interpretation, which appears to be free of this

restriction, implies for compressible flow

puy ou, Py
R, = foz, = _S = = _s V/1 5 o dy = constant . (&.5)
m p Yo

THE SUBLAYER HYPOTHESIS

The last equation will now be manipulated in such a way as to suggest
a possible connection between the ratio p/o and the properties of the flow

in the sublayer. First, define a mean density Pg for the sublayer as
1 Is
oy = 2 [Foa, (1.6)
¥
s Yo

whereupon Eq. (4.5) can be written

Ps¥sVs

S n/o

= constant . (4.7)

Further, suppose that an equation of state is given in the form
T = T(p,p) = T(p) at constant p, so that a definite mean temperature
T, = T(ps) can be associated with the mean density defined by Eq. (4.6).
Suppose also that e viscosity law is given in the form p = u(T), so that a
corresponding mean viscosity He = u(TS) can be associated in turn with this
mean temperature.

*The suthor has previously attempted an extension of the first interpretation
to co?fﬁsssible flow, using only part of the full transformation given
here. This earlier paper, in which the quantity now called ouw/p was
denoted by pT/pw, includes a demonstration that this quantity (and hence o)
mist be independent of x if u/ »\/-rw7pT = f is constant on mean streamlines

of the compressible flow, Except for the one negative conclusion just quoted,
the discussion of compressibility in Ref. 1k may therefore be suppressed.



Finally, consider once more thc experimentally established properties
of the ratio p/o appearing in the denominator of Eq. (4.7). According to
Fig. 5, p/o is a quantity having the dimensions of viscosity and having
moreover a quite definite value at a given station in an adiabatic compres-
sible turbulent boundary layer at constant pressure. This value appears to
lie between Foo and M, and to approach the latter as the Reynolds number in-
creases for fixed Mach number. Now the mean viscosity Mg corresponding to
the mean sublayer temperature TS ought to have very nearly these same prop-
erties, not only for flow at constant pressure but for sdisbatic flow in
genereal. It is therefore natural to ask, especially sfter contemplating the
mumerator of Eq. (4.7), whether or not the quantities p/c and ug might in

fact be identical, If so, then

H)Ol "bO|

.—&_:
Ty

r(T,) L (.5)
Ty ~ :

(T ) Peo

< lo-

The first equality in this expression, the equality o = ﬁ/p.s, will be re-

ferred to temporarily as the sublayer hypothesis. This relationship evidently provides
the third condition needed to define the three scaling functions of the

transformation and is the main contribution of this report to the em-

pirical description of the turbulent boundary layer in compressible flow.

If the sublayer hypothesis is adopted, Eq. (4.7) becomes finally

pu.y
R = = constant . (.9)




The essence of this argument is the pr0posal* that the sublayer Rey-
nolds number RS may be independent of compressibility when the density and
viscosity are evaluated at a suitably defined mean tempersture Ts. The
constent R in Eq. (4.9), being determined by the properties of the law of
the wall for incompressible flow, is conceptually independent of viscosity
law, state equation, Mach number, Prandtl number, specific heat ratio, sur-
face-temperature distribution, hest-transfer rate, etc., in the compressible
flow, and may also be taken as independent of Reynolds number and pressure
gradient to the same extent as the law of the wall itself. On the other
hend, this constant will certainly be affected by surface roughness and by
mgss transfer, and it may possibly be affected by external turbulence level

and by changes in geometry such as the introduction of lateral curvature.

FLOW OF A PERFECT GAS

Given the sublayer hypothesis of Eq. (4.8), the immediate problem be-
comes the calculation of the sublayer mean temperature Ts. For this pur-
rose it is convenient to take the compressible fluid to be a perfect gas

having the state equation p = cRT, and to write from Eq. (4.5)

*Unfortu.nately this proposal is simply an invention, and like most in-
ventions is not unique. For example, the sublayer Reynolds number might
equally well have been defined, say, as the definite integral of fdz rather
than as the product fz. The mean density pg would then be replaced by a
mean mass flow, and the transition to a mean temperature and a mean viscosity
would become more difficult. Even the latter transition is ambiguous unless
it is assumed, as in the text, that mean thermodynamic variables for the sub-
layer are related by the same laws which apply for corresponding local varia-
bles. This assumption, however, requires the mean temperature to be treated
as a derived rather than a fundamental quantity. In this respect, as well as
in the application to the sublayer end the formation of the mean in terms of
an integral determined by the structure of the incomplete equations of motion,
the present definition of mean temperature differs from similar but more em-
pirical definitions in the heat-transfer litersture.
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This equation may first be put in the altermative form
y - z
Tszg_'—-fsTdy=Jz-'—fssz, (4%.11)
¥y o) s Yo

where z is the independent variable used to represent the mean-velocity
profile by way of the law of the wall, Eq. (4.3). The last result may be
rewritten once more in terms of the local stagnation temperature

T, =T+ u2/2cp and partially evaluated with the aid of Eq. (4.4) to obtain

s Ty 1 Zg To
—_— — 4 - — « 1l}dz , (4.12)
B, P z o T

] w

where by definition

(4.13)

z
<f2> (z.) = —l-fs Pz = £
s z o s

Y
s 2 8
uS f pdy

is the mean wvalue of f2 in the sublayer.

THE PUTATIVE CASE Pr =

The form of the last term in Eq. (4.12) calls attention to the impor-
tance of the special case '1‘o = Tw = constant, and suggests an examination

of the consequences of the full Crocco energy integral
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u® %
eT+7=— = ¢T = cT =-=— 1 (4.14)
2 o VT,

which is known to be valid for laminar flow with Pr = 1 if either the pres-
sure gredient or the heat transfer is zero. On using Eq. (4.14) to evaluate

the definite integral in Eq. (4.12), there is obtained

T o [o 9, He W
s - ¥ _ 1. <f> =3 - <f2> =t 5 ¥ s (4.15)
T 2

W Ps M P Ty /'rw/pw 7 Wy P

where by definition q = -(k 9 T/0y), end

£ (z) = %— /;zs faz = T . (%a26)

An interesting alternative form of Eq. (4.15) follows when T, w/P is replaced
by 7 Mio Cf/2 and q /TW is replaced by cp(‘l‘W - Tocn )/uoo , the latter from
Eq. (4.14). If M is eliminated from the resulting expression using the definition

T /T =1+ (r-1) 12 /2, and if C, is eliminated using Eq. (4.8), the

(o]
@©

result is the simple expression

T = T -
T ' o c o T C
il_sl = 1= <f> 1 - __T_g.g_ 4\/.2; - <f2>< T(D _ _'i‘2.1> f . (4.17)
W W W W

Given the Mach number end the wall temperature ratio for the compres-

£

"l

sible flow, therefore, the two formulas (4.17) and
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o

C = .'J.?g')_
£f - T
W

1—'-|£:'C

S

together provide a parametric relationship--with the viscosity law for
T p,(TS) as parametric function--expressing the local friction coeffi-

cient C, in terms of ﬁf alone. Once C is known, R, may be found from the

f
law of corresponding stations, Eq. (2.21), and the heat transfer may be com-

puted from the usual formula

o - S _
h pooumcp(Tw-To ) 2

. (&.19)
(e 0]

These results, of course, apply only for flows characterized by the
Crocco energy integral Eq. (4.14). Thus the Prandtl number must be unity,*
the wall temperature must be constant, and in all probability either the
heat transfer or the pressure gradient must be zero, although there is so
far no restriction on the viscosity law. Within these limitations, and in

particular for the case dp/dx = 0 s the only new empirical information needed

*For turbulent flow the validity of the Crocco energy integral Eq.
(4.14)--or of any other energy integral in analytical form, for that matter--
is a matter for conjecture. The most that can be argued from the linear be-
havior of T and u near y = O is that the integral Eq. (4.1k), if it is valid
at all for turbulent flow with heat transfer, can only be valid if the la-
minar Prandtl nunber is unity. It follows that calculations baesed on this
integral, which is to say calculations based on Egs. (4.17) and (4.19), can-
not be quantitatively correct for gases such es air, although they may be
useful as a means of estimating the effects of compressibility and heat
transfer on skin friction.

With regard to Eq. (4.17), it should be remembered that the quantity
Ty is actually defined, e.g., by Eq. (4.15) or more generally by Eq. (4.10),
without reference to conditions in the free stream. On the other hand, Egq.
(4.17) has the advantage of being independent of the form of the viscosity
law. Furthermore, Eg. (4.17) is readily applied to various special cases
of practical interest, including the case of low-speed heat transfer
M =0orT = Ty )3 the case of adiabatic flow (q, = 0 or T, =T, );

fe) F
@ fe o)
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is the numerical value of the sublayer Reynolds numbexr RS (or of any one of

the equivalent quantities fs’ Z.5 <f> or< f2 >),

THE FURTHER RESTRICTION u/T = CONSTANT

Tt will be recalled from Section III that the equations of motion for
laminar compressible flow could be reduced to incompressible form only for
a perfect gas with viscosity proportional to temperature. For turbulent flow
the latter restriction, although it mey not be necessary, also leads to a
particularly simple relationship between the local friction coefficients
Cf and Ef. If p is any explicit function of T, the sublayer mean tempera-
ture Ts can be eliminated from the parametric representation given by Egs.

(%.17) and (4.18). 1In particular, if u/T = constant there is obtained

C,
C. = ,

TN i g i R

where corresponding stations are now connected by Eq. (2.21) in the form

Q

CRy = Cp ﬁé . (k.21)

For flow at constant pressure, incidentally, the transformation for the
streamwise coordinate x can be found from Eq. (4.2), which has so far not
been used. In combination with Egs. (4.l) and (2.19), this equation can

be written

and the case of a very cold wall (T, = 0, say). Finally, Eq. (4.17) ex-
presses the sublayer mean temperature Tg as a linear combination of the
three characteristic temperatures Ty, To , and Ty; and thus bears a strong
resemblance to certain empirical formulas vhich are discussed at greater
length in Appendix B.



1 _ & _ 1 _op o, (h.22)
g a% oM, de

But o is equal to a/us by the sublayer hypothesis, and p_ is an implicit
function of 6 through the dependence of both ﬁé and “w/“s on Ef, a depend-
ence given by Fig. 4 in the one case and by the viscosity law and Eq. (4.17),
say, in the other. Thus for the special case To = constant and p/T = con-

stant, Eq. (4.22) and the definitions

dRg = dﬁﬁ
R, = 2=— , dR= = 2 — (4.23)
X C X
f C
hil
together imply
T \? T amé, | .
de = T 1l - T 1) — |4 R;C ’ (ll-.e)-l-)
@ s d 4n Ré

where ﬁi is known empirically as a function of ﬁé from a numerical integra-

tion of the second of Egs. (4.23). The spirit of this calculation, it should be
noted, is typical of most boundary-layer problems, in that x and X have to

be treated as dependent veriables whose evaluation is possible only after

the dependence of Ef on ﬁé has been specified in the definition Eq. (%.23).

THE NUMERICAL VAIUE COF RS

It remains to determine the numerical magnitude of the sublayer Rey-
nolds number RS. For this purpose the special formulas just obtained are
of academic interest only, as these formulas refer for the most part to the

flow of a fictitious perfect gas with Pr = 1 and p/T = constant. Ideally,
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the best procedure is a direct evaluation of Rs from the definition

(+.9), using measured values for u(y) and T(y). Such measurements
would first determine the ratio “s/“w = ﬁ/cruw, either by the methods al-
ready employed in Fig. 5 or more generally by a fit to the law of the wall
Eq. (¥.4). Given kg and & viscosity law, the implied value of T_ together
with the static temperature profile T(y) would then determine Py and Vs>
the former from the state equation and the latter as the upper limit of in-
tegration in Eq. (4.10). With Pgs Mgs Y, and ug = u(ys) known, the value
of Rs = psusys/ Mg follows immediately. Moreover, a comparison of values of
Rs obtained for various flows by this method would provide a fdirect and de=-
cisive test of the sublayer hypothesis. Unfortunately, the necessary meas-
urements have never been made, so that less direct and hence less decisive
methods must be found.

Consider therefore the general Eq. (4.12) rewritten in the form

+3

T
(L+e) = 1+ <‘L‘2>%%Z—£}-M2—f-, (4.25)

s

T Z T
e = <To- -1 = -];- f s -TB - 1)dz. ()-L.26)
W zS (o) w

Experimentally speaking, the unknown quantities in Eq. (4.25) are the

A
T
s

where

sublayer parameter < £= >, which is defined by Eq. (4.13), and the
auxiliary parameter ¢, which represents the effect of variations in
stagnation tempersture of whatever nature or origin. This parameter

¢ is presumably zero for adiabatic flow of g fluid with a



Prandtl number of unity. If the Prandtl number is not too far from unity,
however, the definition (4.26) indicates that ¢ will be of order 1 - r
for adiabatic flow, where r is the recovery factor. For the purpose of de=-
termining <f2> (and hence Rs) from Eq. (4.25), therefore, a relatively
rough estimate of ¢ should be sufficient. This estimate in turn requires
a knowledge of an energy integral, i.e., a relationship between temperature
and velocity such that To(y) in Eq. (4.26) can be expressed in terms of
u(y) and so in terms of f£(z). The most accurate measurements of To(y) in
adiabatic supersonic flow at constant pressure are probebly those by Noth-

Wa.ng(l5 ) and by Kistler, (26)

both of whom measured T ° using an unheated hot
wire as a resistance thermometer, The measurements in question, shown
in Fig. 6, suggest that the observed relationship between velocity and
temperature might be satisfactorily approximasted--in the region which is
important for the evaluation of e, and only for the purpose of this evalua-

*
tion--by the straight line

T
TO od) u (’-I- )
2 -1 = -1)2 . .27
TW TW uoo

But this empirical expression for adiabatic flow with Pr ;é 1 is for-

mally identical with the Crocco energy integral (4.14) for flow with

*The accuracy of this approximation for both low-speed and high-speed
flows with heat transfer has to be tested experimentally. It should be em-
phasized that the object here is to estimate the effect of Prandtl number
on skin friction, not to determine the heat transfer. Neither the deriva-
tive (3T/dy),, which is zero for adisbatic flow, nor the integral of
ou (TQ - T, ) through the boundary layer, which is constant for adiabatic

@
flow, can be correctly obtained from the empirical formuila (k.27).
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Fig. 6. Stagnation-temperature distribution in sdiabatic supersonic flow.
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Fig. T. Indirect evaluation of the substructure Reynolds number RS.
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heat transfer but with Pr = 1. It follows that ¢ can be computed in either

case from the formula

T

<f><$;‘,°-l

m'H:OI

) (4.28)

where <f> is defined by Eq. (4.16). It also follows that Eq. (4.17) for
the mean sublayer temperature Ts, although originally derived from the
Crocco integral, should also be reasonsbly accurate for air, at leastu when
the pressure is constant and the flow is nearly adiabatic.

Given Egs. (4.25) and (4.28), a simple iteration starting with ¢ =0
mey be used to find < f> and <f2> for the data previously collected in
Figs. 1 - 5. The final result of this iteration is shown in Fig. 7. The
heavy straight line in Fig. 7* corresponds to the values <f> = 17.2,
<f2> = 305; and the light lines illustrate the effect of Reynolds num-
ber on T w/Ts (or on ﬁ/cuw) at constent Mach number, an effect which was
originally cited as the major cause of the scatter in Figs. 2 and 5.

Whether or not the argument for a straight line in Fig. 7 is convince~
ing, one last inference to be drawn from this argument is that any such
line must terminate at a finite point which will be called the hypersonic limit.

The reason is that C_. varies as 1/1/1‘3D for large M, so that Tw/Ts is a

by
bounded function of both Mach number and Reynolds number. From Eq. (+.17)

*Pigure 7 shows the same date as Fig. 3, except that the ordinate in
Fig. 3 is /i rather than (1 + €)T,/Tg. Here and elsewhere in this sec-
tion, the sublayer parameters have been computed from the definitions, e.g.,
Egs. (4.5), (4.13), or (4.16), using the particular fumction f(z) tabulated
in Ref. 14, but with f reduced by 2 per cent for reasons set out in Appendix
A.
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it then follows, for <f2> = 305 and éfmax = 0,005, say, that 'I‘W/TS should have a
maximmm value of about 6 in adiabatic flow. Furthermore, the product

Mio Cf is equivalent to Tw/p, so that for fixed éf the ratio of T to p (or

t0 p cpT) should remain finite in the limit of large Mach mmber, despite the
fact that TW/qﬂD and p/qOO separately approach zero. Although these conclu-
sions are strictly correct only for the case of a perfect gas with u/T =

constant and To = constant, similar conclusions may be expected to hold for

real turbulent flows under appropriate conditions.

Finally, the over-all accuracy of the transformetion and of the experi-
ments may be tested by reducing the available supersonic data to equivalent
incompressible form. Values of Ef computed from Eqs. (4.8) and (4.17),
using experimental values for Cf ) Moo , T w/Tooo , the viscosity law, and the

sublayer constants, are superimposed in Fig. 8 on the low-speed friction

oXe]] o
* MATTING et al (He)

@ SUBSTRUCTURE

%0
pm/u’s C i * a . -
Pubw (20) .

COLES = e
HAKKINEN (1o}
KORKEGI (i 4
MATTING et al. (Air)t!?
SHUTTS et gl.¢12)
STALMACH 13

T
O X 8 O + p

I A It 1 1 1

Pata o 'O 100
Puft TR0

0.00i

Fig. 8. Friction data in compressible flow according to the transformation.
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curve of Fig. k. In view of the discrepancies which are already present in
the rav data as a result of unavoidable irregularities in tunnel conditions,
residual effects of tripping devices, and other causes, this

final correlation is entirely satisfactory.

THE NOTION OF A SUBSTRUCTURE

The sublayer constants of Section IV have now acquired the values

B> - s,
£y = 112,
£ = 19.8 ,
z, = 430 ,
R = 8500 .

]
At first glance the figure quoted for Rs is entirely unprepossessing, because
it is many times larger than the Reynolds mumber of perhaps 150 which is usually
taken to be characteristic of the viscous sublayer in turbulent flow. Equally
unprepossessing is the fact that the parameter RS, although it is formally de-
fined exclusively in terms of the properties of incompressible flows, seems to
play no explicit part in such flows. In other words, Rs seems to be important
only insofar as the effects of compressibility are concernmed, and can in fact
be determined only by a study of these effects.

It mey be possible to counter both of these objections by proposing e new
interpretation for the characteristic Reynolds number Rs. This interpretation
emerges from the study in Appendix A of the available data for low-speed flow
vwhen attention is focused on the inverse tramsition from turbulent to laminar
flow as the Reynolds number decreases under strongly disturbed conditions.

Not only is there a fairly definite critical Reynolds number for
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this inverse transition, but the limiting turbulent profile near transition
seems to be closely described by the law of the wall, Eq. (4.3), terminated
not far from the point (fs,zs) = (19.8, 430) which now defines the outer
edge of the sublayer. The analogy with the critical Reynolds mumber for
flow in a cilrcular pipe is clear, especielly since this critical Reynolds
nurber for pipe flow is known to describe not a situation marked primarily
by large direct dissipation of energy or by strong damping of velocity fluc-
tuations, but a situation marked by all the essential properties of turbulent
shear flow, including the ability to extract energy from the environment--
through the action of large eddies having & scale distinct from the dissi-
pation scale--at a rate sufficient to prevent the decay of the turbulence.
If this tentative interpretation is adopted for the boundary layer as well,
the region in question should probebly be given a special name to distin-
guish it from the ordinary sublayer. The term "turbulent substructure" is
therefore proposed as one which conveys something of the connection with
transition and at the same time indicates the subordinate role played by
this region in flow at large Reynolds mumbers.

Experimental evidence can be found both for and against the proposition
that the substructure parameter Rs can be identified with the limiting Rey-
nolds number for turbulent boundery-lsyer flow. According to the data plot-
ted in Fig. 10 of Appendix A, turbulent flow may have been observed at Rey=-
nolds numbers ﬁé = ﬁooé/; as small as 290, whereas the value of ﬁé which is
characteristic of the substructure flow (with ﬁa>5/§ = 8500) is 780. How-
ever, most of the profiles surveyed in Appendix A have been classified as
turbulent on the basis of indirect evidence, and there is no assurance in

some cases that the profiles nearest transition are fully developed in the
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sense, say, that the intermittency factor is unity near the surface. The
main difficulty in the case of boundary-layer flow is that the inherent in-
crease in Reynolds number with distance may act to convert a temporary and
abnormal response to a strong disturbance into a permanent one. No such
difficulty is encountered in the case of pipe flow, for which the critical
Reynolds number can be determined with good precision, regardless of ini-
tigl disturbances, simply by observing the flow far downstream. Preston
has used this property of pipe flow in estimating a minimum value ﬁé = 320
for the boundary layer, but his arguments also rely in part on a defect law
which is now known to fail at small Reynolds numbers.(l7) In fact, the
disappearance of the wake component in both pipe and boundary~layer flow as
the Reynolds number decreases almost certainly corresponds to the disappear-
ance of the large eddies which are primarily responsible for the transfer
of energy from the mean flow to the turbulence. This same point is also
‘made in Appendix A in comnection with a study of flows recovering from the
effects of tripping or thickening devices; and perhaps it is also relevant
here to mention the value §§ = 680 observed by Dutton for the asymptotic
turbulent boundary leyer with suction, a flow in which the wake component
is again absent and the survival of the turbulence is again marginal.(l8)
Another and less ambiguous approach to the problem of e limiting flow
can be made in terms of the maximum value of the local friction coefficient,
inasmich as the properties of any limiting flow should be suitable grist
for the mill of the transformation. In several of the previously cited ex-
periments with floating elements, transition was observed to move over the
element in response to changes in tunnel pressure or velocity or in response

to changes in the strength of a variable tripping device. The nmeasured



values of C £ are plotted against Moo in Fig. 9 without regard to the
max

corresponding values of RQ, which were usually not measured and might in

any case be difficult to guarantee. Also shown are some curves of constant

c £ computed for air and helium at wind-tunnel conditions with the aid of

the general transformation, using for the sublayer parameters the numerical
values just quoted. The figure indicates that values of (-Zf larger than
0.0048 are not in fact associsted with any of these flosting-element experi-
ments,* although strenuous efforts were made in most cases to stimulate early
transition to turbulent flow. Because these direct measurements are entirely
consistent with a plausible upper bound on C-:f supplied by the value 2/ fi =
0.0051 for the hypothetical substructure flow with ﬁa = 780, too great a
significance need not be gttached to the few cases encountered in Appendix

A for which larger values of Ef seem to be implied by the law of the wall.

*Mhe correction for gap effect (the inclusion of th? ﬁp ares as part
of the element area) has not been made for Dhawan's data, 19) as it amounts

to a decrease in C, of some 15 per cent. Figure 9 also confirms a conclu-

sion which the author reached and reported at the time of his own experiments; (20)
this conclusion is that the fence tripping device sometimes had the peculiar ef-
fect of inhibiting rather than stimulating transition.

By the term "wind-tunnel conditions” in Fig. 9 is meant that the stream
stagnation temperature for air has been taken to be 550°R for My < k.7, and
the_stream static temperature to be 100%R for My > 4.7. The increase in
Cp/Cs with increasing Mach number when C, is large corresponds qualitatively
to the change in sign of the factor nmltip]\ving bﬁ in the denominator of Eq.
(B«18). For the special conditions represented by the latter formula it then
follows that T,/T» is less than unity whenever Cp exceeds the value 2/<f®> =
0.0066. Since this condition cannot be met in en adisbatic flow in which T
decreases monotonically from Ty at the wall to T, in the free stream, a de-
finite upper bound in the neighborhood of Ef = 0.0066 1s seen to be inherent
in the formalism of the substructure concept itself.
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Appendix A

A MANUAL OF EXFPERIMENTAL BOUNDARY-LAYER PRACTICE FOR LOW-SPEED FLOW*

INTRODUCTION

The analysis reported in the main body of this report assumes an empiri-
ical knowledge of certain properties of turbulent boundary layers in low-
speed flow at constant pressure. The most important of these properties
is the value of the local friction coefficient, especially for low Reymolds
numbers. I have therefore felt obliged to undertake yet another survey of
the experimental literature, the survey this time being as complete as I
can make it from both the clerical and the critical point of view., Inas-
mich as I have found this survey to be highly instructive on the subject of proper
experimentel technique, I want to record some of my impressions here in the
hope that they may be relevant for future as well as for past research.

I have listed in Table 1 all of the papers which I know to contain ex-
perimental information ebout the mean-velocity distribution in turbulent
boundary layers on smooth surfaces in low-speed flow at nominally constant
pressure. BSome of these papers are listed primarily for the sake of com-
pleteness, and will not be represented in the later figures. The reason is
usually that the data are incompletely reported or that they contain certain
anomalies which in my opinion are not compensated for by some definite con-
tribution, either positive or negative, to experimental knowledge of the
problem. Thus the measurements by Baines(gl) are omitted because they were
carried out in a flow marked by high turbulence level and nonuniform pres-
sure, and because they are superseded by some later experiments by Land-

(22)

weber and Siao in the same tunnel under much improved conditions. The

*This and the following appendix record personal opinions of the author.



-50-

SUOT4BTaLI00 20edg T o2 *31d ydty wmr §°0
(x93
{UOT4BSUSPUOD } I3FSUBIY

ssew (19JsUeIq 38eH - - *BTp um QT
(£3700T84A)

8UOTJRYAIIOD 908ds~-oWl] 2t 6 ‘g *s91d *BTp W T

JaJsuBl] 483Y # o ‘2¢ ‘QT *s%1d *eTp Wt £°0

IaJsuedy 383y 9 L 314 ‘BIp MWm T

Jagswely J8sH -- -——— “B1p W Q°T

(178 ‘uorqons

P8NQTIISTD ) J3FsUBLY
ssBW {sqny UO3SaLy 61 ‘UMOD SFBATIL wr G*T X £T°0
sSuUOTIBNIONTI-N JO
Aq1sUsjuy fuotlsuUBLY -- —— SITA 10U UMUTETd
quewaTs FuiqBOTd T 2T 91 wz G0 X T°0
(xa3ea ‘uotjmodeas)
I8I5UBIY SSER -- 62 STqRL aaTM 40U Ua3sBung
(418 ‘3018 3® *moo 938ATId
BulaoTq) IaFsuvly SSBN 22 f6-L ‘z 8974 *8Tp wm T
suotjeniOoNTI-n

30 £3fsuajul -- G *91d *8TP Wh L°Q

daans
{sassaaqs sproukay € 4 "91d mr g X £°0
doang 1T ®lT *31d w g X €0
g9ssaI3s sprouksy 9 €2-61 ‘ST "sFd w G2 X LU0
409339 aBpa o2 ‘unzod 93BATIA (e%ex) *vTp Wm 9°T

(19381 ‘uoriBaodBAas)

J3Isu8ly sgul -- g *B1d SITA 304 usysdung
4S9I9qUT JO PaTPNIS 88 JO 80JINOg SUCTSUSWI]
BYEq I8YI0 8a71303d 3O aq013

Jaqumy

Iduag

9Bpa Jurpesy amIg

s59UYBNOT PAINQTAISTA.

uUoN
aucy

aUON

gsauwdnor xo

axgm f98ps Burpes g
auoN

|ITH

Topow Jo peasye adm]

axTA
f99pa JuppesT JuUnTd

S32UYENOX

{oBps Burpwel 3wTg
gsauydnox pajnqrIIsid
ssauydnox pajnqrIqsIq
BuoN

sutrd faxTM

Tepom 10 peays adsj
20TAS(q BuTddll

G00°0 UBY3 BIOW = YBTH
€00°0 03 TO0'0 = 339I5POH

I00T3 ToWMY

238Td PIpTaTUs ATTBTAISL

agetd weds-TTnd
238Td pPapTatuUsyf
age1d weds-TTng
aqe1d usds-Twyored

agerd weds-T1ng

a38(d weds-TIng

9997d weds-TTnd

2qe(d weds-tind

93uTd papTaTUsBUN

978Td PIpPTaTUs ATTBTIrEd

agerd weds-{ngd
9981d weds-Tnd
TTeA [suumy

yueTd paSiawqne AT{ETIIBL

a381d pepratus ATTETIBL

TPoH

T00*0 UBU3 $S9T = A0 +

1807 (p)x0f o
LUBTH xo¢Pd
4000°0 x2¢fo
LUBTH xo¢fo
OTQRIIEA (o )offo
-——- TaUUBYD I39BM
a0y oo
oo
‘C00°0 (p)aof P2
€000°0 (p o Po
L00*0 (p)x0fld
LUBTH x0¢fo
210°0 20400
4000°0 xoffo
4000° 0 xoffo
7000°0 x0¢fa
[ ue ],
4 99BISDOK (p) 20 ‘fo
JRETES] #UOT JeanITIUC)
aouaTngIn] Tauuny
LB el

TUNSSHId INVISNOD IV MOTd @AIS-MOT NI SHHAVI AMVANNOE LNFINGHAL JO SNOILVOLISIANI TYINIWIMEIXA

“T °TqBL

Lgét

ca6t

9£6T
66T

4434

8561

grét

9780

WesXSUMOD UBJ

weazjsdn weJy
uInax PIsoTo
wmjiazx uado
23l pasoro
13af uado

LT T T )
H
3]

(ggy™2ed

. ELIU-T
() ©F

Ammvmdﬂnm

Ammvuop.n:h bue sprespd

8I3pUNEBS PUB FpF
(1) IpuNBs PUB IP;

(g) "3

Aonvcuvg

( mﬂvswadnn

Ammvcﬂm pue YPULI3)

(g2) e

sautey
(1)

Fmvwacux:m<

TT3PPTH PUB SBUNNSY

(92)

. 3 SeuaNUsY
(¢2) T %

PUBTIND puB UBTTY

(#2)

( mmvagﬁoﬂd

Togany



-51-

suoyjenjonTI-n Jo

£379U9qUT {UOT3TSUBIL 1 7 B4
JaJsuBx) 989K £ 2 "%
(x18
BUTAOTq PAINQTIISTD)
19JSUBIY SYBR o1 11 ‘I seTqel
quaetpes? aunssaxd 6T e s9jeld ‘€ ‘1 salqel
(aye
fuoT3ons PaINQLIAISTP)
Jagsueay SSEN -- ===
I9FEUBI) 48aH -- s
2qn3 uojlsaad ot €2 saTqel
SUOTJBNRONTI-N
3o A3jsusgur 6 L1*2T *881d (€ oTqmelL
UITNGING
JO 3anjonigg T € *3a
sSuoT4eN3ONTI-n
Jo wnxg0adg 16 CT-eTg L‘G *s1d
[€a1]
‘uoT9oNE PIFNGTIISTR)
X23SUBIY SSER -- -==-
WBSILS
2313 BuT4eTT1290 - M
Ia3F8UBIy 98K -- #e ‘€e ‘84
20UaTNgINg
30 sanjonays
fX9ISUBI 183H 9 ot *B1d
I 6t IIA-1 5978l
ssasuyInoy €T Lt *3g
——— T *umod 93eatxd (T "S1d
389I93UT JO paIpPN3S 8387 JO ¥dIN0g
BRI JI3U30 93T130ad Jo
Taqumy

“8TP WX 4°0

*BTP um £°0

ysBy m 20

ydy ma T°0 ‘60°0

Y3y we G20
8ITA q0Y WNUTYETd

‘BTP Wx T

ysTq wm ¢2°0
axga qoy mmupgerd
fyBtq m 4E°0

STy wm ¢E°0

Y3y me 9°g

sI1A 304 WMUIFeTd

‘eTp Wt g°Q

mn 6°T ¥ L°0
a1 30U *a7-°3d
*eTp W €0

qsty mm G2*0

SUOTSUAMTQ
9qox3

SuoN

afpa Jurpvar unTqd

859UYBNOI DTSUTIHUT

daqs 98ps BurpeaT ¢SUON

SuoN
auol

#8pa Fuppest FunId

aJXTM4 ¢o8ps BuTpwLT untg

ssauydnox panqrIysIq

SNOT.IEA

suoN

sutd

e8pa JurpesT unTg

9ITMA afxe]
BuoN
o3ps Burpwsl NI

XM f98pa Surpwel unTd

907ABq Burddiay

(permpamos) T aTamy

600*0 UBY3 aI0W = UBTH
G000 03 T00"0 = 9IBIPON
T00°0 Weu3 8897 = AOT,

a3e1d weds-TTnd 200°0 (n)aof 2
9787d weds-TeT3IEd £10°0 (p)eoffo
FupTred Tauumy PELL:E &0 7 (n Jxoffa
X00TJ TauUNnL LUty (p)xofo
1TeA Tauuny, 1 379BIIPOY ? v.no. [}
2991d pepTatUsUn LUBTH x0ffo
9381d veds-TTnd 200°0 I0¢Pd
9387d weds-TTd STqUTIBA (oot fd
93e7d uweds-TTng £000°0 oo
oqu1d weds-TTnd £000°0 po o)
93e7d weds-TInd 1978I9DOH X040
JOOTI Touumy JTQeTIBA (njoffd
2381d papTaTysun LUSTH I0¢fo
Zoory TeUUNg Looo*o (n)xoffs
ageTd pepratysun LU3TH (p)aofo
279Td papTaTysUn LuBTH as‘fo
2381d PIPTSTUS PELGES el ] xoffo
TapoH 4+Tara] »UOTFRmMATIUOY
[DUITNQIN], Tauuny
wasIs

gE6T
L6t

LG6t
0661

2661
9261
8561

0961

HGET

66T

£C6T

9561
7261

GG6T
#261
9261
Lnét

a7eq

449

UWBAIISUMOD UeF
weazqsdn wey
WIN33L PIsOTd
wmjyax usdo
39 pasord

39f uado

&
o
x0
fo
Fo »

nwon

s1998d
(269)

wnunomo.v:m PUB 3aTemIBg

STA®] pPuB Lo
(<) Tent

Amiamnog

(gn) Foonquren uqﬂoz

o
:5« Taopr]

(22)°°S PUE Zeqampuw

(%) ‘T8 30 eurTy
(n) Jouweqary

o w8 Jyous
TBV.E TQ PUB JJOURQITH

(gn) X

(en vﬂOm STTeH

(1) *P e

(on vcomﬂoh.

Ammvnucnﬂu 8880 Jsp ueA

AWH vEUmqﬂm

(L6)™™H

Toyny



-52-

(sanssaad)
SUOTJBTALIOY 20uds-auWTL

suoTjENIONTI-N
Jo £qysuajul

quatTpead
aanggaxd ¢ gsauydnoyd

UOTOBISUT SABA-}OOUS
20USTNQING JO BANZONILS

quaTpexd aangsaxd
¢ ssauydnoy

SUOTIENONTI-N JO
A318u9quy {I9J8UBI] jUeH

833138 sprToukay
‘Ia)yswexy 3BoH

(auareysdau
‘uoTqEwITqns)

I3I8UBI3 98WH

aqny uo3saxd

SquaueTs Juryeold
quamate SupIBOLTd
UOTJFSURIY JO SOTWEUDDY

BUTTO0D WTTS
f{I939UBI3 3BOH

(sanqeaadmey
TTeA 3TqBTXeA)
JaJsuBIy) 3BSH

aqny uo3saxd

388I93UI 3O
®380 29430

L SUmoD 93BATI yITY W 9T°0
+T *UIIOO S3BATII (eex) *eTp mWa T
€y TImod 93BATII (esex) *BTP Wu T
.- 2 *Brd *eTp WA 2T
€ 2 "9 *eTP Wm T
o2 WIOD 33BATII (ayex) *efp wm T
-- me-- SITA 30H
29 ot ‘L ‘8914 8ITA 40U WNUTIBT
€ 2 "8l ysyy mz g2*o
oL III-I S9TqEL wmr g X 20
L gr ‘Tt °s31d y*8Tp WA T
2 £ %14 LuBTY Wr GE°O
- ¢ 81 yIy wr 170
9 1 9Tqel *BTP WM G*0
_— L 914 Yy m ¢T°0
€ 2 ‘B4 *eTp mm T
PaTENYS BjeQ JO @0INO0S 8UOTSUSWTQ
S3TTFOLd JO 8qoId
Jaqumy

s3e0 X1V

58pa BuTPEAT UNTH

epa BuTpwsy UNTH
uoy

a8pa]

$BpaT fafpe Burpes JunIg

a8pa BurpesT JUNTH

sgawBnoI pajnqraIetq

ITH

830 I1e

£98ps BuppsasT unTd
a9pa BurpesT IUMTE

auoy

auoN

adsy @vejans
£98ps Burpeal ML

SuoN

suoN

3oTARq FuTddTy

A panuy vnouv

*T 3T9BL

¢00°0 weyz axow = YITH

G000 ©3 TO0'0 = dIBIFIPON

Trea adid

oyeTd weds-TTnd

9qe1d ueds-TTrd
TTeA Tauum],

00T Tauumy

aye1d weds-TInd

2397d weds-TTJ

JOOTS Touumy

ageTd ueds-TT

o9e1d PapTSTUS
agerd weds-TInd

8367d veds-TTnd

FupTies Tauunyg

99u1d PIpTaTUsS ATTUIINEd
TreA ToUUNL

X007 Towmy

ToPH

100°0 WBU3 $SST = AOT,

La0] xo¢fo
usTH (n)zoffo
6200°0 (n)xoffo
LUBTH I0¢f2
90000 aofo
G200°0 (n)xoffo
STYBTIEA (2 pof o
010°0 x2¢fo
210°0 {n)zoflo
2000°0 2400
$998I3DON (n)xoffd
£000°0 ¢
1998IIPON (e o P2
G200 x0¢fo
1938I3PON (p)roffe
LydtH (p)roffo
RTTES1 #UOF 18IMITIUOY
IouUaTNQIN], ToUUMT,
weaI3s

6561

6t

€n6T
6n6T
66T

GH6T

€661

9661

096T

gG6T
OhéT
GG6t

HG6T

Lgér

4#G6T
h6T

238Q

WaaI}SUACY UBF
weazqsdn wey
wmgal peasord
wmgas uado
4a( pasord

(<9)

(29)

(09)

(®)
™
10
x0
o
fo »

0nonounonR

2ol uado

(gg)THELA

BITH
povvd.udn T

Jpreydath
(99)
UBTIN PUB UTTO

PUSSUMOT,

(%9)

(gg) T

*Te 30 BIEABING

:mvmown&m

u7235PTODH PUe UTHoS

J197TBH PUS UITWS

(6S)

(8¢)

119}

AOUNIN-Z3TNUDS

( hmw.w.woﬁmn.mg
PR Iomeqnyos

(o6 vdm 208
Ammvﬁﬁoﬁ%

(qeyoreRH

BUTF9aMG DU UO383LJ

Touny



highly competent measurements by Luadwieg and Tillmann(69) are not specifi-
cally included because they are in some respects a duplication of earlier
work by Wieghardt and by Tillmann.(63’66’67) The two related series of ex-
periments by Albertson(23) and by Cermak and Lin(29) are omitted because the
tungsten hot wires which were used were apparently subject to large and er-
ratic changes in calibration,* and I have not even been able to study the
influence of the unorthodox tripping device which was employed in these ex-
periments. A paper by Zysina-Mblozhen(Yo) is not included in the survey
because no copy is available to me. A turbulent-boundary-lsyer psper by
Nikuradse(7l) is not included because I think that this paper should not be
taken seriously, for reasons which will be apparent to anyone who consults

the original. And so on.

METHOD OF ANALYSIS

It is no secret that most writers on the problem of the turbulent

boundary lsyer tend to take an intensely personal view of their subject.

I should therefore state at the outset that I am definitely prejudiced in
favor of the similarity laws known as the law of the wall and the law of the
wake (or the defect law), primarily because I feel that to abandon these
concepts is to revert to the most primitive kind of empiricism in any de-
scription of turbulent boundary-layer flow. In particular, these similar-
ity laws are useful as a more rational criterion than that of simple major-
ity rule in the classification of the nearly 500 profiles represented by
the table. My first step in this process of classification has therefore

been to recover the original mean-velocity distributions in the form u(y),

*
?&g%lar difficulties with tungsten wires are mentioned by Kline
et al.
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removing where possible any corrections for probe displacement effect. My
next step has been to determine s parameter ﬁT for each mean~velocity dis-
tribution by fitting the central part of the profile to a logarithmic for-

milza of the form

e
(<1

in T o+c (a-1)

ﬁl'p‘:
i
|

When this fitting operation is carried out for a typical profile, as
shown in the adjacent sketch, the data near the free stream are found to de-

viate noticeably from the logarithmic formule. The maximum deviation will

=1
2l

>
..\::'Iﬁl

3

<]|



P-2k17

be denoted by Aﬁ/ir and will also be referred to as the strength of the
weke component for the boundary-layer flow. The accuracy with which this
quantity cen be determined is probebly no better than 5 or 10 per cent,
given a typical uncertainty of perhaps 0.0l in ﬁ/ﬁoo. Within this limita-
tion the parameter A ﬁ/ﬁT is found to be distinguished by an almost exqui-
site sensitivity to the history and environment of a particular flow, and
this property in turn makes possible not only a precise classification of
boundary-layer flows, but a refinement and rationalization of the similar-
ity laws which are implicit in the fitting operation itself. For the mo-
ment, however, my objective is to compare various profiles with one another,
and for this purpose no significance need be attached to the parameter ﬁT
or to the values of the numerical constants kK (eventually taken as 0.41)
and c (eventually taken as 5.0) in the logarithmic formula. In particular,
another choice for these constants would not noticeably affect the outcome,

at least so far as the process of classification is concerned.

THE EQUILIBRIUM BOUNDARY IAYER

One immediate result of the present survey is the tentative identifi-
cation of & normal (equilibrium, ideal, fully developed, asymptotic) state
for the turbulent boundary layer at constant pressure. For the experiments
which I believe to represent this state, the quantity Aﬁ/ﬁ,r is plotted
against ﬁa in Fig. 10. It goes without saying that there should exist a
well.defined relationship between the two quantities. However, it is per-
haps surprising to find that Aﬁ/ﬁT decreases, and hence that the traditional
momentum-defect law fails, for values of ﬁé less than about 6000. 1In fact,

the weke component seems to have disappeared entirely--and rather abrupt=-

ly--by the time ﬁé has reached a value in the neighborhood of about 500.
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The validity of this conclusion depends on the validity of the logarith-
mic formuls, in which it is commonly understood that the parameter ﬁT can be
identified with ~\[?;7§i Inasmuch as ;w wes not measured in any of the ex-
periments classified as normal in Fig. 10, the equivalence of iw and p ﬁf
cen only be tested indirectly, in terms of the spproximate equivalence of fw
and p Gaf d6/ax for flow at constant pressure. For the date of Fig. 10,

(%]
11. In this and later figures only the general level of the various curves

therefore, the ratio of d6/dx to ﬁf/ﬁbg has been plotted against R: in Fig.

is significant, since not only have effects of pressure gradients and three-
dimensionality in the mean flow been ignored, but no account has been taken
of the deleterious effects of turbulence, probe interference, and other fac-
tors in the determination of ﬁT and 6. There is also a large inherent un-
certainty in the calculation of d8/dx by graphical differentiation. The
real issue in Fig. 11, therefore, is not the validity of the relationship

T, =P 572 over the whole range of Reynolds numbers involved, but rather the
clessification of the flows in question as normal. To emphasize this point,
I want next to consider some flows which cannot be so classified.

MISCELIANEQOUS ANOMALIES

Some measurements are collected in Fig. 12 to show that good intentions
on the part of the experimenter are not always sufficient to guarantee a
normal state for a turbulent boundery layer. The classification of these
particular flows as anomalous is sometimes only a matter of degree, although
a check of the momentum-integral equation for these dats, as shown in
Fig. 13, 1s frequently highly unsatisfactory.

In sttempting to account for the observed anomalies, I think it is a
significent point of technique that practically all of the date which I

have called normal in Fig. 10 were obtained in closed wind tunnels on plates
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Fig. 12. Strength of the wake component in anomalous turbulent flow.
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having blunt leading edges fitted in some cases with a tripping device of
guite modest dimensions. The one exception to this rule is the experiment
of Mickley and Davis,(5o) in which the original boundary layer was removed
by suction through a forward compartment of the smooth screen forming the
working surface. On the other hand, much of the data which I have called
anomalous in Fig. 12 was obtained in open-jet tunnels using models not
equipped with adequate side plates. Examples are the measurements by Han-
sen, Reynolds, and Barrow.(38’55’28) Thus I feel sure that many of the
discrepancies encountered in the latter experiments can definitely be
blamed on three-dimensionality in the mean flow. That not even the direc-
tion of the departure from the normal state can be safely predicted in ad-

(58) and by Elias(35)

vance is clear on comparing the data obtained by Hansen
in what is presumsbly the same free-jet tunnel at Aachen. The experience
of Hams3T) (see Fig. 10) shows that adequate shielding of a model by side
plates or by a complete enclosure can overcome these difficulties., How-
ever, it does not follow, in view of the experience for example of Ashkenas

(ko) that a closed channel automatically insures a

EE_E£°(25) and Johnson,
satisfactory flow.

The work of Schultz-Grunow(58) is & major landmark in the experimental
literature of turbulent boundary layers, and deserves special considera-
tion. I have presented these data in Fig. 12 rather than in Fig. 10 be~
cause of a slight but consistent difference in the magnitude of the wake
component for Schultz-Grunow's measurements at 19.4 meters per second as

(66) at 17.8 and 33.0 meters

compared with later measurements by Wieghardt
per second in the same tunnel. The discrepancies involved are entirely

trivial by any ordinary standard, amounting to perhaps 1 per cent in the
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mean velocity in the vicinity of the point ¥ = & or to perhaps 2 per cent
in the local friction coefficient. When I consulted Professor Wieghardt
about this difference, he called my attention to his account of some
changes which were made in the Gsttingen tunnel after Schultz-Grunow's ex-
periments had been completed.(72) These changes were intended to reduce
the residual turbulence and large-scale rotation in the calming section
between the fan and the test section of the tunnel. A second honeycomb
and two screens were added, and the length of the calming section was in-
creased by 4 meters. Thus the test-section conditions in the later experi-
ments should have been appreciably closer to the ideal of an undisturbed
free stream. In particular, since the turbulence level was definitely re-
duced (to 0.0025) by these changes, I believe that the difference between
the two sets of data is probably associated with weak large-scale vorticity
which caused the flow studied by Schultz-Grunow to be slightly three-di-
mensional.

One or two comments should also be made about the experiments by van

(59) as these experiments have never been adequately re-

der Hegge Zijnen,
viewed in the light of contemporary experimentsl practice. Not only were
these measurements the first importent contribution to the experimental
boundary-layer literature, but they involved a use of the then new tech-
nique of hot-wire anemometry in & way which was years shead of its time.
On the other hand, there were a number of serious defects in the manage-
ment of the experiments. First, the plate model did not completely span
the tunnel, so that the test configuration had all the disadvantages of
the open jet and simultaneously had the disadvantage of an appreciable

negative pressure gradient caused by growth of the boundary layers on the
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test-section walls. Second, it was the free-stream velocity at each par-
ticular station, rather than the velocity at some standard reference sta-
tion, which was always adjusted to a predetermined value. Third, the model
was occasionally moved upstream or downstream in an unsystematic way as
various stations were surveyed, and this in a flow having a relatively high
level of deceying turbulence because of the presence of a honeycomb at the
tunnel entrance not far upstream of the model. Fortunately,

these factors do not altogether depreciate the value of van der

Hegge Zijnen's measurements.

FREE-STREAM TURBULENCE IEVEL

Effects of external turbulence level have so far not been considered,

although large values are associated with some of the anomalous data in

(39) yyscner, (49) (61) (55)

Fig. 12 (e.g., van der Hegge ZiJjnen, Spengos, Reynolds,
Sogin and Goldstein(6°)). To investigate this point, data for a few addi-
tional cases in which the turbulence level was deliberstely raised in order
to study any effects on the flow in the boundary layer are collected in
Figs. 14 and 15. I have tried to indicate by the size of the symbols the
measured or estimated intensity of free-stream turbulence for each profile,
the estimates in question being based on empiricel formulss for the decay of
turbulence behind grids. Except possibly at very low Reynolds numbers, the
effect of increased stream turbulence is to decrease the strength of the
wake component and thus to increase the local friction coefficient at a
fixed Reynolds number. Roughly speaking, the quantity Aﬁ./{.i,r can be expected
to decrease to sbout half of its normal value for an external turbulence

level of 0,018, and to decrease to zero for a turbulence level of 0.045.
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The amount of the decrease may also depend on Reynolds number and on the
scale of the turbulence, although the data are far from allowing either
effect to be determined quantitatively. In any case, the typical very
slow approach to the normal state as the external turbulence decays is well

illustrated in the measurements by Wieghardt.(67)

TRIPPING DEVICES~~-THE AFPPROACH TO EQUILIBRIUM

Several experimental studies have recently been made of turbulent
boundary layers which were artificielly thickened by verious means. In
principle, it is not difficult to increasse the momentum defect in a bound-
ary layer by injecting fluid of low velocity at the boundary or by making
use of the drag increment from isolated or distributed roughness elements.
All of these devices will also tend to promote transition, and they msy
sometimes be used primarily for this reason. In practice, however, it
seems that such techniques must be handled with care, inasmuch as a turbu-
lent boundary lasyer msy recover very slowly from the effects of certain
kinds of disturbances. This conclusion is based on the evidence of Figs.
16 and 17, which show the behavior of the wake component and the momentum
balance respectively for a number of such artificially thickened boundary
layers. These dats are quite instructive and will therefore be discussed
at some length.

Consider first the case of a boundary layer artificially thickened by
distributed roughness near the leading edge. If a flow at constant pres-
sure is characterized by a defect law which is insensitive to roughness,
then the quantity Aﬁ/ﬁT should increase sharply (inversely as the square

root of the local friction coefficient if M1 remains fixed) immediately on
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prassing from a rough to a smooth surface. It follows that the large eddies,
whose energy is measured on the average by the strength of the wake
component, will have too much energy compared with a normal flow at the same
Reynolds number. This surplus energy will presumably have to be disposed
of by the relatively slow process of transfer to progressively smaller ed-
dies followed finally by dissipation as heat. At the same time, the bound-
ary layer can be expected to adjust itself in such a way as to reduce the
local rate of transfer of energy from the mean flow to the turbulence. But

the local rate of energy transfer to the large eddies is itself measured

by the part of the product -u'v' o/dy having the boundery-layer thickness
as characteristic length, and thus sgain by the strength of the wake compo-
nent. It follows that there may be a tendency for the quantity Aﬁ/ﬁT to
decrease temporarily below its normal velue pending the transfer of any ex-
cess energy to a sufficiently remote part of the spectrum. Similar but
more emphatic statements should apply for a flow which is completely separ-
ated at a trip wire or spoiler and which then becomes reattached st some
point farther downstreanm.

These observations account at least qualitatively for the behavior of
the flows depicted in Fig. 16, and especially for the fact that the strength
of the wake component sometimes drops below the normal or equilibrium value
following a strong disturbance., 1In the case of the experiments by Klebanoff

Ly

and Diehl( with screen or sand roughness at low free-stream velocities,
the recovery is apparently complete by the time the end of the plate is
reached, and the momentum balance is also normal. It can safely be assumed,
therefore, that the later measurements by Klebanoff(uS) of the structure of

turbulence are representative of a turbulent boundary-layer flow in
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equilibrium. A similar statement can be made for Willmarth's observations

(68) to be teken up in Fig. 18. The situa-

of wall pressure fluctuations,
tion for the measurements of Favre g}_gi.(Bu) is only slightly less satis-
factory. However, the measurements of structure by Townsend(64) were made
downstream of a single relatively large spoiler. These data, although they
probebly correspond to a later stage of recovery than, say, the data of
Klebenoff aend Diehl with the 1/4-inch-diameter rod or the data of Till-
mann(63) with the ledge, are therefore likely to be representative of a flow
with an gbnormal distribution of turbulent energy.

It should be noted in Fig. 16 that the data of Klebanoff and Diehl for
the 0.040-inch-diameter rod at a free-stream velocity of 108 feet per sec-
ond do not appear to be approaching the normal state far downstream, in
spite of the fact that the wake of the thickening device has almost cer-
tainly been absorbed. This anomelous behavior seems to be typical of the
NBS data at the higher tunnel speed, as the flow with naturel transition at
108 feet per second is also anomalous (cf. Fig. 12), while the flow with
nstural transition at 50 feet per second as reported by Schubauer and Kle-
banoff(57) is nearly normal (but cf. Fig. 12). It is possible that the
anomalies in question are caused by slight distortions of the flat-plate
model by aerodynamic loads at the highest tunnel speeds, although this re-
mark is pure speculation. In any case, similar anomalies which might be
present in the data for the l/h-inch-diameter rod or for the sand roughness

at 108 feet per second in Fig. 16 are necessarily masked by direct effects

of the thickening device.
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FIOW AT LARGE REYNOLDS NUMBERS

The data so far considered extend only to values of ﬁé in the neigh-
vorhood of 15,000. When measurements at higher Reynolds numbers are treated
in the same way, as shown in Fig. 18, they are found to disagree both with
each other and, except for Willmarth's data,(68) with experiments at lower
values of ﬁé' In particular, if the elegant and elaborate measurements by

Smith and Walker(59)

are accepted as definitive, the concept of a defect
law mist be called into question.

I think it may be significant that a small but definite reduction in
scatter in the values of Ai'i/ﬁ‘r for the data of Smith and Walker can be
achieved by plotting these values against Reynolds number per unit length,
as shown in Fig. 19, rather than against ﬁé directly. In other words, the
strength of the wake component for these experiments seems to be constant
along the model for a fixed tunnel condition, implying a defect law whose
parameters depend on tunnel conditions rather than on distance from the
leading edge of the model, This observation in turn suggests that some fac-
tor such as external turbulence level, probe interference, or three-dimen-
sionality may be affecting these data. Stream turbulence can probably be
eliminated on the ground that measurements by Boltz Eﬁ;ﬁi'(75) in the same
tunnel show values much toc low to account for the observed effects. Three-
dimensionality is a possible but somewhat improbable source of difficulty,
inasmich as the momentum balance shown in Fig. 20 is satisfactory. By con-

(2k)

trast, the data of Allan and Cutland in Fig. 18 refer to & towed model

with a free edge. Three-dimensional effects were definitely present near
this edge, and were investigated in some detail. The data of Willmarth,(68)

finally, are presumably free of three-dimensional effects, in view of the
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Fig. 18a, b. Strength of the wake component at large Reynolds numbers.
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circular symmetry of his channel, although there may be some influence of
the slight negative pressure gradient.

Smith snd Walker, having made direct measurements of ?w for most of
their mean-velocity profiles, adopted the view that the law of the wall in

the form

u 1 y 1/?;73

—_—3_ - Ly L ¥ ie (a-2)
could be taken to be independently defined by their data. Figure 21 shows
a typical profile at Ry = 26,600 in the coordinates of Eq. (A-2), with T,
the directly measured value corrected for gap effect.* The solid line in
the figure is Eq. (A-1) with k = 0.41 and ¢ = 5.0, as determined by a con-
census of other measurements; it is a fit to this line which defines GT.
As shown by Fig. 22, which also includes measurements by Schnltz-Grunow(58)
and Dhavan, 19 the ratio T /5 ﬁf is roughly 0.98 for the data of Smith
and Walker over the whole range of Reynolds murbers. The data in question
therefore support the law of the wall in principle. Unfortunately, any
reasonable revision of the constants k and ¢ in going from Eq. (A-1) to

Eq. (A-2) in order to produce sgreement in Fig. 21 will not remove the

x.

My own experience with the floating-element technique has convinced
me that some account should be teken of the finite drag of the gap around
the element. Because of symmetry, half of this drag should act on the ele-
ment and half on the surrounding surface. The gap drag is unlikely to be
less than the drag on an equal area of unbroken surface, and can reasonably
be estimated at twice this value. I have therefore recomputed T_ as (meas-
ured force)/(element ares + gap area) for all of the floating-elément date
considered in this report, including my own. The correction in the
case of the measurements by Smith and Walker, by Schultz-Grunow, and by
Dhewen is 1 per cent, 2 per cent, and 15 per cent respectively.
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Fig. 22. Comparison of -'FW and 51_15 for floating-element friction data.
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difficulties in Fig. 18. On the other hand, the variations in the strength
of the weke component for Smith and Walker's data in Pig. 18 can be reduced
by sbout half if the solid line in Fig. 21 and the measured value of %w

are both accepted as correct, but u or ¥y is assumed to be in error because
of probe interference, say (cf. the similar but more serious difficulties
reported by Matting gz;gi.(l) at high supersonic speeds). However, it is
then necessary to explain why similar effects of probe interference are not
present in Willmarth's data, since the tripping devices, probe dimensions,
Mach numbers, and unit Reynolds numbers were quite similar in the two ex-
periments. I am willing to leave this dissue open, noting only that it
seems to be necessary to choose between two alternatives: either (1) some
of the experimental date at large Reynolds numbers mst be questioned, on
grounds which are at present obscure; or (2) the similarity lews for the mean
velocity profile, particulerly the defect law, are not valid at the high

level of precision attempted in this survey.

THE LOCAL FRICTION LAW

Starting with the locel friction coefficient Ef(ﬁs) given by the

formils (74)

'*‘C"’"'("' P (a-3)

a more convenient expression for Ef(§§) can be obtained with the aid of

the definition

- (e8] ﬁ a -
e = f - 1l - p— dy > (A-)-#)
e} u u



where

- a yu -
3. X [f _1 +% wi(Z } . (4-5)
ucn uoo v el

The functions f(iﬁT/G) and w(y/8) in Eq. (A-5) have been tabulated else-
where (for f see Ref. 14 » but note that f is now reduced by 2 per cent, so
that the constants K and ¢ are to be taken as 0.41 and 5.0 respectively;*
for w see Ref. T4). The parameter I is given as an empirical function of
ﬁé by Fig. 10; it increases from zero at gbout ﬁé = 500 to an asymptotic
value of 0.55 (Aﬁ/ﬁT = 21l /k = 2,70) for 1‘1'5 > 6000,

Figures 4, 8, and 23 and Table 2 show the local friction lew and re-
lated quantities as computed from Eqs. (A-3) - (A-5). For ﬁé > 20,000 the
relationship between 6 and 5 and between 5* and & can be obtained directly

from the asymptotic formulas

u g¥
Kk == 2 = 1+1 , (a-6)
u, o]
- 2 -
Yo 3 Yo
k = 2 = k = (1+1) - (2 + 3.2000 + 1.5221F) , (A-T)
u 5 u
T T

*W most important reason for this revision can be documented with the
aid of Fig. 3. Whatever the motivation for choosing the particular coordin-
ates in this figure, the fact remains that these coordinates lead to a sa-
tisfactory correlation of the floating-element measurements in supersonic
flow, with very little residusl effect of Mach number and Reynolds number.
If the low-speed friction law is obtained by the fitting operation described
in this eppendix, but with k = 0.40 and ¢ = 5.1 as recommended in my earlier
pvapers, the best straight line in Fig. 3 seems to intersect the vertical
axis slightly above the point (0,1). Inasmich as the extrapolation in ques-
tion amounts to the inference of & low-speed friction law from data obtained
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Table 2

THE LOCAL FRICTION IAW FOR THE TURBULENT BOUNDARY IAYER

AT CONSTANT PRESSURE

511T _ - % _
= 1 e Rg 5 CsRs
240 0 .00590 ko5 1.535 2.51
300 .12 .00524 590 1.500 3.10
koo .23 .00L6k 855 1.470 3.97
500 .30 .00L26 1150 1.hk5 L.88
600 .36 .00398 1450 1.425 5.T3
800 .43 .00363 2050 1.405 T4l
1000 A48 .00340 2650 1.390 8.9k
1500 .53 .00308 k150 1.365 12.75
2000 .55 .00290 5650 1.35%0 16.36
3000 55 .00269 8600 1.325 23.2
4000 55 .00255 11500 1.315 29.6
5000 .55 .002L6 14500 1.305 35.9
6000 .55 .00238 17500 1.295 41.8
8000 .55 .00227 23500 1.290 53.6
10000 .55 .00219 29000 1.285 64.8
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which neglect the effect of viscosity in the sublayer, in the sense that
f(iﬁT/O) in Eq. (A-5) is replaced by (1/«x) in 8 ﬁr/; +c+ (1/x) en y/5.

In the range ﬁg > 10,000 the data in Fig. 18 indicate a slight decrease in
the parameter II, but the evidence is not really conclusive. I also have
some reservations about the local friction law in the range ﬁg < 6000. The
behavior of the boundary-layer flow in this region is reminiscent of the
slow initisl approach to full similarity in a free shear flow such as a
wake or jet and can be interpreted either as a development of the large-
eddy structure toward equilibrium or as & change in the conditions defining
equilibrium. Under these circumstances it masy not be proper to refer to
the flows in question as normal or as fully developed. On the other hand,
this behavior is typical not only of the data plotted in Fig. 10, but also
of the data plotted in Figs. 12 and 14. Thus there is substantial evidence
in favor of the existence of the hypothetical substructure flow defined in
Section IV as a real limiting flow, and experiments dealing specifically

with this point seem to me to be worth while in spite of their difficulty.

SOME IMPRESSIONS

Perhaps the most important point to emerge from this study of experi-

mental data is that it is not s0 easy to produce & normal boundary layer

in compressible flow, consistent results can best be achieved if the val-
ues of Cy are increased by about 4 per cent, or the values of the function
f(z) defining the law of the wall are reduced by about 2 per cent (except
of course near z = O, where £ - z). Other evidence can be found to support
this revision; e.g., the resulting friction law for low-speed flow in Fig.
4 is a rea?on?bly good fit to the fl ating-element measurements by Smith
and Walker(59) ana Schultz-Grunow, (5 ) at least in the range where these
dats overlsap. ‘



as is commonly supposed. Such a layer once produced can be easily recog-
nized--for example, by means of s joint test of momentum balance and of the
magnitude of the wake component in the manner demonstrated here. Consider-
able care should be exercised in the choice of tripping or thickening de-
vices, as the recovery of a boundaery-layer flow from strong disturbances
may be very slow and may involve three-dimensional effects. A blunt lead-
ing edge seems to be a satisfactory tripping device for most purposes.

In fundamental work it is desirable to limit the external turbulence
level to a value well below 1 per cent, and to remove any large-scale rota-
tion produced by fans or compressors located upstresm of the test surface.
Even so, difficulties with three-dimensional flow should be expected, es-
precially in tunnels which are not fully enclosed, and any model mounted in
an open jet should be carefully shielded. One test for two-dimensionality
sometimes used, & comparison of profiles measured st several stations across
the flow, has at most a negative value. Some attention should be paid to
the advantages of configurations having axial symmetry, as used for exsmple

(68) This sugges-

by Feindt,(75) Brevoort and co-workers,(76) and Willmarth.
tion is)of course, not original here and is most relevant for flows involv-
ing separation or reattachment.

If scatter is to be avoided in measurements extending over a considerable
pericd of time, it is important to monitor secular changes in Reynolds num- |
ber caused by changes in fluid density or viscosity. One technique worth
considering is the use of mltiple impact tubes or hot wires. The rake de-
veloped at Gottingen (Wieghardt(77)), for example, was undoubtedly a signi-

ficant factor in the success of the experiments in the roughness tunnel.

For estimation of surface shearing stress the Preston tube (Preston(5h))



provides a means so simple and relisble that its use ocught to be made com-
pulsory. Finally, more emphasis should be put on hot-wire instrumentation
in measurements of meen velocity and mean temperature.

One interesting by-product of this survey is the observation that none
of the low-speed measurements using floating elements (Schultz-Gnmow,(ss)

Dhawan ,(19) Smith and Wa.lker(5 9)) seems to be completely free of anomalies.
A similar statement applies for several experiments aimed at the problem of
lov-speed turbulent heat transfer (Elias,(>>) Johnson,(*°) spengos,(61)
Reynolds,7) and others), although it does not follow that the usefulness
of the heat-transfer data is seriously impaired. By contrast, two recent
experiments aimed at the problem of mass transfer (Dutton ,(18) Mickley and
Davis (50)) recommnend themselves, so that the associated measurements with
Vo different from zero can be treated with some confidence. In future re-
search in heat and mass transfer, more effort should be made to work in
terms of local conditions. In the present state of the art, it is similar-
ity laws for mean velocity, mean temperature, and mean concentration which
seem to provide the best means for correlation of data from various sources.
Unfortunately, the validity of the commonly accepted similarity laws is un-
der a small cloud at the close of this survey, and further measurements of
skin friction are needed at large Reynolds numbers in low-speed flow in
order to clarify this question. For this purpose it is probably better to
achieve a large Reynolds number by increesing scale, i.e., by using a large
facility, rather than by increasing velocity or density or both.

Finally, I will make & plea for experimenters to report their results

more completely, either in graphical or in tabular form, for the sake of



future studies like the present one. At any given moment the last word
on the subject of turbulence may be an analytical one, but the next to the

last word is usually experimental.



Appendix B
THE RELATED ANALYTICAL LITERATURE

THE EFFECTIVE-TEMPERATURE HYPOTHESIS

Because the analysis presented in this paper has elements in common
with several previous contributions to the literature of turbulent compres-
sible flow, a brief review of the relevant literature is in order. This
review will consider, without esttempting to be exhaustive, (1) the concept
of a mean or effective temperature as a basis for estimating the effect of
compressibility on turbulent skin frietion; (2) the concept of a laminar
f£ilm, or sublayer, whose properties control the friction and especially the
heat transfer; and (3) previous work on transformations designed to reduce
the equations of mean motion partly or wholly to incompressible form.

The main assumptions of the effective-temperature hypothesis are that
& friction law is given for incompressible flow in the form Ef =C f(ﬁ), and
that this same law is valid for compressible flow provided only that the
density and viscosity appearing in the friction law (as distinguished from
the density end viscosity appearing in the definitions of C £ and R) are eval-
uated at a suitably chosen mean or effective temperature Tm'

In other words, C ¢ and R are to be replaced in the friction law by

= 2 ar Poo 2 Ty Po
C p = 5 = 5 5 = 5 C 5 (B-1)
P oo Po Yoo
and by
s Pt L B e} 590_ pOOuOOL ] Pm Ho B (3-2)
P Po Mm Moo P Hm

respectively. These two relationships, insofar as they provide rules for
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computing C, and R when 5f and R are given, are equivalent to a transforma-
tion. The proper choice of the reference length L in Eq. (B-2), however,

is obvious only for certain special cases of laminar flow. For example,

if the pressure is constant and the filuid is a perfect gas with viscosity
proportional to temperature, the combinations C f.\/_R; and C.R, are known

to be independent of Reynolds number, Mach number, Prandtl number, and heat-
transfer rate. It follows that the equations C g = c me/TCD and

I'{L = RL(Tco /Tm)e will be consistent for an arbitrary choice of T if L = x,
but will be inconsistent if L = 8. In the latter case it is evidently

necessary to put,instead of Eq. (B-2),

= Pap Y ° Po  Poom © o
Ry = m = 5 = R, (B-3)
m m o My
or perhaps
= pmuco © pm pcn ucn © pm
RQ = = = RQ * (B"h’)
o Po Mo Poo

Thus, if L = @, the viscosity or the density, but not both, should be eval-
uated at the mean temperature T . Alternatively, Eq. (B-3) can be derived
by assuming that Eq. (B-2) is correct when L = x and that mean and local
friction coefficients should transform according to the same rule.

The quantitative formulation of the effective-temperature concept*

begins with a combination of Egs. (B-l) and (B-2) in the form

*The real origins of this concept are to be found in early work on
heat transfer in enclosed channels. For such problems the idea of & bulk
or mixing-cup temperature arises quite naturally in any heat-balance calcu-
lation. In this review, however, I will restrict myself to the concept of
mean temperature as it has developed in the context of the boundary-layer
equations for compressible flow.
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C, —\/Rx = -~ cfjlﬁx (B-5)
m m

which is appropriate for laminar flow with similarity when the pressure is
constant. If the fluid is a perfect gas but the viscosity is not propor-
tional to temperature, the product Cf 1/§;-will depend on Prandtl number,
Mach number, and heat-transfer rate., This dependence can first be deter-
mined with the aid of exact solutions of the laminar-boundary-lsyer equa=-
tions, whereupon Eq. (B-5) can be used to find an appropriate value of Tm’
hopefully as a linear combination of T_ , T, and Tog, (or Ta,,» the adiaba-
tic wall temperature). This formula for T,» in conjunction with the rela-
tionships (B-1) -~ (B-2) with L = x, then serves as an interpolation and
extrapolation device for estimating skin friction and heat transfer when
exact solutions are not agvailable.

The argument given here for laminar flow was first outlined by von Karman
in his Volta Congress paper of 1935.(78) Von Karman also suggested a similar
interpolation device for turbulent flow and proposed as a first approximation
for ?m the wall temperature Tw' The qualitative accuracy of this intuitive sug-
gestion has been well established by & gradual accumlation since 1935 of exact
solutions of the laminar equations on the one hand and of experimental data for
turbulent flow on the other. An almost direct line of descent from von Kerman's
formulation to0 the one in use today can be traced through papers by Rubesin

(81,82)

and Johnson, (79) Young and Janssen, (80) and Eckert. Experimental

contributions to the turbulent problem have also been made by Tucker, (3)

Sommer and Short ,(81")

and others. Eckert, in particular, has acquired a
kind of proprietary interest in the reference-temperature method by virtue

of his participation in applications of this method to laminar problems
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marked by chemical changes such as dissociation and by variations in
surface pressure and temperature. As a result, his 1954 formla for the

reference temperature Tm )

T = o.5o(Tw + TOO) + o.22(Ta ) s (B-5)

-7
m @
W

is frequently quoted, as is an equivalent formulas for reference enthalpy.
At least two writers (Rott,(85) Burggraf(86)) have derived formulas similer
to Eq. (B-6) by assuming that the characteristic temperature for turbulent
flow is the temperature at the edge of the sublayer (but see also my com-
ments following Eq. (B-13) and following Egs. (B-15) - (B-17) of this ap-
pendix). In these two papers, however, the main object is to determine not
skin friction but heat transfer in terms of skin friction, and the mein em-
phasis is therefore on the question of an energy integral for turbulent
flow. A formmla similar to Eq. (B-6) has also been derived by Monaghan(87)
using a mean representation of the Crocco energy integral.

In most of this work the independent variable has been the Reynolds
number Rx’ for reasons which have little relevance for turbulent flow. One obvious
difficulty is that there is no generally accepted definition for Rx in &
turbulent boundary leyer. Thus Eckert's formula, Eq. (B-6), requires
ﬁx/Rx = (Too/Tm)2 to be & rapidly decreasing function of Mach number (i.e.,
Tm/Too =1+ 0.72 r(y-1) Mi)/z for adiabatic flow), and there is no assur-
ance that turbulent compressible flows cannot be observed at values of Mﬁo
and Rx such that ﬁx is smell enough to be off scale from the experimental
point of view., If such cases occur, extrapolation of a particular enalyti-
cel formule for Ef(ﬁx) to low Reynolds numbers in order to generate values

for C, and C; is a questionable procedure at best.
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It is therefore unfortunate that mich of the conceptual simplicity of
the effective-temperature method is lost in working with local quantities,

as for example when Eq. (B-1l) is combined with the awkward Eq. (B-3) to

obtain
- - Poo oo
chg = e cf RQ . (B-7)

This expression bears a superficial resemblance to the law of corresponding
stations, Eq. (2.21) of the text. The law of corresponding stations, how-
ever, is part of a genuine mapping of physical flow varisbles, while Eq. (B-T7)
is probably best described as a plausible but somewhat arbitrary relationship
between certain dimensionless parameters of the problem. The same distinction
cen be made between Eqs. (4.17) and (B-6) for the characteristic temperatures
T, end T respectively, and between Eqs. (4.18) and (B-1) for the local fric-
tion coefficients. In fact, for the case of viscosity proportional to temper-
ature the latter two equations become formally identical when Ts is identified
with T _, and Eckert's formula (B-6) for adisbatic flow can then be plotted in
Fig. 5 as the straight line Tm/Tw =T E:f/'rwcf = 0.72 + 0.28 TJTW. Granted
that a better over-all fit to the turbulent data might be achieved by using
Eq. (B-7) as law of corresponding stations and by asdjusting the numerical con-
stants in Eckert's formila, a more important point here is that this formla
must remain incapable in any case of representing the effect of Reynolds num-

ber in the figure.

THE LAMINAR-FILM HYPOTHESIS

A second empirical approach to the problem of the turbulent boundary

lsyer is based on the film or sublayer hypothesis. For incompressible
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flow, for example, the assumption is that the mean-velocity profile can be
sdequately represented by a combination of a linear profile = ?wi/ﬁ near
the wall and by, say, & power law ﬁ/ﬁoo = (i/S)l/n elsevhere in the bound-
ary layer. The two curves intersect at the edge of the sublayer, where u
end ¥ have the values ﬁf and §f respectively. Once the ratios ﬁf/ﬁcg and
§f/5 have been evaluated in terms of Ef and Rz, it is clear that one fur-
ther condition relating ﬁf to if will determine s local friction law in the
form éf = Ef(ﬁs). The condition in gquestion may be obtained by assuming a
constant sublayer Reynolds number R, = ﬁfif/G, or alternatively by assuming
o constant ratio of laminar to turbulent shearing stress at the edge of the
sublayer, the stresses being evaluated with the aid of a suitable mixing-
length formila. For the case of a power-law profile outside a linear sub-
layer these two assumptions can be shown to be completely interchangeable.
This formulation of the film hypothesis was begun independently by
Prandtl(88) and Taylor(89) in comnection with the problem of turbulent heat
transfer. It was later carried essentislly to completion by Prandtl,(9o)
who derived a suitable sublayer condition from the Blasius local friction
law rather than vice versa. The formilation described here is due to
Donaldson,(gl)* who also extended his analysis to the case of high-speed
flow by assuming in effect that the film Reynolds number, redefined as

Rf = fufyf/p.f, should be uneffected by compressibility or heat transfer.

*I believe that Donaldson's paper deserves & prominent place in any
review of the analyticel literature of the compressible turbulent boundary
layer. The reason is that this paper has stood almost alone, pending the
Pirst applications of coordinate transformations to turbulent flow, in re-
cognizing the increase in the relative thickness of the sublayer at large
Mach nmumbers as the dominant effect of compressibility.



The new variables e and Ko at the edge of the sublayer appear both in Rf
and in the formule 7_ = pfuf/&f, and they can be determined once a viscosity
law and an energy integral have been specified.

Among the relationships derived explicitly or implicitly in Donaldson's

original paper are

T u l-n
(<) f hig
e = 25 7 \a_ ) (8-8)
© 00
2
2 Tca uf
Cf = 5 or ol ) (3'9)
g £ @®
T u 2
Tl o222 | = , (8-10)
T 2 w u
® @

where it has been assumed for the sake of simplicity that '1‘o is constant
and that p is proportional to T. The first of these equations follows on
eliminating Ye between the linear and power-law profiles at their inter-
section;* the second on eliminating Ve in favor of Rf in the linear profile;

and the third on putting u = u, and T = Tf in the energy integral

C.T+ u2/2 = C_T = constant.
P po

If now uf/uoo is eliminated between Eqs. (B-8) and (B-9) on the one
hand and between Eqs. (B-9) and (B-10) on the other, & local friction law

for Cf(Re) is obtained in parametric form as

*Tables of the ratio ©/5, which depends on My, on TW/TQD, and on the
exponent n in ?ge power-lew profile, have been published by several authors
(e.g., Tucker, 3) Persh and Lee 923) for the more general demsity-velocity
relationship given by the Crocco energy integral.
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1-n 2= -
= [T \ntl nt+l
1+n @ o)
Cf = 2 R-f ,-I,;—> <-§ RQ> R (B-11)
T R
LA oz
T, " 1+ 3 ”é; Cr - (B-12)

7, Eq. (B-11) becomes the Blasius law Cp = 0.045 Rs-l/u,

For Mﬁo =0 and n
in which the numerical coefficient 0.045 implies the value Rf = 158 noted
by Donaldson.

Tt is worth noting that Eq. (B-11), which is the same as Eq. (17) of
Donaldson's paper (TN 2692),(91) can be rewritten for & general viscosity

law in the terminology of the effective-temperature concept; thus

len - 2
21 — pu By —=
W l+n f o0 n+l
= 2Rg (—-;;—“) . (B-13)

pfuoo

Within the limitations of the power-law approach, therefore, the local fric-
tion law in the form Cf = Cf(RS) is Pfound to be unaffected by compressibil-
ity or heat transfer if the density and viscosity are evalusted at a film
temperature Tf vwhich is defined for the case of constant stagnation temper-
ature by Eq. (B-12). Consequently, one effect of the special essumptions
of the film hypothesis, as compared with the much less specific assumptions
of the effective-temperature hypothesis, is to provide an explicit formulse
(showing a weak dependence on Reynolds number ) for an effective temperature

T The film analysis, however, does not appear to be equivalent to a

P
transformation, as no rules are provided for the identification of corre-

sponding stations.
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Finally, the close resemblance of the formuls (B-12) to the cor-
responding case of my Eq. (4.33) )

T 2

o f ’ (B"l,'!' )

also deserves a comment. The linear sublayer profile is a rudimentary form
of the law of the wall, and the condition Rf = constant is a general conse-
quence of the latter law, at least for the case of incompressible flow.
Donaldson's intuitive and indirect extension of this condition to the com-
pressible case (in terms of the ratio of shearing stresses rather than the
Reynolds number Rf , and without benefit of any real similarity law for the
mean-velocity profile) sets a precedent which I am pleased to follow, How-
ever, my own arguments at the beginning of Section IV proceed by way of the
full law of the wall, the trensformation, and the presentation of experimen-
tel data in Fig. 5, and the most important element common to the two ap-
proaches is the emphasis on conditions within and near the edge of the sub-
layer. Moreover, Donaldson apparently did not notice--perhaps because he did not ac-
tually write out Eq. (B-12) or perhaps because his analysis neither suggested
nor required such a result~-that the effective temperature ratio T:E'/Tw in
this equation is in fact a function only of y and 'rw/p and is thus formally
independent of conditions in the outer flow, including the exponent n in
the power-law representation of the mean-velocity profile.

An analysis not unlike that of Donaldson has also been described by
Spence,(93 ) who conbined & power-law outer profile with the law of the wall
near the surface, the two curves intersecting (more properly, osculating) at

a point in the logarithmic region of the letter law. On matching the
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velocity gradients as well as the velocities at this point, he obtained a
pover law for Ef(ﬁb)‘ Spence's treatment of the compressible case in-
cluded the substitution of p for o and w, for g, with Py 8nd b evalusted
at Eckert's mean temperature. He also introduced a partial transformation
by substituting n = f y(p/pm) dy for y. The resulting locel friction law
differs only slightly grom Donaldson's formula (B-13). Spence also
examined a limited amount of experimental data in transformed coordinates.
His most significant contribution to the problem of the turbulent boundary
layer, however, is probably his ingenious derivation of a power-law shear-

ing-stress profile for use in the integration of the energy equation.

TRANSFORMATIONS

The prior art in trensformation of the turbulent-boundary-layer equa-
tions begins with papers by Dorodnitsyn(s) end Ven I;e,(91‘L ) both of whom
considered only the momentum-integral equation of von Karman. The first
attempt to transform the differential equations of mean motion for a tur-
bulent boundary layer was made by Mager ,(95) in an analysis which is re-
stricted to the case of adiesbatic flow of & perfect gas with Pr = 1 and
u/T = constant. Mager's three main assumptions are (1) that streemlines
should be transformed into streamlines by the tramsformation; (2) that
laminar and turbulent shearing stresses should be transformed by the same
rules (in Mager's paper this assumption is expressed by & remarkable ra-
ticnalization which has sometimes been repeated by later writers);

and (3) that the transformation should reduce to the

*
identity transformation when both flows are incompressible.

*
My efforts to evade the restrictions implied by these assumptions
have controlled the



The third of these three assumptions accounts for the fact that the
concept of effective tempereture is frequently invoked in connection with
the transformation. Most writers on the subject have considered one or
more of the relationships (here written in my notation, with viscosity taken

as proportional to temperature)

Q

= K
£ - L .2, (8-15)
Cf @ 1
R o) -
L . _ B |, (B-16)
R= o K
©
R [o] - o] 2 - 2
R= o) Peo p Moo

The only distinction ordinarily made between these equations and the cor-
responding Eqs. (B-1l) - (B-3) of the effective-temperature analysis is that
the reference quantities p and p represent f£luid properties in an incom-
pressible flow which is related to the compressible one by the transforma-
tion, while the reference quantities P and Ho refer to fluid properties

at some intrinsic reference state for the compressible flow itself. If the

evolution of my own work on the transformation., My original point of de-
parture w?s ? previous generalization of the law of the wall to compressi-
ble flow.(#) "This generalization resembled Eq. (4.4) of this report,
except that gy /p was written as pi/py, With Ty = pu;° by definition. The
sublayer hypothesis was first formulated essentially as in Eq. (4.9), ex-
cept that pg was written as p. and g was written as pyn,/p,. For the spe-
cial case T, = constant and u}T = constant, a formula for p./p, equivalent
to Eq. (4.12) was then obtained. This formula, however, required pg to vary
with 1y and hence with x in flow at constant pressure, whereas the original
generalization of the law of the wall required g = pyiy/p, to be independ-
ent of X.

In the hope of resolving this inconsistency, I next took up the ques=~
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transformation is required to reduce to the identity transformation when
voth flows are incompressible, this becomes a distinction without a differ-
ence, and the choice of a reference state for the transformation is equiva-
lent to an application of the effective-temperature method.

Thus Mager took p and pi to be the isentropic stegnation values for the
compressible flow and used Eqs. (B-15) and (B-17) and a suitable low-speed
friction law to compute Cf/(-l s = Mo /p.o for fixed C, '\/gc In this calcu-
lation, which is very like that of vonooKa.z'man,(78) Mager assumed a power
1aw for u(T) in place of the relationship p/T = constant which is appropri-
ate to his transformation. Burggra.f(%) later modified Mager's result by
evaluating p and p at the edge of the sublayer, i.e., at the intersection
of the linear end logarithmic representations for the mean-velocity profile,
without commenting on the fact that the fluid properties in the incompres-
gsible flow must then depend on x. Culick and Hill,(96) meking & point of
Eq. (B-16) but not specifically of the law of corresponding stations, determined n/ M
from Eq. (B-15) by using experimental values of Cf,/(-:f for fixed CfRe’ They

also concluded, independently of Mager, that p and  should be evaluated at

tion of & full transformation of the differential equations of mean motion.
My first essay differed from the one reported here in two import-
ant respects. Firstly, the parameter o was omitted throughout, inasmuch as
I assumed (following Stewartson, Mager, and others) that streamlines should
be transformed into streamlines. Secondly, physical considerations played
a part only in the reduction of the equation corresponding to Eq. (2.6).
The resulting analysis, although it did yield the law of corresponding sta-
tions, did not succeed in removing the inconsistency at issue. The ordinate
of Fig. 5, for example, appeared as p/p,; conseguently, this ratio was
fixed by the transformation, and the parameter p could not be chosen arbi-
trarily. Furthermore, any effect of Reynolds number in this same figure
could only be accounted for by allowing p to depend on X.

) There followed a considersble pause, during which the logical premises
of the analysis were re-examined. It finally became clear that the funda-
mental essumption § = ¢ for the transformation was in fact an unnecessaxy
and unjustifiable extrapolation of experience with laminar flow. The func-



the isentropic stagnation condition (but note the contradictory evidence

in my Fig. 5). And so on through a number of other analyses,* most of
vhich are applications of the transformation technique to various practical
problems.

I want now to close by commenting briefly on what might be called the un-
finished business of the transformation. For the purposes of this discussion
it is instructive to compare the transformation to a bilingual dictionsxy
which is to be used to translate statements about compressible flows into
corresponding statements about associsted incompressible flows, and vice
versa. The construction of such a dictionary must insure that the sense of
certain fundsmentsl statements, perticularly physical laws for the conserva-
tion of mass and momentum together with supplementary ideas sbout boundedness
and observability of physical quantities, will be correctly trenslated. For
most specialized subjects, however, the vocabulary of the transformation will

have to be enlarged. By definition, any materisl used for this

tion ¢ was then introduced by writing ¥ = oy, as in Eq. (2.3), and the
transformation was worked out substentially as given here except that p
and T were still defined (again following Stewartson and Mager) in the con-
ventiocnal way, without regard to the principle of observability. As a re-
sult the validity of the transformation seemed to be limited by physical
considerations to the cases p = constant or T, = constent (cf. the foot-
note following Eq. (3.10)). The law of corresponding stations and the sub-
structure hypothesis, on the other hand, were presumably not limited to
these cases. After another pause, I was led to formulate the principle
of observability as in the introduction to this report. At the same time
several other issues were clarified, including the reduction to an identity
transformation, the recovery of the condition ¢ = constant for laminar
flow, and the role of the state and energy equations and the viscosity law
in the direct and inverse transformations.

*In the present analysis the equations corresponding to Egs. (B-15) -
(B=17) are Egqs. (2.17), (2.20) and (4.24); the solution proposed for the
problen of a reference temperature is the substructure hypothesis; and the
x-dependence of the reference properties is assigned to the parameter
o(x) = p/u (x) rather than to the parameter p alone.



purpose must itself be capable of translation, although it may be empirical
and heuristic in nature. Typical examples of such special vocabularies are
those provided by (1) the assumption of Newtonian friction for laminar flow
and (2) the substructure hypothesis for the turbulent boundary layer on a
smooth wall,

A nmumber of problems not yet touched upon in this report msy now be classified
in terms of this metaphor. The turbulent wake and the turbulent boundsry layer
on a rough surface, for example, will require their own special vocabularies. In
both cases the viscosity is an artificial parameter, and some of the rela-
tionships derived here--beginning with the law of corresponding stations in
the case of the boundary layer--will have to be reconsidered. Inasmuch as
an adequate description of the mean properties of low-speed flow is avail-
able in both cases, and inasmich as the effects of compressibility on drag
for rough surfaces are also known, neither of these problems seems to be
really formideble.

Certain other problems, however, will require some preliminary work in
composition before the question of translation can even be ralsed. Promi~
nent among these problems are the effects of mass transfer and of pressure
gradient in compressible turbulent flow. 1In the one case the methods of
this report would seem to require first & satlsfactory generalization of
the law of the wall for low-speed flow with mass transfer, and then a cor-
responding generalization of the substructure hypothesis. In the other
case, that of flow with pressure gradient, there is no real difficulty with

the substructure hypothesis, or with the derivation of formulas like
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which follow from this hypothesis for special cases such as adiabatic flow
with T = constant and p/T = constant. Instead, the difficulty is with the
condition connecting the two quantities Mm and Ef on the right-hand side of
this formula when both quantities are variable. This difficulty can be illus-
trated by recalling the situation in laminsr flow, for which it was shown in
Section III that the condition dp/dx = O implies n/c = u_fu_ = constant, while
a special argument based on the assumption that t should transform like pou/dy
throughout the flow was necessary in order to extend this result--in the form
W2/e® = T JT, or M_=1u/ j/y—R-i with the auxiliary restrictions T_ = constant
and p/T = constant--to the case dp/dx # O. For turbulent flow the condition
dp/dx = O still implies n/o = constant, but the argument used for the case
dp/dx # O no longer holds. Consequently the transformation cannot yet be ap-
plied with confidence to turbulent flow in a pressure gradient, regardless of
the methods used to overcome the additional difficulty of relating the incom-
pressible varisbles u_ and Ef in the associated low-speed flow. Moreover, the
status of the conditions T = constant and p/T = constent for flows with pres-
sure gradient 1s at best uncertain.

Finglly, the problem of heat transfer is typical of several problems
which must always lie outside the scope of any transformation incorporating
the idea of observebility. The reason is that equations of state, energy,
or concentrstion involve concepts existing only in one language and not in
the other, concepts which are inherently incepable of being translated. At
the same time, such concepts will enter into the description of physical quan-

tities in the compressible flow and will introduce complications in both



the direct and the inverse transformations. As long as the common practice
of honoring the energy equation in the breach is continued, therefore, the
most elegant results of any transformation are likely to be the least real-
istic ones, as in the present report, and no new contributions to the sub-
ject of heat transfer in turbulent flow can be expected. My own feeling is
that more attention should be paid, both experimentally and analytically,

t0 the development of similarity laws for static and stagnation temperature.
I have emphasized throughout this report that the turbulent shearing stress
can be readily inferred from a knowledge of the velocity and pressure fields;
in fact, a vehicle for this calculation in the case of compressible flow

has been provided in Eq. (3.11). At least in principle, the turbulent heat
transfer can be inferred 1n & similar way from an empirical knowledge of

the velocity, pressure, and temperature fields, and the relationship between
the shearing stress r and the heat transfer q in turbulent flow might thus
be made experimentally accessible without recourse to difficult hot-wire

techniques for the direct measurements of these quantities.
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