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PREFACE

This is the sixth chapter of a manuscript dealing with
the applications of game theory to economic analysis. Work
on this manuscript is now supported by the National Science
Foundation, in continuation of earlier support by United
States Air Force Project RAND, as well as by The Rand Cor-
poration itself, Yale University, and the Cowies Foundation
for Research in Economics.

Several other chapters have appeared as Rand reports:

Chapter 1: Introduction. The Use of Models (R-904/1-NSF,

December 1971), Chapter 2: Decisionmakers (R-904/2-NSF,

January 1972), Chapter 3: The '"Rules of the Game" (R-904/3-NSF,

October 1972).
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SUMMARY

This chapter fifét develops the notion of ''character-
istic function''--a way of expressing very concisely the
capabilities of each coalition in a cooperative game. Sev-
eral special classes of games are then identified and dis-
cussed briefly: symmetric games, measure games, simple
(voting) games, and '""Edgeworth' and "Bdohm-Bawerk'' market
games. Two important solution concepts are then introduced--
the core and the stable set--and their heuristic interpreta-
tions are discussed and illustrated by simple examples. A
final section introduces the general notion of a market game,
and the closely related technical concept of balanced fam-
ilies of sets.

A descriptive bibliography, containing more than 100

articles and books dealing with stable sets, is included as

an appendix.
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CHAPTER 6

CHARACTERISTIC FUNCTION, CORE, AND STABLE SETS

The good old rule
Sufficeth them, the simple plan,
That they should take, who have the power,

And they should keep who can.
Wordsworth

1. DESCRIPTIONS AND SOLUTIONS

A theory of games can be regarded as composed of two
parts, a descriptive theory and a solution theory. The
descriptive part concerns the representation of the play-
ers and their preferences, the rules and strategic possi-
bilities, and the outcomes and payoffs. The solution part
concerns the end results of rational, motivated activity
by the players. Since the objectives of a solution theory
are less definite than those for a descriptive theory, it
is not surprising to find several distinct solution con-
cepts built on the same descriptive foundation. Indeed,
it is an advantage to have consistency at the descriptive
level when we come to compare different types of solutions
to the same game.

In the next four chapters we shall consider a great
number of solution concepts, at varying levels of detail.
Our stress will fall on those that have shown most applic-
ability to models of economic activity, but our attention
will be limited for the most part to the basic definitions

and relationships. In the course of our survey, however,
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we shall provide reasonably complete bibliographic coverage
of the more extended mathematical developments and economic
applications.

The solution concepts to be treated in this chapter
are the core and the von Neumann-Morgenstern ''solutions',

which we call stable sets. First, however, we must present

some preliminary concepts that are basic to much of coopera-
tive game analysis--specifically, the characteristic func-
tion, the Pareto set, and the space of imputations. Indeed,
we shall sometimes refer to these constructs as pre-solu-
tions, in recognition of the contribution that they can
make to the elucidation of a cooperative game, even were

the analysis to go no further. (Some other pre-solutions

will be discussed in Chapter 9.)



2. THE CHARACTERISTIC FUNCTION

The cornerstone of the theory of cooperative n-per-

son games is the characteristic function, a concept first

formulated by John von Neumann in 1928.%* The idea is to
capture in a single numerical index the potential worth
of each coalition of players. The characteristic func-
tion is, in a sense, the final distillation of the de-
scriptive phase of the theory. Simultaneously, it is a
"pre-solution"--a first, rudimentary attempt at a solu-
tion.

Indeed, for games that are '"inessential'--intuitively,
those whereno profitable grounds exist for cooperation
among players--the characteristic function is already the
final solution. The values of the function tell what each
player can expect to get if he plays optimally, while the
calculation of those values will (usually) have revealed
how to play optimally. For essential games, the charac-
teristic function can be regarded as a generalization of
the "solution' as this term is generally understood in
connection with zero-sum two-person games, in that it pro-
vides values and (implicitly) optimal strategies for co-
alitions, as well as individuals, on the assumption of no
cooperation with outside players.

Mathematically, the characteristic function--tradi-

tionally denoted by the letter '"v'--is a function from

*See von Neumann (1928) and von Neumann and Morgenstern
(1944).



subsets of players to the real numbers. Hence, only a
finite list of numbers is involved, if we are consider-
ing just finite-person games. But the list may be long,
since there are 2" - 1 coalitions to consider in an n-
person game, and we can often find an easier way to con-
vey the information by exploiting special properties of
the game.¥*

There need be nothing trivial about the determination
of the characteristic function. In Chess, for example,
the characteristic function--were it known--would state
whether the game is a win for White, a win for Black, or
a draw. But our interests in this book will lead us most
often to games whose characteristic functions are arrived
at easily; the analytical difficulties, if any, come later.

With the characteristic function in hand, all ques-
tions of tactics, information, physical transactions, etc.,
are left behind. The characteristic function is primarily
a device for dividing difficulties--for eliminating as
many distractions as possible in preparation for the con-
frontation with the indeterminacy of what we have called
the 'h-person problem".** Engrossed with this problem,
many authors writing after von Neumann and Morgenstern
have begun by basing their solution concepts on the char-

acteristic function above, with no initial concern for the

*See Sec. 2.3 below.

*%See Ch. 1, Sec. 1, and Ch. 2, Sec. 2.



concrete rules of the game, in strategic or extensive
form.*

Unfortunately, not all games admit a clean separa-
tion between strategic and coalitional questions, and for
those that do not the characteristic function approach
must be modified or abandoned. We shall return to this

matter in Sec. 2.2, after an example.

2.1. A First Example

Let us return to the three-person ''Shooting Match' of

Chapter 2%** and compute its characteristic function, using

the accuracy parameters a = .8, b = .6, ¢ = .4. For num-

erical convenience, we shall assume that the prize to the
winner is $27. The method of calculation is similar to
that in Chapter 2, and the result is shown in Table 1.

Several features of this example are noteworthy.

First, the function v is superadditive: any set of play-
ers can do at least as well in coalition as when broken
into subcoalitions. This is a general property of char-

acteristic functions. Formally it is expressed by the

inequality

*E.g., the "Shapley value'", to be discussed in Ch. 7,
as well as a number of others to be discussed in Ch. 9.
Subsequent developments have freed many of these solutions
from an exclusive dependence on the characteristic func-

tion.

**See also Ch. 3, Sec. 3.5.



Table 1
S v(S)
A $ 8.00
B 5.40
c 2.40
AB 24.60
AC 21.60
BC 19.00
ABC 27.00

Table 2
S v(S)
A $ 0.00
B 0.00
C 0.00
AB 11.20
AC 11.20
BC 11.20

ABC 11.20




(6-1) v(S U T) 2 v(8) + v(T),

which holds whenever S and T have no members in common.
Second, this particular game is essential: some co-
alitions, at least, do strictly better by sticking together.
For example, A and B in coalition have an expectation of
$24.60, while separately their expectations come to just
$13.40. The difference, $11.20, is a measure of their in-

centive to cooperate.

Third, this particular game is constant-sum; the

characteristic value of every coalition, when added to
that of its complement, totals $27. This is typical for
parlor games and contests of skill. But it is not typi-
cal for most games in economics, since the total amount
of wealth created by an economic process generally de-
pends on the pattern of collaboration.

A fourth feature of this example is its symmetry,
which may not be apparent to the eye. But it becomes
very plain if we "normalize'" the game by redefining the
zero level for each player to be his expectation when
playing alone. The normalized characteristic function
is shown in Table 2.* We see that the worth of any co-
~alition now depends only on its size. 1In particular, each
pair of players has the same incentive to cooperate.

¥To normalize v(AB), for example, we subtract v(A)
and v(B) from it, thus: $24.60 - $5.40 - $8.00 = $11.20.



Despite their unequal skills in the shooting gallery, the
players are on an equal footing in negotiating for coali-
tion partners.

This kind of symmetry is always present in essential,
constant-sum, three-person games--there is, in effect, just

one such game. But it is rare in larger games.

2.2. The Concept of c-Game

The characteristic function as defined here is clearly
not universally applicable. For one thing, to represent a
coalition's worth by a single number implies freely trans-
ferable utility; for the nontransferable case a different
notion of characteristic function will be required (see
Sec. 2.4 below). But more importantly, many games do not
allow the clean separation that we need between questions
of strategic optimization and questions of negotiation.
For example, a player may have a number of possible threat
strategies against a bargaining opponent. Although we can
still define the characteristic function for such '‘variable-
threat" situations, we cannot analyze them properly without
additional information about the actual rules of play--in-
formation that is lost when one passes to the characteris-

tic function form.#

To simplify discussion, we have coined a term, "c-

game'', for a game that is adequately represented by its

*One way of modifying the characteristic function to
take account of variable threats will be described in the

next chapter.



characteristic function. We do not attempt a categorical

definition of this term. What is "adequate' in a given
instance may well depend on the solution concept that we
intend to employ. To say that a game is a c-game is merely
a way of asserting that nothing essential to the ultimate
purpose of the model is lost, in the process of condensing
the extensive or strategic description into a characteris~
tic functionm.

Although our definition of c-game is not categorical,
two important and easily-recognized classes of games qual-
ify quite generally as c-games, no matter what solution con-

cept is adopted. The first are the constant-sum games, in

which the total payoff is a fixed quantity, regardless of
the strategies chosen.* 1In such a game the characteristic
value of a coalition accurately represents its true worth,
because the worst threats against the coalition are pre-
cisely the plays that maximize the payoff to the players
outside the coalition. The characteristic function pes-
simistically "assumes the worst''; and in this case "'the
worst' is a reasonable assumption.

Of more immediate interest to economics is another

class of c-games, called games of consent or games of or-

thogonal coalitions. The idea here is that nothing can

*Lt usually suffices that the characteristic function
be constant-sum, i.e., satisfy v(S) + v(N - S) = v(N) for
all S. (Note that games with nonconstant-sum payoff func-
tions may nevertheless have constant-sum characteristic

functions.)
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happen to change a player's fortune (i.e., his payoff) un-
less he himself is a party to the action. Either you co-
operate with someone or you ignore him; you can't actively
hurt him. In this case, the only threat by outsiders
against a coalition is not to belong to it--i.e., the boy-
cott. To sum up, in a constant-sum game, "'you're either
with us or against us'; in a game of consent, "you're either
with us or we don't care what you do." 1In both cases, a
coalition might as well assume the worst, and equate the
outsiders' intentions with their capabilities.

While constant-sum games are relatively uncommon in
economic»theory, games satisfying the ''consent'' condition

arise in many places, most notably in models of pure com-

petition without externalities.

2.3. More Examples. Symmetry Considerations

THE DISGRUNTLED LABORER. A workman says
to his employer, 'Since you make a profit from
my labor; I demand that you share this profit
with me; if you refuse to do so, I shall maim
myself in such a way that I shall henceforth
be unable to work, and you will get no profit
at all from me."* '

This is a famous early challenge to the adequacy of

the characteristic function; it is obviously not a.c-game.

*Quoted from McKinsey (1952a), p. 352; see also his
(1952b), p. 606, Luce and Raiffa (1957), p. 190, and
Isbell (1959), p. 363. McKinsey comments that "the work-
man could hardly expect anything but rude and stubborn
resistance to such a demand."
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The following payoff matrix will serve to quantify the ex-

ot

ample for later discussion.¥®

Employer (E)

resist accede
insist -1000, O 5, 5

Workman (W)
retract 0, 10 0, 10

In other words, $10 is the employer's profit, and $1000 is
the monetary estimate of the contemplated injury. The

characteristic function is
v(W) = 0, v(E) = 5, v(WE) = 10.

Observe that there is no clue here to the fatal weakness
in the laborer's bargaining position, namely, the disas-
trous consequences to himself if he carries out his threat.
Indeed, after normalization the function is perfectly sym-
metric. We shall return to this example in the next chapter.
THE GARBAGE GAME.** Each player has a
bag of garbage, which he must dump in some-
one's yard. The disutility of having b bags

dumped in one's yard is kb, where k is a pos-
itive constant.

*McKinsey's formulation differs in detail, but it makes
the same case for the inadequacy of the characteristic function.

**From Shapley and Shubik (1969b).
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For this game, the characteristic function is best

written with the aid of an auxiliary function £, thus:

0 ‘s =0
v(S) = £(s) = {-k(n - s) if
-kn

Here n is the total number of players, s is an integer,
and S is any coalition having s members. (See Fig. 1.%)
The cases s = 0 and s = n are exceptions to the linear
formula -k(n - s) for obvious reasons: the empty set can't
be hurt and the all-player set can't avoid '"fouling its
own nest'".

This is certainly not a game of consent; indeed, it
is a simple model of "directed pollution', in which exter-
nalities of production or consumption are imposed upon un-
willing outside parties. We can still claim that we have
a c-game, however, because of the happenstance of a constant-
sum characteristic function.

Symmetry makes games like this especially easy to
handle.** The reduction of a function of sets, v(S), to
a function of numbers, f(s), makes available many graphical
-——_—;TEE sha@e ofrthe curve in Fig. 1 shoﬁld dispel any
idea that superadditivity, which the function f(s) does v
'enjoy, is somehow synonymous with convexity, or monotonicity,
~or "increasing returns to scale', which f(s) certainly does
'not jenjoy.

*%*See Gelbaum (1959), Ahrens (1962), etc.
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f(s)

e

kb ————

Fig. 1— Characteristic function for the " Garbage Game"
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and analytical aids. Few games encountered in applica-
tions are so completely symmetrical, but the idea of bas-
ing the characteristic function on a numerical function
transcends symmetry. For example, the players in the
Garbage Game might start with different numbers m, of bags.

Then we could write the characteristic function as follows:

(6-2) v(8) = £( £ mi),
ieS

where now

0 x =0
f(x) = -k(M - x) if{0<x <M
-kM x = M.

(M denotes the total number of bags.) Games of this gen-

eral type are called measure games, as the worth of a co-

alition is determined by the measure of some resource that
the coalition members can pool. More generally, there may

be several poolable resources (a vector measure game) .

Measure games and vector measure games play a prominent

role in economic game theory.*

F¥Aumann and Shapley (1973). There is a technical
trick whereby any game with finitely many players can be
represented in the form of a measure game. One merely
selects the numbers m; so that the sums ZieS m; are all

different; then one tailors the function so that (6-2) is
satisfied. The concept of measure game becomes fruitful
when regularity conditions of some sort can be imposed on
the function f.



-15-

2.4. The Generalized Characteristic Function

In games without u-money, a single index number v(S)
cannot completely express the worth of the coalition S.
For one thing, it makes no sense to lump together the pay-
offs to the members of S since they are no longer free to
redistribute the total as they please. 1In fact, the total
may be meaningless if the payoffs are in incomparable units.
But even a vector of payoffs will not usually be enough to
represent the 'best' efforts of the coalition; in general,
a set of vectors will be required--defining a sort of
"Pareto" or maximal surface--to capture the true worth or
effectiveness of S.

There are several ways to define this ''characteristic
set", which is traditionally denoted by V(S). Some authors
place it in the space of S-vectors, since it is only the
payoffs to members of S that are significant.* This has
an inconvenient aspect, however, in that the characteris-
tic sets for different coalitions will be in different
spaces. Other authors treat each space of S-vectors as a
linear subspace of the space of N-vectors (where N denotes
. the all-player set); this has the effect of making each
element of V(S) a complete payoff vector of the game by
arbitrarily éssigning 0 to the players outside S. Of

atanta

course zero has no intrinsic meaning in this formulation.*%¥

FFor example, Aumann (1967), Billera (1970ac, 1972),
Peleg (1963c, 1969), Scarf (1967), Kalai (1972).

**For example, Billera and Bixby (1973).
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The most popular device, however, which we adopt here, is to
make V(S) a full-fledged subset of N-space, defining it as
though the players outside S could get all possible payoffs.
This makes V(S) a "cylinder'", i.e., the Cartesian product of
a subset of the S-vectors with a linear space of dimension
IN - S|.* This expedient simplifies several basic formulas
and definitions, like those of superadditivity (see below)
‘and balancedness (see Sec. 6.1), and also provides a more co-
herent geometrical picture for the mind's eye (see Fig. 2).
We stress, however, that the differences between these ways
of formulating the characteristic sets are purely notational.*¥
Finally, it is most convenient to work not with the
maximal surface alone, but to include all points that lie
"below" it; again, this is a matter of notation, notisub—
stance. The foregoing conventions can all be summed up by
the following condition: for any two payoff vectors o and
B, if a € V(S) and if as 2 Bi for each i ¢ S, then B ¢ V(S).
V(S) will always be defined so as to be a closed set.
We shall denote its interior by D(S); intuitively speaking,

D(S) is the set of all payoff vectors that the coalition S

*See Aumann and Peleg (1960), Aumann (1961), Peleg
(1963ac), Stearns (1964ab, 1965), Billera (1971b), Vilkov
(1972), Scarf and Shapley (1973), Shapley (1973). This and
 the preceding two footnotes comprise a reasonably complete
' bibliography on ''games without side payments' in charac-
teristic-function form.

*%Billera (1972) suggests yet another formulation in
terms of support functions; see also Rosenthal (1970),
Bloomfield and Wilson (1972), and Baudier (1973).
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VvV (2,3)

a3

Fig.2



-18-

can improve upon. In many applications, V(S) and D(S)

will be convex sets, but we do not make this a require-

ment.* Similarly, in virtually all applications super-

additivity will hold; this condition takes the following

simple form:
(6-3) VSU T) 2 V() N V(T), ifsnT=2¢

(compare (6-1) above).

Not surprisingly, if we try to express a transferable-
utility game in this notation we find that the resulting
sets V(S) have an especially simple form. Transferability
means that with any payoff vector o in V(S) we must include
all other vectors a + 7, where Ig m, = 0. Thus, V(S) is
a half-space, whose upper boundary (which is all that really
matters) is a hyperplane oriented in a direction that de-
pends only on S. The equation of this hyperplane has the
form I, a, = constant, and the constant is, of course,

ieS i
the number v(S) of the transferable theory.

2.5. Alpha and Beta Theories¥¥

When we come to write down a mathematical definition
of the sets V(S), starting from the game in strategic form,
we find that there are two ways to proceed in defining the
——A . = * . . .

*Convexity is not a meaningful condition if we are
only using ordinal utilities, as it is not invariant under

general order-preserving transformations of the utility
scales. (See Ch. 4, Sec. 3.1.)

*%This section is of a rather technical nature.
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effectiveness of a coalition. The distinction lies between

what a coalition can achieve and what it cannot be prevented

from achieving. Let us try to make this precise.

On the one hand, we could say that

(alpha) a payoff vector lies in V(S) if
and only if the coalition S has a strategy
that assures all its members that amount or
more (in expected value), regardless of the
behavior of the players outside S.

On the other hand, we could say that

(beta) a payoff vector lies in V(S) if
and only if the players outside S have no stra-
tegy that makes it impossible for all members
of S to get that amount or more.

Lest the reader protest that this is a distinction with-
out a difference,* we append an elementary example:
A COALITION PROBLEM. A and B must jointly
decide which of them will send $200 to C; if
they cannot agree both forfeit $300. Simul-

taneously, C must send $200 to A or B. Side
payments are forbidden.

The payoff matrix facing the coalition AB is as

follows:

*The importance of this distinction was first noted
by Aumann and Peleg (1960), and, independently, by Jentzsch
(see Aumann's preface to Jentzsch's posthumous paper (1964));
the idea was foreshadowed in Aumann (1959) and, in a dif-
ferent (but still game-theoretic) context, in the approach-
ability-excludability theorems of Blackwell (1956).
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OQutsider's strategies

cC + A C + B
A=C 0, 0 -$200, $200
Coalition's
strategies B~»C $200, -$200 0, 0
Disagree -$100, -$300 | -$300, -$100

The coalition's first strategy guarantees only (-200, 0),
the second only (0, -200), and the third only (-300, -300).
More generally, the mixed strategy (Pl’ Po> p3) ensures
(-200p1 - 300p3, -200p2 - 300p3). Setting pg = 0, the co-
alition can enforce any payoff along the diagonal line in
Fig. 3. Hence under the "alpha' definition, V(AB) is the
cross-hatched region at the lower left.

On the other hand, the outsider's first strategy pre-
vents B from getting more than zero, while his second pre-
vents A from getting more than zero. Hence any point in
the light-shaded region cén be prevented. His mixed stra-
tegies prevent nothing more, however. 1If he plays (Pl’ PZ)
the coalition can counter with (pl, Py 0) and the expected
payoff (0, 0) will result, since (200, -200) and (-200, 200)
will both have probability p;p,. Thus, under the ''beta' def-
inition: V(AB) is the complement of the light-shaded region,
‘i.e., the (closed) negative quadrant. Points in the un-

shaded triangle can neither be guaranteed by AB nor blocked
by C.*

*The existence of such a region may be explained intuitively
by saying that the "minimax'" theorem does not hold for coalitions,
in the absence of transferable utility. See Jentzsch (1964).
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Payoff

to B

-

"Preventable

N

0

(w2

[ 300

A

IHtustrating "alpha" and "beta" characteristic sets (see text)

Fig.3
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This example illustrates the general principle that
beta effectiveness is '"easier'" than alpha effectiveness,
i.e., that the beta characteristic sets always include the
alpha characteristic sets. It is easily shown that in a
game of orthogonal coalitions the two characteristic func-
tions coincide.

The key to the example just discussed was the fact that

the outsider could influence selectively the fortunes of

the coalition members. The coalition was not allowed to
compensate by redistributing its income. So we have in a
sense a ''variable threat' situation, and it might be thought
that games in which the alpha and beta theories diverge can
never properly be regarded as c-games. This is not quite
the case; it may remain useful to consider them c-games
provided that the cost of the threat (to the outsider) does
not vary.* For such games, the choice between the two
functions--alpha or beta--will depend on the rationale of
the solution concept subsequently applied, and a solution
concept that somehow depends on both characteristic func-

alacts

tions is not inconceivable.*%

2.6. Simple Games

A special class of games, which may be thought of as
"oames of control', are important tools in the modeling
*Note that the payoff to the Outsider is not an issue

in the alpha/beta dichotomy, while it is the central issue
in the c-game/non-c-game dichotomy.

**See for example Scarf (1971).
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of organizational and group decision processes. They are

called simple games, and are distinguished by the property

of having just two kinds of coalition, namely, winning and
losing. In the presence of transferable utility they are
c-games, and after suitable normalization they give rise

to an especially "simple'" type of characteristic function,

to wit:

0 if S is losing,

v(S) = {

1 if S is winning.

Simple games were first defined and studied by von Neumann

and Morgenstern; there is now an extensive literature deal-
ing with their descriptive classification, their structural
and other mathematical properties, their cooperative solu-

tions of all kinds, and their applications to political

and other models.*

FReferences concerning solutions and applications will
be given later. For the descriptive theory see von Neumann
and Morgenstern (1944), Shapley (1954, 196%, 1964, 1967c¢),
Richardson (1956), Isbell (1956, 1957, 1958, 1960, 1964),
%urk2§l959), Owen (1964, 1968a), Peleg (1968), and Lapidot

1972).
A simple game, however, is just one possible interpreta-
tion of the underlying set-theoretical structure, which has
been studied by mathematicians for many years under a vari-
ety of other names. These include coherent system, Sperner
collection, monotonic Boolean function, switching function,
and, most recently, clutter. This redundant terminology
is indicative of the many widely-separated applications of
the basic structure, and only recently have there been attempts
to unite the literature and avoid further duplication of
effort. For references, see Dedekind (1897), Sperner (1928),
Chureh (1940), Ward (1946), Gilbert (1954), Birnbaum et al.
(1961, 1963, 1965), Meshalkin (1963), Korobkov (1965), Hansel
1 (1966), Lubell (1966), Fulkerson (1968), Hanisch, Hilton,
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Let us consider an example:

WEIGHTED MAJORITY VOTING. There are
n players, having w;, w,, ..., W, votes to

cast, respectively. A total of at least Q
votes is required to effect a decision.

The characteristic function of this game (which is an ex-

ample of a measure game; see (6-2)) is given by

0 if =. W,
V(S) = { ieS 1

1 if ZieS W

<Q,

{1\

In the most familiar case, n is odd, the w; are all 1, and
Q = (n + 1)/2, giving us simple majority rule. The more
general 'weighted" game provides a model for such thiﬁgs
as stockholders' control of a corporation or bloc voting
by political parties in an assembly.*

We stress that this is just one kind of simple game.
Most simple games with many players cannot be brought into
the "weighted majority'" format.** Even when there are just
a few players, it is remarkable how many different control

schemes are possible, as the following tabulation reveals:

.and Hirsch (1969), Kleitman (1969), Billera (1970b, 1971a),
'Edmonds and Fulkerson (1970), Hochberg and Hirsch (1970),
Levine and Lubell (1970), Bixby (1971), and Butterworth (1972).

*E.g., Shapley and Shubik (1954), Riker (1959), Shapley
(1961a), Leiserson (1968), Owen (1971).

*%A bicameral legislature is an example.
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Table 3%
n=1 2 3 4 5
No. of simple games 1 2 5 20 180
No. of w.-m. games 1 2 5 17 92

The theory of simple games is often presented without
reference to a characteristic function. The usual axioms

are the following:

every coalition is either winning or losing;

A

B. the empty set is losing;

C the all-player set is winning;
D

no losing set contains a winning set.
An additional axiom is required for superadditivity:
E. the complement of any winning set is losing;
and yet another one to make the game constant-sum:
F. the complement of any losing set is winning.

*We have excluded games with dummies and games that
are permutations of games already counted. If only proper
games are counted then the top row would read 1, 1, 3, 9,
72, the bottom 1, 1, 3, 9, 48.

The so-called "Dedekind problem'" (see the preceding
bibliographic footnote) is the problem of determining, for
each n, the number of simple games without eliminating per-
mutations; for n = 1, 2, 3, 4, 5, 6 these numbers are 1,

4, 18, 166, 7579, 7828352, respectively. For a history of
this problem see Hanisch et al. (1969).
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A game satisfying Axiom E is said to be proper; a game sat-
isfying Axiom F is said to be strong. Axiom E prevents the
confusion that might result from allowing separate winning
coalitions to make simultaneous decisions. Axiom F pre-
vents the paralysis that might result from allowing a los-
ing coalition to obstruct the decision.* Thus, the strong
proper games, also called decisive games, represent effi--
ciént group decision rules, while the other éimple games
represent procedures that may be plagued by inconsistencies,
deadlocks, or both.

It will be observed that simple games, at least in
their descriptive theory, enable one to sidestep many of
the controversies of utility theory. Indeed, simple games
may be regarded as dispensers of political '"power'", rather
than economic "utility'". But if an economic basis must be
provided, one need only assume a single, lump-sum prize
and have the players strive to maximize their chances of
winning it. Payoffs can be then expressed in units of
probability, which is a ''substance' that can readily play
the role of u-money, within the obvious limits.

The theory of simple games without transferable uti-
lity is somewhat more complex than the above. It is still

*The complement of a losing coalition is called a block-

ing coalition. Axiom E states that every winning coalition
is blocking; Axiom F states that every blocking coalition
is winning.

An example of an improper simple game is the rule where-
by only four votes (out of nine) are required in the Supreme
Court to grant a writ of certiorari--i.e., to accept a case

for hearing.




-27-

based on a system of winning and losing coalitions, satisfy-

ing (say) Axioms A - E above,* but we must also specify a

set d of payoff vectors representing the available outcomes.
The idea is that a winning coalition can select any outcome
it pleases from ¢, while a losing coalition has no control
over its fate. A characteristic function V(S) can now be
determined, but we should stress that the underlying model
is not in general a c-game.

An example should make this clear. Suppose that there
are three players using majority rule, so that the winning
coalitions are just the 2- and 3-person sets. Suppose that
the available outcomes yield the payoff vectors (0, O, 0,
3, 3, 0), (3, 0, 3), and (2, 3, 3), together with:all their
probability combinations, making 4 a convex polyhedron in
the payoff space. In this game, the first player can rea-
sonably expect to get at least 2, even if he is left out
of the winning coalition. He cannot guarantee this, of
course, but his position is certainly not adequately repre-
sented by the pessimistic value 0 given by the character-
istic function. The number '"2" in the vector (2, 3, 3) is
obviously significant in this game, but the characteristic
function is not sensitive to it.

Nevertheless, although the characteristic function by
itself may be insufficient for analyzing simple games with-

out transferable utility, an equally concise mathematical

*See Bloomfield and Wilson (1972).
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structure is presented by the set ¢ of available outcomes,
together with the specification of the winning coalitions.
This structure is for many solution concepts just as tract-

able as the characteristic function form.*

EXERCISES. 1. What is the formal distinction between
a dictator and an individual having absolute veto power?

2. Show that a bicameral legislature is not decisive,

regardless of the internal voting rule in each chamber.

*E. g., see Wilson (1971b), Bloomfield and Wilson
(1972). A generalization of this structure, called the
"effectiveness form" of a cooperative game, has been de-
veloped by Rosenthal (1970); see also Vorobyev (1970b).
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3. IMPUTATIONS

Cooperative solutions take various forms. Solution
theories have been developed in terms of single payoff
vectors, sets of payoff vectors, single coalitions, sets
of coalitions, hierarchies of coalitions, and even more
elaborate configurations. Under some definitions there
are many solutions to the same game, or many outcomes in
the same solution, or both. Uniqueness is always welcome
in a solution, but it is just one of many desirable prop-
erties. Others that we might mention, in general terms,
are enforceability of the outcome, stability of the solu-
tion against collusive counteraction, derivability from
an intuitively plausible social process, and compatibility
with experimental evidence. Unfortunately, the many de-
siderata are often in conflict, and the enlightened theory-
builder must be selective and willing to compromise.

Three conditions that are almost always in demand,

however, are feasibility, Pareto optimality, and individual

rationality. The special term "imputation" will be used

for the payoff vectors that enjoy these three properties.¥*
Their formal definitions are easily stated in terms of the
characteristic function. Let N denote the all-player set.

In the transferable case, a payoff vector a is feasible if

*See von Neumann and Morgenstern (1944), p. 263. Not.
all authors consistently use the term in this narrow sense;
sometimes it means any payoff vector, or any feasible pay-

off vector.
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it satisfies

(6-4) 2 a; g v(N);

jt is Pareto-optimal if it satisfies both (6-4) and

(6-5) o,z v(N);
N

it is individually rational if it satisfies

(6-6) a; 2 v({i}), all i ¢ N;
and it is an imputation if it satisfies all three displayed
conditions. In the nontransferable case, we merely replace

*

these conditions by, respectively,

(6-7) x ¢ V(N),
(6-8) x ¢ D(N),
and

(6-9) x ¢ D({i}), all i e N.

Note that none of these definitions depend on our having a

*Recall that D(S)'is the interior of V(S).



c-game, since they do not involve v(8) or V(S) for coali-
tions S other than the all-player set N and the single-
tons {i}.*

Conditions (6-7) and (6-8) define what is sometimes
known as "weak" Pareto optimality: it is not possible for
everyone to improve. The 'strong'' statement, that no one
person can be better off without hurting another, would
lead in general to a smaller Pareto set.** If the weak
Pareto set is regarded as depicting ''social efficiency',
then the strong Pareto set may be regarded as adding a
pinch of altruism to the picture: grant other people: as -
much as you can when it doesn't cost you anything.

The imputation space (to which similar weak/strong

considerations apply, in the nontransferable case) is the
individually-rational portion of the Pareto set. Like the
characteristic function, the imputation space can be re-
garded as a crude ''pre-solution' concept. It is the ter-
ritory over which the coalitions do battle. 1In the ines-
sential game this battle is trivial, as there is but one
point in the space. In the essential game with transfer-

able utility, the imputation space takes the shape of a

*ATso note that for S = N or § = {i}, there is no distinc-
tion between the "alpha" and 'beta" interpretations of V(S).

**For example, suppose a finite set A of payoff vec-
tors is given, and suppose that V(N) consists of all pay-
off vectors B such that B < o for some .a in A. Then the
strong or "altruistic' Pareto set contains only points in
A, while the weak Pareto set is the entire boundary of V(N).

Characteristic sets of this kind are called finitel
generated (see e.g.; Scarf (1967), Scarf and Shapley 1I9;3)).
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n-simplex, i.e., an (n - 1)-dimensional polyhedron with n
vertices--one for each player.* Without transferable uti-
lity, the imputation space is generally a hypersurface in
n-space, which may be more or less simplicial in appear-
ance. When V(N) is convex, the surface will be concave
when viewed from 'below''--i.e., from the reference point

v0 whose coordinates are vg = v({i}), i ¢ N.

3.1. An Example. The Edgeworth Box

THE EDGEWORTH BOX.** Trader A starts

with a units of the first good, trader B with

b units of the second good, and they trade at

will. Their utility functions are u,, Ups;

thus, if A gives B t units of the first

good for r of the second, then their respective

payoffs are u,(a-t, r) and up(t, b-r).

There being only two traders and no production, one
person’'s final holding determines everything, and the well-
known Edgeworth Box results.*** 1In Fig. 4, A's position
is measured on the solid axes and B's on the broken, in-
verted axes. Thus, the initial point, R, has ''solid" co-
ordinates (a, 0) and '"broken'" coordinates (0, b). The

shape of the utility functions u, and up are indicated by

the solid and broken contours, respectively, For the

*For an illustration, turn ahead to Fig. 7a or 9a.

**This is a simple prototype of the general exchange
economy that we shall study very extensively later; here
we only use it as a source of examples.

***Edgeworth (1881).
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Fig.4— The Edgeworth Box
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present we shall assume these functions to be strictly in-
creasing and strictly concave. It follows that their con-
tours are strictly convex when viewed from the origin, as
shown in the figure.

The Edgeworth Box depicts outcomes, not payoffs. It
is possible, however, to locate in the Edgeworth Box the
sets corresponding to the various pre-solutions that we
have been discussing. First, the shaded area in Fig. 4
represents the outcomes that are preferred to the initial
point R by both players. This area, including its boundary,

is therefore the individually rational set. Next, it is

evident that for an outcome to have no joint improvement,
the two contours, solid and broken, that touch at that
point must not cross. The locus of tangency points, DCC'D’',
therefore belongs to the Pareto set (heavy line). But the
boundary segments OD and D'O' are also in the Pareto set,
since they too cannot be jointly improved upon. Finally,

the outcomes that determine the imputation space are just

those that lie in the intersection of the heavy line with
the shaded region--in other words, the arc CC'. This is

traditionally called the contract curve or contract set.

Note that if the initial point were placed elsewhere,
for example at R', then the individually rational set and
the contract curve would be changed, but the Pareto set

would remain the same.
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Let us now shift our attention from the Edgeworth Box,
i.e., the allocation-of-commodities space, to the payoff or
utility space. Figures 4 and 5 stand in the same relation

to each other as an outcome matrix to a payoff matrix.*

The mapping:
(6-10) (x, y) * (uy(x, y), uga - x, b - y))

takes each point of Fig. 4 (using "solid" coordinates x, y)
into a point in Fig. 5. As we see, some of the latter
points are covered twice; in effect the Edgeworth Box gets
"folded", along the curve DCC'D',.in the course of applying
(6-10). We should note that Fig. 5 depends on the actual
utility functions, and not just their contours.

In Fig. 5, the true feasible set is just the distorted
rectangle ORO'Q, but in accordance with our convention, the
characteristic set V(AB) includes everything below and to
the left of that image as well, as indicated by the dashed
boundaries. The individually-rational set is obtained by
subtracting from V(AB) the open half-planes D(A) and D(B),
lying to the left of and below the point R, leaving just
the shaded area. The Pareto set is the entire '"northeast"
(upper right) boundary of V(AB), including the broken lines.

Finally, the imputation space is the arc CC'.

*See Ch. 3, Sec. 4.
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It will be noted that the true feasible set is not
convex on its "bottom'". In fact, the four sides of the
box, RO, 0Q, QO', and O'R, are mapped into curved lines
that are concave when viewed from below.* This illustrates
a general rule: If we take a straight line in the Edgeworth
Box and if A's utility steadily increases and B's steadily
decreases along that line, then the image of that line under
(6-10) will be concave from below. It can also be shown
that the Pareto set itself, though not in general the image
of a straight line, is concave from below, ensuring the
convexity of the set V(AB).

These remarks depend, of course, on the assumed con-
cavity of the utility functions, which is a cardinal-utility
property. Quasi-concavity--i.e., convexity of their level
sets in Fig. 4--is not enough. If we replaced the given
functions by, say, their cubes, we might well destroy con-
vexity in the utility space. However, nothing would change
in the box diagram, which is purely an ordinal device.

EXERCISES. 1. Show that the image under (6-10) of
the straight line joining R' and Q' in Fig. 4 has a cusp
or a loop. Is more than one loop possible?

2. Prove that V(AB) is a convex set.

3. Let the indifference curves for A and B be as in-
dicated in Fig. 6a (as might occur if the two goods could
~ *This means that by coordinated randomization the

traders could achieve payoff vectors lying outside the
feasible set, though not outside V(AB).
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only be consumed in certain ratios*) and let a = b. Show

that the contract "curve'" consists of four solid triangles,
arranged in a ring (Fig. 6b). What is the image of this

set in the payoff space? What happens if a F b?

*The "gin and tonic'" game; see Shapley and Shubik
(1966) or Debreu and Scarf (1963).
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4. THE CORE

Perhaps the most immediate way to grasp the ''n-person
problem''--the inherent indeterminacy of multiperson games--
is to observe that it may be impossible to satisfy all co-
alitions at the same time. For example, in the three-person
game represented in Table 1 (page 6), we can show very easily
that no feasible payoff vector fulfills the potentials of
all three pairs AB, AC, and BC. Indeed, if a = (aA, %ps aC)

were such a vector, then we would have

N + ap 2 $24.60

a, +a. > 21.60

ay +ay 2 19.00.

Adding these three inequalities gives

2a, + ZOLB + ZOLC > $65.20

A
or
tag tasz $32.60.

%A

But this contradicts feasibility. In other words, to

satisfy all coalitions o would have to distribute more than
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the $27 prize offered. A similar impasse can be demon-
strated for any other essential constant-sum game.
Nevertheless, there are important classes of games,
both with and without transferable utility, in which it
is possible to satisfy all coalitions at once. A solu-
tion concept has accordingly been introduced with this
motif, called the core.* The core can be described in-

tuitively as the set of imputations that leave no coali-

tion in a position to improve the payoffs of all its members.

A formal definition can be given in terms of the char-
acteristic function. The core is the set of feasible pay-

off vectors a, if any,** such that

(6-11) T a; zv(E), allsch
S

*The core concept in economics goes back to Edgeworth
(1881) and Bdhm-Bawerk (1891), after which it lay dormant
for three quarters of a century. In game theory, the core
was introduced and named by Gillies (1953be) and Shapley
(1953b), as an adjunct to studies of the von Neumann-Morgen-
stern stable-set solutions. It was then developed as a gen-
eral game-theoretic solution concept in its own right in
lectures by Shapley at Princeton University in 1953-1954
(unpublished). Early applications to economic game models
(parallelling those of Bohm-Bawerk and Edgeworth respec-
tively) will be found in Shapley (1955ab) and Shubik (1955,

1959).

**We have phrased this definition to exclude the pos-
sibility of the core being the empty set; either there are
feasible payoffs satisfying (6-11;12) or the game has no
core. We have found this way of speaking more natural in
informal discourse, and no less rigorous in formal discourse,
than the common alternative, wherein the core always exists

but may be empty.
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For games without transferable utility, we merely replace

(6-11) by

(6-12) a ¢ D(S), alls cN.

We see that the conditions for the core are a direct gen-
eralization of--and unification of--the conditions for
Pareto optimality and individual rationality. (Compare
(6-11,12) with (6-5,8) and (6-6,9).) While those condi-
tions served to eliminate all outcomes that could be im-
proved upon by society as a whole, or by individuals act-
ing alone, the core condition eliminates all outcomes that
any set of players could improve upon.

Geometrically, the core in the transferable case is
a closed, convex, polyhedral set of imputations. Figure
7a shows a typical three-person core. In the non-trans-
ferable case the core is still a closed set, but it need
not be convex, polyhedral, or even connected. Figure 7b
shows the core for the game previously illustrated in
Fig. 2, and Fig. 7c shows how a disconnected core can
result when the Pareto surface is ''flatter' for the all-
player set than for the smaller coalitions.*
T ¥Disconnected cores arise in the study of economies
having multiple competitive equilibria. For general in-
formation concerning cores of nontransferable-utility games
see Aumann (1961), Stearns (1964a), Scarf (1967), Billera

(1970a), Yasuda (1970), vilkov (1972), Scarf and Shapley
(1973), Shapley (1973).
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Fig.7 — Examples of cores of 3 -person games
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In a symmetric game, where v(S) depends only on the size

of S (see Sec. 2.3), it is an easy matter to discover whether
a core exists, since the core in such a game always includes
the symmetric or 'equal-shares' imputation that gives each
player v(N)/n.* This imputation must therefore satisfy all

coalitions if the core exists, and so we must have

£) (E@) s -1,2,...,n-1,
where f(s) denotes the characteristic value of the coalitions
having s members. Intuitively, this means that no coalition
is stronger per capita than the all-player set. Geometric-
ally, it means that the point (n, f(n)) is "visible'" from
the origin. Thus, the game graphed in Fig. 8a has a rather
large core while the '"'Garbage Game" (Fig. 1, p. 13) has none.
In a borderline case like Fig. 8b the core exists, but con-
tains only the one, symmetric imputation. These diagrams
illustrate vividly how the existence of a core depends on
the relative weakness of the coalitions of intermediate size.
EXERCISE. Show that in a simple game (see Sec. 2.6),
the core consists of the imputations that award everything
to the veto piayers. If there are no veto players, there

is no core.

*Proof: Let a be any point in the core, and let a(m)
be the same point with coordinates subjected to the permuta-
tion m. By symmetry, all points a(m) are in the core; by
convexity, so is their center of gravity @. But @ is just
the equal~-shares imputation. Q.E.D. .
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f(n) -

(b)

Fig.8 — Existence of a core in symetric games



~46-

4.1. Interpretation

A game that has a core is sociologically neutral.
Since every cooperative or collusive demand can be granted,
there is no need for a social mechanism that sets prior-
jties. A coreless game, on the other hand, must leave at
least one coalition unsatisfied, i.e., leave it short of
its potential. At least one group of players can always
do better by dropping out and '"going it alone." But if
they try it, another group will be able to make a better
offer to some of the drop-outs in a new alignment, and so

on ad infinitum. Therefore, in a coreless game some con-

straints on coalitional activity must be operative in the
society; or be engendered during the play of the game.

The condition (6-11,12) of "coalitional rationality"
that defines the core has great intuitive appeal. But it
does not follow that when there is a core all other out-
comes are bad and should be rejected out of hand. So-
cial forces or taboos powerful enough to deny classes of
players_ their birthright-do exist in the world, and- as we
have just noted, such forces must figure one way or another
in any solution theory capable of solving coreless games.
Why should these forces necessarily become impotent in
the presence of a core?¥

*Economic examples where it seems very plausible to
look outside the core for a solution have been discussed
by (among others) von Neumann and Morgenstern (1944), p

564§§, Shapley (1959b, 1961b), and Shapley and Shubik (1969ab,
1972) .
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Nevertheless, the core--or lack of core--is an unde-
niably important feature of any cooperative game. 1Its ex-
istence, its size and shape, its location within the space
of imputations, etc. are crucial to the analysis, under
almost any solution theory. The core is usually the first
thing we look for, after completing the descriptive work.

The core has been extensively studied in reference
to economic models.* 1In particular, the core properties
of markets with large numbers of traders players are strikingly
related to the propertiés.of ptice systems+in. these models.

These matters will be treated more fully in Chapters 9 and 10.

4.2. A Simple Market Game

In any two-person game, the core is exactly the impu-
tation space. An example is the curve CC' in Fig. 5 above,
the image of Edgeworth's contract curve. Since there are
no intermediate coalitions between the singletons and the
all-player set, (6-11,/12) adds nothing to (6-5/8) and (6-6;9).

Only with three or more players does the core concept develop

significance in its own right.

A THREE-CORNERED MARKET.** A farmer's
land is worth $100,000 to him for agricultural
use; to a manufacturer it is worth $200,000 as
a plant site; a subdivider would pay up to
$300,000.

*A bibliography will be given in Ch. 10.

*%*Adapted from von Neumann and Morgenstern, loc. cit.
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Let us first determine the characteristic function.
Denote the players by F, M, S; denote coalitions by M,
FS, etc. Assuming u-money and letting zero represent the

landless state for each player, we obtain easily the fol-

lowing:

Table 4
coalition worth
F $100,000
M 0
S 0
™ 200,000
FS 300,000
MS 0
FMS 300,000

To achieve v(FfM), for example, F must transfer the property
to M, receiving in return some payment, p. His final util-
ity level will then be p and M's will be $200,000 - p, so
the coalition is worth $200,000, regardless of what p is.

In passing, we observe that v is not constant-sum,
in contrast with our earlier examples in Sec. 2. Depend-
ing on which two-against-one game is played, the sum may
be $100,000, $200,000, or $300,000.

The imputation space for this game is the set of all
vectors (aF, Qs as) that majorize the initial utility vec-
tor (100,000, 0, 0) and add up to 300,000. These form a
triangle in 3-space, as shown in Fig. 9a. Restricting our-

selves to the plane of this triangle, we can drop to two
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7\ FS limit
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(b) \

Fig. 9—Core of the Three-cornered Market
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dimensions to display more clearly the regions in which
the various two-person coalitions are effective. Thus,
in Fig. 9b, the coalition FM can improve on any imputation
above the dashed line labelled "FM'", which is the line on
which they receive exactly $200,000. But between that
line and the bottom edge (on which they would share $300,000),
M is ineffective. 1In contrast, FS is a stronger coali-
tion that is satisfied--i.e., unable to improve its fortunes--
only along the right edge of the triangle. Finally, MS is
an inessential coalition that can do nothing that M and S
could not do individually. By inspection, we now see that
the core is the heavy line segment at the lower right, hav-
ing end points (2, 0, 1) and (3, 0, 0).

The core in this simple example may be interpreted as
making the prediction that the farmer will sell the land
to the subdivider at a price somewhere between $200,000
and $300,000.* We shall return to this example several
times, as new solution concepts are considered.

EXERCISE. Suppose money can only be passed from the
final buyer to the seller. Determine the (generalized)

characteristic function and core.

4.3. Extensions of the Core Concept

One may visualize a geometric search for the core that

begins with the set of all feasible payoff vectors and then

*This will be recognized as the classical solution
propounded by Bohm-Bawerk (1891).
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trims off the unwanted subsets. Each cut eliminates the
points for which a particular coalition is effective, in
the sense of (6-11,12). What remains at the end, if any-
thing, is the core.* Indeed, it was this imagery that in-
spired the term 'core'" in the first place.¥**

From this geometrical viewpoint it is easy to see why
the core is not likely to be a very sharp solution. If
the "bites" are too small then the core will be large and
unwieldy. The principle of coalitional improvement, im-
plicit in (6-11,12), will spend all its force before the
possibilities are narrowed down to a unique, final outcome
or small class of outcomes. Other solution concepts will
have to be invoked to shed light on the distributional ques-
tions still at issue and their possible resolution.

On the other hand, if the ''bites' are too large, there
may well be no core at all, as we have already seen. But
here, at least, there is some hope of extracting useful
insights from the core concept. We do this by retaining the

idea of coalitional improvement but making it more difficult

to implement.

*Thus, to arrive at the core in Fig. 9 we might first
make the all-player cut, reducing the feasible set to two
dimensions; then make the three singleton cuts, reducing
it to the triangle of imputations; then make the three
cuts for the coalitions FM, FS, and MS as shown by the
dashed lines in the figure. Of course, the end result
does not depend on the order of cutting.

%#%"_ .. The central part of anything, esp. as being the
residue or unused portion...', Webster's New International

Dictionary, 2nd edition.
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Two related definitions, among the many that could be
devised, are of basic interest here; both require trans-

ferable utility. For any positive number ¢, the strong

¢-core is the set of Pareto-optimal* a, if any, such that

(6-13) Loz v(S) - €, for all S < N.
S

The weak c¢-core is the set of Pareto-optimal* a, if any,

such that

(6-14) L a; zv(S) -se, forall ScHN,

S
where s denotes the number of players in S. In the first
case, we require a coalition to have a total excess of at
least ¢ before we rule out the outcome in question. In the

second case, we requlre a Eer caglta excess of €.

These quasi-cores, as they are sometimes called pro-
vide a crude way to reflect the costs or frictions associ-
ated with forming real coalitions. Under the weak defini-
tion (6-14) the costs depend on the size of the coalition;
in the strong case (6-13) there is a fixed charge. Alter-
natively, we might regard organizational costs as negli-
gible, or already included in v(S), but view the number ¢

or se as a threshold, below which a dissatisfied coalition

*Some authors use '"feasible' in place of "Pareto-opti-
mal' in these definitioms.
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will not consider it worth the trouble to upset the estab-
lished order of things. Using e-cores is, however, no sub-
stitute for serious modeling of the formation and operation
of a real coalition; at best they only provide a suggestion
of the direction in which the core solution might be modi-
fied if such considerations were included in the model.

The main applications of e-cores to date have come
from treating them as approximations to the core itself,
as ¢ approaches 0. 1In fact, classes of games of economic
interest have been discovered which exhibit e¢-cores, for
arbitrarily small positive values of e, even though the
true cores may be absent.* In other words, we are able
to say that some games 'mearly' have cores, while in others
the core is '"far away''. Indeed, we can define a numerical
measure of corelessness: let € min be the smallest ¢ for
which the strong e-core exists.** Then €nin Fepresents
the amount that would have to be deducted from the char-
acteristic values v(S) (excepting v(§) and v(N)) in order
for the core to appear.

Pursuing this idea further, we may define the least-
core*** of a coreless game to be the smallest strong e-core --
T *See Shapley and Shubik (1966). Kannai (1968) intro-
duces some additional varieties of e-core. Analogous modi-
fications of other solution concepts have been suggested
by Starr (1969), Shishko (1970), Henry (1972), and Kalai (1972).

*%*This is well-defined, since the set of ¢ for which
the strong e¢-core exists is closed, nonempty, and bounded below.

*%%This has also been called the ''mear core'".
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in other words, the €min-core. It is of lower dimension
than the other strong e-cores, and is often a single point
as in Fig. 10a.* The least-core may be regarded as reveal-
ing the latent position of the nonexistent core; it has also
been proposed as a solution concept in its own right.**

It is of some interest, when the game has a core, to
extend these definitions to negative values of e¢.%**% Let-
ting ¢ go negative has the effect of moving the walls of
the core closer together, reducing the indeterminacy of the
predicted outcome. Figure 10b illustrates this for
e =0, -3, -1, -1%, -2, and -2%, the last one yielding the
least-core. This core-shrinking process can be given some
heuristic justification, and technically it is very useful
in the development of another solution concept, the "nucle-
olus," to be described in Chapter 9.

EXERCISES. 1. Determine the weak and strong e-cores
of the "Three-Cornered Market'" for ¢ = $1000.

2. Determine the least-core for the characteristic
function in Table 1 (page 6).

3. Verify the following chain of set-inclusions:
weak e-core D strong e¢-core O weak %~core D...D core,
assuming that n > 1 and ¢ > 0, and that the core exists.

*The coordinates are (4%, 3? 2). The reader is invited
to verify that each coalition is 'eml -gsatisfied" here.
**For example, by Baudier (1969), who derives it from
a bargalnlng argument.

*%*It is necessary now to except the cases S = N and
= @ in (6-13), (6-14); these were vacuous when ¢ > 0.
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5. STABLE SETS. THE THEORY OF VON NEUMANN AND MORGENSTERN

One way to describe the core is in terms of a relation
between payoff vectors, called "domination'". Informally, one
payoff vector dominates another if it is preferred by some
coalition that can enforce its preference. Formally, we

say that o dominates P if there is a coalition S such that

(6-15) a; > By all i ¢ S

(i.e., S prefers a to B), and
(6-16) Zi.g 9 S v (S)

(i.e., S is effective for a). In the nontransferable case,

(6-16) becomes
(6-17) a e V(S).

From these definitions it can be shown that the core is
just the set of imputations that are not dominated by other
imputations.¥*

This does not mean that the core imputations neces-

sarily dominate everything outside the core. Usually, in

*The proof of this remark depends on the superaddi-
tivity of v or V--or, more precisely, on a weaker condi-
tion that is implied by superadditivity. See Shapley and

Shubik (1969a).
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fact, they do not. In disputing an unacceptable outcome,
a coalition may have nothing better to propose than some-
thing that would be unacceptable to another coalition.

Such a core lacks the property called external stability,

which is defined as the ability of the members of a set of
imputations to dominate all imputations outside the set.

External stability does not make for a useful solu-
tion concept by itself, since it is far too easy to achieve.
For example, the set of all imputations is externally stable.
But a counterbalancing principle can be invoked, called

internal stability, defined as the absence of any domina-

tion between members of the set. Internal stability is
similar to, but weaker than the property of nondomination
that characterizes the core. The core is internally stable,
obviously, but other sets having no particular relationship
to the core are also internally stable. For example, any
single imputation is internally stable.

The solution of a game, as defined by von Neumann and

Morgenstern, is any set of imputations that is both extern-

ally and internally stable. Put another way, it is any sub-
set of the imputation space that dominates precisely its
complement. In our pluralistic approach, we have reserved
the term "solution' for more general use, so we shall refer

to the von Neumann-Morgenstern solutions as stable sets.

The external and internal conditions are so nicely
balanced in this definition that either increasing or de-

creasing a stable set by a single point destroys its stability.
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Hence, although there may be (and usually are) many stable
sets, sometimes intersecting each other, no stable set lies
completely within another one.* If there is a core, every
stable set must include it, since points in the core are
not dominated. If the core happens to be externally stable,
then it is the unique stable set.** But when there is no
core, the stable sets may be quite unrelated to each other

and quite dissimilar in form.*** Some simple examples will

be discussed in the next section.

alaatsatouts

The definition of stability is in a sense circular,¥w¥%
and there is no straightforward method for calculating stable
sets, or even for determining when they exist. The general
existence question, in fact, was a major outstanding prob-
lem of game theory for many years, not settled until 1964

for nontransferable utility games and 1968 for transferable

*A stable set is, simultaneously, a minimal externally
stable set and a maximal internally stable set.

**This is the case, for example, for games whose char-
acteristic functions are convex, i.e., satisfy v(S U T) 3
v(S) + v(T) - v(8 n T) for all S and T (compare (6-1)); see
Shapley (1971). Other examples are given by Gillies (1959)
and Bondareva (1963).

**%%It was once conjectured that the intersection of all
stable sets is the core, i.e., that only a core point could
belong to every stable set (Shapley (1953b)). However,
Lucas (1967b) tound a five-person game with a unique stable
set strictly larger than the core. Subsequently, other
counter examples have been found; see Lucas (1968c, 1969a, 1972).

*%%%If we write "A'" for the set of all imputatioms,
and "dom X" for the set of points that are dominated by points
in X, then the stable sets are the solutions to the equation
X = A - dom X. The core, in this notation, is given by
C =A - dom A.
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utility games.* Stable sets have fascinated mathematicians,
and there is a large body of literature dealing with the
search for stable sets that solve particular classes of
games, e.g., four-person game, simple games, "quota' games,**
or symmetric games, or that enjoy special properties, e.g.,
finiteness, symmetry, discrimination,*** or unusual "path-
ological" features.**** A guide to this widely scattered
literature will be found in the Appendix.

While stable set theory is admittedly difficult in
its many ramifications, experience has been that most games
are abundantly endowed with stable sets, and several pro-
posals have been advanced for modifications in the defini-
tion, or for further stability conditions, with the aim of
reducing the multiplicity.****% As none of these have -

gained widespread acceptance, we shall not discuss them

here.

*Stearns (1964b, 1965) and Lucas (1968b, 1969b).

*%A quota game is one in which there exists a payoff
vector that exactly satisfies all two-person coalitions (or
more generally, in an "m-quota' game, all m-person coali-
tions).: see Shagley (1953a), Kalisch (1959), Bondareva (1963),

and Peleg (1963b

. %%%A stable set is discriminatory if there is a player
whose payoff is constant throughout the set. See Sec. 5.2,
below. .

*%%*See Sec. 5.3, below.

*%%**Shapley (1952), Luce and Raiffa (1957), Vickrey
(1959), Harsanyi (1971).
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EXERCISES. 1. Show that every stable set is closed,

i.e., includes its limit points.

2. Show that an imputation that is dominated by a
core point cannot belong to any stable set.*

3. Show that a stable set is Pareto optimal.

5.1. Examples

We mentioned above that every stable set includes the
core, if there is one, but that the core by itself need not
be stable. This is illustrated by a game we considered
earlier: In Fig. 9b the core dominates all points directly
to its left, i.e., below the middle line, but none of the
points on or above that line. To obtain a stable set, we
must tack on a '"tail''--a curve traversing the triangular
region (shaded in Fig. lla) that the core fails to dominate.
Since this appendage can be more or less arbitrary, this
game has an infinity of different stable sets.** Moreover,
each stable set contains an infinity of imputations.

For contrast, let us consider the three-person constant-
sum case. (We recall that there is essentially just one such

game.) One of its stable sets consists of exactly three

*More generally, using the notation of an earlier foot-
note, we have for any stable set X:

ClEczEC_o,E---EXE---EA3EA2£A1s

where A1 = A, Ck = A - dom Ak’ and Ak+1 = A - dom Ck'

**See Exercise 1, below.
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Fig. 11— Examples of stable sets in 3 -person games
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points--the midpoints of the three sides of the imputation

triangle. Thus, if we use the ''Shooting Match'' data (Table

1, p. 6) we obtain the three imputations*

(13.60, 11.00, 2.40),
(13.60, 5.40, 8.00),
( 8.00, 11.00, 8.00),

as shown in Fig. 11lb. It is easy to verify the stability

of this set. Call the set Y. The points of Y obviously

do not dominate each other, since only one player would
ever want to switch from one to another and it takes two
to make an effective coalition. Hence Y is internally
stable. On the other hand, any imputation outside Y will
give less than the upper payment (13.60, 11.00, or 8.00,
respectively) to at least two players* so these players
will prefer the imputation in Y that gives them their upper
payments; moreover they will be effective for this preference.
Hence Y is extermally stable.

We should emphasize that finite stable sets, like the
above, are rather unusual occurrences and should not be re-
garded as typical of the theory. Even the three-person game

just considered has many other stable sets, all of them infinite.

*After normalization (see Table 2, loc cit), the correspond-
ing imputations would be (5.60, 5.60, 0), 35.60, 0, 5.60), and

(0, 5.60, 5.60).. ‘

**Proof: Suppose, say, that Ap 2 13.60 and ap 2 11.00.
Since Ta, = 27, we have Ce £ 2.40. But if a; < 2.40 then a
is not an imputation, while if ag = 2.40 then o is in Y.
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EXERCISES. 1. Determine the set of imputations dom-
inated by a typical point on the curve in Fig. lla, and so
find the conditions which the extended curve must satisfy.

2. 1In the three-person constant-sum game, show that
the set of imputations in which a given player receives

his minimum is stable.

5.2. Interpretation

The defining conditions for stability have a plausible
ring, but there remains the task of putting together a co-
herent interpretation. The originators, von Neumann and
Morgenstern, proposed that a stable set be viewed as a

standard of behavior--or a tradition, or social convention,

or canon of orthodoxy, or ethical norm--against which any

contemplated outcome can be tested* Because this standard
of behavior is assumed to be well known to the community
of players, the elements of the stable set are constantly
in the public mind and whenever a '"heretical' imputation
is suggested, violating the canon, it can be instantly re-
futed by an "orthodox'" imputation which dominates it.

In practical applications, this rather elaborate in-
terpretation is most successful when it can be related to
some familiar cultural constraint or institutional form.
The three-point solution just described, for example, could
arise from an egalitarian tradition which says that in sit-
uations of this kind a two-player coalition will form and

split the proceeds, but which says nothing as to the identity

*Copeland (1945) describes a stable set as a set of
trusted imputations.
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of the successful pair. Another stable set of the same game
consists of one complete edge of the imputation triangle
(see Exercise 2, above). This stable set represents a non-
symmetric , "discriminatory' standard of behavior. It
identifies a particular pair of players as the presumptive
winners, but it says nothing as to how they should divide

the prize.

In the "Three-Cornered Market'" (which is a junior ver-
sion of several of our later economic models), one possible
societal constraint might declare it "umethical" to compen-
sate a buyer for staying out of the market, even though by
doing so he may help another buyer get a better price. The
stable set corresponding to this standard of behavior is
a straight line, having for its "tail" (Fig. 11 a) just the
linear continuation of the core. In this "discriminatoery"
solution player M gets nothing, regardless of the arrangement
reached between F and S. In another society, however, a
successful bidder might be expected to share his good for-
tune with any potential buyer who could have bid against
him but refrained. A stable set more like the one actually
illustrated in Fig. lla would then be indicated.

Stable-set theory, then, does not predict a standard
of behavior. Nor does it predict an outcome when the stan-
dard of behavior is known. Rather, it tells us whether a

given set of social or economic procedures is stable, by
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investigating the domination properties of the set of im-
putations that they give rise to. We can only get something
approaching a prediction, from this branch of game theory,
when we are able to discern some general properties enjoyed
by all stable sets of the game.

A case in point is provided by the '"BShm-Bawerk games''--
two-sided markets in a single, indivisible commodity. (Our
"Three-Cornered Market'" represents the smallest nontrivial
example of this type of game*.) In these games the core is
a straight line segment, and every stable set extends the
core (in both directions if necessary) along a continuous,
monotonic "bargaining curve', until limits are reached where
all the profit goes to the players on one side of the mar-
ket.** A stable set can here be explained as a pattern of
special pricing arrangments, possibly including side pay-
ments to third parties. The one free parameter, identify-
ing positions along the bargaining curve, can be taken to
be the market-wide average price, from which the individual

transactions can deviate only within narrow limits.

5.3. Pathologies

Unfortunately, a plausible interpretation is not al-

ways so ready to hand. In fact, a 'rogues gallery" of

*See Bohm-Bawerk (1891), p. 203ff; von Neumann and Mor-
genstern (1944), p. 560ff Shapley (1961b), and Shapley and

Shubik (1972).

**Shapley (1955a, 1959b) treats the symmetric Bohm-
Bawerk game in detail; Peleg (private communication, 1962)
then observed that the qualitative results carry over to
the general case.
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horrible examples of stable set '"misbehavior' has accum-
ulated over the years, in the literature and unpublished
folklore of game theory. There are some very simple n-

person games, for instance, with n any number greater than

3, in which one can start with an arbitrary closed subset

of a certain (n - 3)-dimensional region in the imputation
space and build it up into a stable set, adding only points
remote from the starting set.* Such a degree of arbitrariness
is somewhat harder to explain away than the arbitrariness

in the bargaining curves of Bohm-Bawerk games. More recently,
a procession of counterexamples has emerged out of the work
of William Lucas. Thus, there is a partially symmetric 8-
person game, none of whose stable sets have the symmetry of
the game.** There are games with unique stable sets which are
not cores, nor even core-like, since they are nonconvex.***
One innocent-appearing game, with twenty players, was dis-
covered all of whose stable set are peculiar, infinite ag-

gregations of two-dimensional 'flakes", attached densely

yet sparsely to the line-segment core.¥**** After that

*Shapley (1959a); or see Shapley and Shubik (1969a).
**Lucas (1968c).

*%%Lucas (1968c, 1969b). Nonconvexity can sometimes
be an obstacle to interpretation, since chance moves or mixed
strategies can be presumed to occur in the underlying stra-
tegic model.

*%%%Shapley (unpublished).
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monstrosity, Lucas's climactic discovery of a ten-person
game . having no stable sets at all came almost as a relief
to those working in this field.*

The detection and diagnosis of stable-set pathologies
has a fascination of its own, but the question naturally
arises whether they are mere mathematical curiosities, or
whether they could actually arise in application. Since
the most notable applications of this branch of solution
theory have been to models of trade, or trade and produc-
tion, a more specific question can be asked: Are there
markets, or other basic economic systems, whose represen-
tations as n-person games exhibit the various stable-set
pathologies? Unfortunately the answer is yes, in almost
all known cases. Moreover, there appear to be no outward
signs of trouble in the economic models so afflicted.**

The explanation for these assertions lies in some very
fundamental relationships that exist between markets, cores,

and stable sets. We return to this subject in Sec. 6.

5.4. Extensions

Since it uses only the notions of imputation and dom-
ination, which both generalize readily, the definition of
stable set has been applied to several extensions and var-

iants of the "classical" model for which it was originally

¥ucas (1968b, 1969b); see also his 1972 survey. The
existence question which he thereby settled in the negative
had for twenty-five years been regarded as the outstanding
unsolved problem of game theory.

**Shapley and Shubik (1969a).
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intended--i.e., the finite-person c-game with transferable

utility. The extension to games without transferable util-

ity is already included in our presentation. Stable sets

have also been studied for infinite-person games, for games

in "partition function" form (see Ch. 9), and finally for

abstract mathematical structures.* While some of these

extensions contain at least the seeds of potential appli-
cation to economics and other fields, they have also made
their contributions to the ''rogues gallery'. In fact,
solutionless games were found in each of the underlined
categories above before they were found in the classical

case, which proved the hardest nut to crack.

—— ]
*For references, see the Appendix.
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6. BALANCED SETS AND MARKET GAMES*

The modeling of markets and other economic institu-
tions must usually, as we have stressed, be heavily depen-
dent on the special features of the concrete situation be-
ing analyzed, as well as on the special purposes of the
investigation. There is, however, such a fundamental con-
nection between cooperative n-person games and certain
market-like processes that a brief considemtion of some
very abstract market models can give valuable insights into
the concepts we have been discussing.

The traders in these abstract markets have, in addi-
tion to u-money, a number of idealized commodities which
they can trade among themselves without restriction. The
payoff to a player is just his utility for his final hold-
ing of goods and money, without regard for the particular
sequence of trades that he may have engaged in and without
regard for the holdings of the others players. His util-
ity function is assumed to be continuous and concave, and
expressed in monetary units.

Such a model reduces very quickly to characteristic
function form. The worth v(S) of any subset of traders
1s simply the maximum total utility that they can achieve
by trading only among themselves. Clearly this model is

a '""'game of orthogonal coalitions," and hence a c-game. Any

*This section is somewhat more technical than those
preceding.
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characteristic function arrived at in this way is called
a "market game'. The key to the analysis of market games
lies in an important technical concept, known as "balanced-

ness", which we shall now proceed to describe.

6.1. Balanced Games

The characteristic function of our abstract market

model is, of course, superadditive; this can be expressed

by saying that the inequality
(6-18) v(Sl) + ... + v(Sm) < v(S)

holds whenever the family {Sj} of coalitions is a partition

of S.* This is nothing more than the observation that if S

breaks up into smaller trading groups, then they may be able
to do as well as before, but certainly not any better.

In a market game, however, something less drastic than
breaking up into completely independent groups is possible,
pointing to a generalization of (6-18). A player can do some
business with one group, some with another. Let {Sj} be a
family of "actively trading' subsets of S, including all
players in S but not necessarily forming a partition. Let
each set S. demand the fraction fj of the resources of each

of its members. If these numbers fj can be chosen so that

*That is, each member of S belongs to exactly one of

he S..
teJ
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they total 1 for each player--thereby accounting for all

his resources, then {Sj} is said to be a balanced family

of subsets of S.* 1In that case, the inequality
(6-19) flv(Sl) + ... + fmv(Sm) < v(S)

will be satisfied, when v comes from a market game. The
reason is that if each coalition Sj uses just the fraction
fj of its members' resources, it can generate at least
ij(Sj) (because the utility functions are concave), while
the coalition S acting as a whole can put together these
partial efforts (because the family is balanced) and there-
by achieve at least the sum of the ij(Sj)-

A game in characteristic function form is said to be

totally balanced if (6-19) holds for every S. It is said

to be balanced if its characteristic function satisfies
(6-19) in the special case where S is the all-player set,
N. In other words, a game is totally balanced if it is
balanced and all of its subgames are balanced as well.

It is nét hard to see that some superadditive charac-
teristic functions are not balanced,** and that some bal-
anced characteristic functions are not totally balanced.
~— ¥ For example, {IZ, I3, 73} is a balanced family of sub-

csets of 173, by virtue of the fractions 1/2, 1/2, 1/2. Sim-
123, %I, 74, 34} is a balanced family of subsets

ilarl {

of 17§t, by virtue of the fractions 2/3, 1/3, 1/3, 1/3.
But {1Z, , 234} is not balanced. (See Shapley (1967a,
1973), Peleg (1965a).)

*%See Exercise 2 below.
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However, for the reasons just sketched, every market game
is not only balanced, but totally balanced.*

A similar theorem holds for market games without side
payments (i.e., markets without u-money); we must merely
replace the numerical inequality (6-19) by the set-theoretical

condition:

(6-20) V(S{) N ... N V(S ) V(S),

A

again asserted for all balanced families {Sj} of subsets of S.¥%%*
A sort of converse is available. It can be shown, at

least in the side-payment theory, that every totally balanced

characteristic function is the characteristic function of

some market game. 1Indeed, we can construct a market from

any set function v in the following way:

THE DIRECT MARKET.#*%* Agsociated with
each subset S there is an activity called
"Project S," and each individual must distri-
bute one unit of labor (say) among the pro-
jects that include him. The amount of (trans-
ferable) utility generated by Project S is
f(S)v(S), where £(S) is the minimum of the in-
dividual contributions to the project by the
members of S and v is a given set function.

*Shapley and Shubik (1969a).

*%Scarf (1967), Scarf and Shapley (1972). Note that
the fractions f. do not appear explicitly in (6-20), which

depends only on ordinal utilities. A more restricted def-
inition of balanced games, based on cardinal utilities, is
used by Billera and Bixby (1973); both concepts specialize
to (6-19) in the presence of u-money.

**%*%*Based on an idea of D. Cantor and M. Machler
(private communication, 1962), see also Shapley and Shubik
ibid.
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These rules suffice to define an abstract market, with as
many commodities as traders, and if v happens to be totally
balanced then the characteristic function of the market is
precisely v. To see this, note that the members of S can
surely attain v(S), by operating "Project S" full time.
But because of (6-19) they can do no better than v(S) by di-
verting effort to other projects under their control, i.e.,
the "Projects R" for R c S,

1f the given function v is not totally balanced, hewever,
the resulting direct market has for its characteristic function
not v, but a new function Vv, called the cover of v. This function
turns out to be the smallest totally balanced set-function
that is everywhere greater than or equal to v.¥

EXERCISES. 1. Show that if a family of coalitions
is balanced by virtue of more than one set of fractions {fj},
then some proper subset of that family is also balanceds
In other words, show that the balancing fractions for a
minimal balanced family are unique.

2. By considering the balanced family consisting of
all sets of the form N - {i}, show that no essential con-
stant-sum game can be balanced.

3. Show that a market without u-money is totally bal-
anced, in the sense of (6-20).

4. Determine the cover of the normalized three-person

constant-sum game displayed in Table 2 on page 6.

*Shapley and Shubik ibid.
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6.2. Solution Properties

Using the concept of balancedness, some fundamental
relationships between markets, cores, and stable sets can
be stated quite simply. Indeed, balanced families were
first introduced (so far as we know) for the purpose of
expressing the existence conditions for the core.* A

fundamental theorem states that a game with transferable

utility has a core if and only if it is balanced.** Since

totally balanced games are a fortiori balanced, we are as-
sured of the existence of a core for any economic model
that can be represented in the form of an abstract market.
This is the first basic fact that we wish to stress.

The second basic fact involves the relationship be-
tween a game, v, and its ''cover", v, as defined above.
If v is not balanced, then there is little connection be-
tween the solutions of v and V. For example, v has a core
and v does not. But if v is balanced, then the two games Vv
and-v-turn-out -to-have identical -imputation spaces, -identical
cores, and identical stable sets.*** Thus, the operation

of "taking the cover" gives us a way of going from balanced

*Shapley (1967a).

*%Bondareva (1962, 1963); see also Shapley ibid. and
Charnes and Kortanek (1967). Without transferable utility,
balancedness (in the sense of (6-20) with S = N) is suf-
ficient but not necessary for the existence of the core;
see Scarf (1967), Billera (1970a, 1971b), Billera and Bixby
(1973), and Shapley (1973).

**%This is because the two games exhibit the same pat-
tern of domination, which is all that matters. The equivalence
of patierns of domination is discussed by Gillies (1959) and
Shapley and Shubik (1969a).
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games to totally balanced games without disturbing either

the core or any of the stable sets.

This has a direct bearing on the question of pathol-
ogies in the stable-set theory, since it means that every
game with a core is '"solution-equivalent'" to some abstract
market. Remarkably, almost all of the ''rogues' in the
gallery of games with ill-behaved stable sets possess
cores.* As a result, all of the anomalies that we de-
scribe in Sec. 5.3, including the nonexistence of stable
sets, can and do occur in market models, and in relatively
simple ones at that.*¥

EXERCISE. Show that any abstract market is equiva-

lent, in terms of its characteristic function, to a direct

market.

*This does not mean that games with cores are more
prone to pathologies, but merely that they are mathema-
tically more tractable. The question whether there exists
a game having neither a stable set nor a core is at pre-
sent still unsettled.

**Some explicit examples are given in Shapley and
Shubik (1969a).
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APPENDIX. BIBLIOGRAPHY ON STABLE SET SOLUTIONS

More than 100 articles and books dealing with stable
sets are listed in this appendix, in chronological order
and with coded descriptors. The latter may be used to gen-
erate shorter, more specialized bibliographies, e.g., for
L-person games, finite solutions, political applications,
etc. A few unpublished items are included, either for
historical reasons or because they are too recent to have
been supplanted by published work. We have tried to be
complete, and would welcome having any omissions brought

to our attention.

Descriptor Key

1. Game classifications:
3prs three-person
4prs four-person, etc.
nprs also general finite-person games
infp infinite-person
comp composite or compound
conv convex
mark market
n-1 coalitions of < n - 1 players lose
quot quota (or m-quota) '
simp simple (or semisimple, extreme)
symm symmetric (or partially symmetric)
notr nontransferable utility
part partition-function form
abst abstract (nongame)

2. Solution classifications:
barg bargaining curves
disc discriminatory
fin finite (main simple, etc.)
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inf also infinite solutions
noex nonexistent
path pathological
prod product
symm symmetric
uniq unique
3. Other classifications:
book book
thes thesis
surv survey
bset relationship to bargaining set
calc calculation
card cardinality of solutions
core relationship to core
defs definitions extending the theory
exam example or counterexample
exp experimental games
kern relationship to kernel
loc location of solutions
noco relation to noncooperative theory
solv solvable classes of games
vari wvariant of classical theory
econ application to economics

poli

application to politics or voting



-78-

Authors and Dates Descriptors
[ games] [solutions] [other]
von Neumann-Morgenstern | 3prs simp fin symm book solv
(1944) 4prs symm inf barg surv vari
nprs mark disc defs econ
comp abst
Copeland (1945) surv
Richardson (1946) abst solv
Wald (1947) surv econ
McKinsey (1952a) book surv
McKinsey (1952b) surv exam
Milnor (1952) loc
Shapley (1952) vari defs
Bott (1953) simp symm S ymm
Gillies (1953a) simp symm disc barg
Gillies (1953b) loc
Gillies (1953c¢) comp abst disc uniq thes loc
simp defs solv
core vari
Richardson (1953a) abst solv
Richardson (1953b) abst solv
Shapley (1953a) 4prs quot barg solv
nprs
Shapley (1953b) card loc
core
Shapley-Shubik (1953) notr defs
Kalisch-Milnor-Nash- 4prs exp
Nering (1954)
Mills (1954) ~ 4prs calc
Isbell (1955) simp fin
Richardson (1955) abst solv
Shapley (1955b) mark symm barg econ
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Authors and Dates Descriptors
[ games] [solutions] [other]
Richardson (1956) simp symm fin symm
Berge (1957) nprs abst book 1loc
core
Luce-Raiffa (1957) book surv
Berge (1958) abst book
Burger (1959) mark book surv
Gelbaum (1959) S ymm Symm
Gillies (1959) comp abst disc unigq defs soly
simp core vari
loc
Griesmer (1959) simp fin disc
Gurk (1959) 5prs simp disc
Gurk-Isbell (1959) simp fin
Harary-Richardson abst solv calc
(1959)
Isbell (1959) notr 3prs fin vari defs
Kalisch (1959) quot
Kalisch-Nering (1959) infp noex defs exam
Mills (1959) 4prs calc loc
Nering (1959) 4prs symm  symm
Peleg (1959) solv
Shapley (1959a) simp path
Shapley (1959b) mark symm  barg uniq core loc
Shubik (1959) mark barg econ
Vickrey (1959) simp 4prs vari defs
Aumann-Peleg (1960) notr defs core
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Authors and Dates Descriptors
[games] [solutions] [other]
Hoffman-Richardson simp symm  fin
(1961)
von Neumann-Morgenstern |simp n-1 S ymm loc calc
(1961) symm
Bondareva (1962) uniq core solv
Davis (1962) infp symm symm noex  defs exam
simp
Riker (1962) poli
Thrall (1962) part defs
Bondareva (1963) quot nprs uniq core solv
Lucas (1963) part 4prs thes
3prs n-1
Peleg (1963a) notr nprs defs solv
3prs core
Thrall-Lucas (1963) part nprs defs
3prs
Eisenman (1964) part thes defs
vari
Galmarino (1964) 4prs fin inf card
Hebert (1964) 4prs disc
Owen (1964) comp -simp barg prod core loc
Shapley (1964) comp simp  barg prod
Shubik (1964) surv
Stearns (1964a) notr 3prs calc core
Stearns (1964b) notr Nprs noex defs exam
6prs
Lucas (1965) part 4prs uniq
Peleg (1965b) jcomp kern
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Authors and Dates Descriptors
[ games] [solutions] [other]

Peleg (1965c) comp
Stearns (1965) notr 7prs  noex exam
Eisenmann (1966) part defs vari
Lucas (1966a) part surv
Lucas (1966b) n-1 S ymm
Owen (1966) 4prs nprs disc solv
Parthasarathy (1966) comp simp  prod
Aumann (1967) notr surv
Lucas (1967a) part n-1 uniq
Lucas (1967b) , 5prs path uniq exam core
Shapley (1967b) disc - solv
Skala (1967) abst core
Guilbaud (1968) book surv
Leiserson (1968) simp fin poli
Lucas (1968a) part llprs mnoex exam
Lucas (1968b) 10prs noex exam
Lucas (1968c) 5prs 8prs  path symm  exam

unigq
Owen (1968a) nprs infp noex book exam

surv
Owen (1968b) n-1 disc
Shubik (1968) mark barg econ core
Wilson (1968) eimp notr  fin defs poli
Bondareva (1969) comp 4prs uniq core
nprs 5prs

Kulakovskaya (1969) uniq core
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Authors and Dates Descriptors
[ games] [solutions] [other]
Lucas (1969a) 8prs path uniq exam
Lucas (1969b) 10prs noex exam calc
Parthasarathy (1969a) comp simp prod
Parthasarathy (1969b) comp simp prod
Shapley-Shubik (1969a) mark path noex  core exam
Bondareva (1970) 3prs mark barg core solv
nprs

Leiserson (1970) surv poli
Rosenthal (1970) simp fin thes bset

vari defs
Vorobyev (1970a) book surv
Vorobyev (1970b) surv
Wilson (1970) abst econ
Kulakovskaya (1971) uniq core
Parthasarathy-Raghavan (1971) | comp simp prod book surv
Shapley (1971) conv uniq core solv
Skerus-Jaciauskas (1971) 3prs noco
Sokolina-Bondareva (1971) comp uniq core
Wilson (1971a) simp notr fin bset poli
Wilson (1971b) simp notr fin bset poli

calc
Yasuda (1971) mark econ
Wilson (1972) abst econ
Lucas (1972) surv
Vilkov (1972) notr uniq core
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Authors and Dates Descriptors
[ games] [solutions] [other]
Harsanyi (1973) uniq noco defs
core
Hart (1973a) S ymm S ymm econ
Hart (1973Db) notr infp prod thes econ
mark nprs
Weber (1973a) " n-1 disc
Weber (1973b) n-2 disc
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