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PREFACE

This report presents a general integral solution for bomber pene-
tration (survivability) in an air battle where the defenders' oppor-
tunities for encounters and capacities to kill bombers are both limited.
This solution was generated in the course of methodology research on
bomber penetration in Project RAND's Strategic Studies Program.

The Penetration Integral and Tables were first presented at the
Working Conference on Aircraft Attrition Models, convened at the Air
Force Systems Command West Coast Study Facility on 23-24 November 1970.
This report will make them available to a wider audience as a basic
reference. It should be especially useful to Air Force analysts con-

cerned with bomber penetration and air defense.
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SUMMARY

A general integral solution has been derived for bomber penetra-
tion (survivability) in an air battle where the defenders' opportunities
for encounters and capacities to kill bombers are both limited. This
general solution provides a continuum description of outcomes between
the two simple limiting cases where bomber survivability is predicted
upon either the encounter opportunities or the kill capacities of the
defenders.

Because the general integral solution is complicated, special
integral tables have been calculated and are presented. These tables
have been designed to show the parametric conditions under which the
simple limit case expressions are satisfactory approximations to the
general solution. The general solution always indicates a higher degree

of bomber survivability than either of the limiting cases.
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NOMENCLATURE

the average number of encounters with bombers for each interceptor,
whether armed or unarmed, at the end of the air battle.
the number of bombers remaining in the air battle at any time, t.
the initial number of bombers in the air battle.
the cumulative number of bombers lost in the air battle up to any
time, t.
the cumulative number of interceptor encounters with bombers, for
both armed and unarmed interceptors, during the air battle up to
any time, t.
the cumulative number of armed intercepts in the air battle up to
any time, t.
the cumulative number of armed intercepts in the air battle up to
any time, t, that are attributable to interceptors remaining armed
at time, t.
the cumulative number of armed intercepts in the air battle up to
any time, t, that are attributable to interceptors exhausted (un-
armed) at time, t.
an integer.
the number of interceptors continuously in the air battle.
the number of interceptors remaining armed at any time, t.
the number of interceptors exhausted (unarmed) at any time, t.
the potential number of lethal encounters per bomber during the
air battle based upon the expected encounter rate. Specifically
defined as:

j = PkéT
the potential number of lethal encounters per bomber based upon
the total armament capacity of the interceptors. Specifically

defined as:
mPk

B
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Me

the capacity of each interceptor for armed encounters with bombers.
Specifically, the integer number of times each interceptor can
participate in independent armed encounters with bombers.

the probability of an event.

the probability that an encounter by an armed interceptor with a
bomber will be lethal (i.e., will result in the loss of the bomber) .
the probability that a bomber will survive to the end of the air
battle.

the probability that a bomber will survive the air battle at any
time, t.

time, measured as a continuous variable from the start of the air
battle.

time duration of the air battle.

the average number of encounters with bombers for each interceptor,
whether armed or unarmed, at any time, t, in the air battle.

the time~-rate of encounters with interceptors, whether armed or

unarmed, expected by any surviving bomber throughout the air battle.



I. TINTRODUCTION

Among the analytically simple models for bombers' penetration
survivability are the two familiar models sometimes known as the "sub-
traction model" (Ps = 1 - k) and the "exponential model" (Ps = e—j).
These expressions may be variously derived, but are frequently recog-
nized as being appropriate under certain limiting conditions (e.g.,
completely ordered or completely random engagements). Because these
two models apply to limit cases, they are often interpreted as first-
order approximations for real cases thought to be dominated by one or
the other of the limiting conditions.*

A general integral solution has been defined for the probability
of bombers' penetration survivability in a random-encounter air battle
where the numbers of combatants, potential encounters, and defenders'
armaments are all limited. Closed-form solutions have been found for
a few special cases, two of which reduce to the familiar "subtraction"
and "exponential" expressions. Thus, the integral (called the Penetra-
tion Integral) provides a continuum of solutions for bombers' pene-
tration survivability over a region bounded by and consistent with two
previously accepted limits.

The purpose of this report is to introduce the "Penetration Inte-
gral" and provide a set of integral tables. Mathematical derivations
have been included in an appendix, but it is the author's belief that
the derivative approaches are as varied as the applications of the
integral and that the serious user will want to try his own hand at
deriving the integral.

Because the general integral solution describes a process that is

probably a reasonable approximation for a number of other interesting

*These two models, of course, do not exhaust the large number of
models, both simple and complex, that have been suggested and used to
analytically describe the process of bomber penetration through air
defenses. The appropriateness of these particular models to "real
world" bomber penetration situations will not be argued here; their
importance lies in their simplicity, familiarity, and-—as shown in this
report--their common relationship as limit solutions for the "Penetra-
tion Integral." '



combat or battle processes, the exposition of this report has been
contrived for a balance between generality and the physical realities.
. Although the physical process is described as an air battle, it should
not be difficult for specialists in other areas to translate from one
battle context to another. The relationships of the parameters of an
air battle and other combat processes, such as survival in minefields,
and search-and-destroy ground actions should be fairly apparent.
Section II, which follows, describes the conceptual air battle,
the analytical assumptions, and the limit-case =olutions, before pre-
senting the general integral solution. Section III outlines the anal-
ysis of a representative air battle, illustrating the differences
between the limit cases and the general solution. Section IV describes
the integral tables that follow. An appendix provides the mathematical

derivations.



II. ANALYSIS OF AN AIR BATTLE

A given number of interceptors and a given number of penetrating
bombers are involved in a time-limited air battle. Both the inter-
ceptors and the bombers act independently of their fellows and are
dispersed sufficiently that three-party encounters are very improbable
as compared with two-party encounters. The encounters between inter-
ceptors and bombers are the result of some random process involving
either or both the positions and movements of the interceptors and
bombers. The interceptors are armed for a given number of encounters
with the bombers, and each interceptor attempts (with some average
probability of success) to kill a bomber on each encounter until his
arms are exhausted or until the time-limited air battle is over. Killed
bombers are removed from the battle, but interceptors that have ex-
hausted their arms remain as impotent members of the battle (their
presence does not alter the number of bombers killed).

If the outcome of the air battle is measured in terms of the prob-
ability of bomber survival, then four limits on the outcome are defined
by the limit states for the interceptors and bombers. Two of these
limits are trivial, the probability of bomber survival being zero or
unity, depending on whether all or none of the bombers are killed at
the end of the battle. The other two limits are determined by the
status of the interceptors' arms at the end of the battle.

Suppose that B0 bombers attempt to penetrate a defense of Io inter-
ceptors, each interceptor initially armed for m encounters, with prob-
ability Pk of killing a bomber on each encounter. If there are time
and bombers enough that each interceptor is certain to have exhausted

its armament, the expected number of bombers killed is:
B = mP, I @

And the potential number of lethal encounters per bomber is:

k = B (2)



The probability of bomber survival under these circumstances is, of

course:

Ps =1-k (3)

On the other extreme, suppose the time available for the air
battle is so short or the number of bombers is so small compared to m
that it is certain that none of the interceptors has exhausted its
armament. Then the probability of bomber survival will depend upon the
expected number, distribution, and lethality of encounters with inter-—
ceptors. The expected average number of encounters per surviving
bomber may be expressed as the product of the encounter rate, €, and
the duration of the air battle, T. If it is assumed that the number
of encounters suffered by a given bomber will be distributed .according

to the Poisson distribution, then:

co .
-€T - 1
_ 2 :e (eT) _ i
i=o
which simplifies to:
P = e (5)
s
when j is defined as:
j = Pkér (6)

Between these extreme cases is a continuum of possibilities in-
volving partial exhaustion of the interceptors' armament. If the number
of encounters between interceptors and bombers is sufficiently large
to permit the use of Poisson's approximation for the distribution of
encounters among the interceptors, the probability of bomber survival

may be generally described by:



P =1-k|1-) B-Llea ' o))

where g is the average number of encounters for each interceptor by
the end of the air battle. Unfortunately, g is the upper limit of a

complicated definite integral:

a
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where x is the instantaneous average number of encounters for each in-
terceptor during the air battle.

Although this integral is formidable, it has redeeming qualities
in its generality and susceptibility to tabular display. It is appar-
ent that:

P_ = f(m,j,k) (9)

Thus, the outcomes of the air battle, in terms of the probability of
bomber survival, may be generally described by means of tables (or a
matrix) having the independent variables (or dimensions) corresponding
to the three limit parameters of the battle: m, j, and k. If these
three parameters for the battle can be estimated, the probability of
bomber survival can be predicted from an appropriate set of tables,
without necessarily resorting to the approximations derived from the
limit states for interceptors' arms (i.e., none or all exhausted).
General closed-form solutions for the integral and the probability
of bomber survival are not apparent. However, a closed-form solution
can be obtained for the special case where the capacity of the inter-

ceptors for armed encounters is unity (m = 1):
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(for m = 1) : (10)

This form becomes indeterminant when k becomes unity, in which case:

(for m = k = 1) 11

Beyond these noted special and limiting cases, no closed-form
solutions are known and air battle outcomes will be most practically
obtained from an appropriate set of tables for the general solution
described by Eqs. (7) and (8). These tables appear on pp. 1l to 20

in Sec. IV.



ITI. A REPRESENTATIVE AIR BATTLE

Suppose 20 bombers attempt to penetrate a region protected by 10
interceptors, each interceptor armed for four encounters with bombers.
Under the expected average conditions for an encounter between an armed
interceptor and a bomber, the conditional probability of the inter-
ceptor killing a bomber given an armed encounter, is fifty percent. At
the rates at which the bombers and interceptors are moving around in
the region being penetrated and defended, a bomber can expect an aver—
age of one encounter with an interceptor every ten minutes, at least
for as long as the bomber survives. The air battle is to last one hour,
and some of the bomber crews are trying to calculate their odds on
surviving.

The first crew does some basic arithmetic: There are 10 inter-
ceptors with four missiles each, for a total of 40 missiles. On the
average, half of those missiles will be lethal, so these interceptors
can kill 20 bombers. Since there are only 20 bombers, we have had it--
these interceptors can kill all of us. [So far as it goes this calcu-
lation is correct: if exactly 20 missiles are lethal and if time is
sufficient, these interceptors will kill all of the bombers. But this
is not a correct estimate of the chances of survival if the air battle
is time-limited.]

The second crew is more concerned with the encounter statistics:
If there is an average encounter rate of six per hour, and if the battle
lasts for an hour, the average number of possible encounters for a sur-
viving bomber is six during the battle. But only half of these en-
counters are likely to be lethal, so the average number of potentially
lethal encounters for each surviving bomber is three. If these possi-
bilities are randomly distributed amongst us, then the probability of
avoiding all lethal encounter possibilities is e-3 or about five per-
cent. Thus, it is likely that only one of us 20 bomber crews will
survive the battle. [While slightly more optimistic than the first
estimate, and accounting for the time-limited nature of the air battle,
this estimate presumes that every encounter will find the interceptor

armed. ]



The third crew makes both of the previous calculations, but then
goes on to reckon that if they survive to the later minutes of the
battle, there is an increased likelihood that the interceptors they
encounter will be out of missiles. This should raise the probability
of survival, but how much? The computation is difficult to make, so
the crew uses a set of special integral tables prepared for this pur-
pose. From the first crew's calculation, k = 1. From the second crew's
calculation, j = 3. Knowing that m = 4, the third crew looks up the
probability of survival directly in the integral tables (given in Sec.
IV of this report) and finds the value to be 0.148, or about 15 percent.
Thus, the third crew estimates that three bombers will survive.

[To keep some perspective, it should be noted that a fourth crew
has decided that all this analysis is getting nowhere and is busy

tuning and checking their penetration aids and tactics.]



IV. ABOUT THE INTEGRAL TABLES

Despite their utility, integral tables are inconvenient for many
analytical operations. They are certainly not preferable to simple
analytical expressions if the latter will provide sufficient accuracy
for the purpose at hand. It is only when the simple expressions are
inadequate and the integral is complicated that resorting to integral
tables is generally advantageous. Such reasoning, however, raises the
question: When are the simple analytical expressions sufficiently
accurate to obviate the use of integral tables?

The accompanying integral tables have been designed to assist in
the resolution of that question. The printing of the integral tables
has been purposely limited to the parameter regions where the proba-
bility of survival, as computed from the integral equations, differs
from the simple limit expressions by more than 0.0005.* Thus, the
tables provide a quick visual check and enforce the use of the simple
expressions whenever they match the basic precision of the tables.
Table values appear only when the simple expressions are no longer
adequate to insure the precision indicated.

The tables are arranged by page for m (the initial capacity of
each interceptor for armed encounters with bombers), with m taking on
the integer values from one to ten. The columns of the table are for
k (the potential number of lethal encounters per bomber based upon the
total weapon capacity of all the interceptors), with k taking on values
from zero to five in uneven increments. The rows of the tables are
for j (the potential number of lethal encounters per bomber based upon
the expected encounter rate and air battle duration), with j taking on
values from zero to ten in uneven increments. The table entries are
the probability of (bomber) survival, PS, as computed from the general

integral equations.

Such precision, of course, is not always (or even usually) re-
quired of the simple expressions. Agreement within 0.0005 was selected
for consistency with the table entries, which have a maximum of three
significant digits. If the tables had been prepared with a maximum of
two significant digits, table entries could have been suppressed when-
ever agreement was within 0.005.
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At the higher values of j (but lower values of k), the missing
entries signify that the simple expression, PS = 1 - k, is adequate
to achieve the same precision as the table. At the higher values of
k the missing entries signify that the simple expression, Ps = e J,
is adequate to achieve the same precision as the table. Examination
of the tables shows that the simple expressions are increasingly ade-
quate descriptions as m increases. Thus, the integral tables are most
useful when m is a relatively small number, say less than a dozen.
[It is worth noting that table entries, whenever they appear, indicate
a higher probability of survival than would be calculated by either of

the simple expressions. ]
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Appendix

MATHEMATICAL DERIVATIONS

Consider an airbattle in which Io interceptors, each initially
armed for m encounters, begin a search for Bo bombers. Both the in-
terceptors and the bombers operate independently of their fellows and
are sufficiently dispersed that three-party encounters are very improb-
able as compared with one-on-one engagements. The encounters between
interceptors and bombers are the result of some random process involv-
ing the initial positions and movements of both types of aircraft.

The interceptors attempt to shoot down a bomber on each encounter,
until either their armament is exhausted (after m encounters) or the
air battle is terminated (at the end of time T). The bombers have no
lethal countermeasures against the interceptors. In the analysis,
destroyed bombers are removed from the air battle, but interceptors
that have exhausted their armament remain as impotent aircraft in the
battle (their presence does not alter the number of bombers shot down).

At any point in time, t, after the start of the battle, one might
observe that a total of E encounters (interceptor-on-bomber engage-
ments) had occurred. The expected number of encounters per interceptor

would be:

x = %- (A-1)

If the distribution of these E encounters among the I0 interceptors may
be described by the Poisson distribution, then the probability of any

interceptor experiencing exactly i encounters is:

-x 1

p(i,x) = =77 (a-2)

Interceptors experiencing m or more encounters will have exhausted their

armament. The number of weaponless interceptors is:
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e_xxi
o<1, ) S5 (a-3)

To avoid the infinite series, this may also be written in the form:

m-1

-x i
I =1 1-2 X (A-4)
e o] 1.

i=0

The total number of armed encounters experienced by the weaponless

interceptors is:

m-1 3
e Xxt
F =mI 1—2 —_— (A-5)
e 0 it
i=0

m-1
e—xxi .
Ia=Io_Ie=Ioz——i—!—- (4-6)
i=0

The number of armed encounters experienced by the interceptors remain-

ing armed is:

F =1 T (A-7)

And the total number of armed encounters among all interceptors, weapon-

less and armed, is:

F=F +F (A-8)
a e
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By combining Eqs. (A-5) and (A-7):

m-1 .
- i e—xxl
F = nI 1-2 e (4-9)
o) ., m i!
i=0

If each of these armed encounters was expected, with some average
probability of success, Pk’ to result in the destruction of the bomber

encountered, then the number of bombers lost at this point in time is:
B = P F (A-10)

Thus, the fraction of the initial force of bombers expected to survive

to this point in time is:

=2 _kK_B -
P = -5 (A-11)

k = —K0© (A-12)
B
o
Then combining Eqs. (A-9) through (A-12):
m-1 .
PR 3
P =1-%k|1- n-2 g“?j“ (A-13)
x } :,_ m il
i=0

If, at the end of the air battle, at time T, the average number of en-
counters (armed and unarmed) per interceptor is a, then the fraction

of the bombers surviving the air battle is:
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m-1
P =1-k|1-) B=-Ze f ' (A-14)
0

l—"‘:
And Eq. (A-14) is identical to Eq. (7) in the main text.

* % % %k %

To determine the average number of encounters (armed and unarmed)
per interceptor, consider the prospects for encounters as seen from a
bomber, so long as it survives: The crew of a bomber can expect some
average time-rate of encounters with interceptors, depending upon their
own motion, the motions of the interceptors, and the number of inter-
ceptors searching. If none of these three factors change during the
course of the air battle, the average time-rate of encounters (as seen
from the bomber) is constant throughout the battle.

[0f course, the rate of encounters, as seen by an interceptor or
by an observer of the whole battle, will decline as bombers are shot
down and become increasingly scarce. But the loss of fellow bombers
will not affect the prospects of an encounter as seen from any sur-
viving bomber, because the number of interceptors and their search
efforts remain unchanged. ]

If € is the average time rate of encounters per bomber, then by

definition:

. - 1 dE -

£ = B dt (A-15)
Or:

dE = Bedt (A-16)

But from Eq. (A-1):

dE = Iodx (A-17)



From Eq.

Integration of Eq. (A-19), over the entire air battle, gives:

If j is defined as a property of the air battle according to:

=B
dx = I edt
o
(a-11):
B .
dx = P =2 gdt
x I
o

O\Q
g

]

1 B
= £ &dt
s
0

"UIQ
»

f 2
= — ¢T
0 Yo

Then combining Eqs. (A-12), (A-13), (A-21) and (A-22):

And Eq.

a

‘/. dx - mj
m-1 .
0 m - i e'-xx1
1 -%k]1 - —_—
m il

i=0

=8

(A-23) is identical to Eq. (8) in the main text.

* % & % %

(A-18)

(A-19)

(A-20)

(A-21)

(A~-22)

(A-23)
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For the special case where m = 1, Eq. (A-23) reduces to:

a
dx -1 (a-24)
1-k+ke® K
0

Equation (A-24) may be integrated to:

a + loge (1 -k+ke?)
1-%k

=4 -
=1 (A-25)

(This integral form appears as No. 425 in "A Short Table of Integrals"
by B. 0. Pierce and R. M. Foster, 4th Edition, Ginn and Co., Boston,
1956 edition.)

Equation (A-25) may be solved for e 4

-a l-%
e ' = - (A-26)
LG/ A0 |y
When m = 1, Eq. (A-14) becomes:
Po=1-k+ke™? (A-27)
Substituting Eq. (A-26) in Eq. (A-27):
(3/%) (1-k)
_ (l - k) e -28
s T _Ga (4-28)

And Eq. (A-28) is identical to Eq. (10) in the main text.

* % % % %

For the special case where m = k = 1, Eq. (A-28) becomes indeter-

minate; but for this condition Eq. (A-24) reduces to:
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a
‘/ﬁ dx _ |
e ’
0
This integrates to:

e —-1=7

When m = k = 1, Eq. (A-27) becomes:

Solving Eq. (A-30) for e ¥ and substituting it into Eq. (A-31):

And Eq. (A-32) is identical to Eq. (11) in the main text.

(A-29)

(A-30)

(A-31)

(A-32)
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