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PREFACE

This study analyzes the uncertainty associated with predictions
‘made using the Rand airframe cost model: G. S. Levenson, H. E. Boren,
Jr., D. P. Tihansky, and F. S. Timson, Cost-Estimating Relationships
for Aireraft Airframes, The Rand Corporation, R-761-PR (Abridged),
February 1973, The discussion regarding uncertainty in that report
is sufficient to give the user a basic understanding of what the un-
certainty measure means and approximate values of the measure for a
range of aircraft characteristics and quantities. The present report
explains the uncertainty measurement problem in detail. In addition,
a complete discussion of the mathematical theories underlying the
analyses is presented.

The findings should be of interest to all persons who prepare and
use cost estimates=—to Air Force personnel in the Air Staff, at Head-
quarters, Air Force Systems Command, and at the Aeronautical Systems
Division; as well as to personnel in the Office of the Secretary of
Defense and in the aerospace industry. This document should reach two
general classes of readers: those interested in the specific results
for airframe cost estimation, and those interested in the general prob-
lem of confidence measures for multi-equation prediction models. The®
main body of this report is structured for the first class of readers.
Those interested in the methodology will find the mathematical appendix

most useful.
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SUMMARY

This study develops and applies a method for quantitative analysis
of the uncertainty inherent in certain predictive models involving a
number of regression equations. Specifically, it analyzes the uncer-
tainty associated with the Rand airframe cost estimating model.*

The significant difference between this volume and R-761-PR is
that the present volume presents uncertainty measures for models that
exclude the production rate variable while R-761-PR presents measures
for models that include the rate variable. The airframe cost model
consists of six regression equations for flight test cost, development
support cost, manufacturing labor hours, manufacturing material cost,
engineering hours, and tooling hours. These equations are derived from
a common data base consisting of 26 recent U.S. military aircraft.

The present analysis examines linear, logarithmic¢, and exponential
model forms, the latter two being the forms considered in the cited air-
frame cost model study. The linear model was included because it is
generally the most commonly used equation form. However, it is elim-
inated because its analytical properties do not correspond with expec-
tations regarding the real-world cost estimation problem and also because
it does not fit the data well. A wider range of model forms was mot
considered because the purpose of this study was to develop :the method-
ology and apply it to the Rand cost model.

The following observations can be drawn from the analysis:

1. The costs predicted by the logarithmic and exponential models
are not greatly different, at least not in comparison with the
size of the uncertainty bands.

2. The distributions of errors about the logarithmic and expon-
ential models are very different, the distribution for the

logarithmic model having constant percentage variance and the

= A

G. S. Levenson, H. E. Boren, Jr., D. P, Tihansky, and ¥. S. Timson,
Cost-Estimating Relationships for Aireraft Airframes, R-761-PR (Abridged),
The Rand Corporation, February 1972.
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distribution for the exponential model having constant absolute
variance.

Selection between the logarithmic and exponential model forms
is concerned with the forms of the error distribution. 1In the
present case, the logarithmic model is preferred. This is
based on both prior knowledge regarding the behavior of pre-
diction errors in the real world and on posterior analysis of
the residuals of the regression models.

The uncertainty bands are very wide regardless of the model
form selected. For aircraft designs that lie within the range
of values covered by the data base, the 95-percent prediction
intervals range from approximately minus 43 percent of the
predicted cost to plus 75 percént for the logarithmic model.
For the exponential model, the range is approximately plus-
or-minus 400 million dollars for designs in the same range.
Beyond the range of the data-base aircraft, the uncertainty
bounds for the exponential model expand rapidly.

Because the total cost prediction is the sum of component pre-
dictions, the total cost uncertainty bands might be expected

to be small due to random combination of uncertainties for

the components. However, the component regressions are corre-
lated and this increases the size of the total cost uncertainty.
The most important implication of the wide uncertainty bands

is that managers of acquisition programs should take cognizance
of this uncertainty by not becoming committed too early to a

given design approach or a given cost estimate.
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I. INTRODUCTION

Cost estimation is frequently treated as an attempt to obtain a
best single-valued prediction of the cost of a new item. Perhaps the
most widely used method of obtaining such predictions is the parametric
cost model. These models are so highly regarded that the Fitzhugh com-
mittee has recommended more extensive use of them.*

Recent experience in weapon system acquisition programs has under-
scored the variation between cost estimates and actual costs. This
variability has prompted studies of the causes of the differences. It
has also aroused interest in confidence measures for original estimates.
The strong recommendation by the Fitzhugh committee makes assessment of
confidence for parametric cost models even more important.

This study analyzes the degree of confidence that can be placed in
cost predictions for airframes obtained from the Rand airframe cost
estimating model.** The report also describes the methodology for
assessing the confidence. While the relative merits of linear, log-
arithmic, and exponential model forms are analyzed, the question of
determining the "best" model from a wider variety of forms is not pur-

kkk
sued in this study.

SOURCES OF VARTABILITY

To assess confidence in cost predictions, it is necessary to ana-
lyze the factors that account for cost variations in the real world and
how these factors enter into the prediction method. There are many

reasons for differences between predicted and actual costs in weapon

*

Report to the President and the Secretary of Defense on the De-
partment of Defense, Blue Ribbon Defense Panel, July 1, 1970, Finding
. No. II—14 p. 84.

**a. S. Levenson, et al., Cost-Estimating Relationships for Air-

eraft Azrf?ames, The Rand Corporation, R-761-PR (Abridged) February 1972.

For example, analysis of the residual plots (see Figs. 6 through
8 and 9 through 20) indicates that a root transformation might give
better results than either the logarithmic or expomential forms. The
authors are indebted to C, N. Morris for this observation.



system acquisition programs.* Basically, uncertainty divides into two
categories: (1) randomness inherent in the predictive model and (2)
changes in the conditions under which the acquisition program is exe-
cuted. An example of the latter is a change in fequired range after
flight test is begun. This study concentrates on the statistical un-

*%
certainty inherent in the original cost estimate.

CONFIDENCE MEASURES

The standa;d statistics that are used to eva;uate regression models
(e.g., coefficient of correlation, standard error of the estimate) do
not give direct statements regarding the ability of the model to predict
future observations. They indicate how well the model fits the data.

From the point of view of a user predicting a future observation,
what is needed is a measure that makes a probability statement regarding
the confidence that can be placed in the prediction. Two common measures
of this type are confidence intervals and prediction intervals. A more
ebscure measure is the tolerance interval or tolerance limit. Briefly,
coﬁfidence intervals are limits within which, with a specified probabil-
ity, the mean of the distribution of all possible observations about
the true regression line lies. Prediction intervals are limits within
which, with a specified probability, the value of a single future ob-
servation lies. Tolerance intervals are limits within which, with a
specified probability, a specified proportion of all possible observa-
tions lies.*** Prediction intervals will be used in this report because

they deal with future observations and not averages, as do confidence

*
A useful classification scheme is presented in AFR 173-3.
*%
The uncertainty arising from changes in the conditions governing

the conduct of the program is dynamic. The effect of such changes is

to move the program away from its original goals in some way. To assess
the possible effects of such changes on an original estimate, the esti-
mating method must include parameters that somehow account for these
dynamic factors. The Rand airframe cost model does not contain param-
eters (variables) that in any way measure differences between the

original program plans and the final results.

Kk
Confidence intervals and prediction intervals are described in

most statistics texts that deal with regression theory. For example,
see N. R. Draper and H. Smith, Applied Regression Analysis, John Wiley
& Sons, Inc., New York, 1966. Tolerance intervals are described in



intervals, and because they are more commonly used than tolerance

intervals.

ATRFRAME COST ESTIMATION

Data Base

This study uses the basic data for the Rand airframe cost model,*
but with the observations reduced to a common set for all regressions.
The present analysis consists of 124 observations for 26 aircraft.

Each observation consists of the following variables:

FIC = flight test cost, §,

DS = development support cost, $,
MLB = manufacturing labor hours,

MMT = manufacturing materials cost, §,
ENG = engineering hours,

TOL = tooling hours,

= aircraft AMPR weight,** 1b,

= aircraft maximum speed, kn,

cumulative production quantity, units,

x O »n
]

= production rate, units per month.

Carl F. Christ, Econometric Models and Methods, John Wiley & Sons, Inc.,
New York, 1966, pp. 549-564. Christ gives several references to other
works on tolerance intervals and limits. These measures are frequently
misinterpreted and the reader should pay particular attention to their
meaning.

*Levenson, et al., op. cit. The present data base differs from
that used in constructing the cost model reported in R-761-PR in ithe
following ways: (1) The observations for the F-84F (1 point), A~4 (6
points) and 0V-10 (1 point) are ocmitted here. (2) The last three (of
five) observations for the C-130 are omitted here. (3) All prototype
programs are omitted here. These include the F-84, F-86, F-89, F-100,
F¥-104, F-106, F-3, F-4, A-3, T-38, B-47, C-130, and KC-135. (4) The
observations for the second 33 aircraft in the F-106 program are also
excluded., All of these omissions are for the purpose of constructing
a sample that has values for labor, materials, engineering, and tooling
at the end of each contract, plus values for development support and
flight test cost at the end of the test program. This was necessary
so correlations could be calculated.

*%
Aircraft empty weight less the weight of such components as wheels
and engines. Defined in the industry's Aeronautical Manufacturers'’
Planning Report.




The observations correspond to the end of a contract. Hence, the first
observation for the F-84 covers the first 28 aircraft. The second ob-
servation covers the next 75 aircraft, for a total of 103 aircraft.
With the exceptions of AMPR weight, speed, and production rate, all
data values are cumulative to the ends of the contracts. The weight
figure is for the last unit delivered; the speed value is the maximum
speed at best altitude, for which only one value is available for each
aircraft type; and the production rate corresponds to the final month
covered by each contract. )

Figure 1 presents the range of values of AMPR weight and speed
covered by the 124 observations used in the uncertainty analysis. The
aircraft are identified by type and number designation, and the number
of observations for each aircraft is indicated in parentheses, since
there are many overlapping points.

The first six variables are components of cost, while the last four
-are independent variables examined as determinants of cost. Airframe
cost is the sum of the cost components, weighted by dollar rates where

appropriate. Letting TPC denote total program cost,
TPC = FIC + DS + 10.00 x MLB + MMT + 16.00 x ENG + 11.70 x TOL (1)

where 10.00, 16.00, and 11.70 are the 1970 dollar rates per hour for man-

ufacturing labor, engineering, and tooling, respectively.

Modeling Alternatives

Frequently, several alternatives may be considered in building a
parametric cost model. They include choice of independent variables,
analytical form for the equations, and use of a single regression on
aggregate phenomenon versus several regressions on component phenomena.

. These alternatives are generally limited by the available data. Some-
- times it is possible to expand the number of choices by acquiring data
for additional variables; however, the present analysis will be restricted
to those alternatives that are feasible, given the airframe data base.
In the present case, there is a choice between (1) obtaining in-

dividual regression equations for the six components of airframe cost
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and (2) calculating the total program cost for each observation as in-
dicated by Eq. (1) and obtaining a single regression on the TPC values.
In the first case, a predicted cost is obtained by substituting the pre-
dicted values for the cost components in Eq. (1). In the second case,
the predicted cost is obtained directly from the TPC regression equation.
For the airframe cost estimating model, there are four possible
independent variables: airframe AMPR weight, aircraft maximum speed,
production quantity, and production rate. In the present situation,
the alternatives are limited to whether or not to include the produc-
tion rate variable in the tooling and total prograﬁ cost regressions.
Three analytical forms were considered: linear, logarithmic, and
exponential. The mathematical expressions for these forms are as

follows:

(Linear) Y=a+bA+cS+dQ+¢c, (2)
(Logarithmic) Y = eaAbSCQdE , (3)
(Exponential) Y = eaAbScQd +e , (4)

where Y is the dependent variable, A denotes AMPR weight, S denotes
speed, Q denotes quantity, e is the base of nmatural logarithms, € is
the error term, and a, b, ¢, and d are constants. The logarithmic and
exponential forms differ only in how they account for the error term.
The logarithmic form can be "linearized" by taking logarithms of both
sides. This yields

nY = a + b&nA + cinS + denQ + %ne . (5)

Regression results for the logarithmic form are obtained using Eq. (5).
For the linear and logarithmic regressions, the Ordinary Least Squares

*
(OLS) routine in the RAPFE package was used. Exponential regressions

*William J. Raduchel, Regression Analysis Program for Economists:
Reference Marual, Technical Paper No. 7, Project for Quantitative Re-
search in Economic Development, Harvard Institute of Economic Research,
Harvard University, Cambridge, Massachusetts, 1970.
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were obtained using the BARD* program. Methodology for determining
regression equations is reviewed in Appendix A. ‘

Calculation of the statistical properties of the regression equa-
tions requires an additive error term. Hence, Egs. (2) and (4) can be
used directly for the linear and exponential models, but Eq. (5) must
be used for the logarithmic model. It is further assumed that the
error term is normally distributed with zero mean and constant variance.
Thus, the errors for the linearized logarithmic model, %ne, are normally
distributad with zero mean and constant variance.. The distribution of
the errors for the logarithmic model in the form of Eq. (3), however,
are log-normally distributed with nonconstant mean and variance. The
differences between the prediction intervals are, thus, a consequence
of the differences between the error distributionms.

The salient differences are summarized in Table l.** Stated in
terms of the airframe cost estimating problem, the properties have the

following interpretations:

1. Symmetry: For the logarithmic model, the predicted cost, which
is the median value, is less than the numerical expected cost,
which is the mean. In the present context, this difference
amounts to only a couple percent. For the exponential or
linear models, the predicted cost is the numerical expected
cost. At a given level of confidence for the logarithmic model,
the maximum cost underrun 1is less than the maximum cost overrun.
That is, at a given confidence level, one can expect the dollar
amount of overruns to be greater than the dollar amount of
underruns. For the exponential or linear models, the maximum

underrun and overrun are of equal magnitude.

* )
Yonathan Bard, Nonlinear Parameter Estimation in Programming,
" IBM Report No. 360D12.6,003, IBM Scientific Center, New York.

**A mathematical discussion of these differences is presented in
Appendix A. For a mathematical discussion of the log-normal distribu-
tion in logarithmic regressions, see Arthur S. Goldberger, "The Inter-
pretation and Estimation of Cobb-Douglas Fructions," EZconometrica,
Vol. 35, No. 3-4, July-October 1968, pp. 464-472,



2. Range: For the logarithmic model, cost values range from
zero to positive infinity. For the exponential or linear
models, cost values range from negative infinity to szitive
infinity.

3. Variance: For the logarithmic model, the same percentage
dollar error is expected for all aircraft types. For the
exponential or linear models, the same absolute dollér error

is expected for all aircraft types.

Table 1

PROPERTIES OF ERROR DISTRIBUTIONS FOR LINEAR, LOGARITHMIC
AND EXPONENTIAL REGRESSIONS

Property Logarithmic Linear and Exponential
Symmetry Skewed (mean > median) |Symmetric (mean = median)
Range Zero to plus infinity |Minus infinity to plus

infinity
Variance over range of Constant percentage Constant absolute value
independent variables value

Selection among Alternatives

While the main purpose of this study is not to determine the 'best"
airframe cost model for the data available, the question of whether one
of the model forms considered is "better' does arise.

Criteria to be used in selecting a model form are: (1) whether the
functional form makes sense vi;-a—vié_the real-world situation, (2)
whether the treatment of the error term makes sense vis-d-vis the real
world, and (3) the various statisticé.assoéiated with the regressions.
In general, selection will be made on the basis of a combined evaluation
of these factors; however, the factors are listed in the general order
of their importance. ‘ B
; In the present case, the functional form of the loéarithmic and
exponential models is the same. Hence, this is not a relevant crite-
rion. The rationale for choice of model form depends on the user's

judgment regarding the underlying distribution of the errors. If the



user believes that the properties of the error distribution listed in
Table 1 for the logarithmic model are representative of the real world,
‘then he should pick the logarithmic model. If he believes the properties
for the linear or exponential model are representative of the real world,
then he should pick one of them, based on the statistical properties of
‘the equations.

It is impossible to escape making a judgment regarding the form
of the error distribution. The coefficient of determination, the sum
of squared residuals, and the mean percentage residual are calculated.
independently of any assumption regarding the error distribution. Thus,
one might be tempted to compare these statistics to select between models.
This procedure is invalid because these measures are calculated on dif-
ferent bases for the logarithmic and exponential models. To arrive at
the same basis, the exponentials can be converted to logarithms (or
vice versa). However, when this is done, the logarithmic model will be
superior to the exponential model because it is the least squares esti-

mation in logarithmic form (and vice versa).

Regression'Results

The regression results from the linear, logarithmic, and expomential
forms are displayed in Tables 2-4, respectively. The tooling and total
program costs regressions are given, both including and excluding the rate
variable. These tables display the regression equations, coefficients
of determination, and sample sizes. All regression coefficients are
significant at the 0.01 level or better, unless otherwise noted.

On the basis of the poor statistics of the linear model, plus the
fact that the additive form is not as appealing as the multiplicative
form* vis-a-vis the real world, the linear model will be excluded from
further consideration.

It is important to note that the statistics for the logarithmic
model (coefficient of determination and Student t values) cannot be
comﬁared with the statistics for the exponential model. This.is be-
cause the statistics are all based on the assumption that the distribu-

tion of errors about the regression surface is normal with zero mean

*
Both the logarithmic and exponential models have the multiplica-
tive form.
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and constant variance. For the logarithmic model, the regression sur-
faces are for the logarithms of the cost variables, while for the ex-

ponential model, the regression surfaces are for the cost variables

themselves.
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II. COST CONFIDENCE

The width of prediction intervals, or any other interval measure,
varies from the narrowest value at the arithmetic mean of the independent
variables to increasingly wider values as one moves away from the mean.

At points far beyond the data used to construct the model, the intervals
will be very wide. Because users of the revised Rand airframe cost model
will be Interested in aircraft with wvarious weights and speeds, prediction
intervals have been determined at five design points with weight and speed
values that generally bound the aircraft in the sample and cover values
for most aircraft that may be added to the inventory in the next 10 to

20 years. The AMPR weight and speed combinations are shown in Table 5.
The coverage of these design points is illustrated graphically in Fig. 1,

where the five points, A through E, are indicated by crosses.

Table 5

AMPR WEIGHT AND SPEED COMBINATIONS FOR
PREDICTION INTERVAL CALCULATIONS

Design
Point AMPR Weight (1b) | Speed (kn)
A 100,000 300
B 100,000 1,300
c 5,000 300
D 5,000 1,300
E 30,000 725

APPROACHES

Confidence measures for predicted airframe costs can be obtained
. -several ways. Prediction intervals can be calculated for sums- of com-
ponent regressions or for the total program cost (TPC) regressions. For
the sums, the regressions can be treated as independent and either Student

t or normal statistics used, or the regressions can be treated as correlated
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and normal statistics used.* The TPC regressions are single regressions
and use the standard procedures for calculation of prediction intervals.
Two other methods, which effectively sum the component regressions, are
Monte Carlo simulation and convolution integrals. The Monte Carlo ap~
proach is not rigorous and 1s very complicated when trying to account

for correlation between the regressions. Convolution integrals are very
complicated and frequently can be solved only by numerical methods.
Consequently, the last two methods will not be examined in this study.
Before discussing the advantages and disadvantages of the five approaches,
it is necessary to explain the phenomenon of correlation between regres-

sions.

CROSS CORRELATIONS

When the development support, flight test cost, labor, materials,
engineering, and tooling regression equations are used to predict the
cost of a future aircraft, predicted values for these six quantities
are combined, using Eq. (1), to determine the predicted cost. An im-
portant consideration in this process is the amount of correlation be-
tween the various regressiouns.

In the process of developing and producing aircraft, it is frequently
the case that difficulties or breakthroughs cause simultaneous improve-
ment or degradation of many or all aspects of the project. Hence, posi-
tive correlations between the various aspects (e.g., engineering hours,
tooling hours, etc.).are expected. Reasons for negative correlatioms
also exist. For example, engineering effort may be directed at simpli-
fying the design such that manufacturing techniques are simplified and
manufacturing effort decreased. The question is: Are the correlations
positive or negative, strong or weak, or nonexistent? The problem is
particularly important in predicting the cost of a new aircraft because
if the correlations are strong, then the errors in the predictions from
75&9 various regression equations cannot be expected to be independent
of each other, and the amount of confidence that can be placed in the

predicted cost is not the same as for independence.

*
The mathematics are described in Appendix A.
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In terms of a regression model, the regression surface is the best
estimate of the average value of the dependent variable (e.g., engineering

hours) over the range of the independent variables (e.g., AMPR weight,

speed, and quantity). The difference between the actual value of the
dependent variable for a given observation (say the F—84) and the value
given by the regression surface indicates whether that observation is
above or below the average. If the F-84 residuals are positive for all
regression surfaces, then the F-84 represents an aircraft that is con-
sistently above the averages for the various aspects of the development
and production process. If a large number of aircraft in the sample ex-
hibit such consistency for both positive and negative deviations from

the averages, then the regression surfaces are highly correlated. Stated
more simply, if the F-84 is above the average for all six cost determi-
nants (e.g., engineering, etc.), and the F-86 is always below, and so on
for all aircraft in the sample, then it is to be expected that a new air-
craft will exhibit the same comsistent deviation from the average whether
it is positive or negative.

The problem is one of degree: How much correlation? Fortunately,
simple methods permit the determination of the degree of correlation
between the various regression surfaces.

The matrices of the correlations between the six cost components
for the original data, the logarithmic regression residuals, and the ex-

ponential regression residuals are shown in Tables 6-8, respectively.

Table 6

CORRELATIONS BETWEEN ORIGINAL DATA

MLB | MMT | ENG TOL | DS FTC

MLB 1.00 {0.93]10.82 [0.95|0.77 |0.80
MMT 0.9311.00|0.74 [0.88 {0.68 [0.73
ENG 0.82 10.74{1.00 (0.87 |0.95|0.90 -
TOL 0.95(0.88 10,87 71,00 {0.80 |0.84
DS 0.77 10.68 1 0.95 [0.80 |1.00 ]0.90
FTC 0.80 [0.7370.90 |0.84 {0.90 | 1.00

%
Discussed in Appendix A.



-17-

Table 7

CORRELATIONS BETWEEN LOGARITHMIC REGRESSION RESTIDUALS
(Tooling excludes rate variable)

MLB| MMT | ENG | TOL|[ DS FIC
MLB 1.00( 0.39 | 0.22 | 0.47 | 0.04 | 0.16
MMT 0.39] 1.00 | 0.60 | 0.70 | 0.29| 0.15
ENG 0.22| 0.60 | 1.00 | 0.68 | 0.19 |-0.16
TOL 0.45| 0.66 | 0.64 | 1.00 | 0.30 | 0.28
DS 0.04/ 0.29 | 0.19 | 0.28 | 1.00| 0.37
FIC 0.16 0.15 {-0.16 | 0.28 | 0.37 | 1.00

Table 8

CORRELATIONS BETWEEN EXPONENTIAL REGRESSION RESIDUALS
(Tooling excludes rate variable)

MLB MMT ENG TOL DS FIC
MLB 1.00} 0.41 | 0.28 [ 0.67 | 0.01| 0.05
MMT 0.41f 1.00 | 0.18 | 0.68 |~0.03 | 0.08
ENG 0.28| 0.18 | 1.00 [ 0.37| 0.26 0.31
TOL 0.65f{ 0.67 | 0.34 | 1,00 0.06 | 0.33
DS 0.01|-0.03 | 0.26 | 0.06 | 1.00 0.12
FIC 0.05] 0.08 | 0.31 | 0.34 ]| 0.12 1.00

SELECTION OF APPROACH

All five of the sum and TPC approaches were examined in this study,
and each yielded different results. This is not surprising, because
the various approaches involve different approximations. The mathe-
matical details are explained in Appendix A.

Determination of prediction intervals for the sums of the indi-
vidual regressions, ignoring the correlations between the regrg§§ions;

is easily obtained and can use either normal or Student t statistics.

*Normal statistics are used by substituting the sample variance
for the true variance. The prediction intervals then differ by two
‘times the difference between the value of the normal statistics and
the value of the Student t statistic. For large samples, the difference
is quite small——0.8 percent for the 0.90 confidence level with a sample
of 124,
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Ignoring the correlations misstates the width of the prediction intervals.
In the present case, the intervals are underestimated as indicated by

the preponderance of positive correlations in Tables 7 and 8. Accounting
for the correlations in the sums case is very easy. The sample corre-
lations are used and normal statistics applied.* Determination of pre-
diction intervals for the total program cost regressions can also use
either normal or Student t statistics. The main advantage of the TPC
approach is that the correlations between the cost components are im-
plicit in the TPC calculations.**

The applicability of these approaches varies with the analytical
form of the regression models. All approaches can be used with linear
models. The approaches involving sums of component regressions cannot
be used with logarithmic models;*** hence, for these models, one éf the
TPC approaches must be used. For the exponential model form, prediction
interval calculations involve an approximation--the truncation of a
Taylor series expansion. While any of the five methods can bé used,
the approximation is invoked for each one of the component regressions
in the sum approach, but only once for the TPC approach. For the linear
model form, identical results are obtained for the Sums-Correlated-Normal
Statistics and Total Program Cost-Normal Statistics. Considering all
the above facts, the Total Program Cost-Student t Statistics approach
provides the best results for all cases--linear, logarithmic, or ex-

ponential--and this approach will be used in this report.

PREDICTION INTERVALS FOR TOTAL PROGRAM COST

The predicted costs and the prediction intervals corresponding to

68 percent and 95 percent confidence levels for the logarithmic and

%
This is explained in detail in Appendix A.

*Linear regression models with identical samples for the com—

- ponent regressions give exactly the same results for the TPC and cor-
related sums approaches when normal statistics are used. A proof and
example are presented in Appendix A. Such a proof has probably been
published previously, but the authors could not find one and developed

their own.
Kk % .
Sums of logarithms correspond to-products of numbers; e.g.,

2n MLB + 2n MMT = 2n(MLB X MMT).
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exponential forms of the TPC model are shown as functions of quantity

in Figs. 2 through 5.* Figures 2 and 3 show the prediction intervals

for design point E, which falls near the center of the data base (AMPR
weight = 30,000 1b and Speed = 725 kn). Figures 4 and 5 show the pre-
diction intervals for design points A, B, C, and D.

The quantities for the two heavy aircraft range from 5 to 1000,
The cost at five aircraft 1is for the RDT&E program. Adircraft beyond
the first five are production éircraft. For the three lighter aircraft,
the quantities range from 20 to 1000. Here the first 20 aircraft are
for the RDT&E program and the others are production aircraft.

The curves are plotted on logarithmic scales. This was done to
highlight several characteristics of the two models. First, the pre-
dicted cost lines for both models are straight on logarithmic scales.
This i1s because the model forms are the same except for their treatment
of the error term. Second, the prediction intervals are symmetric for
the logarithmic model, and asymmetric and widely divergent at low quan-
tities for the exponential model. The logarithmic scales obscure the
fact that the prediction intervals for the exponential model include
negative values for certain cases. These differences result from the
differences in the treatment of the error term.

Comparing the median prediction lines for the two sets of graphs
reveals that the costs predicted by the logaritgmic and exponential
models are not greatly different. For the five design points and
production quantities ranging between 100 and 1000 aircraft, the costs
predicted by the exponential model lie within the 68 percent prediction
interval for the logarithmic model.

It is also observed that the prediction intervals exhibit some

constancy for each model form. This is to be expected as indicated by

*The two confidence levels correspond to one standard deviation
and two standard deviations of a normal distribution. The last sec-
tion in Appendix A describes a method for calculating t values at
any confidence level.
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the properties of error distributions discussed earlier.* For the loga-
rithmic model, the 68 percent prediction intervals are approximately
minus 25 percent and plus 34 percent. The 95 percent intervals are ap-
proximately minus 43 percent and plus 75 percent. This is true for all
designs bounded by design points A, B, C, and D in Fig. 1, and for quan-
tities between 100 and 1000. For the exponential model, the range of
constancy is more restricted. For design points A, €, D, and E, the 68
percent intervals are approximately plus-and-minus $200 million and

the 95 percent intervals are approximately plus—and-minus $400 mil-
lion. Design point B (the heavy, fast aircraft) is sufficiently re-
mote from the aircraft in the data base that the prediction intervals
for the exponential model are considerably greater than for the other
design points.

Because of the correlations between the regression equations, the
prediction intervals are wider than would be obtained with random com-
bination of errors. 1In the case of the exponential model, the intervals
that include the effect of correlations are 39 percent greater than the

*&
intervals that assume independence.

SELECTION OF MODEL FORM

The rationale for selection of model form was discussed in Sec. I.
In the present case, the choice reduces to selection of an error term.
As noted in Table 1, the error distribution for the logarithmic model
is skewed, ranges from zero to infinity, and has an approximately con-
stant percentage value, while the error distribution for the exponential
medel is symmetric, ranges from negative infinity to positive infinity,
and has an approximately constant absolute value.

The correspondence between these characteristics and the real-world

situation can be analyzed a priori and a posteriori. A priori, it seems

*See Table 1. The logarithmic model is characterized by -constant
percentage error, and the exponential model is characterized by constant
absolute error. Prediction intervals will approximate these properties,
but they diverge for predictions that are beyond the points in the data
base.

*k
This result is true for any AMPR weight, speed, quantity, and
production rate combinations.
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that the properties of the error distribution associated with the log-
arithmic model form are closer to the cost estimating situation than

the properties associated with the expomential form. First, large cost
overruns are more likely than large underruns; hence, the distribution

is skewed. Second, cost is never less than zero; hence, the range should
not go below zero. Third, constant percentage errors appear to be more
reasonable than constant absolute errors, especially considering the
possibility of a million dollar error on a hundred-thousand dollar con-
tract versus a million dollar error om a billion dollar contract. Thus,
a priori, all characteristics favor the logarithmic model.

A posteriori, it is possible to analyze the residuals about the re-
gressions to determine whether they conform to one distribution or an-
other.* In the present case, there are two patterns. If the residuals
fall evenly distributed about the regression (or about zero residual
value) independent of the magnitude of the dependent variable, then the
residuals have an approximately constant distribution. However, if the
residuals seem to have higher magnitude for higher (or lowef) values of
the dependent variable, then the distribution does not exhibit constant
variance. When residuals for logarithmic regressions are plotted, an
even distribution indicates a constant percentage variance for anti-
logarithms, and decreasing residual magnitudes with increasing predicted
values of the dependent variable indicates a constant absolute variance.

The residuals for the TPC and cost component regressions have been
plotted as functions of the predicted values of the dependent variables.
The TPC residual plots for the logarithmic and exponential forms are
shown in Figs. 6 and 7, respectively. Similar plots for the cost com-
ponents are presented in Appendix B. Figure 6 exhibits approximately
evenly distributed residuals for the logarithmic model, and Fig., 7 ex-
hibits increasing residual magnitudes. Both of these figures indicate
that a constant percentage error is more realistic than a constant ab-

solute error.

*The residuals are best estimates of the true errors in prediction.
The selection criterion is concerned with the true errors, but these
cannot be known. Hence, the residuals are used. See N. R. Draper and
H, Smith, op ecit., pp. 88-99,
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Figure 8 shows a similar plot for the residuals between the calcu-
lated total program costs for each observation and the total costs pre-
dicted by summing the predictions from the component regressions. The
striking similarity between Figs. 7 and 8 corroborates not only the
form of the error distribution, but also the use of the TPC regression
as a substitute for the sum of the individual regressions.

The residual plots for the component regressions generally support
the same conclusion.* The flight test cost and development support re-
gressions are based on so few observations (26) that it is difficult to
perceive any trend. Of the other four regressions, only engineering
hours appears to have an error distribution consistent with the exponen-
tial model. The other three regressions appear to be best represented

by the logarithmic model.

*
Refer to Figs. 9 through 20 in Appendix B.
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ITI. CONCLUSIONS

This study has shown that prediction intervals can be determined
for models that contain a number of regression equations. When the
data bases for the individual regressions consist of corresponding
observations, summing the regressions and prediction intervals is pos-
sible. When the data bases vary, aggregate values for the observations
can be calculated and a single regression determined.

For the airframe cost estimating model in particular, the log-
arithmic model form appears more realistic than the exponential model
form both on prior judgment and subsequent analysis of the residuals.
The costs predicted by the two models are not radically different.

For all five design points shown in Table 1, the costs predicted for
the exponential model lie within the 68 percent prediction inter?als
for the logarithmic model. The converse is true for design points
that are "near" the aircraft in the data base.*

The most startling observation is that the prediction intervals
are wide--very wide. Referring to Figs. 2 through 5, the 95 percent
prediction intervals for thevlogarithmic model range from approximately
43 percent below the prediction to 75 percent above the prediction. In
other words, with 95 percent confidence, the actual cost will lie some-
where between a 43 percent underrun and a 75 percent 6verrun. This is
true over the entire range of weights, speeds, and quantities covered
by the sample. For the exponential model, the 95 percent confidence
band is approximately plus-or-minus $400 million for aircraft near the
sample aircraft,** but gets much wider for aircraft not near the sample
aircraft.***

The width of these prediction intervals reflects the degree'of
correlation between the individual regression models. For the exponen-
tial model, the prediction intervals that account for the correlation

*E.g., for design points A, C, D, and E. See Fig. 1.

**E.g., for design points A, C, D, and E. See Fig. 1.

*kk
E.g., design point B.
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are 39 percent greater than the prediction intervals that assume a random
combination of errors from the cost component regressions.
The fact that the prediction intervals are wide does not necessar-

ily condemn the Rand airframe cost model, in particular, or parametric

cost estimating, in general. First, judgment of the merits of the Rand
airframe cost model relative to other similar cost models requires a
similar analysis to be performed on those models. Certainly no judgment
can be made until such analyses are in hand. Perhaps even then, the
models may not account for the same sources of variability.**

Second, whether or not the size of prediction intervals is im-
portant depends on how the model is used. The Rand airframe cost model
and similar models are é;herally used in two ways. They are used to
compare alternative designs for a given aircraft, and they are used to
establish "ball-park" cost figures when a program is actually being
bought. 1In the former case, the important thing is to have a consistent
basis for comparison. The width of the prediction interval is genmerally
unimportant’ in this case. Howevér, in the latter case, the width of the
prediction interval is of paramount importance.

Future work in the area of airframe cost estimating should proceed
in two ways. First, "better" cost models should be sought on the basis
of how well the residuals fit the assumptions of the estimating process.
Tt was noted that the Rand cost model might be better using a root
transformation instead of the logarithmic transformation. Second, the
other models should be analyzed to determine the amount of confidence
that can be placed in predictions obtained from them, and the causes of
this confidence, or lack of it, should be analyzed to determine what

efforts would result in more confident models.

*

A similar analysis for the logarithmic model is meaningless. As
has been pointed out earlier, sums of logarithms correspond to products
of the rectilinear numbers. Furthermore, in all cases, Total Program
Cost regressions have been used for drawing conclusions, and the effect
of correlations is embodied in the TPC regressions.

ok :
An earlier comparison of airframe cost models is described in
S. M. Barro, Some Methodological Problems of Airframe Cost Estimation,
The Rzad Corporation, P-3305, March 1966. There appears to be little
reason to assume that any other models are superior to the Rand air-
frame cost model.



-32~

At present, the most important message conveyed by the wide inter-
vals for the airframe cost model is that there is a great deal of un-
certainty regarding the outcome of aircraft development and production
programs, and management should take cognizance of this uncertainty by
not becoming committed too early to a given design or a given cost

estimate.
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Appendix A

MATHEMATICAL APPENDIX

This appendix consists of four major sections. The first section
reviews the fundamental theory of regression models as it pertains to
the formulation and solution of cost estimating relations. It includes
discussions of (1) the standard linear regression equation, (2) sources
of uncertaint; in regression estimates, (3) measures for the precision
of regression equations, (4) predictive statistics, and (5) nonlinear
regressions.

The second section describes the problem of predictions for aggre-
gate costs. It is divided into three subsections dealing with the
linear model, nonlinear models, and a proof of the equality of predic-
tions and predictive statistics for sums of component regressions versus
a single regression on aggregated data for linear models with identical
samples.

The third section discusses the calculation of correlations between
regressions. The fourth section presents a method for calculating

Student t statistics at any desired confidence level.

BASIC REGRESSION THEORY

Standard Linear Regression Model

The most elementary form of a cost estimating relation (CER) as-
sumes that the system cost variable is a linear function of system

characteristics:

Y, =by+b X,  + ... +b X, +oe, (i=1, ..., n) , _(6)

where Yi = the ith observation of the system cost parameter,

X,. = the ith observation of the jth system characteristic,
bj = the jth regression coefficient,
i " the error term associated with the ith observation,
k = number of system characteristics,
n

= total number of observations.
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Letting a caret denote the least squares estimate of the respec-

tive variable, the derived CER is expressed as:

A

Yi = b0 + blxil + ... + bkxik . (7)

‘The regression coefficients bj are chosen to minimize

2 52
58 = I (Y, -Y)°, (8)
. i i
i=1
and are calculated by the formula,
o toy 1ot
B=(X'X) X'y, : ¢
where B = (60,51, ey bk) s
Xy Xix
x= . . . . . .1, (10)
boXg Xk
and
Y = (Y Y * 11
( 17t n) . (11)

Sources of Error

Assessment of the accuracy or validity of the regression model re-
quires the identification of major sources of uncertainty. There are
essentially four different reasons for inclusion of an error term in

the model:

1. TFailure to include all relevant variables in the model.

2. Inaccuracy in the measurement or evaluation of variables.

*
N. R. Draper and H. Smith, op. cit., Chap. 2.
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3. Basic and unpredictable disturbances of random terms.

4. Inadequacy of the model form.

The first source of uncertainty refers to the exclusion of in-
dependent variables whose effect on the variance of system cost is
significant. Some of these variables may be measurable by direct
methods and include system characteristics such as gross takeoff weight,
speed, range, and quantities ordered. Other variables are qualitative
in nature and cannot be described in numerical terms. Examples of
these variables are the degree of austerity in management policy,
rigidity of management organization structure, and development strategy
(e.g., concurrent versus prototype). The effect of excluding quantifi-
able variables can be eliminated by a more extensive analysis of factors
contributing to system cost. However, the effect of excluding non-
quantifiable variables can only be assessed subjectively.

The second source of uncertainty involves measurement errors of
either system costs or characteristics. For example, overhead and
depreciation costs in the procurement of a weapon system are sometimes
calculated as a fixed fraction of total expenditures, although their
actual share of aggregate costs may vary considerably. As another
example, it may be too expensive to keep detailed records of material
and manpower requirements.

Unforeseen or unpredictable random disturbances in the system are
a third source of uncertainty in the model formulation. The calcula-
tion of a2 time series of price trends offers an example of random
effects. Besides fluctuating as a result of inflationary or cyclical
trends, prices may vary from random disturbances in the economy, such as
prolonged labor disputes and strikes or unforeseen military expenditures.

The final contribution to errors is inappropriateness of the model
formulation. Linear equations are frequently utilized because of ex-
tensive theoretical results on linear forms and the availability of
standard computational algorithms to handle this form. Nonlinea;?re—
lations may, in fact, more accurately depict the model form, whereas a
linear treatment may introduce avoidable discrepancies between cost
estimates and actual values. The choice of the proper model formula-

tion is often motivated by intuitive judgment or knowledge of the
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variable interactions. When such information is lacking, however, the
model builder can choose different forms and rank their suitability

according to standard statistical parameters.

Regression Statistics

Associated with any regression model derived from a set of sample
observations are standard statistics that measure how well the model
fits the data base used in its derivation. Relative sizes of these
statistics help to assess the quality of the model. The following sta-

tistics are commonly used:

o Coefficient of determination.
o Coefficient of correlation.
o Standard error of estimate.

o Coefficient of variation.

o Sum of squared deviations.

o Average percent deviation.

o "F" value.

o Durbin-Watson index.

. . , , 2
The coefficient of determination, commonly denoted by R°, measures
the variation in actual cost data as explained by the fitted regression.

The formula to compute this statistic is

X (?i - 2
2 i
R =—-——_ 2 > (12)
I (Yi - Y)
i

where Y is the mean of actual observations Yi' The value of R2 never
exceeds unity nor does it fall below zero. The larger its value, the
_better the model fits the actual costs. A value of one indicates a

' perfect correspondence between the actual costs for the observations

in the data base and the costs predicted by the model for those same
observations. Hence, the model explains all the variation in the

original data. On the other hand, a value near zero implies that the
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model does not explain much variation of the actual data, in which
case, a more appropriate model form or the inclusion of different in-
dependent variables is needed. ‘

The coeffieient of correlation is the square root of the coeffi-
cient of determination of R. The value ranges from -1 to +1 and, like
R2, indicates the sensitivity of regression estimates to the variance
of original costs.

The standard error of the estimate, S_ or SY/X’ is a measure of

the variance about the regression. It is computed from

s, = é (t, - ¥ @-x-1, S aw

where n is the sample size and k 1s the number of dependent variables.

This statistic provides an estimate of the error with which any
observed cost value can be predicted from given values of the system
parameters X in the regression equation. The smaller the standard er-
ror the more precise and accurate the predictive model will be for sub-
sequent application. A reduction of SE as well as an increase in R
can be attained by the addition of a greater number of significant, in-
dependent variables. This may be desirable provided the number of
variables remains sufficiently smaller than the number of data points.
If too many variables are added, the standard error can be reduced to
zero (and then the correlation coefficient becomes unity). Hence,
caution must be exercised in using these stgtistics to evaluate model
fit, '

The coefficient of variation, v, expresses the standard error as a
percentage of the mean of actual observations and is thus a relative

measure of SE. It is given by the expression
v = Se/Yi . (14)

Another statistic is the sum of squared deviations, SS. It is
directly proportional to the square of the standard error of estimate,

and is expressed by
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SS =2 (Y, - ¥.)° . (15)
1

A reduction in the value of SS is an indication of more precise esti-
mates from the regression model.
The average percent deviation, r, is the expected value of the

residuals expressed as a percent. The equation is

x 100 , (16)

where "'] denotes the absolute value. Like the standard error of the
estimate, this statistic measures the degree to which the regression
equation predicts the actual cost value. Because the average percent
deviation is a relative measure of the proportion of weighted actual
values explained by the model, it may be used to compare the "'goodness-
of-fit" of different models that may be formulated with distinct
variables.

The F-test is used to examine the significance of regression

coefficients. If all bis vanish in the regression equation, then the

quantity,
= 542
? (Yi - Yl)
Feot—— an
i (Yi - Yi)

behaves according to an F-distribution with 1 and n - k - 1 degrees of
freedom. 1If the value of F exceeds the tabulated F distribution at a
significance level of o percent, then the null hypothesis (all bis
equal to zero) is rejected with a probability of error no greater than

100 - o percent. Acceptance of the null hypothesis implies that the

values of coefficients are zero. Partial F-tests can also be‘exaﬁined
to determine if individual bis vanish.
A primary assumption underlying the ordinary least squares tech-

nique is that the error terms associated with each observation in the
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model are independent or nonautocorrelated. If correlation does in

"fact exist, alternative computational procedures are required to obtain
unbiased estimates of the regression coefficients. A well-known test
for the significance of autocorrelation is the Durbin-Watson statistic
d, whose magnitude indicates the likelihood of autocorrelation. The

formula is

2 - 2
) L [y =) - @y - Yy )] -
n R 2
151 (Yi ) Yi)

Durbin and Watson determined upp:r and lower bounds, du and dl’
respectively, for hypothesis testing. If d is less than dl’ the
hypothesis of random errors is rejected. If d exceeds du, this premise
is not rejected. On the other hand, if d lies within the range of
these bounds, the test results are inconclusive and further investiga-

tion is necessary.

k%
Interval Estimation

Assume that a regression model of linear form has been calculated

from n sample observations of the independent variables:

o>
el

Y =b. +b.x. + ...+

0 171 (19)

kK'k

*
J. Durbin and G. Watson, "Testing for Serial Correlation in Least-
Squares Regression," Biometrika, Parts I and II, 1950 and 1951.

**Further discussion on this topic can be found in standard text-
books on statistics, including: S. F. Mock, Elementary Statistics,
Henry Holt and Company, New Yerk, 1960; A. L. 0'Toole, Elementary Prac-
tical Statistics, The Macmillan Company, New York, 1964; P, G. Hoel,
- Introduction to Mathematical Statistics, John Wiley & Sons, Inc., New
York, 1947; A. M. Mood, Introduction to the Theory of Statistics, McGraw-
Hill Book Company, Inc., New York, 1950; W. Feller, An Introduction to
Probability Theory and Its Applications, Vol. I, John Wiley & Soms, Inc.,
New York, 1968.
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This equation is used to predict a value of the dependent variable,
QO’ for a specified set of values of the independent variables,

Xy = (x01, ceey ka). The regression coefficients are determined
from a data base that is assumed to be a random sample from a popu-
1ation.* The regression coefficients are, thus, random variables
and the prediction ?0 is an estimate of a random variable.

Interval statistics are measures of the degree of confidence that
can be placed in predictions. There are three such measures: con-
fidence intervals, prediction intervals, and tolerance intervals.

These measures relate to different probability statements regarding
future observations and they are frequently misunderstood or confused
with one another.

A confidence interval specifies bounds on the true mean of the
dependent wvariable, EQ. Specifically, the a-percent confidence inter-
val consists of upper and lower bounds (Q + A, § - A) on the true mean,
EQ, such that the probability that EY lies between these bounds is d.**
In mathematical terms, for a given XO:

Pr(¥, - &) <BY) < (F, + D] = a . (20)

The mathematical expression for confidence interval limits is de-

rived in standard regression theory textbooks and is given by,

5 -/ ’ -1
Yot 4@ x sefxo(x X) X, (21)

0 0

where tn_k_l(a) is the Student t variable with n - k - 1 degrees of
freedom and probability level o, and Se is the standard error of the
estimate.

A prediction interval differs from a confidence interval because
the former bounds a single prediction, YO’ in terms of observation XO’

*
In the case of airframe cost estimation, the population consists
of military, fixed-wing aircraft of aluminum construction.

*k
These bounds are symmetric about the prediction. Although sym—
metry is commonly assumed, it is not necessary in calculating the
interval.
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whereas the latter relates to the value of the mean, E?O. In mathe-
matical terms, the prediction interval is expressed as,

Pri(¥, - &) < ¥, < Ay + Ml =0a, (22)
where ?O is an estimate of actual YO based on observation XO. The
bounds, YO - A and §0 + A, cannot be assumed to hold for more than
one prediction based on different sample sets. The mathematical for-

*
mula for bounds of a prediction interval is

(a) x sg/@ + XB(X’X)-IX , (23)

p 0

0 F Fa-i-1
where a is the probability or confidence level. A comparison of these
bounds with Eq. (21) shows prediction bands are wider than confidence
intervals.

The third type of interval measure 1is the tolerance interval. The
' two bounds, ?0 - A and ?0 + A, are derived from n sample observations
and determine least upper and lower limits between which P percent of
the population is expected to lie at probability level a.

Tolerance bounds are probabilistic statements about the distribu-
tion of an entire population and are not restricted, like prediction
or confidence intervals, to forecasts of a single future parameter or
its expectation. If P is equal to a, it can be shown from numerical
computations that tolerance bands are wider than prediction intervals
that, in turn, are larger than confidence bands.** This ordering is
intuitively plausible since tolerance limits would be wider in order
to contain a large proportion of the sampled populations. The tolerance
limit is written as

Pr[(?o - A) < at least P percent of random Y,'s < (?0 + A)] =a , (24)

0

*

N. R. Draper and H. Smith, op. cit., p. 22 and pp. 121-122.
*k

Carl F. Christ, op. cit., p. 563.
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where o is the tolerance level. The mathematical equation corresponding
to the bounds in this expression has been derived for the linear re-

*
gression model, Eq. (19), as follows:

A

¥, ¢ wn_k(d;P) x se/l + X, (X x)'lxolJl + 1/n , (25)

where wn_k(a;P) is a special variable tabulated** for n - k degrees at
fiducial probability o and population fraction P.

After one of the three above-mentioned interval estimations is
selected for statistical analysis, the following important issues affect-

ing interval width should be recognized:

1. What is the most appropriate probability a?
2. What should the sample size n equal?

3. How should observations X be chosen for the sample set?

The choice of probability level o depends on the amount of risk
that one is willing to assume in estimation. The penalty of not having
the interval contain the true parameter(s) must be evaluated, and if
this figure is quite high, then a should be large. In many statistical
applications, 90 and 95 percent are commonly used. Particularly when
there are no serious consequences from inaccurate interval estimates,
probability levels at 90 percent or less are considered. But in cases
where precision is necessary, e.g., medical life-and-death studies,
confidence levels of 99 percent or even 99.99 percent are not unusual,

The particular choice of a set of sample observations affects the
size of the interval. The average width increases as individual obser-
vations become more dispersed about the mean.i If possible, samples
should be chosen so that their average is close to the new observation
XO. In this case, the interval is relatively narrow and estimates are

*Ibid., p. 564.

**Columbia University Statistical Research Group, Selected Tech-
niques of Statistical Analysis for Scientifie and Industrial Research
and Production and Management Engineering, Churchill Eisenhart, et al.
(eds.), McGraw-Hill Book Company, Inc., New York, 1947, pp. 102-107.
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thus acéepted with more confidence as they are concentrated within a
small range of values.

It can be deduced that as the sample size n increases, the width
of the bands diminishes monotonically. This result makes sense since
a larger sample set, on the average, provides additional information
about the distribution of the estimate. Provided that large sampling
is economical or practical, the number of observations should cover a

significant proportion of the entire data base.

Nonlinear Regression Models

In previous sections, regression and interval statistics are de-
rived with respect to the standard linear form of the regression model,

Yi = blxil + ...+ bkxik + ey (i=l,...., n) . (26)

Although this form accurately depicts many relationships among vari-
ables in the real world, there are situations where it is not appro-
priate.

Any regression model not of the form of Eq. (26) is called non-
lipear and is expressed by the general mathematical notation,

v, o= f(bo, cees bk; Xiqs wees Xyps Ei) , 27)

where f£(--+) is a nonlinear function. If the error term €y is additive,

the corresponding model form is given by

Yi = f(bo, eeey D

%’ Xil’ ve oy Xik) + e - (28)
The nonlinear model, Ea. (27), is subclassified into two mutually

exclusive categories depending on the manner by which the regression

coefficients enter the equation. If the model is transformable into

a linear form, it is called intrinsically linear. Otherwige,-the re-

gression is intrinsically nonlinear, in which case the least squares

solution for regression coefficients is more complicated and often re-

guires mathematically sophisticated optimization routines.
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The most frequently used example of an intr1n51cally linear model

is the (pre-transformed) nonlinear formulation,

b

. 1k
Yy=%5 o Ry gy s

(29)
which assumes a multiplicative error term and regression coefficients
entering as exponents of individual observations. Taking the natural
logarithm of both sides gives the log-linear model,

n (Yi) = gn (bo) + b, &n (xil) + oo+ bk n (xik) + 4n (ei) R (30)

1
where original observations and errors are assumed positive. By making

the substitutions,
zZ, = in (Yi) ,

B, = fn (b.,) ,
3 J (31)

W,, =2 (X..) ,

E; =fn (g;) ,
the model is transformed into

= + + ...+ .. + E.
Bo * ByWiy Bl * B o | (32)
which corresponds to the standard linear case. In this transformed equa-
tion, the error term Ei is usually assumed normal with mean zero and
constant variance so that the original error, € is log-normally dis-

tributed with its median at unity and mean sllghtly exeeding the median.

. *
It can be shown that the mean error equals,

T, = exp (02/2) , : (33)

1

* ! . . ’
J. Aitchison and J.A.C. Brown, The Lognormal Distribution, Cam-
bridge University Press, London, 1966, pp. 7-9.
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where 02 is the actual variance associated with the error term in
Eq. (32). 1If the value of 02 is not known, which is the case with

this study, an estimate is obtained.

2 A
S = VE(zi -£)/(a-k-1) , (34)

where z, and 21 are logarithms of the original observation and pre-

diction, respectively. The expected error can then be approximated
by

g; ~exp (s2/2) . (35)

Unfortunately, this approximation gives a biased estimate of the
mean error since its expectation is larger than the actual value in
Eq. (33). This discrepancy occurs because of convexity properties of
the exponential function that prevent a cancellation of the bias except
in the limit of an infinite sample set. By the selection of a suitable
multiplicative factor times the right-hand side of Eq. (33), this up-
ward bias can be reduced or eliminated. Such factors are calculated
in specific regression models,* but for purposes of this study, are
not considered (since they are usually within 1 or 2 percent of unity
and their calculation is tedious). Instead, Eq. (33) is used as an
estimate of the mean errdr of a log-normal distribution.

A common example of regressions that are intrinsically nonlinear

ke
is the exponential model,

b b
1 k
= boxil e X4 € (36)

Y
which has a normally distributed error, s with zero mean and constant
variance over the observation space, The primary difference between

‘the exponential and log-normal forms is that the error term in Eq. (36)

. .

A. 5. Goldberger, "The Interpretation and Estimation of Cobb-
Douglas Functions," Econometrica, Vol. 35, No. 3-4, July-October 1968,
PP. 464-472,

Ak
Further discussion of the exponential regression is found in-

C. A. Graver and H. E. Boren, Jr., Multivariate Logarithmic and Ez-
ponential Models, The Rand Corporation, RM-4879-PR, 1967, PP. 23-34.
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is additive, whereas it is multiplicative in Eq. (29). Unlike its
counterpart in the log-normal form, the error variable in the above
‘expression has equal mean and median.

Least squares estimates of the coefficients in Eq. (36) are ob-

tained by minimizing the function,

SS =% (Y, - b.X,L «vv x.592 | (37)

Because of the nonlinearity of this expression, exact optimal solutions
of the unknown bi's are highly improbable since optimization algorithms
are generally iterative and converge only as the number of iterations
approaches infinity. Moreover, convergence toward the best solution

is sometimes dependent on initial guesses of the solution, and poor
initial estimates could lead to inconclusive or grossly inaccurate
solutions. However, there are computational methods that often lead

to good solutions of the exponential model, and tests for their con-
vergence to optimal values are also available.*

All the regression statistics described earlier for linear re-
gressions are also calculated by the same equations for the log-linear °
and exponential forms. In the special case of log-linearity, some of
these equations--namely, for the coefficients of determination and cor-
relation, the sum of squared deviations, and the average percent de-
viation--are also applicable to the original (pre-transformed nonlinear
model, Eq. (29))., On the other hand, while the other statistics——the
standard error, coefficient of variation, and Durbin-Watson index--can
be calculated for the original model by their respective equations,
they cannot be interpreted easily. These statistics are computed on
the basis of additive, normal random errors in the regression equations,
whereas the error term in the original model is multiplicative and log-

normally distributed.

0. H. Hartley, "The Modified Gauss-Newton Method for the Fitting
of Non-Linear Regression Functions by Least Squares,'" Technometrics,
Vol. 3, No. 2, 1961, pp. 269-280,
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Interval statistics for the log-linear model, Eq. (30), are cal-
culated directly from equations presented in the previous section, where

in Xij-replaces each X,, in the observation matrices X and XO. The in-

terval bounds calCulatig in this manner pertain to logarithms of the
observations. Exponential transformations of these bounds yield inter-
val statistics for the data as they exist in the original (non-scaled)
sample space.

Interval bounds for cost prédictions from exponential regressions
ar~ more difficult to calculate and their accuracy 1is subject to three
possible sources of error, whose effects may be compounded to result
in large overall errors in the prediction statistics. The first pos-
sibility for error occurs with the calculation of regression coeffi-
cients by the method of least squares. Nonlinear optimization cannot
guarantee convergence to a unique solution, and the numerical solutions
obtained are, thus, approximations to the actual values. The second
error results from an approximation of the width of the interval. In
calculating the band width, the exponential form is reduced to a trun-
cated Taylor series, and comsequently, an error equal to the sum of the
omitted terms of the series 1is introduced. Finally, the interval bound
calculations are dependent on the predicted cost value of the regression,
which 1s a third source of potential inaccuracy since the regression
model 1s expressed in terms of numerical approximations to the regres-
slion coefficients. The derivation of confidence interval bounds for
exponential cost predictions is mathematically sophisticated, and an

*
approximation for them is written as follows:

A A2
YO k4 tn_k_l(a) x SE¢1 +Y Yy » (38)

0
where

Yo = n (Xo)f x V x in (XO) . (39)

*
C. A. Graver and H. E. Boren, Jr., op. ¢it., pp. 31-34,
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such that V is an estimate of the variance-covariance matrix of the re-~
gression coefficients and n (XO) = [fn (XOl), sees An (XOk)l:” Statis-
tics for prediction and tolerance intervals are calculated in similar

fashion.

PREDICTIONS FOR AGGREGATED COSTS

Prediction intervals for single cost regressions are calculated
from standard equations that depend on the particular model form. From
the previous section, prediction interval bounds for the linear (and

log-linear) form are expressed by

<

1 ot oy —1
* tn_k_l(a) x SE/& + XO(X X) X (40)

0 0°

and for the exponential case,

1+ 2 (41)

Y OYO b

* x S
0 tn—k—l(a) €
where Yo contains the variance-covariance matrix V of regression co-
efficients in the identity,

Yo = %oV (42)

070 °
The calculation of prediction intervals for a weighted sum of re-
gressions is not straightforward. It requires the development of fur-
ther theory. Three distinct assumptions on the distribution of raﬁdom
cost predictions result in different equations for predictive statistics.
In one case, the individual cost regressions summed together are assumed
independent (i.e., zero correlated). This case is subdivided into two
assumptions, one using the true value of the aggregate sum variance of
the entire population and the other estimating the variance from a sam-

ple set of data. For the third assumption, the regressions are corre-

lated, and their degree of dependency must be taken into consideration.
These assumptions are differentiated in statistical terminology as (1)
independent normal distribution, (2) independent t distribution, and

(3) correlated normal distribution.
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The following section reviews or derives theory pertaining to pre-
dictive statistics for aggregated linear models. Following this is
another sectilon that focuses on the same statistics for nonlinear models.
;§E§t’ a proof 1s presented on the equivalence of predicéion intervals
for aggregated cost regressions and a single total program cost regres-
sion, provided that the analytical forms of the models are linear and

are derived from the same data base.

The Linear Model

An aggregated sum of m cost component regressions is defined by,

C, =, Y., + ... + w ¥, o (i=1, ..., ) , (43)

h

where Y,, is the it cost observation for the jth regression, and w, is

ij 3
the corresponding weight factor. If all but one of the weights equal
zero, then the aggregated cost reduces to an individual regression.
The standard linear model is first examined unde;_the.;hree separate

assumptions on distributions.\

Independent Normal Distribution. Given the usual normality assump-

tions about errors in the linear model, it can be shown that if compo-
nent regressions are mutually independent, the weighted sum in Eq. (43)

is normally distributed, i.e.,

(jZ 3¥15° 2°2Qg) o

IS

where G? is the population variance of the jth model, and Qg is calcu-

lated as®

2 4 gt oy =1
= 4
Q=1+ xo(x X) X, - (453)

Proof of Eq. (44) follows from the fact that each Yij is'normally
distributed. The total cost, Eq. (43), is a sum of these uncorrelated

*
N. R. Draper and H. Smith, op. cit., pp. 23-24.
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normal variables and is thus normal. The true variance of Yij equals
2 -

9

Qé, and consequently, the variance of Ci
2. 2.2
w,.o,
JZ 3 JQO

However, because the airframe cost model is based on a subset of all
possible weapon systems, the actual variance is unknown. Instead, the
standard error of the estimate Sj is computed from sample observations
as an approximation to Oj. Since the number of aircraft observations
is large (exceeding 120), the standard error should offer a very good
estimate of the actual variance. The distribution of aggregate cost

is estimated by
- 2.2.2
C, ~ N(Z RN szjq()) , (46)
J J
where the symbol #~ means '"is approkimately distributed as."

From :this approximation, prediction interval bounds for the inde-

pendent normal case are written as

66 +nla) * ¥% w§S§QS R (47)

J

with n(a) denoting the appropriate two-tailed value of the standard

normal variate at significance level a.

Independent t Distribution. Prediction intervals for the t distri-

bution are calculated by recognizing that Oj is unknown and approximated
by Sj' Statistical inferences are made from properties of the random
Student t, which is based on sample observations not spanning the entire

%
population. It can be demonstrated that the following variable,

Qi =4 - - (48)
f. 2.2 2 :
? ijjQO

*
J. A. Dei Rossi, Prediction Intervals for Summed Totals, The
Rand Corporation, RM-5806-PR, pp. 9-11.
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is approximately a t variable with § degrees of freedom, where

2,2 2.2
(n-%k-1) x (? ijon)

§ = . . (49)
A
§ 10

The prediction interval bounds are given by

Gyt tgla) /I w?S?Qé : (50)
J

o ¥

Correlated Normal Distribution. The above analysis assumes inde-

pendence among individual costs, thereby justifying the use of a t
statistic that is derived on the basis of independent normals. On

the other hand, when cost models are significantly correlated, t sta-
tistics are no longer valid, and another method is required. Analo-
gous to the derivation of predictive statistics for the independent
normal distribution, this method also assumes normality as a reasonably
good approximation to the actual probability distribution. The true
variance, W, of the weighted sum of norﬁal costs in Eq. (41) is ex-

pressed as

- 2 '
W = % § wichion s (51)

where Gij is the covariance between models i and j. An approximation

to Uij is given by

S,. =y (¥

1 ) - Yqi)(Yqj - Yqj)/(n -k -1, (52)

qi
which should be close to the real value for a large number of observa-
tions. Prediction interval bounds for the aggregate cost are thus ap-—

proximated at some confidence level a by

- 2
Coy * n(a)ﬂli § “1szion . (53)
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If prediction interval widths for the airframe cost model are compared
at a fixed confidence level for the three assumptions on distributions,
correlated normal distributions generally give the widest bands, pro-
vided that the models are positively correlated for most regression
pairs, a property that is shown later for the airframe cost model. In-
dependent t distributions always result in slightly wider bands than
independent normals. This relative difference occurs because the value
of the Student t statistic in the prediction interval equation is always
larger than that of the corresponding normal statistic, The difference

reduces to zero as the degrees of freedom approach infinity.

Nonlinear Models

Predictive statistics for the sum of log-linear models are calcu-
lated by the same equations given in previous sections since the loga-
rithmic transformation, Eq. (31), results in a linear relation. Assuming
that the error term in this transformation is normally distributed, the

weighted sum of cost predictions is also normal, i.e.,

A 2 272
sn () ~N ] o, 2 (¥ 0, ) 0395% , (54)
3 ]
where
&n (ci) = w; in (Yil) + ...+ in (Yim) . (55)
and

Q0 =1+ 4n x(’) (&n x' X &n x)—1 ¢n X (56)

0 °

‘The parameter 0, is the population variance of &n (sij), and 60 is

identical to Eq. (45) except that data observations are replaced by

*
For a given significance level, the Student t statistic is, in

a sense, an approximation of the normal variate when population sta-
tistics are estimated from a sample set. As the sample set is enlarged
to approach the entire population, the t variable asymptotically con-
verges to the normal, i.e.,

tK(a) E:: n(a) .
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their logarithms. Prediction bounds at confidence level o are thus

derivable for &n €y

e N

20 €, ()2 w sjég , (57)
' h

where the standard error Sj is a sample estimate of oj. These bounds
assume that the aggregate cost distribution is determined jointly by
uncorrelated normal component regressions. Prediction statistics based
on other assumptions on component distributions are calculated in simi-
lar fashion.

To calculate corresponding statistics for Ci’ instead of 4n (Ci),

the exponential transformation of Eq. (55) is taken to obtain:
c, =Y, ... Y. (58)

Note that fhis implies that transformed prediction intervals are derived
not for the sum of original costs but rather for their product. Such
statistics for the sum cannot be calculated directly, but they can be
approximated by indirect methods. For example, given distributiomal
characteristies of a product of random variates such as Eq. (58), it is
sometimes possible by convolution theory* to generate a distribution
for their sum and then to deduce prediction statistics. Another method
involves a Monte Carlo search technique,** which utilizes frequency
distributions of the random cost components of the sum to give numeri-
cal approximations for the aggregate distribution. This search process
begins by choosing point estimates of all random variables in the cost
summation by means of random number generators or other selection cri-
teria. A probable value of the aggregate sum is thus obtained by sub-
stituting these estimates into the summation. This process is repeated
a.large number of times until a distribution of sample values for the

aggregate variable is approximated.

*
Theory on convolutions is found in standard probability textbooks,

such as W. Feller, An Introduction to Probability Theory and Its Appli-
eations, Vol. I, 2d ed., John Wiley & Soms, Inc., New York, pp. 250-253.

*k
J. Keilson, The Nature of the Monte Carlo Method, Harvard Uni-
versity Press, Cambridge, Massachusetts, 1951,
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The calculation of predictive statistics for a sum of exponential
regressions is more straightforward than it is for logarlthmlc forms
Given a large data base, each exponential regre551on Y, . 15 approx1—
‘mately normally dlstrlbuted with sample mean YJ and vailance

2/ 22
S, vl + YOjYOj

J

y

as defined in Eq. (38). Consequently, prediction interval bounds for

the independent normal distribution at some data point, XO’ are

o * n(a) /. § R? (59)

J
where

2_ "2 ?
Rj 1+ YOj &n (XO) Vj in (XO) . (60)

Similar results follow for the independent t and correlated normal dis-

tributions.

Equality of Predictive Statistics for Aggregated Linear Models

For the airframe cost model there are two approaches to predict
aggregate costs. On one hand, individual regressions are obtained for
cost components (DS, FIC, MLB, MMT, ENG, TOL) and are then summed to
give an aggregate program cost. On the other hand, a total program
cost (TPC) isicalculated for each aircraft observation, and one re-
gression is then derived to yield total cost predictions.

In selecting one of these alternatives, the model builder may be
interested in a comparison of predictive statistics associated with
each approach. It can be shown that if the model form is linear, .
both the cost prediction and predictive statistics are identical when

obtained by either the aggregated cost components or the total program

*
C. A. Graver and H. E, Boren, Jr., op. cit., p. 31,
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cost model, provided that the observation data base is common to all

component and TPC regressi

ons.

The following proof demonstrates the equality of cost predictions.

Proof.

O)

where u3 is the weight factor of model j.

A

Y.. =%

Sy

J

i3 = Poy *

Substituting Eq. (62) into Eq. (61) gives

2 j Poy *

gnd, by grouping terms,

m

3

~

“1°k3

1j

A

bljxli +

and by least-squares estimation,

3

X w,b. . X
=y 3 1j li

ceey D)

By formulation,

b Xy

o

kj

:

The aggregate of m cost component models is expressed as,

e + jz w, bijil

_

(61)

(62)

(63)

(64)

(65)
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— ~ r ]
boj_l Y,
by, \
: - @0 . (66)
b, . Y,

where X is the common observation data matrix for independent variables.
But Egs. (31) and (32), together, imply,

S L
) “3°03 YJl
3
§ wbys | :
=7 w X x) " Ix! -1, (67)
. R .
L ogby Yin
| J . I

~ 7 — —
g wjbOj ) ijjl
§ wjle -
= &'n : : (68)
Z w,b, | z w.Y,
Lj Jkj 3 j Jl':

This matrix calculation gives estimates for the regression coefficients
of the cost model aggregated over individual regressions.

A total program cost observation is determined by
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m
TPC, = ] w,Y

s (69)
j=1 :

ji

-and the corresponding regression model is

N\ A ~ A
TPCi = BO + leli + ..o+ kaki . (70)

Thus by least-squares optimization,

— - -7
B, TPC,
s oy ) , . (71)
B TPC
|k 7
or from Eq. (69),
. B T
BO § ijjl
) - oy ) : (72)
. .
L k‘_ Lg ijjn

But a comparison of this identity with Eq. (63) proves that the re-
gression coefficlents of aggregate and total program cost models are
identical. Hence, cost predictions from the two models are the same.

Demonstrating the equality of prediction intervals for these mod-
els follows from the above proof. The prediction interval bounds for
a correlated normal distribution are formulated in Eq. (53). Conse-

*
quently, under this assumption they are calculated for the aggregate
cost component model by

< .
Equality proofs under other assumptions on total cost distribu-
tion are analogous to the one presented here.
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C, * n( )/Izn 7 2
C. * n(o w,w, S, x Q- , (73)
0 j=1 2=1 jeje 0 —
where
2 _ v, 0 =1
Qp = 1+ X&' 07X, . (74)
Furthermore,
n ~ A
sz = izl (in - in)(YSLi - Yzi)/(n -k -1 . (75)

Corresponding prediction interval limits for total program cost

are computed by

AN
TPCy * thge-1(®) * SppcQp > (76)
where
2 o VS 2 .
Stpc = _Z (TPC, - TPC)*/(n - k + 1) . 77)
i=1 )
A

By the previous proof, however, CO and TPC0 are identical. Moreover,
if TPCi and TPCi are expressed in detail according to their cost con-

stituents [e.g., see Eq. (69) above],

Stpc = ) w_mﬁsiz . (78)

Thus the bounds in Eqs. (73) and (76) are identical, In other words,
‘prediction statistics are the same for aggregate and total program cost
given a linear model with a common data base. If different aircraft
observations are used in the aggregate versus total program cost models,

then one cannot expect predictions, and hence predictive statistics, to
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be the same. These proofs are also valid for the log-linear model,
since it is implicitly linear in form. However, the same proofs cannot
' be demonstrated for the exponential model, since too many approximations
are made to arrive at estimates of exponential regression coefficients
as well as prediction intervals, thus leading to inaécuracies in final

solutions.

CORRELATIONS AMONG COST COMPONENTS

Calculations of prediction intervals for aggregated cost components
of the airframe cost model differ according to the correlations or de-
grees of dependency among the individual cost regressions. It can be
demonstrated* that if the errors are independent among all the regres-
sion models, a statistical method is available to approximate the pre-
diction interval for any weighted linear sum of these regressionms.
This method is statistdically valid for models based on a finite sam-
ple of cost observations.

Unfortunately, when error dependency exits, the construction of
prediction bounds is not amenable to this type of analysis, thus
another method is required. This procedure assumes that the variance
of the aggregated cost model is known exactlvy, an assumption not true
for the airframe cost model whose data base does not cover the entire
range of weapon systems. On the other hand, the inclusion of a large
sample set to estimaté the population variance should give good re-
sults, particularly for the airframe cost model, which is derived from
more than 120 aircraft observations. The choice between these two
prediction interval formulations thus depends on an evaluation of cor-

relation among individual cost regressions.

The next section analyzes the dependencies among cost components
in the airframe cost model. First, the theoretical groundwork for the
calculation of correlations is reviewed. Second, numerical estimates
of these correlations are given to evaluate dependency relations among

the cost components.

*
J. A. Dei Rossi, op. cit., pp. 9-11.
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Calculation of Cost Correlations

To calculate correlations among all cost components of;fhe model,
individual pairwise computations are first examined with respect to
all possible pairs of individual regressions. If the pairwise compu-
tations indicate independence (zero correlation) in every case, inde-
pendence exists in the agpgregate sense. Then prediction statistics
are determined under the assumption of either an independent t or an
independent normal distribution for the total cost prediction. But if
at least two regressions are correlated, this dependency is measured
and included in calculating predictive statistics. The assumption of
a correlated normal distribution for total cost yields an explicit formu-
lation for computing these statistics,

Sample correlations between regression pairs are calculated in
the following manner. Assume that the individual regressions are ex-
pressed in linear form,

Y..=Db b

i3 03 + (i=1, ..., nj; j=1, 2) ,

ljxil + ... + bijik + Eij
(79

where i ranges over all observations and j over the pair of regres-
sions. According to this formulation, both regressions are derived
from a common data base consisting of the same number of observations.

It is further assumed that the error terms for the two regressions are

distributed with zero means according to the bivariate normal joint

density,

(£505855) ~N(O,D) , (80)

where @ is the variance-covariance matrix,

* .
Log-linear and exponential forms could also be considered in
this analysis without changing the mathematical results.
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o? o
1 12
Q= . (81)
o c2
12 2

2 2
£, £,.€, £,
N(0,Q) = L exp | -——— 2L - 2 L2, 201 ey
2"0102 ﬁ B p2 2(1 - p7) 9 172 o,
In this identity, p is the correlation between €1 and e, over all
observations. Expressed in equivalent fashion,
o}
12 .
P (83)
172

Letting r denote a sample estimate of p, the value of r depends on the

observations in the following manner,

Ly - ¥, - ¥
r=f/_JA —, (84)
f (g =¥, - ¥,))

where each summation in the denominator is recognized as a multiple of
the standard error of the estimate. The residual, Yij - gij’ is a sample
estimate of the error Eij‘ It should be noted that actual (or pre-
dicted) cost values cannot be substituted for residuals in Eq. (84) to
calculate r. Later computations for the airframe cost model, in fact,

show that such a substitution is not valid.

Correlations for the Rand Airframe Cost Model

The degree of dependence is calculated between cost components, in-
cluding development support cost (DS), flight test cost (FTC), manu-
facturing labor hours (MLB), manufacturing material cost (MMT), engi-
neering hours (ENG), and tooling hours (TOL) with and without inclusion
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of the production rate variable. Results for the log-linear and ex-
ponential models are described below. The linear model is not con-
sidered since its goodness-of-fit statistics are decidely inferior to
those of the other equation forms. Furthermore, linearity does not
make sense in the weapon acquisition process because it does not yield
changes in the cost variable proportionate to changes in the independent
variables. _
Cross correlations for log-linear cost components in the airframe
cost model are listed in Table 9. Correlations between development
cost components (DS and FTC) and other costs are calculated from 26
sample observations, each of which measures costs of a distinct air-
craft cumulative to the end of the first production (developﬁent) con-—
tract. On the other hand, correlations between production categories
(MLB, MMT, ENG, and TOL) are based on the complete set of 124 observa-
tions in this study. The values range from -.162 for FTC-ENG to .605
for ENG-TOL (with rate), and of course, 1.000 for '"self icorrelations."
Highest correlations tend to occur between production costs. ﬁn other
words, model predictions with respect to actual production costs tend
to be uniformly optimistic or uniformly péssimistic. Lowest correla-

tions are between development and production cost items.

Table 9

COST COMPONENT CORRELATIONS OF RESIDUALS FOR THE LOG-LINEAR MODEL

DS FTC MLB MMT ENG | TOL{w) | TOL(w/o0)
DS 1.000 .365 | .036 .291 .186 .280 .302
FTC .365 | 1.000 .159 .148 | -.162 .284 .278
MLB .036 .159 |[1.000 .201 232 | .567 .571
MMT .291 | .148 .201 | 1.000 .510 .501 475
ENG .186 | -.162 .232 .510 | 1.000 .605 .560
TOL (w) .280 .284 | .567 .501 .605 { 1,000 -
TOL(w/o) .302 .278 | .571 475 .560 —_— 1.000

Table 10 presents correlations for cost elements in the expomential
model. In the majority of cases, these correlations are smaller than

corresponding ones for the log-linear model, Again, correlations are
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strongest between production costs. They are so close to zero between
some development and production costs that independence is strongly

implied.

Table 10

COST COMPONENT CORRELATIONS OF RESIDUALS FOR THE EXPONENTIAL MODEL

DS FIC MLB MMT ENG | TOL(w) | TOL(w/o)
DS 1.000 .117 .008| -.025 264 .060 .059
FIC .117} 1.000 .055 .076 .307 342 .333
MLB .008 .0551 1.000 175 .194 .592 .592
MMT -.025 .076 1751 1.000 .246 .408 .403
ENG .264 . 307 .194 .246 | 1,000 471 441
TOL (w) .060 .342 .592 .408 L4711 1,000 —-——
TOL(w/0) .059 .333 .592 .403 441 - 1.000

Tests on the independence of regressions (i.e., zero correlation)
are based on the sample correlation value., Computer programs for two
of these tests are available from the authors. A first approach ini-
tially assumes independence and then finds a significant cut-off value
of the sample correlation between regressions, such fhat the absolute
value of any correlation exceeding this measure is a condition for re-
jection of the independence hypothesis. Confidence intervals centered
about zero correlation are calculated for a 90 percent significance
level. TFor a sample size of 26 observations (with DS and FIC} the in-
terval is (-.330, .330). For 124 observations (with MLB, MMT, ENG, and
TOL) it is (-.149, .149). It is evident from Tables 9 and 10 that most
sample correlations fall outside these interval ranges, and hence in-
dependence is rejected. There are some cases, however, such as DS and
FTC, DS and MLB, FTC and MMT, for which correlations are close to zero.

A second test calculates a confidence interval for the correlation
factor centered about the sample value of the factor., If this interval
does not contain zero correlation, there is reason to believe -that in-

dependence does not exist at the given confidence level. For instance,
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.028 and .316 are 90 percent confidence bounds centered at the sample
correlation, .172, between MLB and MMT. Corresponding bounds between
FIC and ENG are -.020 and .582 centered at .281. Inclusion of the
rate variable in tooling does not significantly change correlations

from their values without the rate wvariable.

STUDENT t VALUES FOR PREDICTION INTERVALS

Student t statistics are substituted into equations for prediction
interval bounds [e.g., Eqs. (21) and (41)]. Standard t tables are
available fn most statistics books for degrees of freedom ranging from
unity to infinity and for several confidence levels. Table 11 lists
some of the most widely used sources of t values. In the airframe cost
model, confidence levels of 68.26 percent and 95.44 percent (i.e., one~
and two-standard deviation levels, assuming normality) were desired,
but t values corresponding to these levels could not be found in any
publication. A computer program was thus written to generate these
t tables (as well as other tables at any desired confidence level and
any degrees of freedom). The first part of this section briefly de-
scribes the numerical algorithms used in the computer program, while
the second part lists the computer output pertaining to the 68.26 per-
cent and 95.44 percent significance levels. The computer program is

available from the authors.

Calculation of t Values

Two computational methods are used to evaluate t for confidence
level o, depending on whether the degrees of freedom, v, are greater
than or equal to, or less than, 50. If Vv does not exceed 50, the follow-
ing exact series expansion* is used to determine the two-tailed confi-

dence level a(tl, v) given at t value equal to t,:

*M. Abramowitz and I. A. Stegun (eds.), Handbook of Mathematical
Funetions, Applied Mathematics Series 55, National Bureau of Standards,
U.S. Department of Commerce, U.S. Government Printing Office, Washing-
ton, D.C., 1964, pp. 948-949,
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2

;6,\)=1,

Tzr-[:e+sin6><(cose+%cos38+.---,
alt,,v) =4 | (85)

2 x 4 0 (v = 3) v=-2
e e R ei], v > 1, odd,
0 0 [1+d oo o e 42D (0D 2]

sin 1+ 5 cos 6+ + 2 x4 v (v = 2) cos 6], v even,

where
6 = arc tan (tk/J;) R k=1. . (86)

First, an initial approximation, say tl, is estimated for the actual
t value corresponding to confidence level a. Then a(tl, v) is calcu-
lated from the series expansion; and if this value is "close enough"
to a, t. is chosen as the final estimate. '"Closeness'" is satisfied

1
by the error criterion,

< e, k=1, (87)

such that ¢ is a small relative percentage error bound tolerated by a
final estimate tk' If tl is not close enough, successive approxima-
tions tk’ k=2,3, ..., are generated numerically by the Newton-

*
Raphson algorithm. Initial guesses tl and t2 are required to start

*
This algorithm is expressed as:
t

1 = b T F(tk)/F'(tk) ,

where
F(tk) = u(tk,v) - o .
Ff(tk) is approximated by the backward difference equation,
[F(t,) = F(t, D1/ (g - )

A more detailed analysis of the algorithm is given in A. D. Booth's
Numerical Methods, Academic Press, New York, 1957, pp. 151-152.
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the Newton-Raphson procedure, after which more solutions, o k=3, 4,
***, 200, are found iteratively until either the error criteriom is
satisfied or the program terminates calculations and prints a state-
ment on nonconvergence of the Newton-Raphson algorithm.

For v greater tham 50, the following approximation formula* is

used to obtain Student t values:

4vn(a) (88)

Y(4v - l)2 - 8vn2(a)

r =

where n(a) is the absolute value of a standard normal variable (with
zero mean and unit variance) corresponding to a two-tailed cumulative
probability of «.

An estimate of t is obtained directly by substituting the stan-
dard normal variate n(e) with confidence level o« into the formula. No
iterative process is thus necessary.

Each of these computational methods has advantages and disadvan~
tages. The series expansion gives exact values, but many iterative
applications of this series are usually necessary to achieve conver-
gence of the Newton-Raphson algorithm. The approximation equation,
on the other hand, requires only a one-step evaluation, but it is not
exact, except in the limit where v is infinity. It gives good results,

however, for large v greater than or equal to 50.

Student t Tabulations

The computer program generates separate Student t tables for each
choice of confidence level @ over a particular set of degrees of free-
dom, namely, v =1, 2, ..., 30, 40, ..., 100, 200, 500, 1000, and =.

i i;ble 12 presents student t values at 68.26 and 95.44 percent probabil-
ifies. These generated t values are substituted into prediction inter-

val equations for the airframe cost model.

*
M. Abramowitz and I. A. Stegun (eds.), op. cit., pp. 948-949.
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Table 12

TWO-TAILED STUDENT t TABULATIONS

Degrees

of 68.26 95.44
Freedom Percent Percent
1 1.8367 13.9371
2 1.3210 4,5212

3 1.1966 3.3039

4 1.1414 2.8671
5 1.1103 2.6468

6 1.0903 2.5149

7 1.0765 2.4273

8 1.0663 2.3650

9 1.0585 2.3185
10 1.0524 2.2824
11 1.0474 2.2536
12 1.0432 2.2301
13 1.0398 2.2106
14 1.0368 2.1941
15 1.0343 2.1800
16 1.0320 2.1678
17 1.0301 2.1571
18 1.0284 2.1477
19 1.0268 2.1394
20 1.0254 2.1319
21 1.0242 2.1252
22 1.0231 2.1192
23 1.0220 2.1137
24 1.0211 2.1086
25 1.0202 2,1040
26 1.0194 2.0998
27 1.0187 2.0959
28 1.0180 2.0923
29 1.0173 2.0889
30 1.0168 2.0858
40 1.0125 2.0635
50 1.0099 2.0503
60 1.0082 2.0425
70 1.0070 2.0362
80 1.0061 2.0315
90 1.0054 2.0279
100 1.0048 2.0250
200 1.0023 2.0121
500 1.0008 2.0045
1000 1.0003 2.0020
Infinity 1.0000 2.0000
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To determine the accuracy of computations, calcuated t values
are cbmpared with corresponding values listed in a well-known statis-—
tics book* at standard confidence levels of 20, 40, 60, 80, 90, 95,
and 99 percent. Corresponding figures from these two sets of tables
compare favorably and are usually identical whenever t values are
rounded to three significant digits. Relative differences in yalue**
generally range from 0.1 to 0.001 percent. These differences tend to
be slightly smaller as the confidence level increases from 20 to 99
percent. Moreover, there is no perceptible pattern in the absolute
differences between computed and listed t values for various degrees
of freedom. It appears that for these computer results, the series

expansion method and the approximation formula yield solutions of com-

parable accuracy.

*
P, G. Hoel, op. cit., p. 402.

*%
Relative difference is defined as (|t_ - tC]/tB) x 100 percent,
where tB and tC are the book and computed t values, respectively.
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Appendix B

RESTDUAL PLOTS FOR COST COMPONENT REGRESSTONS

This appendix presents the plots of the residuals for the cost

component regressions.
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Log (observed) — log (predicted)

ISR R T I SR

N W R Oy @ w0

~ o -

—

=-73-

Lt 1 1 °] ] ] ] ] ] ! L1

9.2 9.6 10.0 10.4 10.8 11.2 11,6

Log (predicted)

Fig. 11— Development support — logarithmic model
(thousands of dollars)
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Observed — predicted
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Fig. 13— Manufacturing labor — exponential model
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Observed — predicted
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Fig. 16 — Manufacturing materials — exponential model
(thousands of dollars)



Log (observed) — Log (predicted)
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Fig. 17— Engineering hours— logarithmic model
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Log (observed) — log (predicted)
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Fig. 19— Tooling hours— with rate
Logarithmic model
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