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SUMMARY

The present report is an elementary mathematical exposition of games of strategy
with some applications of the theory to military problems. The first part describes the
concepts and results developed by John von Neumann. Other parts of the report present
extensions of the theory and its applications undertaken at RAND.

A familiarity with calculus and algebra is sufficient for an understanding of this
study. When advanced mathematical concepts are used, these are defined.
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INTRODUCTION

The similarity of games of strategy and military conflict has been recognized for
hundreds of years. Such key terms as “bluffing,” “opponent capabilities,” “feinting,”
“opposing courses of action,” “discovery of the opponent’s strategy,” and “prevention of
discovery of one’s own strategy” often appear in the vocabulary of games of strategy and
military conflict. Some parlor games of strategy, such as chess, are described almost
entirely in military language. However, a systematic mathematical theory of games did
not exist prior to 1928, at which time John von Neumann laid the foundations of such
a theory.

In a game of strategy between two players, a player’s behavior depends on his evalu:
ation of the other player’s behavior, which in turn depends on that player’s evaluation of
the first player’s behavior, etc. In such a game, each player tries to attain some objective,
such as to minimize losses or to maximize the probability of winning. The attainment of
the objective depends on many factors. However, neither player controls all the factors
which determine the outcome of the game. Some of the factors are controlled by chance,
others by one of the players, and the remainder by the other player. Further, the two
objectives of the two players are generally conflicting objectives.

The mathematical theory of games of strategy provides a method of resolving the
conflicting objectives. A solution of the game tells each player how to choose from his
available alternatives in order to attain his objective as nearly as possible. If a player
conforms to the solution of the game, he will assure himself of the highest attainable
degree of success regardless of how his opponent behaves.

The theory of games of strategy had its origin in an attempt to describe rational
behavior in economic competition. The first paper published by John von Neumann in
1928 laid the foundations of the theory. It presented an entirely new approach to the
treatment of some fundamental problems in economic theory. Subsequently the theory
was expanded, as well as applied to economics, in the book Theory of Games and Eco-
nomic Bebavior by John von Neumann and Oskar Morgenstern.? Although the authors
described economic competition in terms of games of strategy, it was immediately evident
that the mathematical theory of games of strategy is applicable to any problem of com-
petitive behavior.

The purpose of the present report is to present an elementary mathematical exposition
of games of strategy with some applications of the theory to military problems. The
first part describes the concepts and results developed by von Neumann. The remainder
presents the extension of the theory and applications made by researchers at RAND. The
report summarizes some of the results obtained by the following RAND mathematicians:
R. Bellman, R. L. Belzer, D. Blackwell, H. F. Bohnenblust, G. W. Brown, M. Dresher,

1 Princeton University Press, Princeton, N.J., 1947.
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M. A. Girshick, I. Glicksberg, O. Gross, O. Helmer, S. Karlin, J. C. C. McKinsey,
J. Robinson, L. S. Shapley, R. Snow, and R. Wagner.

In order to clarify the games concepts and also to present some of the advanced theory
of games of strategy, the report freely uses heuristic and geometric arguments. Proofs
of theorems are given if they provide insight into the general theory. In many cases.
proofs of theorems are omitted because they are lengthy or difficult; however, wherever
possible, an outline of the proof is given in such cases.

The study does not presuppose any higher mathematical knowledge; a familiarity with
calculus and algebra is sufficient. In a few instances, advanced mathematical concepts
are used. In such instances, the concepts are defined and discussed in the Appendix.



CHAPTER 1
GAMES WITH FINITE NUMBER OF STRATEGIES

1. Description of Game of Strategy

Some of the terminology associated with games of strategy differs somewhat from
everyday usage. In this section, we discuss our use of the terms and illustrate them for
some games. By a game we shall mean a set of rules which describes the actions of the
individuals involved in a competitive situation. These rules specify clearly what each
person called a player is allowed or required to do under all possible circumstances. The
rules define the time the game ends and the amount each player pays or receives. If the
game requires the use of chance devices, the rules describe how the chance events shall
be interpreted. The rules define the amount of information, if any, each player receives.

Most games are described in terms of moves, which may be personal moves, made by
the decisions of the players, or chance moves made for the players by some random
device, such as the toss of a coin. It is possible to simplify the description of the game
by introducing the concept of a‘strategy. In the actual play of the game, each player
instead of making his decision at each move may formulate in advance a complete plan
for playing the game from beginning to end, covering all possible contingencies. Such a
plan is referred to as a sirategy. This plan would incorporate any information which
would be available to the player in accordance with the rules of the game. In this manner,
no freedom of action is lost through the use of a strategy, since the strategy specifies
the player’s action in terms of the information that might become available.

Each different way that a particular player may play a game from beginning to end
is a strategy for that player. If we enumerate all of his various ways of playing the game
from beginning to end, we obtain all the strategies for that player. Of course, some of
these strategies may never be played by the player, but they are included in this enumera-
tion. If we combine all the strategies of all the players, we obtain all the various ways
of playing a game.

Every game originally described in terms of moves, personal and/or chance, can be
summarized in terms of strategies. Every combination of strategies, one for each player,
will define a way of playing the game. In this way, a play of a game consists in each
player's making one choice, namely, the selection of a strategy in absolute ignorance of
everything but the rules of the game. The strategy, in effect, will play the game.

A fundamental problem in the theory of games of strategy is to determine for each
player his best strategies, or the best ways of playing the game.

Example 1. Function of a Field Commander. Military action by a commander against
an enemy requires him to evaluate a situation and make a decision. The evaluation is
made by considering the given mission, the capabilities of the enemy, and the possible
courses of action available to both sides and by comparing the likely consequences of

1
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one’s own courses of action. In terms of game theory, all of these factors constitute the
rules of the game. From his possible courses of action, the commander selects an optimal
one—a course which promises to be most successful in accomplishing the mission.

The military doctrine covering the above evaluation is discussed in detail in the
Naval Manual of Operational Planning of the Naval War College. The Manual’s instruc-
tions state that “each of our own courses of action...is separately weighed in turn
against each capability of the enemy which may interfere with the accomplishment of
the mission. The results to be expected in each case are visualized. The advantages and
disadvantages noted as a result of the analysis for each of our own courses of action are
summarized and the various courses of action are compared and weighed.” A commander
thus enumerates the possible opposing courses of action and their outcomes. Each course
of action is a strategy for the commander and each outcome is a payoff.

More specifically, suppose that the mission of Blue forces is to capture an objective
defended by Red forces. The Blue commander analyzes the possible courses of action
within the capabilities of the Red forces which can affect the capture of the objective.
Then he lists the various ways of capturing the objective. Let us assume that the Red
commander has three possible courses of action , 2], and , and that the Blue
commander also has three possible courses of action (1), @, and @ There are then
nine possible combinations of the opposing courses of action. Their outcomes may be
summarized as follows:

“ESTIMATE OF THE SITUATION” BY BLUE COMMANDER

Red’s Courses of Action

Blue's @ Fail Succeed Succeed
Courses of @ Draw Succeed Draw
Action @ Succeed Draw Fail

In this illustrative situation, the Blue commander estimates that if he uses strategy @
and the Red commander uses his strategy , he will fail in the capture of the objective.
However, he will succeed if he uses strategy @and the Red commander uses strategy
or . Similarly, the remaining six outcomes are the Blue commander’s evaluation
of the situation. :

The problem of the Blue commander is to select the best course of action, or the
strategy which will secure for him the maximum chance of capturing the objective. The
Red commander will likewise seek to secure the maximum value which can be attained
by minimizing the value of the outcome to the Blue commander. We thus have a con-
flict of interests: the Blue commander wishes to maximize the outcome, but he controls
only the choice of the Blue strategy, and the Red commander wishes to minimize the
same outcome, but he controls only the choice of the Red strategy.

The established doctrine of the “Estimate of the Situation” dictates the selection of
the course of action which promises to be most successful in the accomplishment of the
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mission regardless of the course selected by the Red commander. For the Blue com-
mander, in this illustrative example, this means selecting strategy @, which ensures
either a successful outcome or a draw. For, if the Blue commander uses strategy or
@, he may fail in the accomplishment of the mission. This leads to the most conser-
vative decision for the Blue commander. It is equivalent to assuming that the Red
commander can find out the decision of the Blue commander. In a later section we shall
show how the Blue commander can, by taking chances, obtain on the average a more
advantageous outcome. He accomplishes this by mixing his strategies.

Example 2. The Game “Her.” This game illustrates the concepts introduced pre-
viously in this section. It also has some historical interest. Although it was played by
several persons, we shall describe it for two players. A dealer gives a card at random,
from an ordinary deck of cards, to a receiver and takes one himself; neither player sees
the other’s card. The main object is for each to obtain a higher card than his opponent.
The order of value is ace, two, three, . . ., ten, jack, queen, king. Now if the receiver is
not content with his card, he may compel the dealer to change with him; but if the
dealer has a king, he is allowed to retain it. If the dealer is not content with the card
which he at first obtained, or which he has been compelled to take from the receiver,
he is allowed to change it for another taken out of the deck at random; but if the card
he then draws is a king, he is not allowed to have it, but must keep the card with
which he was dissatisfied. Finally, if the dealer and receiver have cards of the same
value, the dealer wins.

This game consists of three moves: The first move is a chance move, one card each
being dealt, at random, to the receiver and dealer. The second move is a personal move
by the receiver, who exchanges his card with the dealer or stays with the original card.
The third move is a personal move by the dealer, who exchanges his card with a card
from the deck or stays with the card he holds.

The game can be summarized by defining a strategy for the receiver to be a determi-
nation of change or stay for each of the thirteen cards. One such strategy might be

1 2 3 4 5 6 7 8 9 10 ] Q K
cC §$ ¢ s s Cc Cc §$ s € s C s

where “C" means change and "S" means stay. This strategy tells the receiver to change
if he receives an ace, stay if he receives a two, change if he receives a three, . .., change
if he receives a queen, stay if he receives a king. Note that the strategy is a complete
set of instructions. It is apparent that he has 2% strategies. Of course, most of them are
poor strategies and never will be played, as will be shown in a later section.

Since the dealer’s personal move, the third move of the game, is made after the
receiver has exercised his option, the dealer may then have information about the
receiver’s card. Therefore a strategy for the dealer will include this information. How-
ever, to simplify the enumeration of the dealer's strategy, let us make the following
two observations about the rational behavior of the dealer:

1. If the receiver exchanges cards with the dealer and the dealer thereby obtains a
lower card than the receiver, then the dealer will exchange with the deck.



2. If the receiver exchanges cards with the dealer and the dealer thereby obtains a
card at least as high as the receiver’s, then the dealer will stay with that card.

If we impose these two restrictions on the behavior of the dealer, then his strategies
may be enumerated in the same manner as those of the receiver. These two restrictions
have the effect of immediately eliminating some of the obviously poor strategies and
reducing the large game to a smaller game wherein the receiver stays with his card.

Example 3. Game of “Morra.” “Morra” is an example of a game involving only
personal moves. Each player shows one, two, or three fingers and simultaneously calls
his guess as to the number of fingers his opponent will show. If just one player guesses
correctly, he wins an amount equal to the sum of the fingers shown by himself and his
opponent; otherwise the game is a draw.

This game consists of one move for each player. A strategy for each player is a pair
of numbers (s5,g), where s = 1,2,3 is the number of fingers he shows and g = 1,2,3
is his guess of the number of fingers his opponent will show. It is evident that each
player has nine strategies, and thus there are 81 different possible plays of the game.
With each of these 81 ways of playing the game, there is associated a payment to the
players, as described by the rules of the game. These payments are summarized by a
payoff matrix. In the following payoff matrix, the entries represent payments to player
I. Player II will receive the negative of these payments.

“MORRA”
RECEIPTS OF PLAYER I

Player II's Strategies
(L,L1) (1,2) (1,3) (2,1) (2,2) (2,3) (3,1) (3,2) (3,3)

(,1) | o 2 2 —3 0 0 —4 0 0

(1,2) || —2 0 0 0 3 3 —4 0 0

(1,3) || —2 0 0o -3 0 0 0 4 4

, (1) || 3 0 3 0 —4 0 0o -5 0

gi:ay: giIe: 22) o -3 0 4 0 4 0 -5 0
(2,3) o -3 0 0o —4 0 5 0 5

3,1) || 4 4 0 0 0 -5 0 0o —6

3G.2) || o 0 —4 5 5 0 0 0o —6

3,3 o 0 —4 0 0o -5 6 6 0

2. Classification of Games

The game is finite if each player has but a finite number of strategies. The strategies
for each player, then, can be represented by numbers, and the totality of possible ways
of playing a game, by a matrix.

It is convenient to classify games according to the number of players, i.e., as 2-person,
3-person, etc. It is also convenient to distinguish games that are zero-sum from those
that are not. If the players make payments only to each other, the game is said to be
zero-sum. Some problems associated with military conflict can be considered as zero-sum

4
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games, if we assume that the losses of one side represent the winnings of the oppos-
ing side.

3. Two-Person Zero-Sum Game

Only the 2-person zero-sum game will be considered in this report. In such a game,
the winnings of one player represent losses to the other player. If more than two players
are involved, the notion of coalitions reduces the game to 2-person zero-sum. Further,
we shall assume at first that each player has a finite number of strategies. In a later
section, we shall consider games with an infinite number of strategies.

Suppose that player I has m strategies which are represented by the numbers 1,
2,--+,m and that player II has » strategies which are represented by the numbers
1,2,---,n If player I chooses to use strategy 7 from his m strategies, and II chooses
to use strategy j from his # strategies, the payoff to I is a;;, and represents the amount
paid to I at the end of the game. Since the game is a zero-sum game, the amount paid
to II is —a;;. The payoff to I for each way of playing the game can be summarized by
an m X n matrix, having » rows and » columns:

dl] 412 ﬂ]ﬁ
dy .
A=|ay||= |5 B 00T
Ay Gz " Ayin

In this matrix there is a row for each strategy of player I and a column for each
strategy of player II. Of course, each element of the matrix is a positive or a negative
number and represents the payoff or outcome of playing a game in a particular way
from beginning to end. We assume that the players are able to assign values to each
outcome. In general, this may be a difficult task.

Now the payment, 4;;, to player I depends on both 7 and j, player I's strategy and
player II's strategy. However, player I wishes a;; to be as large as possible, but he
controls only the choice of his own strategy, 7. Similarly, player II wishes —a;; to be
as large as possible, or 4;; as small as possible, but he controls only the choice of his
strategy, 7. The choice of strategies must be made simultaneously by the two players.
We thus have a conflict of interest between two sides, where each side controls only
some of the variables. This is the important characteristic of a game of strategy. We
refer to 1 as the maximizing player and to 11 as the minimizing player.

Example 4. “Colonel Blotto” Game. Colonel Blotto and his Enemy each try to
occupy two posts by properly distributing their forces. Let us assume that Colonel
Blotto has 4 regiments and that the Enemy has 3 regiments which are to be divided
between the two posts. Define the payoff to Colonel Blotto at each post as follows:
if Colonel Blotto has more regiments than the Enemy at the post, Colonel Blotto receives
the Enemy’s regiments plus one (the occupation of the post is equivalent to capturing
one regiment); if the Enemy has more regiments than Colonel Blotto at the post, then
Colonel Blotto loses one plus his regiments at the post; if each side places the same
number of regiments, it is a draw and each side gets zero. The total payoff is the sum of
the payoffs at the two posts.
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Colonel Blotto has 5 strategies, or five different ways of dividing 4 regiments between
the two posts. The Enemy has 4 strategies, or four different ways of dividing his 3
regiments. There are therefore twenty ways for the two sides to distribute their forces.

It is evident that if Colonel Blotto places 3 regiments at the first post and 1 at the
second, and if the Enemy places 2 regiments at the first post and 1 at the second, then
Blotto wins what amounts to 3 regiments. However, if Colonel Blotto places 2 regiments
at each post and the Enemy places all of his 3 regiments at either post, then Colonel
Blotto loses 2 regiments. The following payoff matrix summarizes the payment to
Colonel Blotto for each of the-twenty possible distributions:

PavyoFF To COLONEL BLOTTO
Enemy’s Strategies (Player II)
1. (3,0) 2.(0,3) 3.(2,1) 4.(1,2)

1. (4,0) 4 0 2 1
Colonel " 04| o 4 1 2
Blotto’s
Gy 1 -1 3 0
Strategies
(Plager 1) 4. (1,3) || —1 1 0 3
y 5. (2,2) || —2 —2 2 2

4. Saddle-Points

We have defined 4;; as the payment to player I if he uses strategy / and player 1I
uses strategy j. For each strategy i chosen by player I, he will receive at least min 4;;,

where the minimum is taken over all strategies of player II. In particular, player T an

choose 7 so that m_in a;; is as large as possible, namely, max mvin a;;, where the maximum

is taken over all st]rategies of player I. Thus I can ensure that he gets at least max min 4; ;.

Similarly, for each strategy j chosen by II, he will receive at least n‘{in'—(a]ij) or

pay at most max 4;; to I. Further, player II can choose j so that max a: j is as small

as possible, na;nely, min max 4;;. In other words, player II can ensure that player 1
i

gets at most min max 4,;;.

i .
Therefore, there exists a play of the game such that the first player can receive at

least max min 4;; and at most min max 4;;. In general, these two quantities are differ-
i

i i j
ent but satisfy the relationship
max min 4;; < min max 4;;.

i i
If the two quantities are equal, the opposing interests are resolved. Thus, if the payoff

matrix is such that

max min 4;; = min max 4;; = v,
i i
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then there exist strategies, /*, j*, for players I and II, respectively, having the properties:

1. If I chooses /*, then no matter what strategy II chooses, I will get at least .
2. If II chooses j*, then no matter what strategy I chooses, I will get at most ».
3. If I were to announce that he planned to play strategy #*, II could not thereby

reduce I's winnings. Similarly, if II were to announce j*, I could not hurt II.

Thus player I can get at least v and player II can make sure that this is the most
player I gets.

We tefer to 7*, j* as optimal strategies of the two players, and the matrix aijl is
said to have a saddle-point at *, j*, and its value is 4 = v. We also call v the
value of the game. It represents the amount that I should pay II at the start of the
game in order to equalize the game with respect to winnings.

If there exists a saddle-point at /*, j/* having a value », then

max ¢;jx = MiN ajej = 7,
i i

and

Max min 4;; = Min Max 4;; = v.
1 7 ? 1
If the game has a saddle-point, then the latter can be considered the solution of the
game. The saddle-point gives an optimal strategy available to each player, and the
largest amount he can expect to receive.
A necessary and sufficient condition that a2 matrix have a saddle-point, or that
max min 4;; = min max 4;;, is that there exist an element of the matrix which is

si;rlult;neously tl':e m;nimum of its row and the maximum of its column. Furthermore,
the value, v, at the saddle-point has the property that it is the least that T can ensure
himself of receiving, if he chooses his optimal strategy, and it is also the most that II
will have to pay, if II chooses his proper strategy. If there exists more than one saddle-
point, they all have the same value.

Example 5. The matrix

2 3 4
-1 —2 3
0 7 —4

has a saddle-point in its upper left-hand corner. If player I uses his first strategy, he
can receive at least 2, and if player II uses his first strategy, player I will receive at
most 2. These two strategies are the optimal strategies of the two players, and the
value of the game is 2.

5. Games with Perfect Information

There is a large class of games, referred to as games with perfect information, that
have saddle-points. In such a game, each player at each move is completely informed
about the outcome of the previous moves in the play. There exist optimal strategies

7



for the players. Chess is an example of a game with perfect information. If the
strategies for chess were enumerated, one could find a strategy for each player with
which he could do at least as well as with any other strategy, regardless of the strategy
chosen by the opposing player.

Example 6. Suppose that fighter planes can be equipped with any of these arma-
ments—guns, rockets, and toss-bombs—or for ramming. These fighters are to be used
against bombers of three types: full firepower and low speed, partial firepower and
medium speed, and no firepower and high speed. We wish to determine the best type
of armament for the fighter and the best type of bomber. Assume that we are able
to establish the effectiveness of each type of fighter versus each type of bomber. This
represents the payoff and is measured by a bomber attrition factor per fighter.

Let player I be the Fighter Command who has four strategies and player II be the
Bomber Command who has three strategies. The strategies are to be picked by each
player independently of the other. The payoff measures the bombers lost.

PAYOFF 1O FIGHTER
Bomber Command (Player II)

1. 2. 3.
Full Fire, Partial Fire, No Fire,
Low Speed Medium Speed High Speed

Fiohter | 1- Guns 0.30 0.25 0.15
8 2. Rockets 0.18 0.14 0.16

Command
(Player I) 3. Toss-bombs 0.35 0.22 0.17
Y1) 4 Ramming 0.21 0.16 0.10

The least that the Fighter Command can get is 0.15, 0.14, 0.17, or 0.10, depending
on whether he uses guns, rockets, toss-bombs, or ramming. These are the minima of
the rows. Therefore, he will pick toss-bombs, since they yield the most, 0.17. Now
the most the Bomber Command will have to pay is 0.35, 0.25, or 0.17, depending on
which firepower he adopts. These are the maxima of the columns. Therefore, he will
pick the no firepower, since here he pays least, 0.17.

The best strategy for player I is his third strategy, toss-bombs. The best strategy for
player II is also the third, no firepower. The value of the game to the fighter is 0.17.
If player I uses toss-bombs, he is sure of getting at least 0.17. If player II uses no
firepower, he is sure of losing no more than 0.17. This is the best both players can do.

Example 7. The coin-matching game can be summarized by the payoff matrix:

H T
H 1 -1
T —1 1

The strategies of each player are the choices of heads or tails. The matrix has no
saddle-point, since there is no element in it which is the minimum of its row and the

8



maximum of its column. Here maxming;; = —1 and minmaxa«;; = 1, and, for

i j 7 1
each player, there is no single strategy which is better than the other. Of the two
strategies available to each player, neither is better than the other. In this game it
seems necessary to find out the opponent’s intention, which is impossible.

6. Mixed Strategies

If a game does not have a saddle-point, each player does not have a single strategy
which is safer than any other, as in the coin-matching game. In order to solve such
a game, i.e., to find optimal strétegies, it is necessary to extend the notion of a strategy
to a mixture of strategies. In a game without a saddle-point, a player's choice of a
strategy will depend on his opponent’s choice. It thus becomes very important to a
player to find out his opponent’s intentions. This, clearly, is impossible, since the
rules of the game require both players to make their choices independently of each
other. In a game without a saddle-point, it is also essential that a player's strategy
be unknown to his opponent. Each player can and therefore will concentrate on keep-
ing his own intentions secret. This can be done by the use of the mixed strategy.

A player, instead of choosing a single strategy, may choose a probability distribution
over the whole set of strategies and then use some device which makes random decisions
to select the particular strategy for each play subject to the chosen probability distri-
bution. Such a probability distribution over the whole set of strategies is a mixed
strategy. In other words, a player uses all possible strategies, but he chooses the proba-
bilities with which he is going to play each strategy.

The purpose of a mixed strategy is to keep the opponent from discovering the
strategy. If a game has a saddle-point, then there is no disadvantage to a player if
his strategy is found out by his opponent. However, if the game does not have a
saddle-point, it is a definite disadvantage for a player to have his strategy discovered
by his opponent. A mixed strategy provides a method for a player to protect himself
against having his particular strategy found out by his opponent; the playing of several
different strategies at random, with only their probabilities determined, is an effective
protection against being found out. The opponent cannot find out the particular
strategy in advance, since the player does not know it himself. The strategy is selected
at the last moment with the help of a random device.

The game now consists in each player's independently selecting a mixed strategy.
The outcome will now be measured in terms of expectation.

We can represent mixed strategies by means of column matrices. Thus a mixed
strategy of player I is a column matrix

x)ll
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m

where xy, x,,- -+, x, are non-negative and 3 x; = 1. The elements x;, xp,**, x,,
i=1

are the probabilities of selecting strategies 1, 2, - - -, m, respectively, Similarly, a mixed

strategy of player II is

In
where yy, 35, -+, y» are non-negative and 3 y; = 1. The elements y,, y., - - -, y, are

the probabilities that player IT will select str’atlegies 1, 2, -, n, respectively.

In order to distinguish them from mixed strategies, we refer to the original strategies
as pure strategies. Thus player I has m pure strategies and player II has » pure strate-
gies. Every pure strategy is also a special case of a mixed strategy having one element
equal to 1 and the rest 0. Thus, if a game has a saddle-point, it has a pure strategy
for its solution.

If I uses pure strategy 7 and II uses mixed strategy Y, the expected payoff to I is

n
b =3 a;;y;, and is given by the ith component of the column matrix H, where
j=1

by

by

H =AY =

b)ll

If II uses strategy ; and I uses mixed strategy X, the expected payoff to I is

"
&, = 3 a;;x;, which is the jth component £; of the row matrix K’ where

K'= XA = || by koo b |-

If both players use mixed strategies, X, Y, respectively, then the expected payoff to
player I is

E=XAY = Z Z a;%;y; = K'Y = X'H.
j=1 i=1
We can represent graphically the expectation of a player for each of his mixed
strategies. If a player has two strategies, the graphical representation is in two dimen-

sions; for three strategies, a three-dimensional graph is required. Consider the follow-
ing 2 X 2 payoff matrix:

10



I's Strategies

5 1
3 4

I's Strategies

We can «epresent the various mixtures of player I's strategies, @ and @, by
points on the line §,S5, of unit length. Thus Q represents % of @ and % of @
4 __p

|

{s |
I I
( ]

OB ®"

If II uses his strategy , then I's expectations are given by ordinates PQ of the
points P of AB corresponding to each of I's mixed strategies. Thus PQ = 4% is the
expectation of I if he uses a mixed strategy of % of @ and % of é

IT uses strategy .

If 1 uses strategy @, then the expectation of I for each of II's mixtures of
and is given by the ordinates of CD:

L D
Cn’/’-‘/"
|4
|
|
[}

Thus LM = 3% is the expectation of I if he uses strategy @ and II uses a mixture
M consisting of % of and % of .

Example 8. Referring to the Colonel Blotto payoff matrix (Example 4), if the
Enemy uses the mixed strategy

|
l3
s, J

and player

|
|
|
|
L T
M 2

~
li
N N - N

and Colonel Blotto uses a pure strategy, Blotto will receive for each of his pure strategies

11



1
4 0 2 1 —; K
o 4 1 2lo 1
H=| 1 -1 3 of|i|=[12]"
-1 1 0 3|2 X
-2 =2 2 2|i 2
4 1

where the components of H represent Colonel Blotto's receipts corresponding to each
one of his five pure strategies. Now, if the two players’ strategies are

1
4 1
0 4
0
X = 0 s Y = 11
X 2
4 L
1 4
2
then I's expectation is E = X’AY, or
21
4
1
1 11 30 _ 19
0035 L3~ 16
1
2
1

Neither of these strategies, incidentally, is optimal, as will be seen later.

7. Minimax Theorem

Having introduced mixed strategies, a game with payoff matrix A now consists
in player I's choosing a mixed strategy, X, of the original strategies of I and in
player II's choosing a mixed strategy, Y, of the original strategies of II. The payoff
to 1, 4;;, is now replaced by the expectation of I and is given by

X'AY = Z Zai,-x,-yj.
i i=1

For each mixed strategy X chosen by I, he can expect to receive at least

min X’AY ,
Y

12



where the minimum is taken over all possible mixed strategies available to II. Now
since 1 has the choice of X, he will select X so that this minimum is as large as
possible. Hence player I can pick a mixed strategy which will guarantee him an ex-
pectation of at least

max min X’AY ,
X Y
irrespective of what II does. Similarly, for each mixed strategy, Y, chosen by II, the
most he will have to pay to I is

- max X’AY ,
X

where the maximum is taken over all mixed strategies available to I. Now II can
choose Y so that the latter quantity is as small as possible. Hence player II can pick
a mixed strategy which will make the expectation of I at most

min max X’AY ,
Y X

irrespective of what I does. It is apparent from the above remarks that

max min X’AY < min max X’AY .
x X

Y Y

The Minimax Theorem states that these two quantities have a common value, v, or

max min X’AY = min max X’AY = v.
X Y Y X

As a consequence of the Minimax Theorem, it follows that if player I plays intelli-
gently, there is a minimum amount that he can expect to receive, and if player II
plays intelligently, he can make this minimum amount the most that player I will receive.

The Minimax Theorem was first proved by John von Neumann and is the funda-
mental theorem of game theory.

Example 9. In the coin-matching game of Example 7, each mixed strategy of I and
II can be represented by

el bl
1 —x 1—y
where 0 < x, y < 1. The expectation of I will be
, _ _ +1 —1 ¥ _ . .
XAY—Hx,l x“]_l 41 ll_y“—(Zx 1)(2y —1).

It can be readily verified that

max min (2x — 1)(2y — 1) =0
k4 Yy

13



and

min max (2x — 1)(2y — 1) = 0.
H) z

8. Solution and Value of Game

From the Minimax Theorem it follows that each player has an optimal strategy,
i.e., there exists a pair of mixed strategies X*, Y* such that

max X’AY* = min X¥AY = v.
X Y

The pair X* Y* is called a solution of the game, and v, the value of the game. We
also refer to X*, Y* as optimal strategies, since

1. If player I uses X*, his expectation is at least v, irrespective of what II does.
2. If player II uses Y*, he can make player I's expectation at most v, irrespective
of what I does.

Since X*AY > v for all Y and X’AY* < v for all X, the solution also has the
property that a player may announce, in advance of the play, the mixed strategy to be
. employed, and the opponent will be unable to reduce the expectation of the player
as a result of this extra knowledge. Of course, this announcement gives information
only about the mixed strategy to be employed. It does not give any information about
the pure strategy which will have to be used in playing the game. Neither player knows
the particular pure strategy, since that is left to a chance device.

Thus, if player I uses his optimal mixed strategy X* and player 11 knows this in
advance, player II will not shift from his optimal strategy Y* as a result of the infor-
mation. A similar argument applies to the other player.

Example 10. In the coin-matching game of Example 7, the value of the game is zero
and the solution is

X* = Y* =

[T NS P
N[ N

If player I uses X*, his expectation is at least zero, irrespective of what II does. If
player II uses Y* he can lose at most zero, irrespective of what I does. Hence the
best thing for each player to do is to toss his coin. If I were to play another strategy, say

1
_ |l 4
X = e
4
then II could play
1
Y=o

14 ' .



and cause I's expectation to drop to —%. However, if II were to use his optimal
mixed strategy,

Yy =

N N |

then I could use either one of his two pure strategies all the time and his expectation
would still be zero, provided II did not change his strategy from Y*. To make certain
that II stays with Y*, player 1 must also use a mixed strategy.

Example 11. In Example 4, the Colonel Blotto problem, the reader can verify that
an optimal mixed strategy, X* of Colonel Blotto and Y* of the Enemy, is given by

X*

fl
Il

s Y*

Ol O O ool

S ENRCI N -

Colonel Blotto should pick strategies 1, 2, 5 at random with probabilities %, %, %,
respectively. The Enemy should pick strategies 1, 2, 3, 4 at random with probabilities
Y18, s, %, %, respectively. The value of the game is 1% to Blotto; i.e., Colonel Blotto,
by playing intelligently, can receive at least 1% regiments from the Enemy. If Colonel
Blotto uses his optimal mixed strategy, then, no matter what the Enemy does, Colonel
Blotto receives at least 4% regiments. If the Enemy uses his optimal mixed strategy,
then Colonel Blotto may play any strategy but his third and fourth and still receive
144 regiments.

9. lilustration of Minimax Theorem

If one player has two strategies and the other has any number of strategies, it is
possible to verify graphically (in two dimensions) the Minimax Theorem and also solve
the game. For example, if the payoff matrix is

II's Strategies

5 1
3 4

I's Strategies @

@

the graph shown on page 16 summarizes the expectation of player I for various mixed
strategies.

’
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The dotted line AB represents I's expectation for each of his mixed strategies if
IT uses pure strategy . The dotted line CD represents I's expectation for each of
his mixed strategies if II uses strategy . The line A’B’ represents the payments
by II for each of his mixed strategies, if I uses pure strategy @ . The line C'D’
represents the payments by II if I uses pure strategy @

The solid lines COB, therefore, represent the least that I can expect to receive for
each of his mixed strategies. The solid lines A’0’D’ represent the most that I can
receive for each of II's mixed strategies. It is apparent that I will pick the maximum
point of ‘COB and II will pick the minimum point of A’0’D’. From the Minimax
Theorem these two points are equal, and the value of the game is OP = O'P’ = 3.4.
The points P and P’ give the solution of the game and correspond to

[CIENIVINY

10. Properties of Optimal Strategies

If X* Y* is a solution of the game, let H* be the vector of expectations of I if he
uses a pure strategy and II uses an optimal mixed strategy Y*, and let K* be the ex-
pectation of I if he uses an optimal strategy X* and II uses pure strategies:

p &
py k
H=ar=| |, k=ax=|".]
”, b

where % represents I's expectation if he uses strategy / and II uses Y* and where £]
represents I's expectation if he uses X* and II uses strategy j. We have then

16



1. 4} < v < & for all 7 and j. Against an opponent’s optimal mixed strategy, a
pure strategy cannot yield better results than his optimal mixed strategy.
2. max 4} = min £ = v. There exists at least one pure strategy for each player

i3
which, if used aéainst the opponent’s optimal mixed strategy, yields the value of the

game.
3a. If b} < v, then x? = 0. Player I uses in his optimal mixed strategy no pure

strategy which yields less than the value of the game when it is used against II's opti-

mal mixed strategy.
3b. If &% > v, then y% = 0. Player II uses in his optimal mixed strategy no pure

strategy which requires that he pay more than the value of the game if I uses his opti-

mal mixed strategy.
4a. If x% > 0, then /* = v. Each pure strategy of I which enters in the optimal

mixed strategy X* yields the value of the game when played against II's optimal

mixed strategy.
4. If y% > 0, then &% = ». Each pure strategy of II which appears in the optimal

mixed strategy Y* yields the value of the game when played against I's optimal

mixed strategy.
Example 12. For the Colonel Blotto problem (Example 4) we have

4 o 2 1
o 4 1 2
A=| 1 =1 3 o},
-1 1 o0 3
-2 -2 2 2

-and the value of the game is v = 4 to Blotto. The following results can be readily

verified:

14
2 B 1 14
9 14 18 9
4 9 | 1 14
9 12 18 )
* * < * — e
X -—_ 0 3y H = 9— > Y —_ i 3 K lé
0 12 9 9
1 9 4 14
B 14 5 9
9

Note that 5% =13% < 4% = v and X =0; also, BA=1% =12 and x5 = 0. It
will be shown later that player II's optimal strategy is not unique.

11. Operations on Games

There are several operations one may perform on the payoff matrix of a game with-
out altering the solution of the game. They are particularly useful in solving games
with large numbers of strategies.

17
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11.1. Permutations. A permutation of the rows or columns of the payoff matrix
does not alter the value of the game and permutes the components in the solution.
The negative transpose, —A’, of the payoff matrix A interchanges the players.

11.2. Addition and Multiplication by Constant. If a constant, ¢, is added to
each element of the payoff matrix A, having a value v(A), then the value of the new
game is v(A) + ¢. The solutions of the two games are equal.

If every element of A is multiplied by a positive ¢, then the new game has a value
cv(A). Again, the solution is unchanged.

11.3. Elimination of Rows and Columns. A game matrix may have extraneous
rows or columns. These can be attributed to the existence of poor strategies, i.e., strate-
gies which are never used in any optimal mixed strategy, since they yield less to a
player than for some other strategy.

One method of eliminating the poor strategies from the game is to examine the
payoff matrix for dominance. A vector (4;) is said to dominate vector (b;), if 4; >
b; for each 7. If a; > b;, for each 7, then we have strict dominance. The following
reductions of a matrix are evident from the notion of a poor strategy.

1. If a row is dominated strictly by another row, the dominated row may be elimi-
nated. If a column dominates strictly any other column, then the dominating column
may be eliminated.

2. If a row is dominated strictly by some convex linear combination of other rows,
it may be eliminated. If a column dominates strictly some convex linear combination
of other columns, the dominating column may be eliminated.

3. If a row dominates strictly a convex linear combination of other rows, then
some one of the combination may be eliminated. ;

4. If the payoff matrix A can be decomposed into submatrices A, A, A, A,

such that each column of A, dominates strictly a convex linear combination of columns
of A,, and such that each row of A, is dominated strictly by a convex linear combination
of rows of A,, then A,, A,, A, may be eliminated, leaving only 4, to be solved.

We have emphasized the strict dominance. If the elimination is made by strict
dominance, then the new game retains all the solutions of the old game. If the domi-
nance is not strict, then all the solutions of the new game will be solutions of the old
game, but we may not have all the solutions. Elimination by dominance which is not
strict may lose some solutions.

12. Reduction to Symmetric Game
If the payoff matrix is skew-symmetric, i.e., 4;; = —aj; for all / and j, then the game
is said to be symmetric. In such a game, both players have the same optimal strategies

18
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and the value of the game is zero. Thus, if a game is symmetric, we need only solve
the game for one player.

Every game that has a positive value can be made a symmetric game. Consider the
game B defined by the following payoff matrix:

o A4 —1
e B=|-A4 0 14,
¥ -1 0

where A is the m X n payoff matrix of the original game; A’ is the transpose of A;
1 and —1 represent column matrices, of appropriate dimensions, whose elements are
entirely 1 and —1, respectively; and 0 is a square matrix whose elements are all zeros.
The payoff matrix B is of dimension (m + 7 + 1) X (m+ n+1).

It can be verified that the original game A has the value v and solution X*’ =
(3000, Xm), YV = (3, -+, 3,) if and only if the symmetric game B has a solution
proportional to (xy, -+, X, 1y * <+, iy 7).

The requirement that the original game have a positive value is inessential. If the
game does not have a positive value, we can add a.sufficiently large number to the
payoff matrix. This will not alter the strategies but merely increase the value of the
game by the added amount.

Example 13. Given the game defined by the 2 X 3 payoff matrix

1 -3

2
A:”—z 0 1

To make certain that the game has a positive value, let us add 4 to each element and
thereby obtain the new matrix

o o 6 5 1 —1

H 0 0 2 4 5 —1
B:?f_(’ -2 0 0 0 1
-5 -4 0 0 o0 1

-1 -5 0 0 o0 1

1 1 -1 —1 =1 0

13. Games with Many Solutions

A player may have more than one optimal mixed strategy. If a game has more than
one solution, it has an infinite number of solutions, since any convex linear combination
of solutions is also a solution. However, every game has a finite number of basic
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solutions, which means that every solution can be expressed as a convex linear combina-
tion of these basic solutions. In a later chapter we shall show how to find the
basic solutions.

Example 14. A Game Matrix. The following 3 X 3 payoff matrix

-1 3 -3
0 3
2 1 0

yields one optimal mixed strategy, X*, for I, and two basic solutions, Y7, Y7, for 1I.
They are

Xt

I

S Wi Wi
~
-
Il

Wi Wl ©
3
Il

Y RV [VIRVY JN

All solutions of the game are given by
X*, oY + (1 — a)Y3,

where a is any number between 0 and 1. The value of the game is 1. To verify that
these are solutions, we compute

1

1
H* = 1 ., K*=11
1—% 1

and note that max 5; = min &; = 1.
i i

14. Games with Simple Solutions

The expectation of player I is at most v, the value of the game, if he uses a pure
strategy and II uses an optimal mixed strategy. Similarly, the least that II can expect
to pay I is v if II uses a pure strategy and I uses an optimal mixed strategy. Further,
each player has at least one pure strategy, which if used against an opponent’s optimal
mixed strategy, yields exactly » to player I. Now, it may happen that the game matrix
is such that every pure strategy of each player, if used against an opponent’s optimal
mixed strategy, yields exactly » to player I. In such a case we say that the game
has a simple solution. Thus X*,Y* is a simple solution of the game matrix A, if H* =
AY* =21 and K* = A’X* = v1, where 1 is the column matrix having all of its
elements equal 1.

For example, the coin-matching game has a simple solution, for if player T uses
his optimal mixed strategy

20
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I
then his expectation is 0 whether IT uses his first or his second strategy. Also, if player
II uses his optimal mixed strategy

‘ Y* =

1o tol e

then player I's expectation is 0 whether he uses his first or his sccond strategy. Thus

S 1
i 3
x4 2 . 2
X* = X Y* o= }
C

is 2 simple solution of the coin-matching game.

If the payoff matrix is square, i.c., the players have the sume number of strategies,
and if the game has a simple solution, it is very casy to obtain it. First, we require that
the payoff matrix A4 have an inverse—the determinant .4 of A is different from zero.

From the definition of a simple solution, we have

AY* == 11, AX*F = 1.
.Sol\mg for X* and Y* we obtain
Xt (AN, Yt AL
But
PPN* = 1Y 1

Substituting, we get the value and solution of the game:

AT T TAT
(411
* —
X* = 1’(A')“‘ 1’
A1
£ J—
Yr= VA" 1°

Thus, if the game has a simple solution, it can be obtained from the above formula.
Conversely, if the components of X* and Y* are non-negative, then the game has a
simple solution given by the above formula.
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We can also express the components of X*,Y* in terms of the elements of the
adjoint of A, as follows:

»
A;;i - .
= ,zﬂ ' _ row-sum of elements of adjoint matrix
) S 4, "~ “sum of all elements of adjoint matrix ’
j=1 4=1 ™
S 4 S
y = ;zﬂ ' column-sum of elements of adjoint mitrix
g é E" A "7 sum of all elements of adjoint matrix
: ji

-
i
-

Jj=

where A;; is the cofactor of the element in the 7th row and jth column. The value of
the game is given by

v = | A determinant of A
T3 = 'sum of all elements of adjoint matrix ’
234 J
Jj=1 =1
Example 15. Let us examine the following matrix for a simple solution:

-1 3 -3
A= 2 0 3
2 1 0

The determinant of A is 15, and the adjoint of A is given by

-3 =3 9
2 7 -6

Using the formulas of simple solutions, we obtain

.5 _1 10 _ 2 0 _

NEBTT O STno3 ST
31 9 3 _3_1

=Gy ASnTs ATHTS

Since each x; and y; is non-negative and less than 1, the game has a simple solution
giver by

%S
!
S wiv o
]
I
wlm wle wle




and the value of the game is 5 = 1.
It is of interest to compute H* and K*, which are given by

1 1
H*=|1], K=
1 1

Note that although the third strategy of player I appears with zero probability, the

expectation for that strategy against the optimal mixed strategy of II is still equal
to the value of the game.

15. Games with Unique Solutions

If a game has only one solution, X* Y* then X* and Y* contain the same number
of components with positive weights.

If a game A does not have a unique solution, it is possible to alter each element of
A by an arbitrarily small amount so that the resulting game will have a unique solution.
There always exists a matrix B, of the same order as A, such that all the games whose
payoff is given by A + eB, where ¢ is a sufficiently small positive number, have unique
solutions. An example of a large class of matrices having the desired property is

B = “ bi; i, where b;; = ;% with ¢, positive, distinct, and different from 1, and #;
distinct and not zero, for ;= 1,2,---,m and j=1,2,---,n In particular, B =
Hoi | = || ¢+ 17 .
For example, we showed previously that the game whose payoff is given by
=1 3 —3|
A= 2 o 3.
2 1 0]

has many solutions. However, the game defined by

-1 3—3) 2 4 8 —1+4+2 3+ 4 —3+ 8¢
2 0 31+ ey 3 9 274= 2 + 3¢ e 3+ 27€ |,
2 1 of 4 16 64| | 2+4e 1+160 64 ||

where ¢ > 0, has a unique solution.

16. Some Games with Simple Solutions

If a game has a simple solution—every pure strategy played against an opponent’s
optimal mixed strategy yields the value of the game—we have seen that it is easy to
find the solution. The problem is essentially reduced to the solution of a system of
linear equations. In general, we cannot tell whether a game has a simple solution with-
out first solving the game. In a few instances it is possible to state, by examining the
game matrix, that a given game has a simple solution.
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If a game whose payoff matrix is A has a simple solution, then —A, A’ and —A’
also have simple solutions. If a game exhibits strict dominance of any type, it has no
simple solution.

A sufficient condition for a simple solution can be obtained in terms of the diagonals
of a matrix. First, two sets 5, and S, of numbers are said to be separated, or §, < S,
if the largest element of S, is less than or equal to the smallest element of §,. Now let
us define the £th diagonal, L;, of an » X » matrix A = || 4i; | as the set of elements
ai; such that j — j= &(mod n). If the diagonals of A, or any matrix obtained from
A by permutations of rows or columns, are separated and ordered, ie, L, < L, < L, <
<Ly orLy>L, 2 L,>--->L,,, then A has a simple solution. In patticular,
if the matrix A is 2 X 2 or 3 X 3, and if the diagonals are separated, they may always
be ordered by a permutation.

Example 16. Let the payoff matrix be given by

0
A=|1 3 3
2 5
Then
L, = (3,3,5), L, = (2,32), L,=(0,1,2)
and

L,>L >L,.

Therefore A has a simple solution. It can be verified that the value of the game is
%3 and the simple solution is

6 5
1 1
X*=—13], Yt=_—7
13 4 13 1

As a check, we note that

1 29

H* = AY* = I} 29 |1,

29

1 29

K*=X'A=-_"—]29
13

29

The condition on separated diagonals may be weakened. Suppose that some diagonal,
L, of A is separated from the remaining elements of A. Let p be the largest element

of Anotin L If éa,-j > np for all §, or é a;; > np for all /, then A has a simple
i=1 i=1

24



s

R N I S A e S

ﬁ"gﬁ&

solution. For example, if the payoff matrix is

10 3 2
1 10 210,
1 3 10

then L = (10,10,10) is separated from the remzining elements of A, and we have
3
2 aij = 12,16, 14, which are larger than mp = 9. This game, therefore, has a simple
i=1

solution.

-

17. Completely Mixed Games

If a game has a unique solution which is also a simple solution, then the game is
said to be completely mixed. In such a game every strategy appears with positive
probability in the solution and the game is square.

A game which exhibits any type of dominance, strict or non-strict, cannot be com-
pletely mixed.

18. Circular Symmetric Games

An interesting class of games is that in which the elements in the payoff matrix satisfy
a circular symmetry. Such a game has for its payoff matrix

- b, bl cr bpy
buy by bys
b, b, b,

where by, b,,- -+, b,_, are arbitrary numbers. In general, a game is said to be circalar
symmetric if the elements of the » X n matrix, A = ” @i |, have the property that

a;; = by, j—i=4k(mod ) .

Note that a circular symmetric game has at most » different elements—b,, 4,, - « - , b,_,—
in the payoff matrix.
It can be verified that the value of such a game is

v=50+bl+"' + bps

n
and a solution is given by
1
1
xt=y:=21
7
1

25

SRR et b L i L P



If v 5£ 0, this solution is unique if and only if the determinant of the matrix is not zero.
In general, we can evaluate the determinant of A by the relationship

n-1 "1

4] =T 5t

=0 G5

where o, is the complex nth root of unity with argument 2x/n. The general solution
of the game, for arbitrary v, can be described in terms of the values of / 7 0, for which

n-1
E bk u.\':'l =0.
k=0

Let /, be any such !/ satisfying the preceding equation, and let R, be the real part of
the complex vector

-

[l,m"lo,w"“n, T, w”("'l)lo] .
Then the optimal mixed strategies for both players will be those of the form
X*=Y*=X:+R,

where R is any linear combination of the R, and their cyclic permutations.
Example 17. The following 4 X 4 game has circular symmetry:

- N O
W N O -
N O = W
O = W N

The value of the game is

0+1+2+3=3

= - =

4 2°
We may set o, = 7, and hence /, = 2, since
wﬂ-}-mf-{-mi-{-mgzo.
Now the real part of
(l,wf,m:,mﬁ)
is
(1,—1,1,—1).

Since the optimal mixed strategies must be symmetrical about (%, %, %, %), it follows
that X* and Y* are the line segments joining the points (1,0,%%,0) and (0,%,0,%2).
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19. Linear Programming as a Game

The principles of game theory can be applied to a large class of problems known as
linear programming. An example of linear programming is the diet problem: Given
the prices, ” pi ” , of each of n foods, the minimum nutrient requirements, ” ¢; |l, for
m nutrients, and the nutrient content per unit of each food, “4U| , find the amount
of each food needed in order to meet the nutrient requirements at the lowest cost.

The general problem can be formulated mathematically as follows:

Given n quantities p,, p,, -+, p,, and m quantities ¢, ¢5, -+, ¢y, and an m X n
matrix A = ” a;; ” , find # quantities x,, x,, - -, x,, for which

zZ = p,x, + szz + .- +ann
is 2 minimum and which satisfy the linear constraints

ai1x1A+ aizx2+"'+“inxn2[ia i= 1’2)”%)'”)
xiZO, i:l,z,...’”‘

Any problem which requires the minimum or maximum of a linear function subject
to linear constraints may be classified as a linear programming problem.

Associated with any linear programming problem requiring the minimum of a linear
function subject to linear constraints there exists a dual problem which requires the
maximum of a linear function subject to linear constraints. For the above linear pro-
gramming problem, the dual problem is to determine m quantities ¥y, ¥, * * *, ¥m for
which

W=cypn+ep+-+ cwm

is a maximum and which satisfy the linear constraints

“uftaypt o tamm <py j=12,000,m,
k20, i=1,2,m.

We may formulate the linear programming problem and its dual in matrix notation

as follows:
Letting P be some 7 X 1 matrix, C another m X 1 matrix, and A represent an
m X n matrix, find some » X 1 matrix X* such that

P'X* = min P’X , where AX* > C,
x X >o.

X* is said to be a solution of the linear programming problem. The dual problem is
to find some 7 X 1 matrix Y* such that

C'Y* = max C'Y, where A'Y*< P,
¥ Y >o0.

Y* is said to be a solution of the dual linear programming problem.
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The linear programming problem and its dual have the same values, or
Xt = C'Y*.

Conversely, if the linear programming problem has the same value as its dual, then they
are solutions of the two problems. Thus, if for some X, and Y, we have

X, =cCvy,, where AX, > C, AY, <P,
Xo Z 0, Yo Z 0,
then .
P’X, = min P’X and C'Y, = max C'Y .
X Y
A convenient method of obtaining a simultaneous solution of the linear program-

ming problem and its dual is to solve the symmetric game defined by the following
square matrix:

o A —P
B=|-4 0 il
P —-Cc o0

where A is the original m X n matrix whose transpose is A’; P is an 7 X 1 matrix
having the p; for its components and whose transpose is P’; C is an m X 1 matrix
having the ¢; for its components and whose transpose is C’. The remainder of the
matrix B is completed with three square matrices of zeros. In terms of the original
elements, we may write B as follows:

- 7 ~g-alf— m -
0 0 coet 0 | ay a4y - amy | —Pa
0 Y s 0 dyy by " Amz | — P2
i n
0 0 Y din 4an Amn l
B = [ ettt ettt
—dy Ty - —dgy 0 0 EER 0 '}
Tdyy Ay e+ - Tdyy, 0 0 e 0 i ¢
“lm
Ty "y 0 Tdpyg Y 0 R 0 Cm l
12 p. - Pn i —6 —C AR ™ 0
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Since the game B is symmetric, its value is zero. A solution of B is an m + n + 1
column matrix whose transpose is

(f’,'l]',e) = (Ehgza M 1£m’71’7]2a MRS/ T 9) .

From the definition of a solution of a game, it follows that a necessary and sufficient
condition for (£,7’,8) to be a solution of game B is

Am— P <0,
. —Af+CE<0,
P’E"C’T]SO,

Ezos 1’20‘

Now if 5 > 0, or if the last column and row appear in the optimal mixed strategy,
then

PE—Cyp=0
or
£
6
Letting X, = ¢/6 and Y, = /6, we have

prs =

|3

PX, = CY,,
AY, <P,
AX > C,
X020, Yo > 0.
Therefore _
P’X; = min P’X, where AX, > C,
' X, >0,
<Y, = max C'Y, where AY, <P,
¥ Y, > 0,

and we have a solution X, = £/0, Y, = n/6 of the linear programming problem and
its dual. The value of both problems is P’(£/6) = C'(n/8).

Thus a solution of game B in which the last row, and therefore the last column,
enters with 2 non-zero probability provides a simultaneous solution of the linear pro-
gramming problem and its dual. Conversely, the solution to the two programming
problems provides a solution of B in which the last row and column appear with non-zero
probability. :

A linear programming problem may not have a solution (e.g., the constraints may
be inconsistent), but the game B always has a solution. However, if the linear pro-
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gramming problem has a solution, then there always exists a solution of game B which
contains the last row with non-zero probability. v

Example 18. The determination of the quantities of foods to be purchased in order
to obtain an adequate diet at a minimum cost is an example of linear programming.
Suppose that a minimum of 700 calories and 400 vitamins is required and that it can
be supplied by five foods having (1,0), (0,1), (1,0), (1,1), and (2,1) calories and
vitamins, respectively, per unit of the food. Let the food costs per unit be (2,20,3,
11,12). We wish to find x;,x,,x;,%,,x, such that 2x; + 20x, + 3x, + 11x, + 12x;
is a minimum and such that x;, + x; + x, + 2x; > 700, x, + x, + x; > 400.

As a symmetric game; we have P’ = (2,20,3,11,12), C’ = (700,400), m = 2,
7 =5, and

The symmetric game is given by the following matrix:

0 0 0 0 0 1 0 -2

0 0 0 0 0 0 1 =20

0 0 0 0 0 1 0o -3

0 0 0 0 0 1 1 —11

B=1 0 0 0 0 2 1 —12
-1 0 —1 -1 =2 0 0 700

0o -1 0 -1 -1 0 0 400

2 20 3 11 12 —700 —400 0

Since column 3 dominates column 1, column 3 can be deleted, and row 3 can also
be deleted by symmetry. Also, column 2 dominates column 4, and so column 2 and
row 2 can be deleted. Solving the remaining 6 X 6 matrix as a game, and substituting,
we obtain

X=X, = x5 = 0, x, = 100, x; = 300,

P’X = min P’X = 4700 .
z

20. Game as Linear Programming

We shall show that every game is a linear programming problem. If player I picks
some strategy X, then he will receive at least

min X’AY = min Z a;x; = a,
y j

where « depends on X. Player I will pick X so that « is as large as possible, i.e., he

will maximize a by selecting X.
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Now, for all j we have

aifxiza’ j:1,2,"‘,ﬂ,

t=1
or we can write

m

E di}'xi—y)'za; j=1’2)""n’

1=1-
where y; > 0. Forj =1 we have

m
Xy = ) = a,

i=1

and subtracting this equation from the preceding set of equations we get

Z(dii“ail)xi_yj'*'}'x:o, 1=2,,m.
=

Thus we wish to maximize a subject to these » — 1 linear equations and the m + #
inequalities x; > 0, y; > 0. In the latter form the game is a linear programming
problem.

21. Structure of Solutions

In previous sections we have discussed the properties of each solution of a game
independently of any other solution. It will be recalled that these properties compared
a particular strategy, an optimal strategy, with all strategies available in the game. Now
it happens that if a game has many solutions, they are related to each other in some
definite ways. The purpose of this section is to study the character of the set consist-
ing of all solutions of a game. Whenever it is necessary to find all solutions of a
game—and there may be many practical reasons for wanting all solutions—it is instruc-
tive to know the properties of this set of solutions.

We shall need to introduce some additional terms and symbols associated with the
set of solutions of a game. To clarify these terms and symbols we shall interpret them
for the particular game whose payoff matrix and strategies are given by

[ [&] (&
Oll-1 3 -3
@| 2 o 3f,
@l 2 1 o
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where @, (2), and @ are the strategies available to player I, the maximizing
player, and [1], , and are the strategies available to player II, the minimiz-
ing player.

In general a game is described by the payoff matrix 4 = [ 4
chooses a strategy 7 from his set of m strategies I = {1,2,-+,4,- -+, m}; and player II
chooses a strategy j from his set of 7 strategies ] = {1,2,+-+,, -+, #n}. In the example,
1= (. @. ®).J = ({1 [2. B

The maximizing player’s set of all mixed strategies (optimal and non-optimal) are
all the points X = (x;,x, -+, x,) in m-dimensional space whose coordinates are
non-negative and whose sum is 1. All such points define a simplex S(I). The minimiz-
ing player’s set of all mixed strategies is a simplex S(J) similarly defined. In the
example, S(I) is an equilateral triangle. S(J) is also an equilateral triangle. The vertices
are the pure strategies and every point in the triangle represents some mixed strategy.

@
A /(])\
®© ® 1

]

We define X(A) as the set of all optimal mixed strategies of the maximizing
player—i.e., X(A) consists of those X’s (mixed strategies) such that min X’AY” = v.

Y
We define Y/(A) as the set of all optimal mixed strategies of the minimizing player—
ie, Y(A) consists of those Y's (mixed strategies) such that max X’AY = ». In
X

our 3 X 3 example it can be verified that the maximizing player has a unique solu-
tion, (1%,%,0), and that the minimizing player has two basic solutions, (0,35,%), (%,
3%,%). Thus X(A) contains only the point (%,%,0) and Y(A) is the line-segment
with end points (0,%,%) and (%,3%,%).

©
X(A)7/\ AY(A)
® ©

|, where player I
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With each mixed strategy X of player I we can associate an I,(X), which is the
set of pure strategies of the maximizing player that have positive weights in X. In the
example, 1,(0,1,0) = {(2)} and I,(%,%,0) = {(D, (@) Let I(Y) be those
pure strategies of the maximizing player which yield v when played against Y. Thus,
in our example, I,(0,%,%) = { ,(2)}. In a similar way we may define for the
minimizing player the sets J,(Y) and J,(X). In our example, J,(%,%,0) = {, },
J:5%.0) = {[1].[2] [3]}.

22. Effective Strategies

Let us now consider only the optimal strategies of each of the players. We are con-
sidering only those mixed strategies of player I which yield him at least v against
every mixed strategy of his opponent and those mixed strategies of player II which
yield at most v to player I against every mixed strategy of player I. Now for all
optimal X interior to X(A), the set I,(X) is the same, and we shall denote it by I,.
Also, for all optimal Y interior to Y/(A), the set I,(Y) is the same, and we shall denote
it by I,. Further, the sets I, and I, are identical and are said to be the effective strate-
gies for player I. With a similar definition for the minimizing player, it follows that
J: and ], are identical and are the effective strategies for player II.

In the example, player I has a unique optimal strategy X = (%,%,0). Thus
LX) = {@,é} = I,. Every strategy of the minimizing player can be represented by

_|(l—a) 2 3 _ a 1 — @
Y_[ 5 ,?a+—5-(l a), 3+5(1 ):l’

where 0 < « < 1. Now for each of these Y’s, we obtain the value of the game, 1, for
strategies (1) and (2) of player I Thus I,(Y) = {(1) } =1, =1, Similarly,
L) ={[1],[2],[3]} =J., and J.(X) = (1] [2][3]} =J. =Ji. The effec-
tive strategies for player I are and , and all three strategies are effective
for player II

Note that the effective strategies have two important properties: First, they are the
strategies that appear with positive weights in every interior solution, and secondly,
they yield the value of the game against every interior optimal mixed strategy of
the opponent.

23. Essential Subgame

If we construct a payoff matrix with rows I, and columns J,, we shall have the
essential submatrix A, of the game A. The value of game A, is the same as the value
of game A. X(A) will correspond to a subset of X(4,), and Y (A4) will correspond
to a subset of Y (A4,).

The essential submatrix A, of the example is given by the strategies I, = {@ ,@ b

L= {{1].[2] [3]}. or
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Ol-1 3 -3
@ 2 o 3

having a game value of 1. X(A4,) = (%,%) and Y (A4,) is the line with end points
(0,%,%) and (%,%,0). Y(A), which was the line with end points (0,%,%) and
(3,%,%), is clearly a subset of Y (4,).

24. Dimension of Solutions

The sets of optimal strategies X(A) and Y (A) are convex polyhedra. Consider the
simplex of the effective strategies of the maximizing player and let this be S(I,).
Then S(I,) is the smallest closed simplicial face of S(I) that contains X(A). Similarly,
$(J,) is the smallest closed simplicial face of §(J) that contains Y (A).

Since I, = {@ ,@} in our example, S(I,) is the line joining é and @ of
S(I). Since

L={ 23]}, then Q) =50.

In our example, X(A) consists of the point (14,%,0) and is therefore of dimen-
sion 0. §(I,) is a line joining @ and and is therefore of dimension 1. §(J,)
is the simplex S(J), or a triangle, and of dimension 2. In general the dimensions of
these various sets are related to each other as follows:

dim §(1,) ~ dim X(A) = dim §(J,) — dim Y (A) = rank 4, ifv =0,
=rank A4, — 1 ifv#0.

In the example, the rank of A, is 2, v = 1, and dimY(A4) = 1. Substituting in
the preceding equations, we have

1—0=2—-1=2-—1.

25. Reconnaissance as a Game of Strategy

The advisability of reconnaissance before attack can be investigated by considering
the problem as a game of strategy. A purpose of reconnaissance might be to obtain
information about the enemy’s strategic intentions. (Another type of reconnaissance is
considered in Sec. 51.) Having the information, the attacker can more effectively plan
his attack. However, the attempt to obtain information is costly and it may not succeed
if the enemy invokes effective countermeasures. This conflict of interest, whether or
not to reconnoiter, can be resolved within the framework of a game of strategy.

To illustrate the essential principles, we shall solve a hypothetical reconnaissance
problem associated with a small number of strategies for each side. No additional
principles are introduced if the players have a large number of strategies. Thus we
shall assume that the attacker and defender have two strategies each.

Let us assume that the attacker, player I, wishes to seize a defended enemy position.
For simplicity, let us assume that he has two courses of action, his two strategies:
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@ Attack with his entire force.

@ Attack with part of his force, leaving the remainder as reserves and a rear
guard in case the enemy “outflanks™ him.

The defender, player II, is assumed to have two possible courses of action, his
two strategies:

Defend with his entire force the objective of the attacker.

Defend with part of his force, and send the remainder to “outflank” the
enemy and to attack the enemy from the rear.

There are four possible outcomes of the above courses of action. They can be sum-
marized by the following 2 X 2 matrix:
[

@ 4y diz 1
bl
@ Az ||

where, for example, a,, represents the value to the attacker if he uses strategy @ and
the defender uses strategy [ 1].

Suppose that the outcomes are such that if the defender uses strategy , then the
attacker would prefer to use strategy @, i.e., a,, > a,. However, if the defender
uses strategy , then the defender would prefer to use strategy @ Clearly, the
attacker can benefit from a knowledge of the defender’s intentions. Thus the attacker
may find it profitable to send out a detachment of men to reconnoiter in an attempt
to discover the plans of the defender. In order to defend himself against such possible
action, the defender may take countermeasures. Now if the attacker decides to recon-
noiter, he must sacrifice some of his attacking forces. If the defender decides to take
countermeasures, he must sacrifice some of his defensive forces. Let ¢ be the cost to
the attacker in order to reconnoiter and 4 be the cost to the defender in order to
use countermeasures.

The decisions of the attacker whether or not to reconnoiter and of the defender
whether or not to use countermeasures have increased the number of strategies avail-
able to the two sides. Whereas the original game had only two strategies for each
side, the resulting reconnaissance game will be seen to have sixteen strategies for the
attacker and four for the defender. Of course, many of the strategies will turn out
to be poor strategies. But in establishing the game we must enumerate all of them.

A strategy for the attacker will be a set of instructions which tells him how to act,
taking into account the information he may receive. A convenient way to represent
symbolically a strategy for the attacker is by an ordered sequence of numbers, (#;x,%,2),
in which each letter takes on the value 1 or 2, with the following meanings:

A=

4 = l—reconnoiter

# = 2—do not reconnoiter

x = 1—play strategy @ if no information is received about the defender
x = 2—play strategy @ if no information is received about the defender
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using strategy

2—play strategy (2) if the information indicates that the defender is
using strategy

z = 1—play strategy (1) if the information indicates that the defender is
using strategy

z = 2—play strategy @ if the information indicates that the defender is

using strategy [ 2].

For example, the strategy (1;1,2,1) instructs the attacker to reconnoiter, and if no
information is obtained, to play strategy @ (attack with all of his forces); if the
information indicates that the enemy is using strategy , to play strategy ; if the
information indicates that the enemy is using strategy , to play strategy (1). There
will be 2¢ = 16 different strategies for the attacker. Some of them are redundant, and
they will show up as such in the payoff matrix.

A strategy for the defender is an ordered sequence (s;#), where each letter takes on
the value 1 or 2, with the following meanings:

y = 1—play strategy if the information indicates that the defender is

]

§ = 1—take countermeasures

s = 2—take no countermeasures

t = 1—use strategy
t = 2—use strategy .

Thus (1;2) means take countermeasures and use strategy E i.¢., defend with a
partial force.

With this notation for strategies, the 64 possible outcomes of the game can be
summarized by the payoff matrix A4, given by:

(1;1) (1;2) (2;:1) (2:2)
LGLLY) ey —c+d ap—c+d ay—c 412'—f§%
GLL2) lay —ec+d ap—c+d ay—c ayn oy
(L2, ey —c+d ap—c+d ay—c ap—c|
1;1,2,2) gy, —¢c+d ay—c+d ay—c 422—653
(L2,1,1) Wy —c+d aw—c+d ay—c ay—c)
(1;2,1,2) ||ayy, —c+d aw—c+d ay—c ay—cl
(1;52,2,1) \lay, —c+d ay—c+d a,—¢c da,—
(1;2,2,2) ||ayy —c+d  ayp—c+d  ay— ¢ dy — !
4, = (2;1,1,1) lla,, + d a,, +d ayy a,,
(1,1,2) lay, + 4 a, +d 411 412
(2;1,2,1) la, + 4 4, +d an 412
(2;1,2,2) ||ay;, + d ay, +d ap dys
(2;2,1,1) ||ay, + d ay, + d ay, sy
(2;2,1,2) |4,y + 4 a, + d dgy Ay
(2;2,2,1) ||y, + 4 dy, + d dy, dy,
(2;2’2:2) ay + 4 ay, + d dyy a2z
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For example, if player I uses strategy (1;1,1,2) and player II uses strategy (1;2),
the payoff, 4,, + d — ¢, is computed as follows: Player I reconnoiters but receives no
information about the defender, and so he selects strategy @ . Player II takes counter-
measures at a cost of 4 to him or at a gain of 4 by I, and uses strategy . Therefore
the payoff to player I is 4, + d — ¢.

This sixteen-rowed matrix may be reduced to a four-rowed matrix by testing for
dominance. Every odd row is dominated by the next even row, which eliminates eight
rows. Among the even rows, every (2¢ + 2)th row is dominated by the 24th row,
where £ = 1,3,4,7. This eliminates four more rows, leaving the following 4 X 4
matrix: .

(1,1) (1,2) (2,1) (2,2)

(1;1,1)2) “n'_['{'d d12—(+d 4y — € dpy — €

_ (1,2,1,2) dyy —c+d  aypy—c+d a4y — ¢ ay—c

(2;1,1,2) |lay, + d a, +d 4y, dyz .
(2;2,1,2) ||a,, + 4 ay, +d 421 A2y

It is evident from the matrix B that the decision by the attacker of whether or not
to reconnoiter and by the defender of whether or not to invoke countermeasures will
depend on the costs ¢ and 4. A solution of game B, i.e., the computation of a pair of
optimum strategies, will indicate the advisability of reconnoitering and of using
countermeasures.

The reconnaissance problem we have described is relatively simple. It can be ex-
panded to include the situation where the attacker receives partial information about
his enemy, or where the attacker uses several types of reconnaissance. The same
approach can be used to compare different types of reconnaissance in order to select
the best type.

Returning to the original problem, let us solve a particular reconnaissance game.

Suppose that the matrix A is given by

48 24
12 36

and let

Then the matrix B becomes

(1,1) (1,2) (2,1) (2,2)

(1;1,1,2) || 46 22 39 27
_(1;2,1,2) |10 34 39 27
T (2;1,1,2) {55 31 48 24y
(2;2,1,2) || 19 43 12 36 \

B
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This game has no saddle-point. Since no row (column) dominates any other row
(column), it is necessary to solve a 4 X 4 game. This can be done in several ways, as
will be seen in the following chapter. However, the reader can verify that the follow-
ing are solutions of the game:

1. For player I, attacker

28 51 65
*144° 144144 )’

X::(ggo 3 17>.

4848’48

" 2. For player 11, defender

The value of the game is 30.

Thus the defender never takes countermeasures and defends % of the time with his
entire force and % of the time with part of his force. The attacker has many optimal
possibilities open to him, given by his large number of optimal strategies. Among his
possibilities is X,: reconnoiter 33 of the time and not reconnoiter %4 of the time. If he
does reconnoiter and receives no information, then % of the time he uses strategy
and % of the time he uses strategy (2). If he does reconnoiter and receives informa-
tion that player II is using strategy then player T should select strategy @ all
the time, and similarly for strategy . If player I does not reconnoiter, he should
always use strategy @ (leave a rear guard).

>

26. Application of Structure Theorems to Reconnaissance

In the particular reconnaissance game solved in the previous section, we listed four
basic solutions for player I and one for player II. Every positive linear combination of
these four basic solutions will be a solution of the game for player I. We wish to
determine whether there are no other solutions.

Since the matrix B of the reconnaissance game is 4 X 4, we can represent each mixed
strategy for player I by a point in a tetrahedron, §(1). The four basic solutions X, X.,
X., and X, can be shown to lie on a planc. Taking every linear combination of these
four basic solutions, we obtain X(B), the set of all solutions. X(B) will be a plane
in the tetrahedron.

In the diagram, $(I) is the tetrahedron whose vertices are A, B, C, D. The four
triangles are the four faces of the tetrahedron. X(B) is the quadrilateral whose vertices
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B(x, =1)

A(x, = 1)

‘are X,, X,, X,, X,. The point A, for example, is defined by x, = 1 and therefore is

written as A(x; = 1).
Now the smallest closed simplicial face which contains X(B) is the tetrahedron, or
$(1,) = $(I) and dim §(I,) = dim S(I) ='3.
We can represent player II's strategies geometrically. S(J) will be a tetrahedron.
Since he has a unique strategy
13
Y = (O, 0, Z’Z) ,

the set Y/(B) is a point F on the line D’C’ below:
T =1)

Y(B)

D@y, =1)

B(y, =1)

A(pn=1)
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The smallest closed simplicial face containing Y (B) is the line D’C’, or dim §(J,) =
1. Since Y is unique and its first two components are zero, it follows that the essential
submatrix B, consists of four rows and the last two columns. The rank of this matrix
is 2. Substituting in the dimensionality relationship

dim §(I,) — dim X(B) = dim$§(J,) — dimY(B) = rank B, — 1,
we find it is satisfied, for
. 3—2=1—-0=2—1.
Now
K} = X!{B = (34,30,30,30),
K{ = Xi{B = (30,314,30,30) ,
K; = XiB = (30,37,30,30) ,
K, = X'B = (37,30,30,30) ,
H' = BY = (30,30,30,30).
By definition

I, = {1,2,3,4},
Ji = {34}

An examination of the K’s and H’s shows that .

J. = {3,4},

I, = {1,2,3,4},
and so

I, =1,

Ji=1J..

If it were the case that dim X(B) < 2, then the equations I, = I, J, = ], would
be sufficient to ensure that X(B) and Y (B) are the complete sets of optimal strategies.
However, dim X(B) = 2 in this example, and it is necessary to account for each face
in X(B). Now each face can be accounted for in either of the following two ways:
(1) the element x; may be zero in the two extreme points which span the face; (2) the
same component, £;, in the two K’s associated with the two extreme points which span
the face, is equal to v and does 7ot belong to J,. Consider the reproduction of
X(B) shown on page 41.
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2
X,

,_ (28 3 17 , 28_28_~6_5_),
X = (E’O’?{s‘?{é) ’ X = (0’ 144° 144144
K} = (37,30,30,30), K. = (30,37,30,30),

7 1 4 17 7 12

1 = PNy 3 A ‘,’ = v —_,07—_ 3
X (12’12’0’12>’ X <36’36 36)

K} = (34,30,30,30) , K, = (30,314,30,30) .

All the faces except the face numbered 3 are accounted for by this process. For
example, face number 1 is accounted for by the fact that x, = 0 in both X4 and X}.
The fact that face number 3 is not accounted for means there exists at least one more
extreme point between these two. To find this extreme point, glance at the sketch of
X(B) and its relation to S(I). It is reasonable to believe that there exists only one
additional extreme point and that it occurs at the intersection of the plane defined by
X(B) and the line DC of the tetrahedron. One of the reasons for so believing is that
the existence of such an extreme point would not disturb the previous satisfaction of
the first two conditions. Such a point then, if it exists, must be of the form

X, =aD + (1 — a)C, 0<a<l,
where '

D = (0,0,0,1),

C = (0,0,1,0).

The unknown « can be found by observing that since J, = {3,4}, the third and fourth
components of XB are v, and one finds
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Hence

11
x,=(00-~).

The two new faces created by the discovery of X/ are readily accounted for.

The last extreme point has the property that if player I uses this as an optimal
strategy, it is uniformly better than any other strategy in X(B) in that it guarantees
player I a higher expectation than any other strategy in X(B) if player II deviates
from his optimal strategy.

27. Attack on Hidden Object

An interesting application of games of strategy is to the general problem of destroy-
ing a hidden object. A defender has an object of great value which he may conceal
in any one of many containers. The attacker. makes a series of attempts to destroy the
object by destroying the containers. Which container shall the defender use to hide
the object and which containers shall the attacker attempt to destroy?

An example of this problem is the following tactical situation: An A-bomb is to be
carried in one of two identical bombers, called “"P” (‘protected”) and “F” ("flank™).
They fly in formation, say one behind the other, so that a hostile fighter, wishing to
attack the leader, must pass through the field of fire of the trailer and run the risk, «,
of being killed before being able to close on its target . Once it has engaged its target,
however, the fighter can destroy it with probability B. Since each attacking fighter has
an opportunity for just one pass, its ultimate survival is of no concern. The fate of
the bomb is supposed to be more important, disproportionately, than the fate of any
of the aircraft. -

The strategies of the two players are easily described. The defender, player II,
chooses P or F, where he locates the valuable object. The attacker, player I, chooses
an ordered set of » members, such as '

TLTT, -, L,

representing his target choice (trailer or leader) on each pass, provided the previous
passes have all failed. It is agreed that if one attack has succeeded, the subsequent tries
are to be directed against the other container either until it too has been destroyed or until
player I has used up his allotment of # tries.

If F is intact, it is harder to destroy P than if F is gone. If F is destroyed,
the probability of destroying P is B. If F is intact, the probability of destroying
Pis (1 —a)f=y.

Let the payoff to the attacker be the expectation of destroying the correct container;
then the game is zero-sum.
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27.1 One Fighter. If the attacker is permitted only one attack, then he has two
strategies: to attack P or to attack F. The defender also has two strategies: to conceal
the valued object in P or to conceal the valued object in F. The payoff for each out-
come is given by the following 2 X 2 matrix:

Conceal in P Conceal in F
Y 0
S

Attack P @

Attack F @

Solving this game, we find that the value to the attacker is

= _Br
B+
The optimal strategies are always mixed and are the same for the two players:
1 . - B
play P with probability R
play F with probability ﬁ

27.2. Two Fighters. If the attacker is permitted two attacks, he has four strategies
and the defender has two strategies. The payoff matrix is obtained by computing the
compound probabilities and is given by

P F
P,pP 2y — ¥? By
P F v B
FP|B*— By + v B
F,F B 28— B

To solve this 4 X2 game we note that for 0 <y < 8 < 1 that y < 82— By + 7.
Thus the second row is dominated by the third, and may be eliminated. A further
examination of some inequality relationships between B and y will eliminate the fourth
row, leaving a 2 X 2 game to be solved. The solution is as follows:

1. If B2 — By + y2 — y > 0, the optimal strategies are, for the attacker,

yA =8 +y1—7v)
B(1—B) +y(1 —vy)’
B(1—B) —y( —B).
Bl —B) +y(1—7v)’

attack P,P with probability

H

attack F,P with probability

and for the defender
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Bl —v)
B —B) +y(1—1y)’
By —B) +y(1 —vy)
B(1—8)+y(1—7v)

conceal in P with probability

conceal in F with probability

The value to the attacker is

By —B) +2(1 —v)
B —B) +vy(1 —v)

2. If B2 — By + y* —y < 0, the optimal strategies are, for tbe attacker,

v =By

attack F,P;
and for the defender,

conceal in P.

The value of the game is
v=p =Byt

27.3. n Fighters. A typical strategy for the attacker is an ordered set such as
P,F,F,--- P, representing his target choice on each of his » passes, provided the
previous passes have all failed. First, we note that any strategy in which “F" appears
exactly r times, where 0 < r < », is dominated by the strategy

Fr=FF,---,FPP,.-- P,

with r F's followed by » — r P’s. This means that if the attacker plans to make r
attacks on F, it is best to make them on the first » passes. This is the reason for the
elimination of row 2 in the 4 X 2 matrix of the 2-fighter case. It corresponded to the
strategy P, F.

We have, then, strategies F7,r = 0,1,---, n for the attacker and P and F for the
defender. The elements a(r,P) and 4(r,F) of the (7 + 1) X 2 payoff matrix are
found by considering the ways the attacker can fail to destroy the valuable target. Thus:

a(r,P) =1 — (1 = B)'(1 — y)™" —rB(1 — B)™*,
a(rF) =1~ (1 =81 -y —y(B—y)'(1—B)
XA{A@ =" =1 ="}

The game is solved by making r continuous and making use of the concavity in r
(i.e., the second derivatives are negative).
Let r, be the solution of

da (r,P) _
a4

_ 11—
andletR—l_’B.Then
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The solution depends on the value of r,. If a(r,,P) < a(ry,F), then the attacker
has a.pure optimal strategy r, and the defender also has a pure optimal strategy P.
If a(ry,P) > a(r,,F), then the attacker has a pure optimal strategy r given by the
solution of the equation

BB —7y) _ (1 - y>

YA -8 \1-8

ny
B+

or approximately r =

of Pand F.
For the original discrete game, define the integer 7, = [7,] and solve the 2 X 2
matrix

. The defender has an optimal strategy which is a mixture
Y

a(ry + 1,P) a(r, + 1,F)

a(r,,P) a(r,,F) H

If a(r,,P) < a(r,,F), we have pure-strategy solutions. If a(r,,P) > a(r,,F), we have
mixed strategies.

28. identification of Friend or Foe

The basic problem of any IFF system is how to distinguish between friend and foe.
Although present IFF systems are quite complicated, the problem for the system is
quite simple. An observer has detected a target. In some manner he challenges the
target. The target may reply with some signal or may fail to reply. How shall the
observer interpret the reply or failure to reply if the enemy has discovered the system?

The IFF problem can be treated as a game of strategy between the observer (with
the friend as a partner) and the enemy. A solution of the game will yield an optimal
behavior for the observer. )

28.1. Uncoded Signal. We first give a simple and unrealistic example:

An observer, O, receives a signal which may have come from a friend, F, or an
enemy, E. Let p be the probability that F signals and 1 — p be the probability that E
signals. The observer cannot distinguish between F's signal and E's signal. However,
the friend always signals (F); i.e, S(F) = (F). The enemy can signal either (F)
or (E), ie., S(E) = (F) or (E). The observer receiving the signal must decide whether
the signal came from F or E.

The enemy has two strategies: to signal E and to signal F. The observer has four
strategies: the four different ways of identifying the two signals F and E. Using the
notation I(E,F) = (E,E) to mean that the observer identifies the sender of the signal
(E) as E and the sender of the signal (F) as E, then the observer’s four strategies are
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I(F,E) = (F,E),
I(F,E) = (E,E),
I(F,E) = (F,E),
I(F,E) = (E,F) .

Associated with the various identifications, we have the following payoffs to the
observer:
4, if the observer identifies F as F,
b, if the observer identifies F as E ,
¢, if the observer identifies E as E ,

d, if the observer identifies E as F

and we assume

a>b, a>d, c> b, c>d.

Now when the observer receives a signal (E), he knows it came from the enemy,
since S(F) = F always. Hence the observer will never identify (E) as a friend. Thus
the last two strategies of the observer are never used. We therefore have a 2 X 2 game
whose payoff matrix is given by

Enemy
S(E) = (E) S(E) = (F)
I(F,E) = (FE) | pa+ (1 = p)c  pa+ (1 — p)d
Observer IF.E) = (EE) | pb + (1 — p)e  pb+ (1 —p)c|’

To compute the optimal strategy for the observer, it is necessary to distinguish two
cases for p, the probability that F signals.

c—d

Case 1. p>m:

We have then
pa+ (1 —p)d > pb+ (1 — p)c.
For all p, we also have
pa+ (L—p)e>pb+ (1 —p).

Therefore the first row dominates the second row. The observer’s optimal strategy is
the pure strategy I(F,E) = (F,E); he always believes the signals. The enemy should
always signal F, since pa + (1 — p)d < pa+ (1 — p)c. The value of the game to
the observer is pa + (1 — p)d.
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c—d

Case 2 P<yiTi=d

We have a saddle-point in the second row, second column, for

po+ (1 —pye2pat (1 —pyd.

The observer's optimal strategy is to judge everyone to be an enemy. Again, the
enemy’s optimal strategy is to signal F. The value of the game to the observer is
pb+ (1 — p)e.

If g

- c—d
t=Tri—r=a

there exist two saddle-points: the two elements in the second column.

28.2. Coded Signal. We have seen that if the team of observer and friend uses
an uncoded signal, the enemy can completely destroy the value of the IFF system. With
an uncoded signal, the enemy always signals F. We shall show that much can be
gained by coding the signal.

If a coded signal is used, F may signal either (E) or (F). However, the observer
knows when the friend’s signal is (F) or when it is (E). This yields a2 game in which
the observer-friend team has four strategies and the enemy has two strategies. The pay-
of f matrix becomes:

Enemy

S(E) = (E) S(E) = (F)
@ S(F) = (F), I(EF) = (EF) |[pa+ (1= p)e  pa+ (1 —p)d|

|
@ S(F) = (A IEF) = (EE) [ pp+ (1= p)c  pb+ (1= p)|

® S(F) = (B). IEF) = (FE) |\pa+ (1= p)d  pa+t (1= p)c|
@ S(F) = (B),I(EF) = (EE) |[pb + (L~ p)c  pb+ (1 —p)c|

The optimal strategy for the enemy can be obtained graphically by representing the
enemy's mixed strategies as the abscissa. The graph is for the case

pb+ (1 — p)e < pa+ (l';—”)(chd)

or

c—d
c—d+20a—56)"

P>

The optimal strategy for the enemy is seen to be %(E) + ¥%(F), i.e, to signal E and F
at random equally often. The value of the game is seen to be pa + —(—1%3)- (¢ +4d).
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pa+ (1 —p)e 0} pa+ (1 — p)e

pb+(1—r)fy \Pb+(1—p)c
pa+ (1 —p)d ’ pat+ (1= p)d

S(E) = (E) S(E) = (F)

An optimal strategy for the observer can be verified to be %@ + 1/2@; i.e., the
friend signals F and E equally often and the observer believes the friend’s signal.
In case

pb+(1—p):>pa+~(l—;p~)(c+d)

or

c—d
b<T=ai2=%y

then, a solution for the enemy is again %(E) + %(F) and the value of the game is
pb+ (1 — p)c. It follows that a solution for the observer is 1/2@ + %(4); 1e,
the friend signals F and E equally often and the obseryer disbelieves the friend’s signal.

We have shown that if it is possible to use a code, an optimal strategy for the
observer is to code the friend’s signal, it being agreed that the signal for the friend
shall be (F) half the time and (E) half the time. As a result the enemy does not know
which signal means friend and he must mix his signals in the same proportion.

In general, if an IFF system permits # signals, then the observer and friend should

code the signals and mix the coding uniformly. The enemy’s best strategy is to signal
. . ey . c—d
with 2 uniform probability distribution over the signals. If p > P e gy 54

where # is the number of signals available, the observer identifies only the friend’s
c—d
—d+ n(a—b)

signal as a friend. If p < ( , then the observer identifies every sig-

nal as an enemy.
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The value of the game has been increased by coding. In the n-coded case, the value
of the game to the observer is

1 d . c—d
Pd+(1—P)[<l_;)C+;J lfp>[_d+ﬂ(ﬂ”_b),
c—d
i d Tt na=b)"

P+ (1 — p)e ifp <

Comparing these values with the uncoded game, the gain by using n-codes is

(I=p(c—=4d) . c—d
IR ey gy
_ A =pe—d) . c—d c—d
pla—b) — n lf[—d+a—b>‘p>f—d+”(-”“b)’
0 ifp < <4

c—d+n(a—>b)’

28.3. Uncoded Signal: Request for Information. An observer-friend team may
use an IFF system to obtain information under the assumption that the enemy will try
to confuse the information.

We have the following game: An observer must select one of two alternatives, one
of which pays 4 and the other b, where 4 > 4. He receives a signal which points
to one of the two alternatives. The signal may be from a friend or a foe. The proba-
bility that the signal came from a friend is p, and from an enemy, 1 — p. The observer
knows that the friend will always point to «. However, the enemy might do either.

The enemy has two strategies: signal (4) and signal (%). The observer has two
strategies: to believe the signal and to disbelieve the signal. The payoff matrix to the
observer is:

Enemy
Signal (4) Signal ()
Believe Signal i pa + (1 ~ p)a = a pa+ (1 —p)b
Observer Disbelieve Signal | pb + (1 — p)b =56  pb+ (1 — p)a]’
If p > 1%, then

a>pa+ (1 —p)b>pb+ (1 — p)a

and we have a saddle-point in the upper right-hand corner of the matrix. Thus the
observer always believes the signal and the enemy signals (4).
If p <%, then

pa+ (1 —po<pb+ (1 —pla>éb

and there is no saddle-point. Solving the 2 X 2 game, we obtain the optimal strategy
for the observer to be: believe the signal half the time and disbelieve the signal half
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the time. The optimal strategy for the enemy is to signal (4) E}(—E:Z—;% of the time and

to signal (&) —2-(—1—1_——?—)- of the time.
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CHAPTER 2
METHODS OF SOLVING FINITE GAMES

29. Solving for Optimal Strategies

From the fundamental theorem of game theory, the Minimax Theorem, it follows
that each player has an optimal strategy. Using an optimal strategy (generally a mixed
strategy), a player is assured of winning a fixed amount regardless of the strategy
selected by his opponent, and this fixed amount is as large as is strategically possible.
Of course, he may win more than this fixed amount from his opponent if his opponent
does not use an optimal strategy. In order to protect himself against this unnecessary
loss, the opponent will also use an optimal strategy. We have referred to a pair of
optimal strategies, one for each player, as a solution of the game.

The determination of all solutions of a game, or even of a single solution, is gener-
ally a lengthy computing task. As might be expected, the volume of computations
increases with the number of pure strategies available to the two players, or with the
number of elements in the payoff matrix. If one player has two or three pure strategies,
and the other player has any number of strategies, it is possible to represent the strategies
in two dimensions and then obtain a graphical solution.

We shall discuss various methods of obtaining a single solution and all solutions of
an arbitrary game. Single solutions will be obtained either by guessing the solution
and then verifying it or by successive approximations. To obtain all solutions, we shall,
in effect, solve a large number of linear systems of equations.

Since the volume of computing required to obtain a solution depends on the size
of the matrix, it is important to reduce the size of the matrix whenever possible. The
dominance criteria discussed in the previous chapter can be applied for this purpose.
It will be recalled that elimination by non-strict dominance may lose some solutions but
that elimination by strict dominance preserves all solutions.

In general, there are five methods of solving a game: guess and verify, examination
of submatrices, mapping, graphical, and successive approximations. For large matrices,
only the method of examination of submatrices and mapping will yield all solutions
of a given game. The other three methods give only single solutions.

30. Guess and Verify

Given a payoff matrix with a large number of elements, we first examine it for
pure-strategy solutions or saddle-points. This can be done very quickly and with a
minimum of computing. In order for a game to have a pure-strategy solution, there
must exist an element in the payoff matrix which is simultaneously the minimum of
its row and the maximum of its column. If no such element exists, there are no pure-
strategy solutions.
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Example 19. The game defined by

» Min of row

@Ol3 7 4 3|3
@13 10 7 8|2
@l 4 1 9|1
@3 5 6 7|3
Max of column 13 10 7 9

has a pure-strategy solution @ , , and the value of the game is 7, since this
element is the minimum of row @ and the maximum of column .

If the game does not have a pure-strategy solution, or saddle-point, and if therefore
it has a mixed-strategy solution, it may be possible to guess a solution or the form of
a solution. Some idea of the form of the solution, i.e., the pure strategies which must
be in the solution, can be obtained from the military strategic problem being solved
or from the numbers in the payoff matrix. Whenever an analysis of the background
of the game provides a guess of a solution of the game, we can verify it very readily.
In order for X, Y, to be a solution, they must satisfy -

min X{AY = max X’AY, = X(AY,.
Y X

Example 20. Suppose that the payoff matrix is given by

@O 1 -1 s
A=Q -1 1 —2
®|-5 2 o

We guess that each player wishes to avoid using his third strategy, since that strategy
can cause a loss of as much as 5 but a gain of at most 2. We therefore guess that
X3 = 93 = 0, and then we need to consider only the smaller game defined by the
2 X 2 matrix

It is obvious that this smaller game has for its solution x, = x, =%, 3, = 5. = %
We now verify that
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is a solution of the 3 X 3 game. We have

min X{AY =0, maxX'AY, =0, X/AY = o.
Y X

31. Examination of Submatrices

The method of examination of submatrices provides all the solutions of a game by
obtaining certain basic solutions and then expressing every solution as a linear combi-
nation of these basic solutions. The method consists in testing each square submatrix of
the payoff matrix for simple solutions and then testing an expanded vector for a solution
of the full matrix.

Let A = [| 4 jg be the payoff matrix having m rows and » columns. Consider some
r X r submatrix B = ” a4 ” of A, where r =1,2,-+. min (m,n). Let us test if this
subgame has a simple solution (i.e., if there exists some X0, Y, such that X{BY =
X'BY, = X(BY, for all X and Y). This can be done (as was shown in the previous
chapter) by constructing the adjoint matrix J = || Bj; || of the matrix B and then com-
puting all the row-sums 2 Bj; and column-sums 3 Bji. If all 2r sums are non-negative,

] %
or all are non-positive, then the pair of r-component vectors

2B
X; = _’——7
2 Bji

i

Y= 3$3E;
i f

is a simple solution of the subgame B.

If the subgame B has a simple solution, it is then necessary to test if it is a solution
of the game A. Introduce zero components for the m — r rows and # — r columns
of the matrix A4 which did not appear in submatrix B. This yields the full vectors
X = ” x; ”, Y = ”y,- ” Test whether the full vectors X and Y solve A, ie., whether

n

m
max E 4.”}',' = min E aiiX; .
i i

7=1 =1

If X,Y solves A, then it is said to be a basic solution of A and the value of the game is

If this procedure is applied to every square submatrix of A, we shall obtain all the
basic solutions of A. Every basic solution of A is produced by some square: submatrix
of A. Since there are a finite number of submatrices of A, there will be a finite number
of basic solutions.
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All solutions of A are obtained by taking all possible convex linear combinations
of the basic solutions. Thus, if X;, X,,---, X, are the / basic solutions of player I,
then all of his solutions are given by

X, + aX; + -+ e X,

where a; > 0 and J o; = 1.
i=1
Example 21. Let us obtain all the solutions of the game defined by

[ Gl G
@|-1 3 -3
A= 2 o 3
@ 2 1 o

We have previously given the solutions of this game. We shall now detive them.

Testing for dominance to determine if the matrix can be reduced in size, we find
no_strict dominance. There is non-strict dominance: column dominates % +
%. However, we cannot eliminate column , since the dominance is non-strict
and we may thereby lose a solution.

To obtain all basic solutions, we examine all square submatrices. First, we note that
there is no saddle-point, since there is no element which is simultaneously the minimum
of its row and the maximum of its column. Hence no 1 X 1 submatrix can solve
the game. ‘

Of the nine 2 X 2 submatrices, the following four,

[ B i BOE . OO
@l-1 -3 @l-1 -3 @3 -3 @2 o
@ 2 3 @) 3 of @t of @z 1

exhibit strict dominance and_therefore have no simple solution. The remaining five,

DE 0@ 06 BE 03
Ol-r 3| @ @2 3| @lo 3| @3 -3
@ 2 o @ @z o @t of @0 3
have separated diagonals and therefore have simple solutions. For example, the simple
solution of the first matrix of the five is obtained from the following computation:

.

>

-1 - 3
2 1

-1 3 _ 0 —3
B“I 2 o" J"u—z -1’
-2 1 . -3 1
nE=E=Ty hT T3
—4 2 -3 1
x2=-'_——6=_5' ]z=:—6-=3
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If we test (%,%,0), (%, %,0) for a solution of the original game, we find

3 3
max E a;;y; = Ed , min E a;x; = 1.
i 4 2 i &
j=1 =1
Therefore (1%4,%,0), (%, %,0) is not a basic solution of the game. In a similar manner,
we find that only the last of the five submatrices provides a basic solution (15,%,0),

(0,35,%) of the 3 X 3 game. In this case, (%,3%), (%,%) is a simple solution of the
submatrix

ls —3
3

i »
i

and the expended vector (%,%,0), (0,%,%) is a solution of the game.
Finally, the 3 X 3 full matrix must be tested for a simple solution. The adjoint
matrix of the 3 X 3 matrix is

-3 -3 9
J=1|| 6 6 —3
2 7 —6

The row-sums of this matrix are 5, 10, 0. The column-sums are 3, 9, 3. Since these
sums are all non-negative, the game has a simple solution given by

_ 53 1 ,_3_1
xl_l_j— 3: }1—15—5:
x~10_2 _ 9 _3
T Ty TS

0 _ 3 1
x:s“'B—O, }’3""1“5—?~

This simple solution is also a solution of the 3 X 3 game. Therefore (14,%,0),
(%,%,15) is a basic solution of the game.

The complete set of optimal mixed strategies consists of a unique strategy (15,3,0)
for player I and of all convex linear combinations of (0,%,%) and (%,%,%) for
player II, or

xen = (4. 20).

2 1 1 3 1 .
— = = — —_, =, — 0 1.
Y(A) a<0,3,3>+(1 a)(5,5,5>, <a<

32. Successive Approximations

It is possible to obtain the value and a solution of a given game by a relatively
simple method of successive approximations. The method requires only two operations:
location of the maximum or minimum of a discrete set of numbers, and addition.
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Given a game defined by a payoff matrix A4 = || 4;; ||, whose solution is unknown,
then one way of determining an optimal strategy is to play the game many times, each
time selecting that (pure) strategy which is best against the opponent’s total perform-
ance to that play. The relative frequencies of these strategies will yield an approxi-
mate solution.

The method can best be illustrated by an example. Suppose that we are given the

game defined by the payoff matrix

4 2 1 0
2 0 30
&
-1 3 -3

where the numbers in circles represent I's strategies, and those in squares, II's strategies.
Assuming that player I begins the series of plays by selecting @, the successive
approximations are shown by the following table:

N #N) Ki(N) K:(N) Ki(N) z(N) Hy(N) H:(N) Hy(N) »(N) »(N)~—z(N)

~.
—_

Z
v’

1 O 2 1 0 .000 0 3 —3 3000  3.000
: @ 4 1 3 500 1 3 0 1500  1.000
3 @ 6 1 6 333 23 3 1000 333
« @ s 19 .25 3 3 6 1500  1.250
s ® 1 4 6 8w 4 3 9 1800  1.000
6 (® s 7 3 500 4 6 6  1.000 500
7 (@ s 7 6 857 4 9 3 1286 429
8 @ 10 1 9 875 5 9 6 1125 250
s @ 12 7 12 778 6 9 9 1.000 222
v @ 4 715 700 7 9 12 1200 500
n 3 1B 1w 12 909 8 9 15 1364 455
2 (3 12 1 9 750 8 12 12 1000 250

The symbols have the following meaning: N is the number of the play; /(N) is the
pure strategy chosen by player I for the Nth play; K,(N) is the total receipts of I after
N of his plays if II used his pure strategy constantly, and similarly for K,(N) and
K3(N); #(N) is the least that I can expect to receive, on the average, after N of his
plays; j(N) is the pure strategy chosen by II for his Nth play; H,(N) is the total receipts
of I after N plays of II against the constant strategy @ of I, and similarly for H,(N)
and Hy(N); F(N) is the most that I can expect to receive on the average, after N plays

of IL 1(N) = mmK ,(N) and 7(N) = _1_ max H,(N).

The precedmg table has been completed as follows For the first play of the game,
assume that player I chooses @ Then I will receive 2, 1, or 0, depending on whether
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11 chooses‘, , or . Player II will therefore choose for his first play,
since that minimizes I's receipts; I will thus receive 0, 3, or —3. For the second play,
player I will choose @, since that maximizes his receipts against I's first play. Thus,
after 2 plays, I has received a total of 4, 1, or 3, depending on whether II chooses
, or . Player I will therefore choose , since that minimizes I's receipts
for N = 2, and makes I's receipts total 1, 3, or 0, depending on whether I chooses
@, @, or (3). We obtain »(2) = % = 0.50 and 7(2) = % = 1.50. The process

is identical for all successive N.
To obtain an approximation to an optimal strategy, we determine the relative fre-
quencies of each of the pure strategies in the table. Thus, at N = 12, we have

1 7 4 8 4
X = (TE’T? E)’ Y= (O’ﬁ’ ﬁ)'
The value of the game is approximated by #(N) and 7(N). Thus, at N = 12, the
value of the game is between 0.75 and 1.00.

For convenience, we adopt the rule that if the maximum or minimum is assumed for
more than one strategy, then we use the first of these strategies. For example, player
I's seventh choice is @ rather than @

We might summarize the successive approximation procedure formally as follows:

1. The procedure is started with player I's picking strategy (1) = @ for N =1,
yielding K, (1), K,(1), "+ -, Ka(1).

2. Successive /(N) and j(N) are selected as follows:

(a) j(N) is picked such that it is the smallest integer for which

min [K;(N),K,(N),---, Ky (N), Ky (N), 07 K,(N)] = Kjm(N) -
(b) i(N) is picked such that it is the smallest integer for which

max [H,(N - 1),H2(N_1)’"',Ha(x)(N_l),Hi(.\m(N - 1)»' "’Hm(N - 1)]
= Hi(N)(N - 1) .

3, Successive H;(N) and K;(N) are computed as follows:

(a) Hi(l) =4ija) forN =1,
(b) H,(N) = H,(N - 1) + aij(n) for N >1.

4. Approximations to the value of the value of the game are given by

@) 2(N) =5 Kin @) -
®) #N) = < Hin (N).

We may write 7(N) as a column matrix with 7 — 1 zeros and a single 1 in the
position of that particular pure strategy. Thus, if i(5) = @, and m = 3, we may
write
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0
i(s) =1
0

Similarly, we may express j(N) as a column matrix with » — 1 zeros and a single 1.
After N steps, an approximation to an optimal strategy will be

X(N) =25Viw), Y == i) .
’ N =1 N 1=1

We have, for all N,

v(N) > v > v(N).

If lim X(N) and lim Y(N) exist, then these limits are a solution of the game, and
N— N—w
the value is -

v = lim»(N) = limz(N).
Nowx N>y

In the preceding example, we have

limX(N) = and v = 1.00.

Neyw

. limY(N) =

N0

Wl"' W o
W wlo o
-

It can be shown that 7(N) and »(N) will always converge to », the value of the
game. However, the sequences X(N) and Y(N) may not converge. If they do not,
it is because they oscillate between different optimal strategies in a game whose solution
is not unique. Any convergent subsequence will define an optimal strategy.

33. Graphical Solution of 3 X 3 Games

In Sec. 9 we described a graphical method of solving 2 X 2 games, i.e., games in
which each player has two strategies. The same method can be used for games in
which one player has n strategies and the other player has two strategies. Since it is
possible to represent a three-dimensional vector in two dimensions, we can solve graphi-
cally in a plane any game in which each player has three strategies.

If (4;,4,4;) is a three-dimensional vector, it can be represented in a plane by means
of the triaxial coordinates (a,,a,,a;), with

a, = 3a, — 5,
a, = 3a, — 5,
ay = 3a; — 5,
a;t+a,+a3=0,
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where
s=a,+ a, + a

and a; is the length of the vector projected on the /th axis.
If we set

1
Bi _éai-’_ ?s

where £ is any convenient scale factor, we obtain the corresponding friangular co-
ordinates (By,B,,B;) for which

B+ B+ Bs=1.

Ordinary rectangular coordinates may also be used to represent a three-dimensional
vector by taking, for example, the first two components (a,,a;).

To solve a 3 X 3 game, we plot the rows and columns separately on one of these
systems of coordinates in two dimensions and consider the two triangles formed by the
two sets of three points. If both triangles contain the origin, then

1. The game has a simple solution.

2. The solution is unique and the game is completely mixed if and only if the origin
is actually interior to both triangles.

3. The positions of the origin with respect to triangular coordinates will determine the
weights which each player should attach to his strategies. For example, in the figure
below, plotted in triaxial coordinates, strategy @ receives a weight OB/AOB.

e O

If a non-simple solution exists, further information may be obtained from the
triangle not having the origin in its interior (possibly both triangles):

1. Construct any line through the origin so that the triangle lies entirely in one
half-plane.
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2. The vertices of the triangle correspond to the strategies of one player. Represent
those of the other player by any set of three points on the positive axes of the triaxial
system, e.g., the points (2,—1,—1), (—1,2,—1), (—1,—1,2). In triangular coordi-
nates, use the three vertices (1,0,0), (0,1,0), (0,0,1).

3. Then some combination of the strategies which lie in the same half-plane with
the triangle dominates some combination of those in the opposite half-plane. If open
half-planes can be used, then the dominance is strict.

We can interpret the weak dominance to mean that the dominating row (dominated
column) must appear in the solution, whereas at least one of the other two may be
excluded.

Example 22. Let the payoff matrix be given by

Ol-1 3 -3
@l 2 o 3
@ 2 1 o

The triaxial representation of the strategies is as follows:

@ = (—-2,10,—8), = —6,3,3,
@ =@,-5,9), [2] =5.-4,-1,
® = (,0,-3), = —9,9,0.

Plotting the strategies on triaxial coordinates, we obtain the two triangles @ @ @

and:
@ (O,

10t 104




The triangular positions of the origin are (14,%,0) and (%,%,%). The left-hand
figure shows that dominates a combination of and , but not strictly. There-
fore the non-simple solution excludes and is (%,%,0), (0,%,%). The value of the
game is 1.

If the matrix is » X 3, the rows may be represented as 7 points in a triaxial system.
The resulting configuration will be useful in picking out which triples of columns to
test for a 3 X 3 solution.

34. Solution of Some Games

34.1. Solution of Example 1: Function of a Field Commander. We showed in
Example 1 that a military doctrine discussed in the Naval Manual of Operational Plan-
ning of the Naval War College can be treated as a zero-sum game. In a particular
situation we wrote down a matrix of outcomes. Let us now assign numbers to the
various outcomes.

Suppose that the Blue commander, in his estimate of the situation, values a successful
accomplishment of the mission as +2, a stalemate as zero, and failure as —1. Then
the payoff matrix becomes

ESTIMATE OF THE SITUATION BY BLUE COMMANDER

Red’s Courses of Action

Blue's @ -1 2 2 I
Courses of @ 1 0 2 0 i
Action @ 1‘ 2 0 —1 ’

It can be verified that the optimal strategy for the Blue commander is

11
(—70’-
202

and that the value of this game is % to the Blue commander. Thus, if the Blue com-
mander uses strategies @ and @ equally often, but at random, and never uses strategy
@, he can expect to win %, regardless of the strategy chosen by the Red commander.

Now the established doctrine, as discussed in the Manual, dictates the selection of
the course of action which promises to be most successful in the accomplishment of the
mission. In this illustrative example, this would imply the selection of strategy @ by
the Blue commander, since this strategy yields him at least zero, whereas his other two
strategies may yield him —1. In such an event, the Blue commander can expect to
receive zero, for the Red commander will choose either strategy or .

Thus, by mixing his strategies, the Blue commander can expect to obtain at least a
value of 14, regardless of how his opponent behaves, whereas by playing a single strategy
in accordance with Manxal doctrine, he is assured merely of receiving zero.
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34.2. Solution of the Game *‘Her.”” This game was described in Example 2. If we
define the payoff to be 1 if the dealer wins, and 0 if the receiver wins, then we can
compute the payoff matrix associated with the 2% X 212 ways of playing "Her.” For
example, if the strategy selected by the receiver is to change any card which is 6 or under
and to hold any card 7 or over, and if the strategy selected by the dealer is to change
any card which is 8 or under and to hold any card which is 9 or over, then the payoff
corresponding to this way of playing the game is obtained from the matrix

Receiver

C C C C C CS S S S S s s

1 2 3 4 S 6 7 8 9 10 11 12 13

C 1] 50 S0 50 50 S0 S0 23 19 15 11 7 3 O
C 2| 43 50 50 50 50 50 23 19 15 11 7 3 0O
C 3| 39 39 50 50 50 50 23 19 15 11 7 3 0O
C 4| 35 35 35 S0 50 50 23 19 15 11 7 3 0
5 C 5|31 31 31 31 50 50 23 19 15 11 7 3 0
S C 6| 27 27 27 27 27 50 23 19 15 11 7 3 O
B C 7|25 235 23 23 23 23 26 19 15 11 7 3 0O
C 8!l 19 19 19 19 19 19 26 22 15 11 7 3 O
S 9/ 15 15 15 15 15 15 50 50 50 0 O O O
§10{ 11 11 11 11 11 11 50 S0 50 SO 0 O O
s11| 7 7 7 7 7 7 50 50 50 S50 50 0 O
Si2! 3 3 3 3 3 3 50 50 50 50 50 50 O
S13| 50 50 SO SO SO S0 50 50 S0 50 50 50 50

where the elements in the matrix represent 50 times the probability of the dealer’s win-
ning for each of the possible ways that the cards may be dealt. Now the probability
that the particular pairs of cards will be dealt is given by

4.4 = A for non-diagonal elements,
52 51 663
-5—43 . 5—31 = —6-2—3 for diagonal elements.

Therefore we need to multiply diagonal elements of the above matrix by 3/(663) (50)
and non-diagonal elements by 4/(663)(50) and add the 169 results, which gives
16,146/(663)(50), the payoff for this pair of opposing strategies.

It is not necessary to compute the payoff for the entire 212 X 213 matrix, for it is
apparent that any strategy in which exactly 7 changes of cards appear is dominated by
a strategy in which the first » cards are changes and the remaining 13 — r are holds.
This can be demonstrated algebraically. It is also intuitively evident, for if, for example,
it is advisable to stay with a 3 and to change a 4, it is certainly more advisable to
change a 3. This reduces the.matrix to 14 X 14. Finally, the 14 X 14 matrix can be
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reduced to a 2 X 2 matrix again by dominance considerations. The resulting 2 X 2
matrix is the following:

Receiver
Hold 7 and over Change 7 and under
16,182 16,122
Hold 8 and over 33.150 35150
Dealer 16,146 16,182
Change 8 and under 33.150 33.150

-

Solving this 2 X 2 game, we obtain the optimal strategies

3
8
for the Dealer, s i
8
3
. 8
for the Receiver, 5 |0
s
and the value of the game is
for the Dealer, 487,
for the Receiver, 513,

34.3. Solution of the Game of “Morra.” This game was described in Example 3.
Since the game is symmetric, the two players will have the same strategies. The solu-
tion can be obtained by examining square submatrices and using dominance criteria.
There are four basic solutions and they are close to one another:

4 3

” O) 0: ia 07 01 —1_2”

120 7 12
12
37’
15
47’

0.0,

J|o,0 16 o,

9
,'3—75 07?70’0“,

2 12
0,022, 0, 220,22, 0,0,
25 20 16
100,550, <5 0,21 0,0 .

It is also interesting to note that the essential submatrix has rank zero; it is the matrix

0 0 0
0 0 0
0 0 0
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Any linear combination of these four basic strategies with non-negative coefficients
having unit sum is an optimal strategy.

The corresponding two-finger game, obtained by deleting all strategies containing
“3” and therefore yielding a 4 X 4 submatrix, yields two basic strategies.

34.4. Solution of the Colonel Blotto Problem. This game was described in
Example 4 and the payoff matrix was tabulated. The maximizing player, Colonel Blotto,
has a unique solution, namely,

4 4 1
-, =,0,0,—=1.
“ 9 ’ 9 ’ 9 “

However, the minimizing player, the Enemy, has two basic solutions:

3 7 48 32
90> 90" 90’ 90

’

73 32 48
90’90’90’ 90

|

Any linear combination of these two basic strategies will also be a solution. The value
of the game is 1%.

35. Solution of Games with Constraints by Mapping

In solving for an optimal strategy of a game, we assume that each pure strategy may
be played with any probability between zero and one. Aside from the influence of the
payoff matrix, we have no preference of strategies or any desire to avoid certain strategies,
whether pure or mixed. Now in many applied games we may wish to make sure that
a certain pure strategy is played at least a certain percentage of the time, or that we
play a given pure strategy no more frequently than some other given strategy. Such a
restriction might arise from the ease or difficulty of playing certain strategies or from
the dependence of strategies. If we restrict the choice of strategies in any way, we refer
to the game as a game with constraints.

We have previously shown that X* Y* is a solution of the game defined by the pay-
of f matrix A = “aij ” if and only if

max X’AY* = min X¥AY = X¥AY* = v.
x Y

If the game has constraints, then the preceding conditions are also necessary and suffi-
cient to define a solution, where X and Y are now the constrained sets of strategies.

The solution X*Y* of an arbitrary game with constraints has the property that it
simultaneously maximizes X’AY* with respect to X and minimizes X*AY with respect
to Y. If we consider the set of strategies X and the set of strategies Y, then X* is some
point of X such that the maximum of X’AY* is assumed at X*, and Y* is some point
of Y such that the minimum of X*AY is assumed at Y*. It is this property that enables
us to find, graphically, the solution of a game with constraints.

The method of solution consists in partitioning the sets of strategies X and Y by
means of the payoff function. For each partition of X, we shall associate some Y of
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Y. Similarly, for each partition of Y, we shall associate some X, of X. X,Y, will
be a solution if X, is associated with Y, and if Y, is associated with X,.
The method can best be described by means of an example. Let the payoff matrix be

[ ] [
@] 3 3 30
A4=0@|33 9 o

@28 4 25

We wish to find the solutions of this game wherein the first player has the follow-
ing constraints:

1 4
TR NE
1 1
0SS

6 20
X3 Z —5-<1 —~—9—x‘>.

This implies that @ must be used at least 10 per cent of the time but no more than
80 per cent of the time; @ must be used at least 5 per cent of the time but no more

than 50 per cent of the time; the frequency of using strategy @ depends on @,
namely,

Of course, x; + x, + x; = 1, always.

Let us assume that the second player has the following constraints:
1 1
T(‘)‘S}'zgz)'l» }’;ZZ
The constraints of the first player imply that he picks only those mixed strategies
lying within or on the pentagon ABCDE. The second player picks only those mixed
strategies lying within or on the triangle XYZ. The constraints determine the boundaries.

In this case we have a pentagon and a triangle, as shown in the figure on page 66.
If x;,x,,1 — x; — x, and — y, — 7. are the probabilities of playing strate-

15 Yoy 1
gies @, @, @ and , 2, , respectively, then the expected payoff is

¢ = (10x, — 10x; + 1)y, + (10x, + 10x; — 7)y. + —; (5%, — 25x, + 25)

25
= (-— 10y, + 10y, + —;—)xl + (lOy1 + 10y, — 3';;).9(2 + (}’: -7y, + 7)
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Let us rewrite the expectation ¢ by introducing new symbols, as follows:

¢ = P+ p2y: + 2
= gyx; + gox, + gs 5

where

pPr = 10x, — 10x, + 1, g, = —10y, + 10y, + %, etc.

Now p, =0, P. = 0 divides the pentagon ABCDE into four regions: OLABM,
wherein p, > 0, p: > 0; OMCDN, wherein 01 <0, p, > 0, OEN, wherein P <0,
P < 0; OEL, wherein p, > 0, p. < 0. Similarly, ¢, = 0, g, = 0 divides the triangle
XYZ into two regions: WZXW, wherein 9: >0, ¢, < 0; VWY, wherein g4, < 0,
g, <O0.

For each point in the region OLABM, the expectation ¢, as a function of player II's
strategies, assumes the minimum at point Z in the triangle XYZ. However, for the
point Z, the expectation ¢, as a function of player I's strategies, assumes its maximum
at point D on the pentagon ABCDE, and outside the region OLABM. Therefore, no
point inside region OLABM can provide a solution of the game.

Consider the point O, defined by p, =0 and p, = 0, in the pentagon. For this
point, ¢ assumes its minimum at every point in the triangle XYZ. In particular, the
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minimum is assumed at V. The point V is characterized by ¢, = ¢, = 0. For the
point ¥, the maximum value of ¢ is assumed at every point of the pentagon and hence
at O. Therefore the points O and V are solutions of the game with constraints. These
points are the intersection of p, = 0 with p, =0 and the intersection of ¢, = 0 with
g, = 0. O is given by

X ——i X, i X :i
1 10’ 2 = 10’ 3 10
V is given by
3 2 1

y1=—6_’ yz.—'_z’ ),:‘:Z‘
There are additional solutions and they can also be found by the same procedure.
Consider the points in region OEN having the property that p, = p, < 0. This deter-
mines the line

2 3
= x, < =
n=g, %SG
For each point on this line, the minimum value of ¢ is assumed at each point of XY
In particular, the minimum is assumed at V. But if player II uses strategy vV, ¢ will
assume its maximum at every point in the pentagon, and in particular on the line
_2 3
Xy = 5° T
Therefore this line is a solution of the game. It can be verified, by this procedure,
that there are no other solutions.
We have found that the solution of this game is:
1 3

’ ——<X2§10’

50 = X, =1 —x;, — X2

for player I, x, =

for player I1, Y1 =
The value of the game is 6.5.

36. Special Case—Ordinary Game by Mapping

As a special case we can use this mapping or fixed-point method to solve the ordi-
nary game, without constraints. Here the strategy space is a right triangle for each
player. For example, let the game be defined by the following payoff matrix:

-3 2 0
A= 0 1 2.
1 2 1‘

The expectation, ¢, for each mixed strategy of the two players is
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d=(=3x,—2x)n+(;— 206+ 1D+ (—x+x+1)
=(=3n+p—x+(—2n—2n+t 1)+ (G +1)
=pa Pyt P
= g%, + g2 + g4,

where

Py = —3x— 2x,, 91 = —3n + 7. —1, etc.

The lines p, = 0 and p, = 0 divide the strategy space XWZ of the first player
into two regions, XYT and YTWZ. Similarly, the lines 4, = 0, ¢4, = 0 divide player
IT's strategy space ABD into two regions, ABCE and CDE. The regions are character-
ized as follows:
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XYT: P <0,p, <0,
YTWZ. p1<0,p, >0,
ABCE: 7:<0,9, <0,

CDE: 7:<0,4,>0.

Consider the point Z for which p, = 0 and P> = 1. For this point the minimum of
¢ is assumed at Y2 =0, or the line AD. In particular the minimum is assumed at
every point of the line EA. Now each point on line EA has 9: <0, g, < 0, for which
the maximum value of ¢ is assumed at x, = 0, x, = 0, or at the point Z. Therefore
the point Z is a solution for I and the line EA is a solution for II.

In terms of the strategies, the solutions are:

for player I, x, =0, X, =0, X, =1;
1
forplayer I, > <n<i, 9. =0, Ys=1—y — 3,

" The value of the game is 1,

37. Selection of an Optimal Strategy

If a player has many optimal strategies, he may use any one of them and he will
receive at least an amount v, regardless of the strategy used by his opponent. If his
opponent also uses an optimal strategy, then the player will receive exactly the amount
v. Thus, if both players play optimally, there is no reason for preferring one optimal
strategy over another except for reasons extraneous to the game model. (Examples of
€xtraneous considerations are preferences for pure strategies or preferences for mixed
strategies having simple components.) However, if we permit the unlikely possibility
that an opponent may make some mistake and fail to choose one of his optimal strate-
gies, then, by selecting a particular optimal strategy, a player can take advantage of
the mistake,

Among the solutions for each player there exist certain strategies which, in addition
to being optimal, take maximum advantage of the mistakes, if any, of the opponent. We
shall describe one method for choosing such an optimal strategy. This particular opti-
mal strategy will be chosen on the assumption that the opponent will make some mis-
take, unknown in advance to the player, and that the opponent will try to minimize
the result of such a mistake.

Let us assume that player I, the maximizing player, wishes to select an optimal
strategy which takes maximum advantage of player 1I's possible departures from his
set of optimal strategies. Let the payoff matrix be 4 and the set of optimal strategies
of player I be X(A4). The procedure for selecting a particular optimal strategy is
as follows: ’

1. Assume that player I uses only mixed strategies belonging to X(A). This is
equivalent to considering a game in which the maximizing player’s pure strategies are
the extreme points of X(A), i.e., his basic solutions in the original game.

69



gy

2. Assume that player II uses only those pure strategies which yield more than the
value of the game to I for at least one optimal strategy of player I. This is equivalent
to deleting from player II's pure strategies all pure strategies which yield the value of
the game against every optimal strategy of player I.

3. Using the matrix A, compute the new payoff matrix A associated with the set of
strategies defined in assumptions 1 and 2.

4. Find the optimal strategies X(A) of player I. It is evident that X(A) is con-
tained in X(A). If player I uses any strategy in X(A), he will maximize the minimum
gain for any departure of player 1I from his optimal strategies.

5. If X(A) is not unique, the above process may be repeated for A and X(A).
The process will either terminate with a single strategy for player I or every element

of the payoff matrix A derived from A will be identical, in which case all strategies

of X(j) are equivalent—they all take maximum advantage of mistakes.
Example 23. In the game of Morra described in Sec. 1, we had the following
9 X 9 payoff matrix:

0 2 2 =3 0 0 —4 0 0

—2 0 0 0 3 3 —4 0 0

—2 0 0 —3 0 0 0 4 4

3 0 3 0 —4 0 0 -5 0

A= 0 —3 0 4 0 4 0 —5 0
0 —3 0 0 —4 0 5 0 5

4 4 0 0 0 —5 0 0 -6

0 0 —4 5 5 0 0 0 —6

0 0 -4 0 0 -5 6 6 0

We showed in Sec. 34.3 that the value of this game is zero and that each player had
the following four basic solutions:

(a) 0.0, 20,45, 0.2, 0,0].
o aga gl
© 0.0, 3.0, 0. 5. 0.0]
@ fo.0.2.0.20.%.00].

Replacing player I's nine pure strategies by the four basic solutions, we obtain the
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following 4 X 9 matrix:

@)=
B=(b) 3—‘f/
(© 287
(dy |14

— 0

61

0

0

-t
[ 5]

2
\II"”

o

(=]

2
12
10
37
2
47
4
61

Deleting from II's strategies all pure strategies which yield the value of the game
against every optimal strategy of I (delete columns 3, 5, and 7), we obtain the 4 X 6

matrix:

|
i

Solving A, we find that player I has two basic solutions:

2

12
4
37
8
47
14
61

0

3

5
4
61

61

120 94 61
275" 7 275" 275

12 37
110’ 110°

61
110

’

In terms of the original nine strategies of player I, these two basic solytions yield the
same solution of A, namely, ’

(e)

23 18 14
=,0,—=,0,—,0,0].
N 0’ O’ 55, O’ 55’ 0, 55’ b ll

The value of the game with payoff matrix A is %s. Therefore, if player I uses the
particular optimal strategy (e), he will gain at least 3% if player II ever departs from
an optimal strategy in the original game.
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CHAPTER 3
GAMES WITH INFINITE NUMBER OF STRATEGIES

38. Description of Continuous Game

In the finite or discrete game previously considered, each player selected a strategy
from a finite set of strategies. The number of such strategies may be large, as in chess,
but finite. A natural generalization is to consider games in which each player has avail-
able an infinite number of strategies over a closed interval. In particular, we shall assume
that each player has a continuum of strategies from which to select a strategy to play the
game. Such a game is called a continuous game. There is no loss of generality if we
assume that the strategies are represented by points on the closed interval [0,1]. For if §
-is the set of strategies, then by relabeling the elements of §, we can get a game in which
the selection of a strategy is made from the closed interval fo,1].

There are two reasons for developing a theory of continuous games. First, many mili-
tary and economic problems actually involve an infinite number of strategies. For
example, a military budget can be thought of as being divisible in an infinite number
of ways between offense and defense. A commodity can have an infinite number of
price possibilities. Secondly, computations using a continuous variable are generally
easier than those using a large number of discrete variables.

Thus the continuous game consists in player I's selecting a strategy x, where 0 < x < 1,
and player II's selecting a strategy y, where 0 < y £ 1, each selection being made without
knowledge of the other. The payoff to player I is some function of x and j, say
M(x,y). Since the game is zero-sum, the payoff to player I is —M(x,y).

For any x chosen by player I, he will receive at least

min M(x,y) .
¥

Further, player I can pick x to make the latter expression as large as possible. Hence
player 1 will receive at least ’

max min M(x,y) . .
xr v

Similarly, player I can play in such a way that he pays to I at most

min max M(x,y) .
Y x

In general, we have

max min M(x,y) < min max M(x,y) .
T v v z

However, if the equality holds, M(x, ) possesses a saddle-point at (x,,y,) such that
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max min M(x,y) = min max M(x,y) = M (x0530) -
z v v z

‘We refer to x, as an optimal strategy for player I and to y, as an optimal strategy for
player II, and to M(x,9,) as the value of the game.

39. Solution of Continuous Game

If the payoff function M(x,y) has a saddle-point (x,J,), the latter provides a solu-
tion to the game. It has the property that if player I uses strategy xo, he will receive at
least M(x,,7,), and if player II uses strategy jo, the payment to 1 will be, at most,
M(x0,%). If M(x,y) does not have a saddle-point, it is dangerous for a player to use a
single strategy which might be discovered by his opponent. It is necessary for the player
to keep secret his particular strategy. This can be accomplished by the use of a mixed
strategy, a probability distribution over the set of strategies [0,1].

Let F(x) and G(y) be mixed strategies for players I and 11, respectively. That is, F(x)
represents the probability with which player I chooses a strategy ¢ < x. We refer to the
pair of mixed strategies, or cumulative distribution functions F¥(x), G*(3), as a solution
of the game with payoff M(x,y) if

max-f1 fl M(x,y) dF(x) ZG*()') = rninj‘1 fl,M(x,y) dF*(x) dG(y) = v,
F 0 0 G 0 0

where the maximum and minimum are taken over all cumulative distribution functions
over the interval [0,1]. The common value, z, is the value of the game.

If player I uses F*(x), he will receive, on the average, at least v. Further, if player II
uses G*(y), then he can guarantee that player I will receive, on the average, no more
than ». In this sense, F*(x), G*(y) are optimal strategies for the two players.

40. Existence of Solution

Every game with a finite number of strategies has a solution. This follows from the
Minimax Theorem. However, not all continuous games have solutions. For example, if
the payoff function is discontinuous in the unit square, the game may or may not have
a solution.

If the payoff function is continuous in each of the two variables, then the game always
has a solution. Thus, if M(x,y) is continuous in x and y, the Minimax Theorem is
valid, i.e.,

maxminflflM(x,y) dF(x) dG(y) = min max‘fl fl M(x,9) dF(x) dG(y) = v,
F G 0 0 G F 0 0

and there exists a pair of distribution functions F*(x) and G*(y) such that

‘“ﬁ"f f " M(x.y) dF(x) dG*(y) = mi“f f " M(x,y) dF*(x) dG(y) = v .

The pair of distribution functions F*(x) and G*(y) are optimal strategies. They have
the property that if player I uses F¥(x), he is certain to receive, on the average, at least v,
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and if player II uses G*(y), player II will lose, on the average, at most . The solution
also has the property that either player may announce in advance the mixed strategy he
plans to use and the opponent cannot use this information to any advantage.

We can also state that F*(x),G*(y) is a solution if and only if

1 1
maxf M(x,y) dG*(y) = min f M(x,y) dF*¥(x) = v.
T 0 - ¥ v

41. Properties of Optimal Strategies

As in the finite game, let us define H*(x) to be the expectation of player I if he
uses a pure strategy x and player II uses his optimal strategy G*(y), or

H*(x) =j: M(x,y) dG*(y) .

Similarly, let K*(y) be the expectation of player I if he uses his optimal strategy F*(x)
and player II uses a pure strategy y, or

K*(y) Zf M(x,y) dF*(x) .
The following properties are valid:
1. H*(x) < v < K*(y) for all x and y in [0,1] .

Any pure strategy used against an opponent’s optimal strategy cannot yield a higher
expectation than an optimal strategy.

2. max H*(x) = min K*(y) = v.
z v

Each player has at least one pure strategy which, if used against the opponent’s optimal
strategy, yields the value of the game.

3. If for some x, we have H*(x,) < v, then strategy x, does not appear in the
optimal mixed strategy of player I.

Player I uses, in his optimal strategy, no pure strategy which yields less than the value
of the game when that pure strategy is used against player IT's optimal strategy.

If for some y, we have K*(y,) > v, then player II does not use strategy y, in his
optimal strategy. .

4. If a pure strategy x, is used by player I in his optimal mixed strategy, then
H*(x)) = v.

If a pure strategy y, is used by player II, then K*(y,) = v.

Example 24. Consider the game in which each player picks a number in the inter-
val [0,1]. Let the payoff to player I be

M) = (x = »)*
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The optimal strategy for player I is to pick x = 0 and x ='1 at random but with equal
probability and for player II to pick y = % always. In a later section we shall show how
these strategies were computed. However, at the present let us verify that this is a solu-
tion. We can write the optimal strategies as

Fr() = 5 1) + 5 L)
G*(» =5L0O) .

In order for F*(x), G*(y) to be a solution, it is necessary and sufficient that

m:X_f; j; (x — )? 4Ly, (y) dF(x)

- m;nj: f (x — y)zd[% I(x) + %Il(x):] 4G (3)

max [ (+=3) arco = min [ 300+ 1 914600,

F

or

This is equivalent to

z

2
max(x - l) = minl [+ (-2},
2 ¥ 2
yielding

1
<

N

For this particular game, we have
1 1 2
H*(x) = j; (x = y)dly(y) = (x - -2—> ,

K*(p) = f = ;')fd[glom + %Il(x)] =3P+ a -7

The maximum value of H*(x) is assumed at x = 0 and x = 1 and they are the pure
strategies in the solution F*(x). The minimum value of K*(y) is assumed at y = % and
it is the only pure strategy in the solution of G*(y). The value of the game is %. Also,
H*(0) = H*(1) = % and K*(%) = %.

Example 25. Consider the game having for its payoff

M(x,y) =|y—x|Q—|y—x|).

Let us verify that a solution of this game is F¥(x) = x and G*(y) = y.
If player II uses G*(y), we have ’
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H*(x)=j; M(xJ)dG*(y)=£117—xl(1,‘|7—x|)dy

Y=
=f (x—e+2y—y— )4
¥:

=0

y=1 1
+f/ G-pt+amy—x—x)dy=¢,
v

=X

for all x. Similarly, we can show that

- 1
K*(p) = f M(xy) dF* () = ¢
for all y. Therefore F*(x) = x, G*(y) = y is a solution of the game and its value is 1.

42. Solving for Optimal Strategies

Given an arbitrary payoff function M(x, y), it is generally 2 difficult task to compute
the value of the game and a more difficult task to compute the optimal strategies. For
certain special types of payoffs, which will be discussed later, we are able to describe a
method for solving the game. Unfortunately, we cannot at present solve the general
game. In such cases it is necessary to resort to guesses and verification.

There are three general types of continuous games We can solve. We classify them
according to the functional form of the payoff function:

1. The payoff, M(x,y), is convex in y for each x.

2. The payoff is a polynomial in each variable, of

n m

M(x,y) = Z Zai,-xiyi.
1=0 1=0
3. The payoff is separable, i.e.,
Mxy) = Y, > am®a0),
j=0 =0

where r;(x) and 5;(y) are continuous functions. (This is a generalization of 2.)
In the following sections we shall discuss each of these three types.

43. Games with Convex Payoff Functions

If for each strategy of player I the payoff M(x,y) is convex in player II's strategies,
then the optimal strategies and game value can be easily computed. Some examples of
such payoff functions are: (x — 3)% X2yt — xy, &Y, | X — ¥

The payoff M(x,y) is said to be convex in y for each x if, for every A for which
0 < A < 1 and for every pair of strategies )y, Yo, We have

Mlx, Ay, + (1 — ?‘))’2]‘ < AMM(x,y) + (1 — AYM(x,52) »
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and this shall hold for all x. If the equality never holds, then M(x, y) is strictly convex,
If M(x,y) can be twice differentiated with respect to y, then another way of stating that
M(x,y) is convex in y is that \

2M(x, )
0y?
Or, every cross section of M(x, ¥) which is perpendicular to the x-axis yields a curve

whose slope is never decreasing. If the payoff is strictly convex, then none of these
curves will have linear portions, and

>0 forall x .

EMED S0 forallx.
oy ,

Let us assume that M(x,y) is strictly convex in y for each x. Then for any distribution
function F(x), it follows that

Koy = [ M(xy) dF(x)

=0

is also strictly convex, for

*K(y) _ [ 2M(x,y)
578 _./‘: P dF(x) > 0.

1. The minimizing player uses a pure strategy. Suppose that player I's optimal
strategy is F,(x); he may then announce this to player II, who will pick some G.(»)
such that

j: 1 j: 1 M(x,) dF;(x) dG,(y) = min f 1 f 1 M(x,3) dF,(x) dG(y)

= min fl M(x,y) dF,(x) .

Because of the strict convexity in y of S M(x,y) dF,(x), its minimum is assumed at
0

one point, y,. Therefore an optimal strategy for II is a pure strategy, or G (y) = I, (3).

2. The value of the game is v = min max M(x,y). For any game the value is
Y xr

given by

1
v = min max f M(x,5) dG(y) .
G r 0

We have shown that player II always uses a pure strategy, regardless of player I's strategy;
hence we need to consider only -those G’s which are one-step distribution functions.
Therefore,

1
v = min maxf M(x,y) d1,(y) = min max M(x,y) .
v x [ 4 z
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3. Player II's pure strategy is that y which minimizes max M(x,y). Any optimal

z

 strategy %1 for player II must be such that

v = min max M(x,y) = max M(x,y,) .
y T 2

Thus y, must have the property that it minimizes max M(x,y). From the strict convexity
T

of M(x,y), it follows that % is unique.

4. The maximizing player bas a mixed strategy. Let F,(x) and I, (y) be a solu-
tion; then

1 1 1 1
mgxffM(xJ) 4F (x) dly,(7)=f£ M(x,y) dF;(x) I, (y)
o 0 0o
which yields

mfo(x,yl) = j; M(x,9,) dF,(x) = v.

Therefore F, (x) has jumps only at points x; for which M (xi,0,) = v
In general, player I will have certain basic optimal strategies
Fi(x) = el (x) + (1 — ), (x),
where

M(xp,y,) = M(xy,y;) = v.

Every optimal mixed strategy which is a step function is a convex combination of these
basic optimal strategies.
The weights @, 1 — « are found by solving the equation

a——ﬁ_aM(;y"}") +(1—a -———_aM(;;’yl) =0.
Example 26. 1f M(x,y) = (x — ¥)?, then
FMxy) _
0y?
and M(x,y) is convex in y for each x. The value of the game is
v = n:lin max (x—y2= n:/x'nmax [ (1 -] = %

Player II's optimal strategy is the pure strategy which minimizes max [2, (1 — 2]
Therefore y, = 1. Player I's optimal strategy contains those pure strategies x; such that
M(xi,3) = v or (x; — %)? = 4. This yields x, = 0, x, = 1. To obtain the weights
a, 1 — a, we solve the equation
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‘ « oM (x1,91)
9y

aM(mel)
oy

—Za(O - %) — 201 — a)(l - %) =0

+ (1 —a) =0.

Substituting, we obtain
and

Summarizing the solution, we have

Fi() = 2 1) + 3 16,

G.(0) =1y,

1} = l
=7
Example 27. Suppose that the payoff is defined as follows:
M(x,9) =x—y if x>y,
=k —x) ifx<y,
where £ > 0. 1t is evident that the payoff is convex in y. Let
L(y) = max M(x,y) = max [1 — y, £y] .

L(y) assumes its minimum at ¥, such that

1_}’1:'&)'1,
and
N 1
A Ry

which is player II's optimal strategy. The value of the game is

v = minmax (1 — y, &y) = .
i A =»k) =117

To obtain the optimal strategy of player I, we solve
1 £
M(x"1+k)_1+é
for x;. We obtain two solutions x; = 0, 1, giving player I an optimal strategy
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Fi(x) = al,(x) + (1 — a)l,(x) .
To obtain the weights @, 1 — &, we solve
at— (1 —a)=0,
obtaining

1
Sy X

Although we have assumed strict convexity of M(x,y), the theory is essentially the
same if we drop the strictness condition. If the payoff is not strictly convex, then the
minimizing player may have an infinite number of optimal pure strategies. We may use
any optimal pure strategy of II in the computation of player I's mixed strategy.

44. Defense of Two Targets

An example of the allocation of forces or resources in space or time is the problem of
target attack and defense. Suppose two targets, T, and T,, where target T, is £ times as
valuable as target T, are to be defended with a total force of 1 unit. The defense divides
its unit force by placing y units at target T, and 1 — y at target T,. The offense also
has a total force of 1 unit, and it sends x units of its force against target T, and 1 — x
against T ,.

Target T, Target T,

Value 1 £
Offense Allocation x 1 —x
Defense Allocation ¥ 1—y

Let the payoff to the offense be proportional to the number of attacking forces that get
through and to the value of the target attacked. If x > y, then x — y units are assumed
to survive to hit target T, and none are assumed to survive to hit T,. The offense here
receives 1- (x — ). If x < ¥, then y — x survive to hit T, and none survive to hit T
the offense now receives £ - (¥ — x). The payoff M(x,y) can be summarized by

M(x,y) =x—y ifx>y,
=k(y — x) ifx<y.

From the convexity property of the payoff function, it follows that the defense has a
pure strategy and that the offense has a mixed strategy. A detailed solution of this game
is given in Example 27 in the last section. The defense may adopt a fixed deployment of
his forces—place 1/(1 + £) of his force at target T, and £/(1 + #) of his force at
target T,. However, it can be.verified that the defense has many other optimal strategies
—he may use any strategy G( y) which satisfies

1 ;é
Gy dy= .
[ O dy =171
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The offense concentrates its attack on either of the two targets. The offense attacks target
T, with his entire force on 1/(1 + #) of the engagements and attacks T, with his entire
force on £/(1 + k) of the engagements. The optimal strategy for the offense is the
distribution function

1

k
e ORE eI OF

Fix) = 1+ £

The value of the game to the offense is

-

£

"TiEE

For example, if target T, is three times as valuable as target T,, the more valuable
target may be defended by three-fourths of the defensive force and the other target by
one-fourth of the defensive force. The offense attacks target T, with all of his forces in
75 per cent of the engagements, and T, in 25 per cent of the engagements. Of course,
the decision for any particular engagement is left to chance, subject to the given prob-
abilities. On the average, the offense can expect to destroy three-fourths of a target
" (measured in terms of the value of target T,).

45. A Defense of Targets of Unequal Value

An important problem in any general defense analysis is the distribution of defense
units among targets of differing value. We have the obvious questions: Shall all the
targets be defended? If only some of the targets are to be defended, how shall these
be selected? Are the targets defended in proportion to their values?

We answer these questions by considering a game model. We make the model rela-
tively simple so that computations are possible and at the same time provide insight into
the questions raised above. In terms of this game model, we find that only the most
valuable targets are defended. However, they are not defended in proportion to their
values. By solving the game we can determine which targets shall be defended and with
how much defense.

We consider the following game model:

Defense. The defender has D units of defense to distribute among his # targets,
which we number from 1 to #n. We assume that the » targets have values | T JRTIY
respectively, and are ordered as follows:

0<k1£k2<"’_<_kn'

Attack. The attacker has A units of attack to distribute among the » targets. We
assume that the attack is stronger than the defense, or 4 > D.

Payoff. It is assumed that one unit of defense is equivalent to one unit of attack.
It is assumed that the amount of damage to any target is proportional to the number of
attacking units which outnumber the defense units, the coefficient of proportionality de-
pending on the particular target. If x; is the number of units attacking and y; the

82



number of units defending the ith target, then the payoff to the attacker is

M(x,y) = Zki max (0, x; — ¥i) -

i=1

A strategy for the maximizing player, the attacker, is a set of numbers x,, X, ** -+, X,

such that x; > 0 and é x; = A. A strategy for the minimizing player, the defender,
i=1 .

is a set of numbers y,, 35, - * -, J» such that y; > 0 and é y; = D. The payoff as a func-
i=1

tion of the strategies is given above.

Solution. Using the convexity property of the payoff function, it can be shown that
the attacker has a mixed-strategy solution and the defender has a pure-strategy solution.
The defender distributes his defensive force, D, among the high-valued targets. The
attacker selects one of the defended targets at random, subject to a given probability
distribution, and uses his entire attacking force, A, on that target.

In describing an optimal strategy for the defender, it is convenient to introduce the
following notation:

1 N1
—_— — J‘=1,2,"',ﬂ,
bs Zki,

t=¢

ls=é8—/98<n—.f+l—-—>, s=1,2,--,n,
m = smallest value of s such that /; > 0.

Using the definition of a solution, it can be verified that the following are optimal
strategies:

Attacker
(2) Never attack the low-valued targets numbered 1,2, -+, m — 1.
(b) Attack the high-valued targets numbered m, m + 1, -+, % with probabilities
éln’ k»l‘*l ’ ’ kn ’
respectively.

(c) Use the entire attacking force, A, on one of the » — m + 1 targets of (b)
selected at random and subject to the probabilities of (b).

Defender

(@) Leave undefended the low-valued targets numbered 1,2, -+, m — 1.
(B) Defend the high-valued targets numbered m, m + 1, -, » by placing
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}units at the mth target.
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]units at the (m + 1)th target,

}units at the (m + 2)th target,
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A{l - IZ—m(n —-—m+1— %) }units at the nth target,
Value of Game. Using his optimal strategy, the defender loses no more than
Ak, — ). The value of the game to the attacker is A(km — Im)-
Example 28. Suppose that we have five targets, which we number 1 to 5, having the
following values:

1
12°

1

k. =
5) 5

N

B o= =L, k==, k=

These targets are to be defended by 2 total force of D = 1 defense units. Let us assume
that the attacker has A = 1 attacking units with which to attack these targets. We have

5
1 1
LS l=-n 7454 4=37,
5 ;ki +o+ T+

1 4
=k —h(—1+1—-1)=5—5<0,
1 N 1
1 _ N1l g4745+4=25,
h2 i=2 ki
e b h(5—24+1-1=s—2 <0

2 — k2 2( —5——23 ’
1 -1
R LET
I, =k, — b +1-n=+_2>0
3 — K3z ™ 3(5_3 )_7—16> .

Since [, > 0 and /; <O, it follows that m = 3. Therefore the attacker does not attack
targets 1 and 2 and the defender does not defend these targets. Targets 3, 4, and 5 are
defended as follows:

1

1{1 — -i%(j —34+1- 1)} — = defense units at target 3,

|
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1{1 —15—6(5 ~-34+1- 1)}: defense units at target 4,

3
8
4 1 .

1{1 —E(S —34+1— 1)} == defense units at target 5.

The attacker uses his total force of 1 unit on some one of targets 3, 4, or 5 having
probabilities 16, %s, and %, respectively.

If the defender distributes his forces in the way outlined above, he will lose no
more than

-

= Y R S SR P
v = A(kn lm)—1(7 7+16>_8'

The values of the attacked targets—3, 4, and 5—are in the proportions 20:28:35.
However, their defenses are in the proportions 1:3:4. The probabilities of attack of
these three targets are in the proportions 7:5:4. It should be pointed out that these
conclusions are for the simple model considered.

46. Polynomial Games

Polynomial games provide the continuity from the finite games, whose theory has
been well explored, to more general classes of infinite games which admit polynomial
approximation to their payoff function. In such approximations, the error in the game
value does not exceed the least upper bound of the error in the payoff.

A polynomial game has for its payoff

m,n
M(x,y) = E a;jx'y’
T3=0
where x,y are in the interval [0,1].

If the game does not have a saddle-point, it has a mixed-strategy solution, F*(x),
G*(y). Let f,, the ith moment of F*(x), be defined by

1
fi= f xt dF*(x) .
9
Similarly, let g; be the jth moment of G*(y), which is defined by

1
& =f ¥ dG*(y) -
0

To each distribution function over the interval [0,1] there corresponds a set of moments
and to each set of moments there corresponds at least one distribution function. It will
frequently be convenient to obtain the solution of a game in terms of a set of moments
rather than in terms of the distribution function. Having the moments, we can obtain
the distribution function.
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We shall show how to reduce the solution of the polynomial-game problem to the
solution of certain systems of algebraic equations—Ilinear in some cases, non-linear, but
algebraic, in the remaining. The system of equations is obtained by analyzing player I's
expectations if one player uses a pure strategy and the other player uses a mixed strategy.

Letting F*(x), G*(y) be a solution, we have

Heo = [ M dry = [ Z iyl dGH(y) = Zai:’gi"i-

1,7=0 %,7=0

K*(y) = f " M(x,y) dF*(x) = f Z a;xyl dF*(x) = Zaumf.

3,5=0 3,7=0

v= E aisfig; -
i,j=0

From the property of the solution of a game, it is evident that H*(x) < v for all x
and that K*(y) > v for all y. The maximum value of H*(x) is » and the minimum
value of K*(y) is v. Further, H¥(x) is a polynomial of degree m and K*(y) is a
polynomial of degree n. Therefore, either H*(x) = v for all x, or H*(x) = v at most

[g] + 1 times. We can classify K*(y) in a similar way.

Thus every solution F*(x), G*(y) will be such that the associated H*(x) and K*(y)
will be in one of the following three cases:

1. H*(x) = v forall x, and K*(y) = v forall y.

2. H*(x) < » for some x in {0,1], and K*(y) > v for some y in {0,1].

3. Either H*(x) = v for all x and K*(y) > » for some y, or K*(y) == v for all y
and H*(x) < v for some x.

We now show how each case is solved.
1. For a solution F*(x), G*(y) to be in Case 1, it is necessary that

H*(x) = Z a;gixi=v for all x,
i,7=0
m,n

K*(y) = Z aiifiy =v for all y.

1,7=0
Since go = f, = 1, we obtain the following system of linear equations:

»
a4 + 40if;i = V,
i=1
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440+Zai,gj=0, i=1,2,---,m,
71
m
a5 t+ Zdiofi =v,
=1
m
a0 + Zai,f,-zo, i=1,2,,m.
1=l
The system consists of (m + 7 + 2) equations in (m + n + 1) unknowns. In general,
it may have a solution. However, in order for the solution of the system of equations to
provide a solution of the game, it is necessary that the f;’s and g;’s be moment sequences.
A solution {g;} of the system of equations is a2 moment sequence if and only if the two
quadratic forms,

n’ n'-1

B+ 1XKX15 ' E (8re1ea — Greiz)Xaxy  for even 7,
k,1=0 k,1=0
w .
r+141XKX 1 E (Gre1 — Erere1) XXt for odd 7,
TT=0 k1m0

where #’ = l:;], are non-negative definite.” If this condition is satisfied, then we obtain
a solution of the game in terms of the moments of the distribution functions. The prob-
lem of reconstructing a distribution function from a given (finite) set of moments is
essentially equivalent to that of obtaining the roots of a certain polynomial, closely
related to the quadratic forms above, whose degree is approximately half the number of
moments given.

2. If the solution F*(x), G*(y) is such that there exists some x,,y, for which
H*(x,) < v and K*(y,) > v, then F*(x), G*(y) are obtained by solving a system of
algebraic equations. From the polynomial character of H*(x), it follows that the maxi-

. . . " — 4
mum value of H*(x,) is » and this maximum may be assumed at most > +1=m

times. Hence F*(x) can have jumps only at those x; for which H*(x) = v, or

F*(x) = Z ad, (%) .
k=1

Similarly,
G*(y) = E Bily, ()
i=1

where 7/ = [:%:I + 1.
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The sets of moments will have the form

i=1
The polynomials
’ m,n m,n
HE(x) = ) augpd, K*() = ) afiy!
4,7=0 1,§=0

must then satisfy the following equations:

H*(x;) =y all &,
K*(y) = all /7,

*
f’_}% =0  all &, except possibly x; = 0, %, =1,
*
d_K‘17(}"_) =0 all /, except possibly y; = 0,5, = 1.
In addition we have the normalization equations .
Z o =1, B =

We thus have (2m’ + 27’ + 2) equations in (2’ + 2n’ + 1) unknowns. If F¥(x),
G*(y) is in Case 2, there will exist at least one solution of this system in which x; and y,
lie between 0 and 1. In general there will be many other solutions of the system which

will not be solutions of the game.
3. Finally, F*(x), G*(y) may be such that H*(x) == v for all x and that K*(y) > v
for some y. It follows that

G*(y) = Z B, (3) -

From H*(x) = v for all x, we have the following equations:

n
oo + 40ifj; =V,

1=1

n
a;0 + ﬂ,'jgi=0, i=1,2,"',m.

7=1
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This yields m + 1 equations in » unknowns.
From K*(y) > v for some y we obtain the equations

K*(yl)sz 1:192)...’",’
M:o l=1.2 -9,

4y
The last system may be replaced by the equivalent system

"
§ 'aijf‘;y{:va 121,2,"',71',
1,7=0
m,n
jd”fi}ﬂ;'l =0, 1=1,2,---,7#.
,7=0

This yields 27" equations in m + n’ unknowns. In addition we have the following
system of equations:

Zﬁlzl-

=1

Combining the equations, we have (m + # + 2»’ + 2) equations in (m + n + 2n’)
unknowns. The system will have a solution for which y,; lies between 0 and 1, for all /.

Of course, the case where H*(x) < v for some x and K*(y) = v for all y is treated
in exactly the same way as in Case 3.

Example 29. Suppose that the payoff to player I is

M(x,9) = 2x + 322 + 3y — 3xy — —g—xzy + 497 — dxp? — 6x2pn.

Since we cannot tell from the payoff function whether the solution falls into Case 1, 2,
or 3, we first try Case 1, the easiest. We thus seek a solution of the following system of
linear equations:

2f1+ 3f2=1/,
35— 3fi—5f=0,

4 —~ 4f, — 6f, =0,

3g, + 4g, = v,

2—3g, —4g, =0,
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3—§g1—6g2=0.

It can be verified that the system of equations is satisfied by

1 1 1 1
f1=3, fz=g, gng: & =7 v=2.

It is now necessary to test whether the f's and g’s form moment sequences. We
examine for non-negative definiteness the four quadratic forms

.

1 x\° |, x2
x5+x1x0+3-x§=(xo+—21) + 1
Rl
x2+-2—xx +lx2—(x +2 2+—5»x2
0 3 170 4 1 0 3 36 1
—_— 2
5%

Since the four quadratic forms are non-negative definite, f, = %, f, = % and =%
& = % are moment sequences. Therefore the solution to this game is any pair of dis-
tribution functions F*(x), G* () such that

1 1 1 1
- f xdF*(x) = —, f x2dF*(x) = —,
[} 2 0 3

8 1 ! 1
f y4G*(y) =3 f ¥ dG*(y) =3
0 0

There are many distribution functions having these moments. A sample pair is

F¥(x) = x,

G*0) = 2L + 5 1)
Example 30. Consider the polynomial game defined by the payoff
M(x,y) = xp* — (x — >
We have
H(x) = xg, — x2 + 2xg, — &2
KD =yrh—f+29f - .

Neither H(x) nor K(y) can be identically v. Therefore the solution falls in Case 2, and
we have the following system of equations:
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X1 — X+ 2x,8, — g = v,

—fa=v,
hi—f+2i—-1=v,
g —2x;,+ 28, =0,

fr = x1,
fo =13,

&6 =0-8),
g =(1—=§).

Solving this system of equations, we obtain for a solution

1

1 2 1 1
flzg: f2=§: 1= 3, g2:'9_y x1:§, 1/2—'9“’ B =

=1\

Therefore an optimal pair of strategies for the two players is
F(x) = Ly(x)

G*() = 3 1o(») + ZL0) -

47. Games with Separable Payoff Functions
Much of the theory of polynomial games can be extended to a larger class of games
called separable games. Such a game is defined by a payoff function having the form

m,n

M(x,y) = Z a;iri(x)5;(3) ,

i,=1

where the functions 7; and s; are continuous and where x and 9, the strategies of players I

and II, respectively, are to be chosen from the intervals 0 <x<1,0<y<1 In

particular a polynomial game is a separable game where ri(x) & %, 55(y) = yiu
Suppose that #» < m; then by rewriting the payoff function as

M(x,9) = Zn: [i 41j’i(x):,fj(}') ’

j=1 =1

the payoff function for a separable game can be expressed as the single sum

n

M(xy) = 3 7)50)

=1

However, we shall use the double-sum form of the payoff function since it provides
greater mathematical flexibility.
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Mixed strategies of the two players may be represented by cumulative probability
distribution functions F(x) and G(y) for players I and II, respectively. The mixed
strategy payoff or expectation is then

626y = [ [ MG arco 60 =S [, ) dFGo) [ s

4,7=1

Let us define the following generalized “moments”:
/ 1
r,-=f ri(x) dF(x), i=1,2,--,m,
0

fi=fo 5(0dG(y), =L2:,n.

Then to each distribution function F(x), there corresponds a vector 7= (1?2075 Tm)-
To each distribution function G(y), there corresponds a vector § = (51,5257 *, 5). In
terms of the components of these vectors, the mixed-strategy payoff is the bilinear form

m,n
E(f,.f) = E a;57i5;j -

1,7=1

47.1. Equivalence of F(x) and Points of Convex Set R. Letting F(x) vatry over
all distribution functions, we obtain a set R of points r = (75,72, " ", 7). We shall
show that this set is the convex set D spanned by the curve C traced out in 7 dimen-
sions by

r, = ri(x), i=1,2,--,m,

as x varies between 0 and 1.
Consider the convex set D spanned by C. Suppose that 1 = (13, -+, 7,) is a point
of R not in D and let F°(x) be a distribution function which yields r°, or

1
'(,-’=f ri(x) dF°(x), i=1,2,-,m.
(]

Then there exists some hyperplane separating ° from D. That is, for some fixed 8 > 0,

m m
Z [ Zcm(x) >9
i=1 i=1

forallxin0 < x < 1.
Integrating both sides with respect to dF°(x), we obtain

Zm: e, j;l dF°(x) — icij: r;(x) dF°(x) > 8];1 dF°(x) ,

i=1
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or

" m
E c 10— E crP>9,
1 % 1 =
i=1 i=1
giving the contradiction 0 > 0. This proves that all points of R are in D.

Conversely, we shall show that every point in D is in R. Suppose that 7° is some point
in D. That is, we have the convex representation

L

fg: akr,-(xk), i=1,2,"',m,
- 2:1

b .
where @ > 0 and 3 a; = 1. It is easily seen that the distribution function
k=1

"

Fo(x) = Zaklﬂ(x)

k=1
yields the point r°. Hence every point of D is in R. _

In like manner we can show that letting G(y) vary over all distribution functions, we
obtain a set § of points s = (5, 55, -+, S,) which is identical with the convex set
spanned by the curve €’ traced out in » dimensions by

5i=35(), 1=L20,

as y varies between 0 and 1.

47.2. Bilinear Game over a Convex Set. We have shown that in 2 game having
a separable payoff function every mixed strategy F(x) corresponds to some point 7 in a
convex set R. Conversely, every point in R corresponds to at least one mixed strategy
F(x): Therefore, the selection of a mixed strategy is equivalent to the selection of a
point in a convex set R in m-dimensional space.

A separable game having a payoff function

”n,n

M(xy) = ) ari()50)
1,J=1
is thus equivalent to the following game: Player I chooses a point r = (1, -+, ) from
a convex set R lying in m-dimensional space. Player II chooses a point s = (51, ", )
from a convex set § in Euclidean 7-space. The payoff from II to I is given by

n,n
E(r,.f) = E 41";1’;5,' .
i,9=1

The set R is the convex set spanned by the curve defined by
r,-=r,~(x), i:1,2,"',m,
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as x varies between 0 and 1. The set § is the convex set spanned by the curve defined by

55=50), 1=1,2--,n,

as y varies between 0 and 1.
Optimal strategies of the two players are points 17, 5° such that
min E(r°,5) = max E(r,5°) = v,
8 €S8 rTER
where v is the value of the game. From the Minimax Theorem for bilinear forms over
convex sets, it follows that there exist optimal strategies for the players. Of course, the
existence of optimal strategies F*(x), G*(y) for the original game in terms of the sep-
arable payoff function was guaranteed by the fact that 7;(x) and 5;(y) are continuous.
47.3. Distribution Function F(x) and Points of Convex Set R. We have seen that

to each distribution function F(x) there corresponds some point r of R, and conversely.
Every point on the curve C has for its coordinates

ri =r(2), i=1,2,-,m; 0<t<1.

Now every single-step distribution function F(x) = I¢(x), where 0 <# <1 corresponds
to a point r of R such that

r, = flri(x) dl(x) = ri(8), 1=1,2,---,m.
0

Therefore, points on C correspond to single-step distribution functions.

Every point in R can be represented as a convex combination of at most m points
of C. It follows from above that every point of R corresponds to a step function having
at most m steps.

47.4. Number of Steps in Step-Function Solution of Game. Every separable
payoff function may be expressed as

1

M(xy) = ”Z[idii’i(x):lji(y)

= }l_: r5(x)5;(9) »

where n < m. This is a bilinear game played over the convex sets R/, § determined by
the curves 7} = #}(x) and s; = 5;(y), respectively. Since the dimensions of R’ and §
are 7, R’ and § are determined by step functions with at most » steps. Therefore, each
player has an optimal mixed strategy with at most min (m,n) steps.

Suppose that the payoff function is further generalized and is given by

M = S0 i)
7=1

1=1
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and that the convergence is uniform in 7. Then the functions

00

S5 = Z“ﬁ-’i(y), i=1,2-,m

7=1
are continuous. The payoff may therefore be rewritten

m
M(x9) = ) ri()40) -
=1
From this it follows again that each player has an optimal mixed strategy with at
most m steps.
47.5. Solution of Separable Games. A solution of a separable game, or a pair
of optimal strategies of the two players, is a pair of points r* of R and s* of § such that

m,n m,n
min E a,.r*s = max E a,.r.5% =v,
seg Lod 10T r€R L= 7

i,5=1 i,f=1

where r; and s; are the components of 7,5, respectively. We shall show how to
find r¥, 5%
The payoff function for a separable game may be written as follows:

E(r,s) = i(i dijri)-fj = i <Zn: 45111)'% .

j=1 i=1 i=1 j=1
Letting
m
fj(r)= E aiiri) j:1,2,"',n,
i=1
n
gi(.f) = § dijjjy 7= 1’ 29 s m,
721
we have

E(r,5) = if,(r):j = Zn:gi(.r)ri .

The planes f;(r) = 0 can be considered to divide the space R into a finite number of

portions Ry, ---,R;,+--, R,. For each point r° of R; consider the set of points S(r°)

of § where min 3} f;(#°)s; is assumed. This is a convex set generally lying on the bound-
8

ary of §. Similarly, the planes g.(s) = 0 divide the space § into a finite number of

portions S, ---, ;.- S, Consider, for each s of S, the set of points R(s°) where

max 3 g;(s%)r; is reached. If a point 7° has the property that S(r°) contains a point s°
R
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for which R(s°) contains 7, then 79 is an optimal strategy for player I. A similar analysis
can be applied to player II.

By considering each region R; of R, R, - -, R; and using the above mapping of R
into the space § and then mapping the regions of § into R, we can obtain all solutions
of both players as the fixed points in these mappings.

Example 31. Consider the following separable payoff function:

) =9 cosTx + sinTe — 1) + P (cosTx — 3sin T
M(x,y) y(coszx-i—smzx 1)+3(c052x 3smzx)

1 . T ‘
-+ 3 (5 smEx 3cos Ex) .

This function does not have a saddle-point and hence the game has a mixed-strategy
solution. Now the selecting of a mixed strategy F(x) by player I is equivalent to his
selecting a point r = (r,,7,) in a set R which is the convex set spanned by the curve

r1=sin§x, 0<x<1,
rzzcosgx, 0<x<1.
Similarly, player II selects a point 5 = (s,,5,) in a set § which is the convex set spanned
by the curve
n=y, 0<y<,
n=p, 0<y<l.
The bilinear payoff becomes

1
E(r,s) = s53(ry + 1, — 1) + :;—Jl(fg — 37 + —3—(57‘1 — 3r,)

4
=r1<52—451+%>+r2(12+§:1 - 1)—-12.

In the diagram on page 97, the convex set R is the set of points bounded by the circular
arc ABC and the line ADC. The line BD, or ly = %r, — 4r; = 0, divides the space R
into three regions: BD, where /, = 0; DAB, where I, > 0; and BCD, where /; < 0.

The convex set § is the set of points bounded by the parabolic arc OMN and the
line QON. The line VW or m, = 5, — 45, + % = 0, the line QT or m, = 5, + %,
— 1 =0, and the line LM or m, = m, < 0 decompose § into five regions as follows:

OQLW, where m; > 0, m, < 0, excluding m, = m, =0,
QVL, where m; > 0, m, > 0, excluding m, = m, =0,
LVNT, where m; < 0, m, > 0, excluding m, = m, =0,
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/«.\'
X

\7%
2\,

PLAYER 1

PLAYER II

‘J'l

0
WLT, where m, < 0, m, < 0, excluding m; = m, ,
LM, where m, = m, < 0.
The set R is decomposed into three regions by means of J, = 0 and /, = 0, namely,

ABD,  wherel, > 0,7, > 0, excluding /, =1, =0,
BCD, where /; < 0,/, > 0, excluding /, =/, =0,
D, where /, =1, =0.
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For every point r® in ABD, E(r°s) assumes its minimum at 5, = 5, = 0. However,
for the point s° = (0,0) = 0, E(r,0) assumes its maximum at r = (1,0), which is out-
side ABD. Therefore, no point in ABD can be an optimal strategy for player I.

Now consider the region LVNT of §. For each point s° of this region, E(r,s°)
assumes its maximum at r, = 1, which is in region ABD. But region ABD, we have
seen, maps into s = 0, which is in region OQLW and not in LVNT. Thus no point of
LVNT can provide an optimal strategy. i

We can summarize the complete mapping of the various regions of the two spaces
as follows: ’

Space R
every point of ABD maps into O of space §,
each point of BCD maps into some point of OWMN of §,
point D maps into every point of .

Space §

every point of OQLW maps into C of space R,

each point of QVL maps into some point of ABC of R,
every point of LVVNT maps into A of R,

each point of WLT maps into either A or C of R,
every point of LM maps into every point of ADC of R.

To find the solutions, or the fixed points, it is necessary to combine the two mappings.
Letting — stand for “maps into,” we can combine the above mappings as follows:

every point of OQLW — C — N,

each point of QVL — some point of ABC — O, OWMN,

every point of LVNT — A — O,

each point of WLT —*A or C — O or N,

every point of LM — every point of ADC = AD + DC+ D - O, N, §.

It is seen that only the last of the five regions yields fixed points. For, in this case we
have, in particular,

IM - D - LM.

The solutions of the game are, therefore,

1 3
D:r = e =g for player I,
1 1
IM: 5, = 3 < 3 for player II.
The value of the gameis v = —14,

We can express the solutions in terms of cumulative distribution functions as follows:
3 1
F*(x) = ZI(,(x) -+ le(x) ,
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1 1 1 2
* = — e — —_— —
G*(» (1 Zt)lo()’) +5 1, > <t<3.

The maximizing player has a unique step-function solution, whereas the minimizing
player has an infinite number of step-function solutions.

48. Solution of Polynomial Games

In Sec. 46 we solved polynomial games by solving a system of simultaneous algebraic
equations. Although the method described there always yields the solutions, it is
necessary to solve a large number of equations in many unknowns. By considering a
polynomial game as a bilinear game over a convex set and determining the fixed points,
we can reduce appreciably the amount of computations necessary to obtain the solutions.
We shall illustrate the method for a third-degree polynomial. The procedure is identical
for higher-degree polynomials.

Consider the continuous game in which the payoff to player I is given by

M(x,y) = 21x + 18x* — 24x® — 16y — 36xy — 9x*y + 18x%y + 60y2 — 36y*,

where 0 < x <1 and 0 < y < 1 are the pure strategies of the two players.
If F(x) and G(j) are any mixed strategies of the two players, define

. .
fi*—‘f xt dF(x) , i=1,2,3%,
1]

1
gizjo. yaG(y), =123

The selecting of a mixed strategy F(x) by player I is then equivalent to his selecting a
point (f,f5,fs) in a convex set R which is the convex hull of the curve C, defined by

i = xt, i=1,230<x<1.

Similarly, each mixed strategy G(y) is associated with some point (g1, &2, £3) in a convex
set § which is the convex hull of the curve C, defined by

A=y, j=1,230<y< 1.
In terms of points of the convex sets R and §, the payoff becomes the bilinear form
M(f:g) = 21f1 + 18f2 - 24f3 - 1681 - 36f1g1 - 9f2g1 + 18f3g1 + 6082 —36g3-

The convex set R is a three-dimensional volume whose boundary consists of the
curve C,, lines connecting the point (0,0,0) with each point of C,, and lines connecting
the point (1,1,1) with C,. There are no planes which form the boundary of R. Of
course, the boundary of § is the same as the boundary of R.

We now have the bilinear game in which player I picks some point (fy,fzf.) in R
and player II picks some point (g, £z g) in S. The payoff to player L is
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M(f,g) = —16g, + 60g, — 36g, + 3f,(7 — 12g,)
+ 9fz(2 - 81) + éfs( —4+ 381) .

The maximum value of a linear form over a convex set is assumed on the boundary
of the convex set. Therefore, for any point (gy,£:,8:) chosen by player II, player I,
who wishes to maximize M(f,g), will pick some point on C,, or some line joining
(0,0,0) to C,, or some line joining (1,1,1) to C,. We shall first determine when
player I selects each of these types of boundaries.

In order for player I to select some line joining (0,0,0) to a point on C,, it is neces-
sary that

M(0,8) = M(f°.g)

where f° is on C,ie, f'=x, fo = %2 fo = x*. Itis also necessary that
aM(fg) _
dx

and that
RTINS

dxz =
The first two conditions yield the equations
3x(7 — 12g,) + 9x2(2 — g,) + 6x*(—4 + 3g,) =0,
3(7 — 12g,) + 18x(2 — g,) + 18x2(—4 + 3g,) = 0.
Solving these equations, we obtain

el 2
'—2) gl 3'

These values satisfy the second derivative condition for a maximum. Therefore, if
player II chooses a mixed strategy for which g, = 3%, player I can maximize M(f,g) by
choosing any point in R along the line joining (0,0,0) to (%,%,%). From this it follows
that if player II chooses g, > 3%, then player I will choose the point (0,0,0) in R, and,
if player II chooses & < %, player I will choose a point (x,x%,x%) in R satisfying the
equation

‘dMX—’g) =3(7 = 12g,) +18x(2 — &) + 18x*(—4 + 3g,) =0,

or

_ =32 —g) — V358t — 1508, + 68)
= 6(3g: — 4)
We have partitioned the space S. We now need to partition the space R. We make
use of the fact that the minimum of a linear form over a convex set is assumed on the_
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boundary. Therefore, for any point (f1,f.,f;) chosen by player I, the minimum value
of M(f,g) will be assumed either on C,, or on some line joining (0,0,0) in § to C,, or
on some line joining (1,1,1) in S to C,. The payoff function may be written as follows:

M(f.g) = 21f, + 18f, — 24f, + g,(—16 — 36f, — 9f, + 18f,) + 60g, — 36g; .
We can show that
.4 < —16 — 36f, — 9f, + 18f, < —16.

The payoff function M(f,g) will assume its minimum value along a line joining the
point (1,1,1) in § to C, for all points in R satisfying the three conditions:

(a) M(f,1) = M(f.8)
where g% ison C, or g0 = y, g = 32, & =7,
aM(f.e%) _
(b) T =0,
4*M(f,£°)
(©) —ap 20

The first two conditions yield the equations
(—16 — 36f, — 9f, + 18f,) + 60 — 36 = y(—16 — 36f, — 9f, + 18f,)
+ 60y2 — 3673,
(—16 — 36f, — 9f, + 18f,) + 120y — 108> = 0.
Solving, we obtain
—16 — 36f, — 9f, + 18f, = —28,
and

_1
r=s3-

These values satisfy the conditions for a minimum. Therefore, for all points in R
for which

—16 — 36f, — 9f, + 18f, = —28,

the minimum value of M(f,g) is assumed at each point of the line joining (1,1,1) to
(%,%,%1). It follows that for all points in R for which

— 16 — 36f, — 9f, + 18f, < — 28,
the minimum of M(f,g) is assumed at (1,1,1) in S, and for all points in R for which
—16 — 36f, — 9f, + 18f, > —28,

101

’,\



nih
S

the minimum of M(f,g) is assumed at some point (3,7?3*) in § satisfying the equation
M
_—% = —16 — 36f, — 9f, + 18f, + 120y — 108y = 0,

or

5= 10 — Y 100 + 3(—16 — 36f, — 9f, + 18f,)
18 :

Table 1 presents a summary of the partitioning and mappings of spaces R and §.

Tabie 1
M(x,y) = 21x+ 18x* — 24x* — 16y — 36xy — 9x°y + 18x°y + 605" — 365" .

R-Space

Points in R for which Map into points in § (location in § of min M(f,g))

5= —16 — 36f, —9f. + 18f; < —28 (1,1,1)

_ 10— V100 + 34

L= —16—36f— 9+ 18fs > —28 y 13

L= —16— 36f, — 9f: + 18f, = —28 B(%,%,L)"F(I—B)(l,l,l) where 0< B <1

27
S-Space
Points in § for which Map into points in R (location in R of max M(f,g))
2
& > g (0,0»0)
2 _ —3(2— g) — V3(758" — 1508 + 68)
£<3 x*= 6 — 4)
2 1 1 1
=z — =~ =}+ (- 0,0,0
5= “(2’4’8) (1 — 2)(0.0,0)

The solution of the game, the optimal strategies, is the fixed points in the mappings
listed in the above table. We test each of the three regions in each space for the existence
of fixed points. From the table we note that if /; < —28, then M(f,g) assumes its
minimum at (1,1,1) in S, or g, = 1. Again from the table we note that if g, = 1 > %,
then M(f,g) assumes its maximum at (0,0,0) in §, or /;, = — 16 and /; > — 28.
Therefore, no point in R for which /, < 28 can provide a solution to the game. In a
similar manner, we can show that /; > —28 and g, < % contain no fixed points, and
therefore no solutions of the game.

Since we have eliminated two of the three regions, it follows that /, = —28 and
& = % must contain the fixed pdints. It remains to solve for the values of « and B.
In order for the third region to contain a fixed point, we must have

an
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B _ 2
- 1 — = —,
3 + A 3
a a a —
—16 — 36(—2—) — 9(1) + 18(§> 28,
or
2 1
a"“—s") B—E'

The fixed points are therefore (14,%,%2) in R and (%,%,1%7) in §. If player I
chooses a strategy such that f, = %, f, = %, f; = Y2, then player II can minimize
M(f,g) by choosing g, = %, g, = %, g, = . If player II chooses the preceding set
of g’s, then player I can maximize M(f,g) by choosing f, = %, f; = %, f, = %2. This
verifies that these points are fixed points and therefore a solution of the game. The
solution can be expressed by

Pr() = S1() + 3150

G*() = 21,0) + 310) -

The value of the game is

v:flflMdF*(x)dG*(y) =6.

49. Solution of Reconnaissance Game -

In Sec. 10 we showed how the problem of reconnaissance could be considered as a
game of strategy. We considered a particular reconnaissance game which yielded the
payoff matrix

46 22 39 27
10 34 39 27
55 31 48 24

19 43 12 36 |

We listed the optimal strategies without showing how they were computed. Using the
mapping or fixed-point method, we shall now compute the optimal strategies. If player I
uses a mixed strategy X’ = || x;,x;,%,, 1 — x; — X, — %, || and player IT uses a mixed
strategy Y’ = | 91,595 1 — 1 — y2 — 3, ||, then the expectation of player I for the
above matrix is

¢ = P11+ Paye + Ps¥s + Pa
=% + goxy + goxs + 44,
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where
p1 = 36x; + 48x; — 17, g, = 36y, — 12y, + 36y, —9,
p: = —12x, + 7, 4, = 36y, — 9,
ps = 36x; + 36x, + 48x; — 24, g, = 48y, + 48y, — 12,
ps = —9x;, — 9x, — 12x5 + 36, gs = —17y, + 7y, — 24y, + 36.

Introduce the following notation:

If p, > 0, then write p, = +,
If p; < min (0,p,,p;), then write p, = (—),
p1 = p. < min (0,p,), then write p, = p, = (—),
1= p: = p3 < 0, thenwrite p, = p, =p, =(—) .
If 4, < 0, then write 7= —,
If g, > max (0,4,,95), then write 7. = (+),
' 41 = g, > max (0,4,), then write g, = ¢, = (+),
g1 = ¢, = q; > O, thenwrite g, = ¢, = g, = (+) .
For any point in the strategy space of player I for which p, = +, p, = +, ps = +,
the minimum value of ¢ is assumed at the point y, = y, = y; = 0. For the latter point

in player II's strategy space, we have ¢, = —9, ¢, = —9, ¢, = —12, or ¢, = —,
gs = —. For these values of the ¢;, the maximum value of ¢ is assumed at x;, = x, =
%3 = 0, which yields p, = —, p, = +, p, = —. Therefore, no point in player I's

strategy space for which p; > 0, p, > 0, p; > 0 can provide a fixed point or a solution
of the game. In a similar way we map each of the possible regions in the space of strate-
gies of player I.

Table 2 summarizes the mapping of the entire space of player I's strategies.

Using the table, we note that the region defined by p:1>0, po >0, p; = 0 maps
back into itself. It follows that the optimal strategies for player I are given by the convex
set X(A) defined by

36x, + 48x; — 17 > 0,
—12x, +7>0,
36x;, + 36x, + 48x, — 24 =0,

x>0, x, >0, xg >0, Xy =1—x;, —x, — x3.

From the table, it is seen that player II has a unique optimal strategy given by

1 3
=3 =0 73=Z; }’422‘-

Player I's basic solutions are the vertices of the convex set X(A). To determine the
vertices, we have

2 — 3x,
X3 = y:

—35\’220
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or
2
x F o< =
-3
From the inequalities, we obtain
7
x, < 36’
7
Xy S E .

These three inequalities and the equality, together with x, > 0, x, > 0, determine a
convex set having five vertices whose coordinates are

(0_7_26_5> (lllol> (l_l_ol
’36’48’144’ 36936’ ’3, ]2)12’ ’3 ’

7 1 17 1 1
—,0,—,—1, 0,0,—,—1).
(12’ ’16’48) < 2 2)
The five vertices are the basic solutions for player 1.

50. Local Defense of Targets of Equal Value

The solution to the problem of how to defend targets of equal valué yields results
which are not immediately evident. In defending such a system of targets, it is generally
more profitable to leave some targets undefended and to defend others heavily. Although
all the targets have the same value, it is frequently a poor strategy to defend all targets
equally. In fact, if the defender has a relatively light total defense, then he never
defends all targets but rather defends some heavily and leaves the remainder undefended.

50.1. Indivisible Defense. Suppose that the Defense has D units of defense to
distribute among # targets of equal value. Further, suppose that the Defense may assign
either 0, 1, or 2 units of defense to each target—i.e., the defense units are indivisible
and further, D < 27 Assume that the Attack has a total of A units of attack with
which to attack each target with either 0, 1, or 2 units, where A4 < 2#.

We have an Attack-Defense game where both opponents know the parameters 2, A,
and D. A strategy for the Attack is the choice of some number 1,

0<tr< 4 ,
- = 2n
representing the fraction of the targets subjected to attack by 2 attack units. Therefore,
the fraction of targets attacked by single attack units is (A/n) — 2t. Of course, a
strategy for the Attack chooses only the number of targets to be attacked and leaves the
selection of the specific targets to some random device,. A strategy for the defense is the
choice of some number #,
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0<u< —2 R
- T 2n
representing the fraction of targets to be defended by 2 units. Therefore (D/n) — 24
is the fraction of targets having single defense units.

A reasonable payoff to the Attack is the expected number of targets on which at
least one bomb will be dropped. For each target, the expectation of its being destroyed
will depend on whether it is attacked by 1 or 2 and defended by 0, 1, or 2 units. Thus,
for each target, the expected payoff is derived in Table 3.

Table 3
(1) (2) (3) (4) (5)
Number Number
of of
Attack Defense Payoff if
Units Units Probability of (1) and (2) [ (1 ) and (2) Expected Payoff

e N I

1 1 (é‘Zl)(Q_Zu) 0 0
n n

1 2 (é_z,),, 0 0
”
D D
2 0 t(l**-{-u) 1 l(l——-!-u)
” ”n
3 3 (D
2 ! (2 —2n) T (5 -)
2 2 tu 0 0

The payoff associated with » targets will be given by # times the sum of column

(5) or
_ A D _ D 3 (D
M(t, %) -n[(-”——zf)(l —7—}-”) +t(1 ;+za>+zt(; 222)]
= —anu+(ZD—n)t+Au+A—i{£.
2 4 ”

Since M(#,#) is bilinear in  and #, it has a saddle-point, which is given by

h=24 u—27D—1 ifB 4
5 n’ Ts5\4 n =7
t=90, =0 if2<é.
n — 7
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The value of the game is

I

A
v il
”

3 .
To (2n — D) if

=4 . -
_7(71 D) if

For example, if the Defense has 100 defense units with which to defend 100 targets
of equal value against an Attack having a total of 100 attack units, an optimal strategy
for the Defense is to place 2 defense units at each of 30 targets, one unit of defense at
each of 40 targets, and to leave 30 targets undefended. An optimal strategy for the
Attack is to use 2 attack units on each of 40 targets, 1 attack unit on each of 20 targets,
and no attack on 40 targets. Of course, the specific targets to be defended or attacked
are picked at random. The expected number of targets destroyed is 30.

If the Defense had placed 1 unit at each of the 100 targets, then the Attack could
have destroyed as many as 37.5 targets by attacking each of 50 targets with 2 units.

50.2. Arbitrary Defense. If we assume that the defender is able to distribute his
forces continuously—i.e., he can place any part of a defense unit at a target—then the
local-defense problem becomes a continuous game. Again, the best defense strategy may
require a heavy defense for some targets and no defense for others. As before, the
Defense has D units of defense with which to defend 7 targets of equal value, where
D < 21, He is able to distribute these D units continuously among the # targets. The
Attack has A units of attack, where A4 < 27, with which to attack some or all # targets.

However, the Attack Mmay engage any given target with 0, 1, or 2 units only. The payoff

to the Attack is measured by the expected number of targets destroyed.

A strategy for the Defense js a distribution function 8(x) representing the fraction of
his targets defended by < x units of defense at each target. Since no target will be
attacked by more than 2 units of attack, it would be wasteful to have x larger than 2.

A strategy for the Attack is some number #, where max [0, (A—n)/n] <t< Af2n,
representing the fraction of targets to be attacked by 2 units. The selection of particular
targets to be attacked and particular targets to be defended is made at random, subject
to the given fractions, <

The payoff to the Attack is the expected number of targets destroyed. The Attack
uses 2¢z units of attack for double attacks on t%?gets and the remainder, A — 2¢2 units,
for single attacks on targets. Now consider a target which is defended by x units of
defense and is under double attack. The probability that the target is destroyed is the
probability that the two attacking units are not destroyed, or 1 — x/2) - (x/2) =
1 — (x2/4). Now, since the probability that a given target has < x units of defense is
8(x), it follows that the Attack’s a priori expectation of destroying any given target is

RPN E, = [ (1 - —4—>d 8(x).

For the 1 targets, the Attack’s expectation for his double attacks will be tmE,. Simi-
latly, the Attack’s expectation for singly attacked targets is
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(A — 2m) fl (1 — x)d 8(x),

the limits of integration extending only to 1, since no payoff is expected for targets de-
fended by more than one unit. Therefore, the total payoff to the Attack corresponding to
each ¢ and & will be

M(1,8) = mj:z(1 —’;—z)dS(x) + (4 — Zm‘)jl(l - 0d8x). (1)

The Defense must distribute all D units of defense among his  targets; hence he is
- restricted to pick only those §'s for which

n£2x48(x)=D. 2

We thus have a game in which the maximizing player picks some number ¢ in the
range 0 <t < (A/2#), and the minimizing player picks a distribution function satisfy-
ing (2), where the payoff, M(1,8), to the maximizing player is given by (1). There
exist optimal strategies for the two players which will necessarily depend on the parame-
ters s = A/n and T = D/»n, average attack per target and average defense per target.
The solutions are obtained by analyzing the convex hull of the curve (#1,12) defined by

y,zj:z(l —-%2)418(9() —2[1(1 — x)d 8(x)
#2=[2xd8(x)

for all distribution functions 8(x) over the interval (0,2). In terms of this new set, the
game has a saddle-point which is readily obtained.

Table 4 presents a complete summary of the solutions to the game and its value for
all possible values of average defense and average attack. The solutions are independent
of the number of targets, », but are dependent on the parameters s and T. Using the
definition of a solution and value of game, one can easily verify the optimal strategies
in Table 4.

In region I, defined by 0 <s<1and 0 < T <4 — 2Y 3, the Defense may dis-
tribute his D units equally among the » targets, giving each target D/# units. In
region II, he may leave some targets undefended and defend the remaining targets
equally. In region III, the Defense must leave some targets undefended and place
cither 1 or 2 units of defense at the remaining number of targets. In region IV, the
Defense places 2 units at each of the D/2 targets and the rest are necessarily undefended.
In region V, he places 1 unit at each of D targets, leaving » — D undefended. The
attack has a pure strategy. .

For example, if the Defense has 100 targets to defend, then, depending on the num-
bers of defense and attack units, the optimal strategies are given in Table 5.
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51. Tactical Reconnaissance—Single Mission

In planning an attack on a target whose military worth is not known exactly, it may
be advisable to invest in reconnaissance before the mission to determine the exact worth
of the target. The uncertainty regarding the worth of the target may arise from unknown
or partially known results of earlier strikes on the same target. If the exact worth of the
target is discovered through reconnaissance, then it is possible to dispatch the most effi-
cient-sized attacking force against the target; i.e., a large force will not be committed
against a worthless target and a small force will not be sent to a valuable target. Since
reconnaissance is costly, it is necessary to evaluate its desirability against the potential
-outcomes of the attack.

A successful reconnaissance is assumed to reveal the exact value of the target. In
order to be successful, at least one reconnaissance aircraft must fly to the target and return.

Let us introduce the following notation:

B = military worth of one bomber.
R = military worth of one reconnaissance aircraft.
T = military worth of the target.
¢(#) = probability that the value of the target does not exceed 7. This is known
prior to the reconnaissance. :
r = number of reconnaissance aircraft sent out prior to the mission.
& = number of bombers dispatched to the target during the mission.
p = one-way survival probability of bomber and reconnaissance aircraft be-
tween base and target.
ol = probable worth of the target after being hit by one bomber.
o’T = probable worth of the target after being hit by two bombers.

The object of the attacker is to maximize the net outcome of the mission, namely, the
difference between the target damage and the aircraft losses. Thus the payoff will
depend on r and 4 and is given by

M(r,b) = f [7(1 — a™) — (1 — p*)Bb — (1 — p*)Rr] do(1)

where the first term under the integral represents the target damage and the remaining
two terms are the worths of the bomber and aircraft losses, respectively.

Using the information available, if any, from reconnaissance and maximizing on 4,
we obtain

max K(r,6) = K(r)
b
= f{u - p‘-’)’maxf C(b,1yde(ry + [1 — (1 — p*)7] max C(b,1)
b

- = ke s,

111



where
Cb) =1(1 —a®) — (1 — p*)Bb .

Finally the solution is obtained by maximizing K(r) on r.
Solution. 1t is convenient to give the solution in terms of the following constants:

P=—In(1—p?),

L (=B
plna

f tde(1),

A=D 1ni’lid¢(1).

’

I

1

Further, we impose two conditions on these constants:

(a) #(D) =0,
(b) AP — (1 — p)R> 0.

The first condition states that there is no chance that the reconnaissance report will indi-
cate that no mission should be run at all. The second condition states that there is
sufficient doubt concerning the state of the target to make reconnaissance worth while.
If the second condition fails, then no reconnaissance will be sent out.

Maximizing K(r,4) on & and r, we obtain as the optimum sizes, r*, b*, of recon-
naissance aircraft and bombers, respectively, to be dispatched:

I’* =1 + l ln ﬂ)_ .
p R

In <£>

D . .
“lna if reconnaissance reports T,

b* =

()
“plna if reconnaissance does not report.

The optimal choice of r and 4 yields the payoff

K(r*b*) = ¢, — D — Dln%-{-—; [AP — (1 — p)R] — (1 — p)Ri*.

If no reconnaissance had been sent, then the best result would have been

K(5%) :¢1—D-—Dln%‘.
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Example 32. Suppose that the military worth of a bomber is the same as a recon-
naissance aircraft, each equal to 1 unit. Prior to reconnaissance, all that is known about
the target is that it is just as likely to have a value of 50 units as 5 units. Suppose that
each bomber can destroy 10 per cent of the worth of a target. Assume that the one-way
survival probability of each aircraft is 0.8.

We have, then, the following given constants:

B=R=1,

) = L) + 5 L),

a= 9,
p=8.
Substituting these constants, we obtain the following constants:
P= —In(1~— .64) =1.022,
_ (1= .61 _
D= 8o 4.275,

50
b = f [z% (1) + %dzm,(;)] =275,

A= 4.275f In 272 %dl,,(t) + %,1150(;):, = 2.366,
(D) = ¢(4275) =0, AP — (1 —p>)R=2.058>0.

The optimal numbers of reconnaissance aircraft and bombers are given by:

1 (2366)(1.022) _

f=1 86..
§ t 1oz o 1
5

In

—8Ino 1.86 if reconnaissance reports 5,
In 20

b* = 4.275 = 2920 if . ¢ reports 50
—~8Iho if reconnaissance rep )
In 27.5
4275 , ‘
~8Ino 22.10 if reconnaissance does not report.

Using these optimal strategies, the attacker receives a payoff
K(r¥, b*) = 16.61.
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If no reconnaissance had been attempted, the payoff would have been
K(b*) = 15.27.

We may interpret the solution as follows: Two reconnaissance aircraft are to be sent out.
The expected loss is 2(1 — p?) = 0.72 aircraft. If the reconnaissance reports that the
target is worth 50 units, then 29 bombers are dispatched, causing 50(1 — .99 (®) =
45.67 units of damage, with an expected loss of 29(1 — .64) = 10.44 bombers. If the
. reconnaissance reports the target to be worth 5 units, then 2 bombers are sent out which
destroy 0.77 units ot the target and 9.72 bombers are expected to be lost. If the recon-
naissance fails to report, then 21 bombers are dispatched, and the damage they inflict is
either 42.15 or 4.22 units, or an expected 23.18 units, with an expected loss of 7.92
bombers. The probability that the reconnaissance will fail to report is (1 — p2)2 = .13.
The probability that the reconnaissance will report 50 is the same as the probability that
the reconnaissance will report 5 and is given by [1 — (1 — p2)2]/2 = .435.
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CHAPTER 4
DUELS

52. Duel as a Game of Timing

The theory of games can be used to solve a large class of timing problems. In these
problems, the actions which the players are to take are given in advance, but the timing
_ of the actions is to be determined. In this type of problem there exists a conflict of
interests: each player wishes to delay the action as long as possible, but he is also penal-
ized for waiting long. We refer to these games of timing as dwuels.

Although we shall use the terminology of duels with bullets, it is clear that the terms
will carry over to the general game of timing. Thus, in 2 duel we consider an action to
be the firing of a buller. The result of the action is given by an accuracy function repre-
senting the probability of hitting the opponent as a function of time of firing. If each
duelist is informed of his opponent’s actions as soon as they take place, we have a
noisy duel. If neither duelist ever learns when or whether his opponent has fired, we
have a silent duel.

53. Noisy Duel: One Bullet Each Duelist, with Saddle-Point

We first consider a noisy duel in which each duelist has one bullet. In this type of
duel, each duelist is informed of his opponent’s action, firing, as soon as it takes place.
Thus, if a bullet is fired and misses, the opponent can wait until the duelists are together
for a sure hit.

The two duelists close in on each other with no opportunity for retreat. The accuracies
increase steadily as the duelists approach each other, and ultimately are certainty, or 1,
when the duelists are breast to breast. Each duelist wishes to postpone firing as long as
possible, since his accuracy increases with time. However, the longer he postpones his
firing, the more he exposes himself to the firing by his opponent. Using game theory,
we can resolve this conflict of interests and determine the best time to fire.

A strategy for the first duelist is a time x at which he fires his bullet if his opponent
has not already fired. Of course, if the opponent has already fired and missed, then the
first duelist waits until the time when his accuracy is certainty. Similarly, a strategy for
the second duelist is a time y at which he fires his bullet if the first duelist has not
already fired. Suppose the accuracies of the two duelists at times x and y are Py(x) and
P,(y), respectively. That is, P,(x) is the probability of duelist I's killing his opponent if
he fires at time x. Further, assume that the accuracies increase with time.

Let the payoff be 1 unit to the surviving duelist and 0 to each duelist if both or
neither duelist survives. The payoff M(x,y) to duelist I is his expectation for his three
possible times of firing: before II fires, same time as II fires, and after II fires. It is
given by
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Pi(x)(1) + [1 = Py(x)1(~1) = 2P,(x) — 1 ifx <y,
Pi(x)[1 — Py(x)] + Po(x)[1 — Py(x)](—1) = P,(x) — P,(x)

Menyy — | PO = PO + P )] -
P,(0)(—1) + [1 = P,(»]1(1) =1 — 2P,(y) ifx>y.

We shall now show that this payoff function has a saddle-point. From the assumption
that P,(x) and P,(y) increase with x and y, respectively, it follows that

max min M(x,y) = max min [2P,(x) — 1, Py(x) — Py(x), 1 — 2P,(x)] .

z oy

Now divide the interval (0,1) into three intervals as follows:

Interval A consists of those x for which P;(x) 4+ P,(x) > 1,
Interval B consists of those x for which P;(x) + P,(x) =1,
Interval C consists of those x for which P,(x) + P,(x) < 1.

These intervals are not empty.
In interval A, we have

Pi(x) + P,(x) > 1,
from which it follows that
Pi(x) — Py(x) > 1 — 2P,(x)
and
2P, (x) — 1 > Py(x) — P,(x) .
In interval A, we then have
A4, = mén; min [2P,(x) — 1, P(x) — Py(x), 1 — 2P,(x)] = ;neai( [1 —2P,(x)].
In interval B, which is a point, we have
Pi(x) + Py(x) =1,
from which it follows that
1 — 2P,(x) = P,(x) — P,(x) = 2P;(x) — 1.
In this interval, we have
A,= m;ax min [2P,(x) — 1, Py(x) — Py(x), 1 — 2P,(x)] = P,(x) — P,(x) .
In interval C, defined by

Pi(x) + P,(x) <1,
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we have
2P, (x) — 1 < Pi(x) — Py(x) < 1 — 2P,y(x) .
In this interval, we have then

A, = max min [2P;(x) — 1, P;(x) — Py(x), 1 — 2P,(x)] = mca;( [2P,(x) — 1] .

We thus have B
max min M(x,y) = max [A4,,4,,4;] = P,(x) — Py(x),
z ¥

where
P,(x) + P,(x) =1.
In a similar way, we can show that

min max M(x,y) = Py(3) — P.() »
v z
where

Pi(») +P(p) =1.

Therefore, max mm M(x,y) = mm max M(x,y) and each player has a pure-strategy
solution. e

Summary of Solutzon. The optlmal strategy for the duelists is to fire their bullets
simultaneously at a time x, which satisfies the equation

Py(x0) + Pu(xo) = 1.

If the first duelist uses this strategy, then he is sure of receiving at least Py(xo) — P,(x,).
If the second duelist uses this strategy, he will lose at most P;(x,) — P>(x0).

Example 33. Suppose that the first duelist’s accuracy is given by Pi(x) = x and the
second duelist’s accuracy is given by P,(y) = 32 Then each duelist should fire his
bullet at time x, determined by

xo + x§ =

or x, = .62. The value of this duel is x, — x2 = .24 to the first duelist and —.24 to
the second duelist.

If the two duelists have the same accuracies, then they should fire when their accu-
racies are .5. The value of this duel game is zero.

54. Noisy Duel: One Bullet Each Duelist, without Saddle-Point

In the previous section we demonstrated a noisy duel which had a saddle-point for its
solution, i.e., each player had an optimal pure strategy. The existence of the saddle-point
depends largely on the assumption that the duelists have equal worths. In particular we
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assumed a payoff of one unit to the surviving duelist, whether he be duelist I or duel-
ist II. If the payoff to the surviving duelist depends on which duelist survives, then
the resulting duel does not have a saddle-point. A duel between a bomber and a fighter,
where the bomber is worth more than the fighter, is an example of a duel with
unequal worths.

Let us assume, as before, that the two duelists approach each other. Their accuracies
are P,(x) and P,(y), respectively. We assume that the duel is noisy, i.e., if a duelist
misses, his opponent is certain of a kill. Let us assume the following payoff to the
- first duelist:

a, if I alone survives,
B, if 1I alone survives,

v, if neither I nor II survives,
0, if both I and II survive.

It is reasonable to assume that a« > 8.

A strategy for each, duelist is to pick a time to fire if the opponent has not fired, and
to fire at the time when his accuracy is 1 if the opponent has fired and missed. If x and y
are strategies of duelists I and II, respectively, then the payoff to the first duelist is:

(a — B)P.(x) + B ifx<y,
M(x,y) = |aP,(x) + BPo(x) + (v — B — @)P(0)P(x)  ifx =7,
a - (a— B)P.() ifx>y.

In order to determine if the game has a saddle-point, it is necessary to evaluate
max min M(x,y) and min max M(x,y). From the fact that P,(x) and P,(y) are mono-
T

y y z
tonic increasing functions, it follows that

max min M(x,y) = max min [(a« — B)P:(x) + B, aP,(x) + BP.(x)

4+ (y — B — @)Pi(x)Py(x), « — (@ — BYP.(¥)],
m;n max M(x,y) = m’iln max [(a — B)P,(3) + B, aPi(y) + BP:(3)

+ (y = B— @)P.(NP.(p), a = (e = HPA(N] -

The functions (e — B)P,(x) + B and a — (a — B)P:(x) are monotonic increasing
and monotonic decreasing, respectively. They have 2 common value

2y = (@ — B)Pi(x,) + B=a— (a— B)P.(xy)
for some x, for which P,(x,) + P.(x,) = 1. Suppose that (y — B8 — &) > 0; then
aPy(x,) + BP.(xo) + (v — B — a)P (x))P(x0) > 2o
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Therefore,
max min M(x,y) = z,,
z y
and

min max M(x,y) > z,.

v x

Thus, if (y — B8 — &) > 0, the game does not have a saddle-point, and therefore no
pure-strategy solutions.
If (y =B —a) <0, then it follows that

min max M(x,y) = z,,
xr

max min M(x,y) < z,,
r v

and the game again does not have pure-strategy solutions.
The following graph illustrates that M(x, y) does not have a saddle-point. We assume
thaty — 8 — « > 0.

a— (a = B)P,(y)

(a = B)Pi(x) + B

| aPy(x) + BPy(x) + (v — B — a)P,(x)Py(x)

The point P is defined by P,(x) + P 2(x) = 1 and gives the max mm M(x,y). The
point @ which cannot coincide with point P yields the mm max M(x y)

In the special case where y — B — a = 0, the game does have a saddle-point at x,
satisfying P,(x,) 4+ P,(x,) = 1. This case was considered in the last section.

We summarize, without proof, the results of this type of duel. If the worths are such
that (y — g8 — a) > 0, then the game has a value which is given by

v = (a - B)Pl(xo) + B,
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where x, is such that
Pi(xy) + Py(x,) = 1.
Player I has an optimal pure strategy
F¥(x) = L () .

However, player II has no optimal strategy. He wishes to play a pure strategy as close
as possible to x, but not equal to x,.

If the worths are such that (y — 8 — a) < 0, then player II has an optimal pure
strategy and player I has no optimal strategy.

55. Noisy Duel: Many Bullets, Equal Accuracies

If the duelists have more than one bullet each, and if we assume that the worths of
the duelists are the same, namely, +1 to the surviving duelist and 0 otherwise, then it is
relatively easy to compute the optimal strategy. Suppose that at time #, duelists I and I
have m (1) and »() bullets, respectively, and equal accuracy functions, p(1). An optimal
strategy for either player is to fire one bullet whenever

1
PO =y

However, the duelist with fewer bullets, at any such time, should not fire until

1
m(t) + n(t)

That is, he should hold his fire momentarily and then shoot only if his opponent did not
shoot. The value of the game is

p) >

— m(0) —n(0)
m(0) + n(0) ’

For example, if the first duelist has 2 bullets and the second has 3 bullets and both
players use their optimal strategies, then II fires when the accuracy p(#) = %, both fire
at p(t) =%, and both fire at p(+) =%, and v = —% to I. In particular, if p() =,
then II fires at + = 3, both fire at = %, and both fire at = 1.

56. Noisy Duel: One Bullet, Arbitrary Accuracies

Up to this point we have assumed that the accuracies of the duelists increase with
time, and approach certainty. We now drop this restriction. Assume that the accuracies
p1(2), p.(2) at time.f > 0 are continuous functions, not necessarily monotonic, and that
P1(t) = p»(t) = C for all ¢ larger than some #,, We summarize, without proof, the
optimal strategies of the duelists. If I fires at 7, and misses, II fires at ¢, for which
p:(#) is a maximum in the interval #,,4,. For a pair of strategies (f,,1,), the payoff
to I is
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HT) = p:(T) — [1 = pu(T) Imo(T) ift, <1,
g(I) = =p(T) + [1 — p2(T)]m (T) if1, <1y,

h(T) = p(T) — p(T) ift, =1,
where T = min (1,,2,), m(T) = max p(#). Define F(t) = max f(r), and G(t) =
t>7 <t

mi? £(7); then
<

1. If F(#) and G(#) intersect first at T, > 0, then » = F(T,) = G(T,). There
- exist £; < T, and ¢, < T, such that f(t)) = g(t;) = v and max (1,,,) = T,. Approxi-
mately optimal strategies for I and II are obtained by choosing random times near 7, and
t;, respectively, thus eliminating any effect of the function h(T).

2. If F(0) > G(0), then v = med {1(0),£(0),5(0)}. If ¢ is a small positive num-
ber chosen at random, the solution (t1.1:) is (0,¢), (¢,0), or (0,0), depending on
whether the median is assumed at 1(0), g(0), or h(0), respectively.

Example 34.

1

_2 o1 _1_, 11
to—? C-? pl(t)—’ t', p: 3 ’2 t’.

|

This is Case 1, and v = 0, ¢, = 0, t, = %. If time ¢ = % has arrived and I has erred
by not firing, II should re-evaluate on the basis of the new game beginning at t = 2.
This new duel is Case 2 and its value is —Y%, t, =%, #, = 0.54.

57. Silent Duel: One Bullet Each Duelist, Equal Accuracies

In a silent duel each duelist knows how many bullets the duelists have at the start
of the duel, but each duelist is ignorant of any firing by the other. Let us assume that
each duelist has one bullet at the beginning of the duel. The duelists approach each other
with no opportunity for retreat. Let us assume that the two duelists have the same
accuracy functions; i.e., if the time of firing is the same, the duelists have the same
probability of a kill.

Since the accuracies increase with time, each duelist wishes to postpone firing as long
as possible. However, by postponing his firing he also increases the probability of being
killed by his opponent. Further, the duel being silent, he does not know whether his
opponent has fired. This conflict of interests can be resolved by means of game theory.

Let us assume that the worths of the duelists are the same, and assign the following
values to the possible outcomes:

+1, if duelist I survives and I is killed,
—1, if duelist IT survives and I is killed,

0, if both survive or both are killed.

Suppose that duelist I fires when his accuracy is x and that duelist II fires when his
accuracy is y, where 0 < x < 1, 0 < y < 1; then the payoff to duelist I is
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x—(1—=x)y=—y+ (1 +yx ifx <y,
M(x,y) = {x(1 —x) —x(1 —x) =0 ifx=y,
—y+ (1 —y)x fx>y.
The game does not have a saddle-point and hence the players must use mixed strate-

gies. If duelist I uses a mixed strategy F and his opponent uses a pure strategy 3, the
expectation of duelist I is

-

E(Fy) = (1 +7) fxdF(x) +a —y)ﬁ xdF(x) = 7
:2)‘1fyxdF(x) + (1 -—y)flxdF(x) -y

It is convenient to assume that 4F(x) = P(x) dx, or an optimal mixed strategy for
player I is a density function, and later to verify this fact. From the symmetry of the game,
we also have 4G(y) = P(y) dy. It follows that for all y for which P(y) # 0, E(F,y)
is constant and equal to 0, the value of the game. Hence

zyfvxp(x)dx+(1-y)f1xP(x)dx—y:0, :

indépendently of y.
Differentiating the preceding expression twice with respect to y, we obtain

4yP(y) + 252P'(y) + 2yP(y) = 0

or
3P(y) +yP(y) = 0.

This differential equation has for its solution

P() =—f—

By substituting the solution in the expectation expression, we find that C = %.

Now we shall show that an optimal strategy for duelists I and II is to fire at x with
the density function P(x) = 1/4x?, where % < x < 1, and never to fire before x = 4.
Assume that player I uses this strategy. Then, if player II chooses some y such that
% < y <1, we have

[V xdx 1— b xdx
E(P,J'):%£ xx3 +( 4.7)]; x3 _y:()

If player II chooses a strategy y < %, then
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xdx

E(Py)=—y+ (1 —7)%.[% =

13
=_—-2 0.
575702
Thus, if player I uses the mixed strategy P(x), he can be certain of getting at least 0.
In a similar manner, it can be shown that if player II uses the same mixed strategy,

player I will get at most 0.

58. Silent Duel: One Bullet versus Two, Equal Accuracies

Giving one of the duelists an additional bullet considerably complicates the solution
of the duel, even for the simple case where all accuracies are equal and increasing
monotonically from zero to one. For safest results, the duelist with two bullets should
shoot his two bullets in separate intervals but with a positive probability of saving the
second bullet until the end. The duelist with one bullet defends himself against each of
his opponent’s bullets with two different density laws, spending slightly more than half
of his fire-probability on the first.

Let the duelist with one bullet be player I, who chooses a firing time x, with
0 < x < 1. Player II, who has two bullets, chooses two firing times, y and z, with
0 <y <z < 1, where the time is identified with accuracy. The payoff to I is

x=(1—=x)y— (1 —=x)(1— =z forx<y<z,
M(,yz) =1 —y+ (1 —px— (1 — QA — %)z fory<x <z,
—y— (A —=pz+ (1 -0 —2)x fory<z<x.

Since the proofs are long and involved, we shall summarize only the solution of this
duel. First, the game has a value. The duelist with one bullet, player 1, is at a disadvan-
tage and the value of the duel to him is

_ 2= 3a _ 1
V—m, where a—"l'!“/?
= — 0.30650 = 1.25593 .

Player T also has a unique optimal mixed strategy, which is described by the density
function

0 fo<x<a,

f(x) = ;'é; ifa<x<b,
;lg fe<x<1,

where the constants are defined by
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a(l — &) a
k T+ 2.-35 0.13805, ) T p— 57
1 1
4= —— = 0.28475, b= —— — = 046410.
1+ 2a 1+2V3

If player I uses this strategy, player II is forced to fire his first bullet between a and 5,
and his second bullet after b, if he is to ensure himself the value of the game. Player II
should fire his bullet with probabilities described by the density function

0 fo<y<a,
80 = —;'1 ifaly<b,
0 fb<y<1,
where
m= 5 = 0.26006 .
4 + 6a

The second bullet should be fired with a combination of a density function and a single
step, as follows:

0 fo<z<b,

b(z)*——; b<z<1,
dH(z) = v z=1,
where
y=2—1Y3=026795,
n=—3-21=0.40192

The randomizations on y and z are carried out independently.

The following figure shows graphically the optimal strategies of the two duelists.
The duelist with two bullets has a positive probability of saving his second bullet until
the end. This is shown by the area of the wedge at y = 1.0.

59. Silent Duel: Positive Initial Accuracy

Suppose that the two antagonists have one silent bullet apiece and that their accuracies
are equal and increase monotonically, but from an initial value 2 > 0 to 1. This situation
may arise if no duelist is permitted to fire before his accuracy reaches the value 4. The
introduction of this constraint modifies the solution of the silent duel. We describe,
without proof, the optimal behavior of the duelists.
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Let f(x) = 1/4x® be the probability density function, which is also the solution of
the silent duel without constraints. The optimal behavior of the duelists will depend on
the size of 4, as follows:

1. If 0 < a < %, then fire according to the probability density f(x) in the interval
% < x <1 and never fire before x = 1.

2. If % <a< %, let (%, 4) be the interval in which f(x) has center of mass at a.
Fire after b according to f(x), and concentrate ihe remaining firing probability at 4.

3. If % < a < 1, fire always at 4.

To illustrate the solution, suppose that « = 4, which falls in Case 2. To determine 4,
we need to solve the equation

’j;: xf(x) dx 4

[ feyax 9

where f(x) = 1/4x*. This yields for a solution, & = 25. Therefore the optimal strategy
for the duelists is to fire according to the probability density f(x) = 1/4x® from x = %
to x = 1. This uses up %2 of the firing probability. The remaining firing probability,
272, is concentrated at 4 = 4.

It will be observed that the average firing accuracy in each of the above three cases is

max|{—,a ).
2

This is exactly the optimum firing time for the associated noisy duel, where the duelists
have equal accuracy functions and may fire after the accuracy exceeds a.

60. Silent Duel: m Bullets Each Duelist

Assume equal monotonic accuracy functions with each duelist having m bullets.
Assume that the duel is silent. Then the optimal strategy is to fire the (m + 1 — k)th
bullet in the interval

1 1

ZFT S S0

according to the inverse cubic law 1/44x*. The value of the game is zero.

It is interesting to note that the solution of the noisy duel with many bullets requires
the shooting of the (m + ¢ — 1)th bullet at the harmonic mean, 1/2£, of the same
interval.

61. Silent Duel: Strictly Monotonic Accuracies

We now drop the restriction of equal monotonic accuracy functions. We consider the
silent duel in which the accuracies are arbitrary but strictly monotonic. Each duelist has
only one bullet.
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Let p,(#) and p,() be the probabilities of a kill by the two duelists, respectively. Let
P1(0) = p,(0) = 0 and p,(1) = p,(1) = 1. Define

A
A NOTEOR

pi(n)
IAQIHON

Let 4, and 4, be defined by the following equations:

fl—l —2O jiyar=1,

fll——zpz(t)g(t)dtzl,

2

g =

and let
a = max (ay,4,) .

We now summarize the optimal strategy in terms of these defined quantities. The
optimal strategy for the first duelist, whose accuracy function is p,(7), is to fire his bullet
according to the following cumulative distribution function:

0, foro<t<a,
f(1) dr
F(t) = | | fora<t<1,
F(1) dr
1, forr=1.

The optimal strategy for the duelist with accuracy function p,(#) is given by a similar
cumulative distribution function:

0, foro <1< a,
[ ey ar

G() = | e fora<r<1,
1, forr=1.

In other words, player £ has a jump at 1 if a4 < 4.
The value of the game is

1 — 3p,(a) : _

T  faTa

T4 3p.(a) o= a
1+ pi(a) .
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Example 35. Let the first duelist have an accuracy function p,(x) = x and the
second duelist have an arbitrary accuracy function p,(x) = p(x). Let a, B be the proba-
bilities that the first and second duelists, respectively, fire at the time when their
accuracies are 1. Table 6 summarizes the solution for various forms of p(x).

Table 6
p(x) a v o 8

x 7333 0 0 0

2x*
. 409 1021 0 0764
1+ X
x(3 — x) 372 0838 0063 0
2(2—x)

X 1 414 172 0 0
2—x
e 481 .2481 0 0729

2x°

=X | 415 028 0 1741
42 —3x+ 1

62. Silent Duel: Continuous Fire

If a duelist is permitted to vary his rate of fire along a continuous scale between
zero and one, then the silent duel with continuous fire has the property that every mixed
strategy is dominated by a pure strategy. '

Let R(7) be the rate of fire and A(#) be the accuracy density function, i.e., the proba-
bility of a kill by a unit amount of fire in a unit time at time #. Then the probability of
the opponent’s survival over the interval (0,#) is

P(R,t) = exp {-—ﬁt A(#)R(u) du} ,

where

0<R(NHLY, flR(t)dl=B_<_l,

and B is the total amount of ammunition.
If S is the set of all strategies R, then a mixed strategy is a distribution function F
where { dF(R) = 1. If the duelist is not killed by time #, the probability of his

opponent’s survival is

#(F,1) =j;exp {—jo"A(u)R(u) du} dF(R) .

Corresponding to any mixed strategy F, there is a pure strategy Ry = L R 4dF(R) which
is uniformly better than F, independent of the opponent’s action.
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63. Silent-Noisy Duel: One Bullet Each Duelist

Mixing the duel, i.e., letting only one duelist be informed of his opponent’s firing, if
any, yields optimal strategies which are different from the noisy or silent duels. Assume
that the first duelist has a silent bullet and that the second has a loud bullet. Assume that
the two duelists have equal accuracies. Then, if x and y are the accuracies at the time of
firing for each of the duelists, respectively, the payoff is

_lx=y4+x for‘x:<y,
fo’r)—_{l—zy forx > y. ‘

Let a = \ 6 — 2; then the value of the game is
v=1—22=0101.
The first duelist has a unique optimal strategy, namely, the density function

0 . foro<x<a,
fx) = \EX

(x2+2x——-1)% fora<x<1.

The optimal strategy for the second duelist is also unique and is the same density f(y)
mixed with the pure strategy y = 1 in the ratio 2/4. In terms of a cumulative distribu-
tion function, G(y), the optimal strategy for duelist II is

60 =52 [ 10 &+ b
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APPENDIX

64. Contents

The theory of games of strategy utilizes three maior branches of mathematics:
matrices, convex sets, and Stieltjes integrals. This appendix will sketch briefly those
concepts and theorems of the three branches which are used in game theory.

65. Matrices

We define a matrix A = H i N as a rectangular array of mn numbers arranged in

m rows and n columns, such as

dyy 412

anH a”l?

Bl = e

The sum of two m X » matrices A and B is defined by

A+ B=|a;+ bill-

If A is a matrix and ¢ is a constant, then the product A is the matrix each of whose
elements is ¢ times the corresponding element of 4.

The product of an m X 7 matrix A by
matrix,

n

AB=llme=\

1=1

Z aibin

an n X ¢ matrix B is defined by the m X ¢

=1,2,--",m,
l=1,2".9,

ie., by “row by column” multiplication of the two matrices. The product is unique.

The product is not commutative; in genera

Example 36. If

3 0
A= |4 1 —1
2 2

then

1, AB #* BA.

2 3
» B: 4 ’
5 —1
2 3 6 17
=\ 3 17
5 —1 14 16
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Suppose we are given an arbitrary matrix A. If we change the rows of A into columns
and thereby the columns into rows, we obtain a new matrix, A’, which we call the
transpose of A. Thus, if

3 -5
A= 2 41,
—6 9
then .
, 3 2 -6
(ol |

The transpose of a product can be computed from the relationship
(ABC:---LyY =L"---CBA.

If A= A, then A is a symmetric matrix. If A = —A’, then A is a skew or skew-
symmetric matrix.
If the matrix is of the form

a,. O 0
D= 0 da, 0 ’
. 0 0 dy

where every element of the matrix is zero except, possibly, along the diagonal, then D
is a diagonal matrix. In particular, if the elements of the diagonal are all equal to 1, as in

1 0
1 0

I e | ’
0o o0 1

then I is a anit matrix. It has the property that for any m X » matrix A,
IA=Al=A.
A matrix having only one column (and any number of rows) is a vec/or.

66. Determinants

The general solution of a game requires the evaluation of determinants and their
adjoints. We assume familiarity with the elementary properties of determinants and
merely recall some of the definitions by way of notation. Let A = ” a;; || be an 7 X »
matrix and let | A | = | a;; | be its determinant. Let D;; be the minor of a;; i.e., D;; is
the determinant obtained from A by striking out the ith row and the jth column. In any
computation we consider not this minor D;; of 4;; but the cofactor, A;; of a;; defined by
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A;; = (—1)#D;;. The determinant I i ‘, obtained by using the cofactors as elements,
is called the adjoint determinant of IA |, or :

An Ap cv Aln
Ay Ay - - Azn

Anl An2 e Ann

=

If a matrix is square, we can define its adjoint in terms of the adjoint determinant.
The adjoint of an n X n matrix A = |4;,~ ” is another » X n matrix | = || A;; “ in
which the element in the 7th row and the jth column is the cofactor of the element in the

jth row and the #th column of ‘a; j | Thus
Ay Ay, A |
J — A, A,y Az
|A1n A;n Aun

[ 8]

It can be verified that the value of the determinant | A ] is 15. The adjoint determinant
of IA ‘ is

-3 6 2
Ji=|-3 6 7|=225.
9 —3 —6

The adjoint of the matrix A is given by

-3 -3 9
J=| 6 6 —3
2 7 —6

If the value of the determinant | A ’ is different from zero, we define the inverse, A1,
of the square matrix A as the square matrix

All AZI Anl
| 4] [4] | 4]
A]Z A22 An?
Ar=114] [4] | 4]
Ay Asn Ay
4] 14| |41

133

JRUE



In the preceding example,

-1 _r 3

5 5 5

A= 22 1
5 s s

2 1 _2

| 15 15 s

The inverse matrix has the property that
AAY = A4 =1,

Although every square matrix has an adjoint, only non-singular square matrices have
inverses. However, the adjoint of any matrix, singular or non-singular, satisfies the
relationship :

JA=4]=|A|l.

67. Convex Sets

If a set of points has the property that the line-segment joining any two points of the
set is contained in the set, then it is a convex set. A point of a convex set may be repre-
sented by a vector x. If x, y are any two points of a convex set, then all points Ax + puy,
with A + =1 and A > 0, u > 0, are members of the set. We also refer to Ax + wy
as a convex linear combination of x and y. The dimension of a convex set is the smallest
integer » for which every point of the set has arbitrarily small neighborhoods whose
boundaries have dimension less than #. If the convex set consists of one point, the
dimension of the set is zero.

A closed set contains its boundary. Suppose that § is a closed and bounded set in
(7 — 1)-dimensional space with coordinates x,, x,, - - - , x,_,; then the convex hull of §
is the set of all centers of gravity of points of S, with arbitrary weights at the points.

Any set of numbers 4, 4,, - -+, 4,,_,, and 4, the first # — 1 not all zero, for which

axy + ax, + oo dyx,, +a >0

for all points (x;, x,, - , Xp1) in S, determines a half-space, namely, the set of al/
(%1, X9, =+, x,,) for which the latter inequality holds. In terms of half-spaces, the
convex hull of S is the set of points belonging to all half-spaces of S.

We can generate the convex hull of § by finding the centers of gravity, with arbitrary
weights, of at most » points of §, or again by considering only certain extreme half-
spaces of §.

If the set S consists of a finite number of points, the convex hull of § is a convex
polybedron. 1f a convex set is closed and bounded, then it is completely defined by its
extreme points, those points of the convex set that do not lie on the line joining any two
other points of the set. The extreme points of a convex polyhedron are called vertices.

A simplex is an (n — 1)-dimensional convex polyhedron having exactly » vertices.
The boundary of the simplex contains simplices of lower dimension which are called

134



simplicial faces. The number of such faces of dimension 7 is ; +n 1). Points, line-seg-

ments, triangles, and tetrahedrons are simplices of dimensions 0, 1, 2, and 3, respectively.

In order to locate points of a simplex it is convenient to use simplicial coordinates.
If P is a point in an (# — 1)-dimensional simplex having vertices V1, Vo -+, Va the
ith coordinate a; of P is obtained by passing a line from V; through P which meets the
opposite face at Q;. Then we define

a; = —f—Q__—l‘— .

ViQi
For example, the simplicial coordinates of the vertices of a triangle are (1,0,0),
(0,1,0), and (0,0,1). The centroid of a triangle has the simplicial coordinates
(%,%,%). Simplicial coordinates are non-negative and their sum is unity. They are not
changed by a linear transformation of the simplex.

68. Convex Functions

A function f(x) of the variable x is said to be convex if the curve y = f(x) between
any two values x,, x, of the variable lies below the chord joining the points (x;,f(x1))
and (x,f(x.)). The function f(x) is convex if, for all x such that x; <x < x,,
we have

f(x) <

2T ) + )

X X,

If we let x = (x, + x,)/2, then convexity of f(x) implies

(20 < L) + 1)

We may use this latter inequality for all x, as the definition of convexity.
A sufficient condition for f(x) to be convex is that

*f(x)
dx?

20,

for all x. For, from f”(x) > 0, it follows that f/(x) is increasing with x and therefore
@2
(: = 0)f(x) < f fdr,  x<x<x,

(= 2P > f Cpoy .
Hence

1
X — x;

[Troascre < [ rwa.

Xy — X
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or

1 1

[f(x) = f(x)] <

x — X, X, — X

[f(x2) — f()]-

This yields

X

f(x) < x—:—_——f(xl) +

— X X — X
X1 2

;1 ]((xz) s

which is the definition of convexity of f(x).

69. Distribution Functions

The theory of continuous games requires a random process for choosing a number
from the interval (0,1). If 0 < x < 1, define F(x) as the probability that the number
chosen is at most equal to x. It follows from the definition that F(1) = 1, and if
0 < a<b<1,then F(b) — F(a) is the probability that x, the number chosen, lies in
the interval « < x < b. Such a function F is called a cumulative distribution function
or simply a distribution function. For convenience, we define F(0) = 0, or every distri-
bution function passes through the origin.

Every distribution function F is monotone non-decreasing. It is right-hand continuous
at every point except possibly at x = 0; ie., if

£1, €20 Emt
is a sequence of non-negative numbers such that

lime, =0,
N—y00

then

lim F(x + £,) = F(x)
n—yo

for all x except possibly at x = 0.
If x, is a point of discontinuity in the distribution function F(x) with jump equal
to 1, we write

F(x) = L (%)

and call F(x) a step function with one step at x,. If the distribution function is a convex
combination of a finite number of such step functions, we write it as follows:

n

F(x) = Z wly (x), @ > 0,2 a;=1.

i=1

Graphically, such a function consists of a finite number of horizontal line segments
and 2 finite number of breaks at the points of discontinuity, X;, Xz, ** " Xn:
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70. Stieltjes Integrals

Let H(x) be a player’s winnings if he picks some number x, where 0 < x < 1, and
let F(x) be the probability that he picks a number at most equal to x. In order to com-
pute the player’s expectation it is necessary to define it in terms of a Stieltjes integral.

We can approximate the player’s expectation by subdividing the interval (0,1) into
n + 1 arbitrary subintervals, using division points xy, Xy, ***, ¥n such that

D=2, < X3 < Xpr v e < Xpug = 1.
For each subinterval (x;_,,x;) we choose & arbitrarily so that

Koy L & < X
and form the sum

n+1

S8 = Y HE [F) = Feaen)]

k=1

Increasing the number of subintervals will improve the approximation. Now if § (x,8)
tends to a finite limit as # tends to infinity in such a way that the maximum of the
differences x; — x;_, tends to zero, the limit being independent of the manner in which
the successive subdivisions are made and the points & chosen, then the finite limit is
called the Stieltjes integral of H(x) with respect to F(x) and is denoted by

n+1

[ H(x) dF(x) = lim > H(E)[F(s) = F(uen)]

>0 G

If H(x) is continuous and F(x) is a distribution function, then

fl H(x) dF(x)

exists. The Stieltjes integrals of continuous functions have properties similar to the
Riemann integrals. We list some of these properties:

(a) fl aH(x) dF(x) = ale(x) dF(x) .
(b) fl [Hi(x) + H,(x)] dF(x) = lex(x) dF(x) + fl H(x) dE(x) .
() fl H(x) dF(x) = H(1) — le(x) dH(x) .

() fi dF(x) = 1.
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(e) If F’(x) exists, then
f1 H(x) dF(x) = fl H(x)F'(x) dx.

() j; H(x)dF(x)=H(1)—j; F(x) dH(x) .

In particular, if F(x) is a step function,

F(x) = Z al, (x)

o1
then

n

j; ' H(x) dF(x) = Z aH(x:) .

i=1

71. Fixed-Point Theorems

By a continuous mapping or continuous transformation f, we shall mean a single-
valued correspondence from a space X to a space Y such that if x, = x in §, then
f(x,) = f(x) in Y. If f maps X into itself and x, = f(x,), then x, is said to be a
fixed point. The following two theorems are useful in establishing the existence of
optimal strategies of games:

1. The Brouwer Fixed-Point Theorem. If x — ¢(x) is a continuous point-to-point
mapping of an r-dimensional closed simplex § into itself, then there exists an x, € § such
that x, = ¢(x,).

The Brouwer Theorem asserts that there exists a fixed point, i.e., a point coinciding
with its image.

2. The Kakutani Fixed-Point Theorem. The Brouwer fixed-point theorem can be
generalized. Let us define K(S) to be the family of all closed convex subsets of §. A
point-to-set mapping x — ¢(x) € K(5) of § into K(S) is called upper semicontinuous if
Xn = Xo, Ju € $(x,), and y, = ¥, imply y, € p(x,). The generalized theorem then states
the following:

If x— ¢(x) is an upper semicontinuous point-to-set mapping of an r-dimensional
closed simplex § into K(S), then there exists an x, € § such that x, € $(x,).
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Brouwer fixed-point theorem, 138

>

Completely mixed games, 25
“Colonel Blotto,” 5

solution of, 64
Coin-matching game, 8
Continuous game, 73

optimal strategies of, 74

solution of, 74

value of, 74
Convex function, 135
Convex hull, 134
Convex linear combination, 134
Convex payoff functions, games with, 77-81
Convex set, 134

Defense of targets, 81
of equal value, 106-110
of unequal value, 82-85
Determinant, 132
adjoint, 133
cofactor of, 132
inverse of, 133
minor of, 132
Diagonals separated, 24 -
Distribution function, 136
moment of, 85
moment sequence, 87
step function, 136
Duels, 120
noisy, many bullets, equal accuracy, 120
one bullet, arbitrary accuracies, 120-121
one bullet, with saddle-point, 115-117
one bullet, without saddle-point, 117-120
silent, continuous fire, 128
many bullets, equal accuracies, 126
one bullet, equal accuracies, 121-123
one bullet, positive initial accuracies, 124~

126

one bullet, strictly monotonic accuracies,
126-128

one bullet versus two, equal accuracies,
123-124

silent-noisy, one bullet each, 129

Essential submatrix, 33
Expectation, 12

Field commander, 1
estimate of situation, 2
solution of game, 61
Finite game, 4
optimal strategies of, 7
solution of, 14
value of, 14
Fixed-point method, 99
solution of finite games by, 103-106
solution of games with constraints by, 64
solution of polynomial games by, 99-103

“Her,” 3
solution of, 62
Hidden-object game, 42

Identification of friend or foe, 45
coded signal, 47
uncoded signal, 45

Kakutani fixed-point theorem, 138

Linear programming, 27
dual of, 27
game as, 30
solution of, 27

Mapping method, 99
solution of finite games by, 103-106
solution of games with constraints by, 64
solution of polynomial games by, 99-103
Matrix, 131
adjoint of, 133
diagonal, 132
skew-symmetric, 132
symmetric, 132
transpose, 132
unit, 132
Minimax theorem, 13
graphical representation, 16
Morgenstern, Oskar, ix
“Morra,” 4
selecting optimal strategy of, 69
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“Morra,” solution of, 63
Move, chance, 1
personal, 1

Naval War College, 2
Neumann, John von, ix

Payoff matrix, 4

Perfect information, 7

Player, 1
maximizing, 1, 5
minimizing, 5

Polynomial games, 85-91, 99-103

Reconnaissance game, 34
solution of, 103
Reduction of games, 17
by dominance, 18
by symmetrizing, 18

Saddle-point, 7

Separable games, 91-97
Simple solution, 20
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Simple solution, games with, 23

Simplex, 138
Simplicial coordinates, 135
Solution of game, 14
approximating, 55
basic, 53
dimensions of, 34
guessing of, 51
simple, 20
Stieltjes integral, 137
Strategy, 1
effective, 33

graphical representation of, 10

mixed, 9, 74
optimal, 7, 74
pure, 10, 73

Unique solution, 23

Value of game, 14
Vector, 132

Zero-sum game, 4
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