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PREFACE

This report discusses the relationship between incremental costs and
efficient prices when capacity must be added in costly “lumps,” as
much of it must be in the telephone business and other capital inten-
sive industries. The emphasis is on comparison of various pricing
rules, using numerical results from an abstract computer simulation
model. Although this study deals with a firm producing a single prod-
uct, unpublished work at The RAND Corporation suggests that similar
results hold for firms producing two products.

This work was supported by a grant from GTE and Pacific Bell, and
guided by the Incremental Cost Task Force, with members from GTE,
Pacific Bell, the California Public Utilities Commission, and The RAND
Corporation. The ICTF has reviewed preliminary results that led up to
this report, but it has not endorsed any of the speculations or conclusions
presented here.

A brief version of this work was presented at the Michigan State
University Institute of Public Utilities conference in Williamsburg, Vir-
ginia, December 1988; that version will appear in the conference
volume.

A companion report by Bridger M. Mitchell, “Incremental Capital
Costs of Telephone Access and Local Use,” R-3764-ICTF, August 1989,
provides an initial, broad-gauge assessment of incremental capital costs
in conditions typical of California markets.
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SUMMARY

INTRODUCTION

Economists have long argued on efficiency grounds that public util-
ity prices should be based on forward-looking incremental costs rather
than on historical accounting costs. Although a substantial economic
literature on incremental cost pricing exists, most of it assumes that
production capacity can be adjusted smoothly in response to changes in
demand. When capacity comes in large lumps, however, as it fre-
quently does in the telephone industry and other public utilities, the
relationship of prices to costs becomes complicated.

The economic literature establishes that, when capacity is smoothly
adjustable, so-called “first best” optimal prices equal marginal costs. In
this context, first best means that a firm is free to set prices without
having to worry about whether or not it covers its costs—a comfortable
situation that might be true for a nationalized firm in a socialist
economy. The literature also describes how to find “second best”
prices, that is, prices that are optimal subject to the condition that the
firm does have to cover its costs. The second best prices usually
require markups over marginal costs.

Both first best and second best prices are based on marginal costs, a
concept that has some troublesome features when capacity is lumpy.
With lumpy capacity, a one unit change in output may result in little
or no change in cost most of the time, but the same change will result
in a very large jump in cost if it requires the installation of an expen-
sive new lump of capacity. Thus marginal capacity cost may be zero,
or it may be very large, and the first best price will not necessarily
equal either value.

Using a dynamic framework, the economic literature suggests a
number of different answers to the question of how to price efficiently
when capacity is lumpy, but it offers little help in choosing among the
several answers. Broadly speaking, there are two more-or-less parallel
strands of development in the literature. One advocates or explores
the implications of prices that are constant over time; the other advo-
cates or explores the implications of prices that vary over time with
changes in the level of demand relative to capacity.
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THREE PROTOTYPICAL PRICING RULES

I chose three prototypical pricing rules from the economic literature
for evaluation in this report. All of the rules can be applied with or
without a revenue requirement:

1. Boiteux prices. In the absence of a revenue requirement, these
are equal to average incremental cost (AIC). With a revenue
requirement, markups are added to the AIC prices to satisfy
the requirement.

2. Optimal constant prices. Without a revenue requirement, but
requiring that the prices be constant over the entire planning
horizon, find the prices and corresponding required construc-
tion schedule that maximize the present value of economic
welfare. With a revenue requirement, markups are added to
those prices to satisfy the requirement.

3. Optimal variable prices. Without a revenue requirement, and
now allowing prices to vary over time, find the construction
schedule and corresponding required prices that maximize the
present value of welfare. With a revenue requirement, we add
markups to the first-best variable price schedule and adjust
the construction schedule to satisfy the requirement.

Constraints on the form of prices are relaxed from rule 1 to rule 2 to
rule 3. Rule 1 specifies a particular constant value that the prices must
equal at all times. Rule 2 specifies that prices must be constant over
time, but allows them to be set at any constant values. Rule 3 removes
the constraint that they must be constant, allowing them to vary from
instant to instant. All of the pricing rules maximize economic welfare
subject to some constraint on the form of the prices, and possibly sub-
ject to a revenue constraint as well. ,

The economic literature characterizes and discusses variants of all
three pricing rules, but it does not provide much guidance for choosing
among them. It is clear that, in any given situation, the (welfare-
maximizing) constant price will produce at least as much welfare as the
Boiteux AIC price, and the (welfare-maximizing) variable price will
produce at least as much welfare as the constant price. But that is not
much help, because the difficulty of implementation increases along
with the potential welfare gains. What is needed is a quantitative com-
parison of the welfare attainable under the various pricing rules.

In this report I provide some quantitative comparisons of prices and
their effects on aggregate economic welfare and consumer surplus
under the three pricing rules. I use computer simulation models of
pricing and investment in some rather abstract situations, where
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capacity can be added only in lumps of fixed size. The model
represents in a highly abstract way the following kinds of situations:

e A water company must meet growing demand by building new
reservoirs; reservoir size is fixed by topography.

e An electric utility must meet growing demand for power by
adding generators to its power plants; generators come in a
fixed size that is dictated by technology.

e A telephone company must meet the growing demand for local
telephone calls by adding new central office switches; vendors
supply switches in only one size.

Using the computer model to calculate optimal prices, welfare, and
consumer surplus under each of the three pricing rules—given fixed
lump sizes that range from much smaller to much larger than initial
demand—I seek answers to these questions:

e What is the relationship between capacity costs and optimal
prices?

e How does lumpiness of capacity affect prices, welfare and con-
sumer surplus, and how do the effects differ for smaller or
larger lump sizes?

e What is gained by using more elaborate pricing rules when
capacity is lumpy?

THE ABSTRACT SIMULATION MODEL

To make quantitative comparisons among the three pricing policies,
I have to specify functional forms and parameter values for demand
and production technology.

Demand for telephone calls is assumed to be known with certainty.
The number of households, and hence market demand, grows at a con-
stant exponential rate. At any given time, market demand is described
by a negative exponential demand curve.

Telephone calls are produced by an unchanging technology. Initally,
some amount of sunk or embedded capacity is available. Additional
capacity must be installed in lumps of fixed size at a fixed cost.
Operating cost is zero. Thus one lump of capacity, once it is installed,
can produce telephone calls up to its capacity limit at no additional
cost. There is no depreciation and the interest rate is constant.

Although the model abstracts from many aspects of reality, the
specification of those aspects that are included is intended to be
roughly realistic, with reasonable functional forms and parameter
values chosen from the range of actual experience.
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THE FOUR SETS OF SIMULATION RESULTS

The simulation results appear in four main sections of the report.
The first two compare welfare-maximizing constant prices and variable
prices, respectively, with Boiteux AIC prices if the firm is not required
to meet any particular revenue requirement. The second two make the
comparison when the firm’s revenues must recover its embedded costs.

Table S.1 clarifies the relation among the four sections. The first
two sections deal with the left column of the table, the first-best world,
and compare optimal constant and variable prices with the simpler
Boiteux AIC price. The next two sections deal with the right column,
a second-best world, and compare breakeven constant and variable
prices with the Boiteux AIC price. The box in the table surrounding
the breakeven Boiteux price and the breakeven constant price symbol-
izes the equivalence of these two prices in the one-product case.!

In each section, the results are presented in three sets of graphs that
show:

Prices (constant or variable, first-best or second-best);

¢ The change in aggregate economic welfare that occurs when the
particular prices are substituted for the Boiteux AIC price;

e The change in consumer surplus that occurs when the particu-
lar prices are substituted for the Boiteux AIC price.

Table S.1

FEASIBLE PRICING METHODS

Without a revenue requirement With a revenue requirement

“First best world” “Second best world”
Boiteux AIC price Breakeven Boiteux price
Optimal constant price Breakeven constant price
Optimal variable price Breakeven variable price

'With two or more products, the two pricing rules result in different sets of breakeven
constant prices.
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DIRECT COMPARISON OF BREAKEVEN VARIABLE AND
BREAKEVEN CONSTANT PRICES

Because the Boiteux AIC price does not allow the firm to break
even, it is not feasible in a second best world, in which firms must
meet a revenue requirement. Higher breakeven constant price may
yield either lower or higher welfare; in either event, welfare under the
breakeven constant price establishes a new, feasible baseline against
which one can compare welfare under breakeven variable prices.

Figure S.1 compares aggregate economic welfare and consumer
surplus under variable price as opposed to constant price when both
must meet a revenue requirement. Welfare and surplus differences
between the two pricing rules are identical; both are shown by the
same plots. The reason is that the revenue requirement assures that
the firm just breaks even under either constant or variable prices.
Thus all welfare gains accrue to consumers, rather than to the firm.

The gains from variable pricing are substantial for most of the com-
binations of lump size and initial capacity shown in Fig. S.1. The
gains exceed 5 percent of construction costs for 61 percent of the
points plotted, and they reach 80 percent or more of construction costs
for lump sizes that are around twice initial demand and initial capacity
that is about 80 percent of initial demand at a zero price.

MAJOR RESULTS

When the Firm Does Not Face a Revenue Requirement

e Welfare maximizing (“optimal”) constant prices offer only very
limited welfare gains over Boiteux AIC prices. The substitution
of optimal constant prices for Boiteux prices can result in large
changes in consumer surplus (either gains or losses) that sub-
stantially exceed the size of the aggregate welfare gains.

¢ Welfare maximizing variable prices offer substantial gains over
the best constant prices for many combinations of lump size
and initial capacity. Optimal variable prices can also result in
either gains or losses in consumer surplus, but the gains tend to
be larger and the losses smaller than under constant prices.

o The largest welfare gains under either optimal constant or
optimal variable prices occur when initial capacity is about the
same as initial demand, and the lump size is large. Then charg-
ing a high price can produce large welfare gains by postponing
the time when an additional lump of capacity must be installed.
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However, in this situation, the welfare gains come at the
expense of consumers, who suffer large surplus losses from the
high optimal prices.

When the Firm Faces a Revenue Requirement

e With only one good, there is no difference between the breakeven
constant price and the breakeven Boiteux price. Both are
equivalent to average or fully distributed cost prices.

¢ Breakeven variable prices offer substantial gains over breakeven
constant prices for many combinations of lump size and initial
capacity. The revenue requirement assures that the gains
accrue entirely to consumers. ’

2A distinction can be made when there are two (or more) products, but preliminary
work at RAND using a two-product model suggests that, even in that situation,
breakeven constant prices offer only limited welfare gains over breakeven Boiteux prices.
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I. INTRODUCTION

Economists have long argued on efficiency grounds that public utility
prices should be based on forward-looking incremental costs rather than
on historical accounting costs. Recently, public utility commissions have
shown signs of listening to these arguments (California Public Utilities
Commission, 1987, is one example). If we are going to be listened to, we
should be prepared to advise on the next question: Just how should prices
be “based on” incremental costs? Although a substantial economic litera-
ture provides answers to this question, most of it assumes that production
capacity can be adjusted smoothly in response to changes in demand. The
question becomes more difficult and the answer more complicated when
capacity comes in large lumps, as it frequently does in the telephone
industry and other public utilities.

The economic literature establishes that, when capacity is smoothly
adjustable, so-called “first best” optimal prices equal marginal costs.!
In this context, first best means that the firm is free to set prices
without having to worry about whether or not it covers its costs, a
comfortable situation that might be true for a nationalized firm in a
socialist economy.

The literature also describes how to find “second best” prices, that
is, prices that are optimal subject to the condition that the firm does
have to cover its costs. Second best prices usually require markups
over marginal costs. The optimal markups may vary from product to
product based on their relative elasticities of demand (“Ramsey pric-
ing,” Boiteux, 1971; Baumol and Bradford, 1970), or they may apply
differentially to infra-marginal and marginal consumption units
(“multi-part or nonlinear pricing,” Brown and Sibley, 1986).

Both first best and second best prices are based on marginal costs, a
concept that has some troublesome features when capacity is lumpy.
With lumpy capacity, a one unit change in output may result in little or
no change in cost most of the time, but the same change will result in a
very large jump in cost if it requires the installation of an expensive new
lump of capacity. Thus marginal capacity cost may be zero, or it may be
very large, and the first best price will not necessarily equal either value.

IThroughout this paper, I use “optimal” as a synonym for “welfare maximizing,”
where welfare is defined as the sum of consumer and producer surplus. This rather nar-
row usage is conventional in economics. A broader definition of optimal would include
other objectives in addition to aggregate economic welfare, including distributional fair-
ness or equity. Marginal cost is the change in the firm’s total cost that results from a
small-unit change in output.



To make much progress in analyzing optimal pricing when capacity
is lumpy, it is helpful to shift from a static framework (implicit in
much of the economic literature on efficient pricing) to an explicitly
dynamic framework. In a dynamic framework, with demand growing
over time, the effect of a small change in demand is not the all-or-
nothing addition of a lump of capacity, but a small change in the tim-
ing of all future capacity additions.

Using a dynamic framework, the economic literature suggests a
number of different answers to the question of how to price efficiently
when capacity is lumpy. But it offers little help in choosing among the
several answers. Broadly speaking, there are two more-or-less parallel
strands of development in the literature. One advocates or explores
the implications of prices that are constant over time; the other advo-
cates or explores the implications of prices that vary over time with
changes in the level of demand relative to capacity.

The constant-price strand of literature runs from Boiteux (1960),
through Turvey and Anderson (1977), to Rees (1986).% Boiteux argues
that, as a practical matter, prices must be kept constant over fairly
long periods of time. He advocates setting those prices as if capacity
were continuously variable; this amounts to pricing at the average
incremental cost of capacity (AIC). Boiteux’s suggestion may well be
today’s conventional wisdom about efficient pricing with lumpy capac-
ity. It has been adopted and applied by Turvey, among many others.
(There are of course dissenting voices; see for example Andersson and
Bohman, 1985.)

Boiteux’s dictum cannot, however, be precisely correct in all cir-
cumstances, even if prices are constrained to be constant. It certainly
fails, for example, if substantial unused capacity exists now and will
continue to exist for a long time. Then AIC prices are obviously ineffi-
ciently high, and some lower constant price will be optimal. In other
circumstances, the optimal constant price may be higher than AIC.
Rees (1986) sets out the conditions that characterize optimal constant
prices when lump size is fixed.

Also, pricing at AIC will fail to cover capacity costs, let alone any
additional revenue requirements. If a firm is required to make a non-
negative profit, some markup over AIC will be necessary. Rees finds
conditions that characterize welfare maximizing prices subject to short
term profit constraints and price ceilings.

The variable-price strand of literature runs from Williamson (1966),
through Starrett (1978), to Woroch (1987). Finding optimal variable
prices is in a way easier than finding optimal constant prices, because

%I am grateful to Ingo Vogelsang for telling me about and getting me a copy of Rees’s
excellent but not-easy-to-come-by article.



with variable prices the welfare maximizing conditions are local in
nature. A lump of capacity is optimally added at the instant when the
additional consumption benefits made possible just balance the addi-
tional interest cost of investing at that instant rather than slightly
later. Price is set to zero when unused capacity is available, and high
enough to ration demand so that it equals capacity at other times.?

Williamson works this out graphically for fixed lumps of capacity.
Starrett does so mathematically for a model in which the firm chooses
the optimal size of capacity addition from a smooth schedule with suf-
ficiently strong increasing returns so that frequent addition of tiny
lumps is uneconomical. Woroch extends Starrett’s results to incor-
porate a non-negative profit requirement and in other ways as well.

From these two strands of literature I have chosen three prototypi-
cal pricing rules for evaluation. All can be applied with or without a
revenue requirement:

1. Boiteux prices. In the absence of a revenue requirement, these
are equal to AIC (or, in the case of jointly produced goods, to
an efficient allocation of AIC; Littlechild, 1970). With a reve-
nue requirement, Ramsey markups are added to the AIC
prices to satisfy the requirement.

2. Optimal constant prices. Without a revenue requirement, but
requiring that the prices be constant over the entire planning
horizon, find the prices and corresponding required construc-
tion schedule that maximize the present value of economic
welfare. With a revenue requirement, Ramsey markups are
added to those prices to satisfy the requirement.

3. Optimal variable prices. Without a revenue requirement, and
now allowing prices to vary over time, find the construction
schedule and corresponding required prices that maximize the
present value of welfare. With a revenue requirement, we add
Ramsey markups to the first-best variable price schedule and
adjust the construction schedule to satisfy the requirement.

Constraints on the form of prices are relaxed from rule 1 to rule 2 to
rule 3. Rule 1 specifies a particular constant value that the prices must
equal at all times. Rule 2 specifies that prices must be constant over
time, but allows them to be set at any constant values. Rule 3 removes
the constraint that they must be constant, allowing them to vary from
instant to instant. All of the pricing rules maximize economic welfare

3This assumes that operating costs are zero (with no real loss of generality), and that
non-price (quantity) rationing is not allowed. The latter assumption is maintained in all
of the literature cited so far.



subject to some constraint on the form of the prices, and possibly sub-
ject to a revenue constraint as well.

The economic literature characterizes and discusses variants of all
three pricing rules, but it does not provide much guidance for choosing
among them. It is clear that, in any given situation, the (welfare-
maximizing) constant price will produce at least as much welfare as the
Boiteux AIC price, and the (welfare-maximizing) variable price will
produce at least as much welfare as the constant price. But that is not
much help, because the difficulty of implementation increases along
with the potential welfare gains. What is needed is a quantitative com-
parison of the welfare attainable under the various pricing rules.*

In this report I provide some quantitative comparisons of prices and
their effects on aggregate economic welfare and consumer surplus under
the three pricing rules. I use computer simulation models of pricing and
investment in some rather abstract situations, where capacity can be
added only in lumps of fixed size. The fixed size of the lump is exogenous,
in contrast to the endogenously chosen lump sizes studied by Starrett
(1978) and Woroch (1987). There is only one kind of capacity in the
model, and it produces only one product.

The model represents in a highly abstract way the following situa-
tions:

e A water company must meet growing demand by building new
reservoirs; reservoir size is fixed by topography.

® An electric utility must meet growing demand for power by
adding generators to its power plants; generators come in a
fixed size that is dictated by technology.

e A telephone company must meet the growing demand for local
telephone calls by adding new central office switches; vendors
supply switches in only one size.?

Using the computer model to calculate optimal prices, welfare, and
consumer surplus under each of the three pricing rules—given fixed
lump sizes that range from much smaller to much larger than initial
demand-—I seek answers to these questions:

A complete analysis would require a quantitative comparison of implementation
costs as well, but I do not have anything to say about that in this report.

5This is an extreme simplification of an actual local telephone exchange. A more
realistic model would have the company supplying two products—access to the telephone
network (lines or subscriptions) and usage of the network (calls or minutes of calling). A
number of different capacity goods, some lumpy and some not, would be used—for exam-
ple, very lumpy conduit, moderately lumpy feeder cable, and not-at-all lumpy line cards
for connection to the central office switch. The switch itself is a large lump whose
capacity can be increased by adding less lumpy expansion modules.



e What is the relationship between capacity costs and optimal
prices?

e How does lumpiness of capacity affect prices, welfare and con-
sumer surplus, and how do the effects differ for smaller or
larger lump sizes?

e What is gained by using more elaborate pricing rules when
capacity is lumpy?

The results appear in four main sections. Section II compares
welfare-maximizing constant prices with Boiteux AIC prices if the firm
is not required to meet any particular revenue requirement. Section III
compares welfare-maximizing variable prices with constant prices and
Boiteux prices, again without a revenue requirement. Sections IV and
V add the requirement that the firm’s revenues must recover its
embedded costs. Section IV then deals with constant prices, and Sec.
V. with variable prices. A discussion of the results and some tentative
conclusions are in Sec. VI. An appendix lists the FORTRAN simula-
tion program.



II. CONSTANT PRICES WITHOUT A
REVENUE REQUIREMENT

In the simplest case, the regulated utility produces only one product,
and prices it to maximize economic welfare without regard to any reve-
nue requirement. The only complication is that the product is pro-
duced by a capital good (“capacity”) that is available only in lumps of
fixed size. I assume that capacity does not depreciate with time or use,
that production does not require any inputs in addition to capacity,
that technology and the interest rate are both unchanging, and that
present and future demands for the good are known with certainty.

The assumption that there is no revenue requirement puts us in a
“first best” world that is much studied by economists but seldom
encountered in reality. In such a world, firms do not have to cover
their costs; a wise government dispensing lump-sum subsidies and col-
lecting lump-sum taxes is needed to keep things going. The familiar
prescription that efficient prices should equal marginal cost applies in
this world, if certain conditions are met. Smooth adjustability of
everything, including production capacity, is one of those conditions.

I choose to investigate this case, despite its unreality, because the
long history of work on first best pricing leaves open some questions
about the behavior of such prices when capacity is lumpy. Also, the
first best prices are the starting point for finding “second best” prices
when the firm is subject to a revenue requirement.

For concreteness, I sometimes refer to the hypothetical utility as a
telephone company, to the good that it produces as telephone calls, and
to its capital good or capacity as a switch.

THEORY

Smooth and Lumpy Capacity

Boiteux recommends that “tariffs based on marginal cost should be
established with reference to continuously optimum plant-sizes, regard-
less of the actual successive phases of over- and under-capacity through
which the enterprise passes” (Boiteux, 1956, p. 56). I take this to mean
that prices should be set as if capacity were smooth, even when in real-
ity it is lumpy.

Figure 2.1 shows a comparison of the Boiteux as-if-smooth costs
with the ex ante lumpiness assumed by Williamson and by Rees (and



in this report), and with the ex post lumpiness of Starrett and Woroch.
With ex ante lumpy capacity, a lump costs ¢ and can provide anything
up to ! units of output. Any more output requires installation of a
second lump. With ex post lumpy capacity, the firm optimally chooses
from the Starrett-Woroch smooth curved schedule of cost vs. capacity
to install a lump of size .

In either case, Boiteux recommends that one calculate optimal prices
as if one could add a tiny increment of capacity dg at a cost of (c/l)dg
whenever necessary to keep pace with the growth in effective demand.
The quantity c/! is the value of average incremental cost (AIC). Or
rather, the quantity c/! is the value of AIC if we are careful about the
meaning of ¢ and [: For the statement to be true, either both quanti-
ties have to refer to flows, or both have to refer to stocks or present
values.

Flows and Stocks

1 choose to define lump size | in terms of the periodic flow of output
that one lump could make possible. Then ¢ must be calculated as a
flow too. If the one-time cost to engineer, furnish, and install a lump
of capacity is 8 and the periodic discount rate is r, then the flow of
recurring periodic interest charges is ¢ = r8. In flow terms, one would
calculate

oc b Williamson-
Rees-Park
lumpy capacity

Starrett-Woroch
smooth capacity
with increasing
returns

Investment cost
[¢]

Boiteux
pretend-smooth capacity

0 I I
0 ] 2l

Capacity

Fig. 2.1—Three models of capacity cost
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AIC - _lfi ,
where AIC denotes the value of average incremental cost. (In this
report, the concept of average incremental cost is abbreviated AIC.)

Alternatively, however, one could do the calculation entirely in

terms of stocks. The one-time stock cost of installing a lump of capac-
ity is 8. The corresponding output measure is the present value of the
flow of output that one lump would make possible.! Over an infinite
horizon, the present value of this potential output is

Jle—rt dt = l/r .

In stock terms, one would calculate

AIC - B
AIC—-l7F ,

which is of course equal to AIC calculated in terms of flows.

Boiteux Price

If we adopt Boiteux’s suggestion and pretend that capacity can be
adjusted smoothly in response to changes in demand, it is easy to show
that the welfare-maximizing price for a telephone call is equal to AIC.
If capacity is smooth and either (1) investment in capacity is costlessly
reversible or (2) growth is always positive, then there is no need for an
explicitly dynamic theory. All we need to do is to characterize a static
optimum, and then make sure that those optimal conditions hold at
every point in time.

To find a static optimum, define the following flow variables:

x(p) = the number of telephone calls per unit time when the
price of a call is p;

p(x) = the inverse of x(p): the price the customers are willing to
pay for the xth telephone call;

B(x) = the total benefit that the utility’s customers get from
making x telephone calls;

B(x) — px(p) = consumer’s surplus: total benefit less the amount
that consumers pay to the telephone company;

1As used here, “present value” is not intended to connote monetary value. A present
value calculation can be done to reduce the flow of anything over time to a corresponding
stock value. We encounter below at least one instance in which this is in fact a useful
thing to do.



C(q) the cost of the capacity necessary to provide g calls

fixed costs + AICq.

Then the problem is to choose p to
maximize B(x(p)) — C(q)

subject to x(p) <q .

The obvious optimizing choice of pretend-smooth capacity is

qg=x.

To build more would be wasteful; to build less is ruled out because I do
not allow non-price rationing. Thus the first-order condition for a
maximum is

dx _ dC 1 dx
Pap =@ ~ Al

and the optimal (Boiteux) price is

_dC 1R
p—W—AIC.

Optimal Constant Price

The Boiteux AIC price is the welfare maximizing price if capacity is
smooth, but it is not in general the welfare maximizing price if capacity
is lumpy. To find the optimal constant price if capacity is lumpy, we
need to introduce time explicitly into the problem. Instead of maxi-
mizing the difference between level flows of benefit and cost, B — C,
we need to maximize the difference between the present values of time
varying benefits and costs, PVB — PVC:

PVB =fB(p,t)e—rtdt ,
t=0

PVC = 2 Be T ,
i=1

where ¢t; is the time at which the ith lump of capacity is installed.

At a high level of abstraction, one can find an optimal condition
characterizing the welfare maximizing constant price that nicely parallels
the condition found above for smooth capacity, p = dC/dx:
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so that

p= dPV(C
dPVX
where PVX is the present value of the output stream x(t).2
Rees (1986) finds an optimal condition at a somewhat more concrete
level. With growing demand and for any constant price p, new lumps
of capacity must be installed at the times ¢; when previously installed
capacity is fully used, that is, when

Ko+ (-1l -x(p,t;) =0, i=1,...,0,

where K| is the sunk or embedded capacity in place at ¢t = 0.
The first-order condition for maximum PVB — PVC subject to the
capacity constraint is

T 0x ,_rt x dt; —rt;
pP—e "t dt = rg e T,
IR Z

That is, at the optimal constant price, a small increase in price would
result in two exactly offsetting changes: (1) a small decrease in the
present value of consumption benefits as the number of telephone calls
declines slightly at all future times, and (2) a small saving in the
present value of construction costs as all future capacity additions are
slightly delayed.

t

CALCULATION

To make quantitative comparisons among the three pricing policies,
I have to specify functional forms and parameter values for demand
and production technology.

2«Present value” is used in the non-monetary sense of the preceding footnote. That
sense of the term is useful here because it enables me to show the parallel between the
static and dynamic optimal pricing rules.
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Demand for telephone calls is assumed to be known with certainty.
The number of households, and hence market demand, grows at the
constant exponential rate b. At ¢t = 0 and p = 0 , demand is a. At
any given time, market demand is described by a negative exponential
demand curve with demand parameter «. Thus at time ¢ and price p,

x(p, t) = gebt —oP

Telephone calls are produced by an unchanging technology of Leon-
tief type. Initially (at time ¢ = 0), sunk or embedded capacity of K| is
available. Additional capacity must be installed in lumps of fixed size
I. One lump of capacity can produce up to ! units of x per period. The
purchase price for an installed lump of capacity is 8. There is no
depreciation and the constant interest rate is r. Thus the annual cost
of a lump of capacity is 78, and AIC is r8/l. Operating cost is zero in
all of the simulations described here.

Typical parameter values are summarized in Table 2.1. The simula-
tions actually vary the parameter values around the tabulated values to
trace out the behavior of optimal prices and welfare in various cir-
cumstances.

All of the parameter values except for the infinite planning horizon
are meant to be roughly realistic. A demand growth rate of 5 percent a
year is certainly within the range of actual experience. Initial demand
of 1.00 is a normalization that simply defines the units in which I mea-
sure quantities; if, for example, initial demand is 60,000,000 telephone
calls per year, then “1 unit” of the good equals 60,000,000 calls. In a

Table 2.1

TYPICAL PARAMETER VALUES

Demand conditions:

Demand growth rate, b 0.05
Initial demand at zero

price, a 1.00
Demand parameter, o 0.50

Supply conditions:

Initial capacity, Ko 0.00 to 2.00
Lump size, [ 0.10 to 2.00
Cost of a lump, 8 0.10 to 2.00
Interest rate, r 0.20
AIC, rg/t 0.20

Planning horizon, h o
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negative exponential demand function, elasticity is equal to price times
the demand parameter, pa; with p = AIC = .2, elasticity is 0.1, which
is about what Park, Wetzel, and Mitchell (1983) estimate for telephone
calls.

Initial capacity is measured in the same units as is demand;
Ky = 1.00 means that initial capacity is sufficient to serve initial
demand at a zero price, or 60,000,000 calls per year in the example.
Lump size is also measured in the same units, so that ! = 1.00 means
that one switch is able to serve 60,000,000 calls per year. The choice of
a value for 3, the cost of a lump, normalizes monetary units in the
same way that a choice of a, initial demand, normalizes physical out-
put units. If a switch costs $7,000,000, then by choosing 8 = 1.00 one
is choosing to measure money in units of $7,000,000. A before-tax
discount rate of 20 percent a year is not unreasonable. In normal-
ized units, AIC = rg8/l = 0.20; in “natural” units, it equals 0.20 x
$7,000,000/60,000,000 calls = $0.0233 per call.

The situation with a constant price is illustrated in Fig. 2.2. At a
zero price, demand grows along the light exponential curve and capac-
ity must be added along the light stairsteps. At a price equal to AIC,
demand growth is suppressed to the heavy exponential curve and
capacity additions can be delayed as shown by the heavy stairsteps.

Capacity (P > 0)

Capacity (P =0)

Output and capacity

Time

Fig. 2.2—Output and capacity with constant price
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For the demand equation specified above, we can calculate PVB and
PVC as follows. Denote the demand for calls at time ¢ and p = 0 by
%o(t). Then the quantity demanded at some positive price p is

x(p) = xpe ~°P.

The inverse demand is
p(x) = Lilog xo — log x(p)) ,

and the instantaneous flow of total benefit is

x(p’t)
B(p, t) = lim fpdx

.
0 €

% (1 + logxg — logx) ;

PVB

JB(p, t)e-rt dt

_ap+1 ., 1
— e .

PVC depends on the construction schedule for additions to capacity.
With no non-price rationing, and assuming for the moment that initial

capacity K, is sufficient to serve demand at ¢ = 0, the first addition
must be made when

K0=aebt—ap ,

or at

t, = .[1)_(logK0 —loga + ap) .
A second addition will be needed at

tr = 3 (log (Ko + 1) — loga + ap) ,
and so on at

- L(log (Ko + (i — D) —loga +ap), i=1,..., .
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Therefore,

— 6ar/be—apr/b E (KO + il)—r/b ,
i=0
which is finite for r > b.
More generally, K, may not be large enough to serve demand at ¢ = 0;
then it will be necessary to add one or more (in general, n = 0,1,...)
lumps at t = 0. Then

PVC = ng + Bar'be=arss 3\ (K, + il) .
i=n

i

These equations, with AIC substituted for D, give the results for
Boiteux prices. The same equations, using a search over various values
of p, give the results for optimal constant prices.

For the details of the search for optimal constant prices, see the
FORTRAN code in the appendix. In brief, the procedure is as follows:
(1) Do a (one-dimensional) grid search over p to find an approximately
optimal value p. (2) For three values of p in the neighborhood of D,
say p1, P, and P, calculate three corresponding values of welfare, say
Wy, Wy, and 3. (3) For each pair of values, write a quadratic equation

W; =co+ 1P + capf .

That gives three equations. (4) Solve them for the three unknown
coefficients cy, ¢j, and c2. The resulting coefficients give a quadratic
approximation to the function relating welfare w to price p. (5) Find a
new value of p = —.5¢,/c;, which maximizes w in the quadratic
approximation. (6) If p differs by more than a little from its previous
value, return to step (2); otherwise quit.

RESULTS

The results in this subsection show how welfare maximizing con-
stant prices differ from Boiteux AIC prices, both in the magnitude of
the prices themselves and in their effects on consumers and on aggre-
gate economic welfare. Prices, welfare, and consumer surplus all
depend in surprisingly complex ways on the size of the capacity lumps
and on the amount of capacity in place initially.



15

The results are presented below in three sets of graphs showing:

Optimal constant prices (Fig. 2.3);

e The change in aggregate economic welfare that occurs when
optimal constant prices are substituted for the Boiteux price
(Fig. 2.4); and

e The change in consumer surplus that occurs when optimal con-
stant prices are substituted for the Boiteux price (Fig. 2.5).

Each set of graphs offers several different ways of looking at the rela-
tionships. A three-dimensional perspective view of the price (or wel-
fare or surplus) surface is the easiest to grasp intuitively. A contour
plot of the same surface provides a more quantitative overview of the
relationship. Three selected cross-sections taken through the surface
provide more detail for limited portions of the relationship.

Prices

Perspective Plot. The perspective view (a) in Fig. 2.3 shows the
optimal constant price, represented by the height of the surface, as a
function of lump size and initial capacity. Lump size runs from 0.1 to
2.0 times initial demand at a zero price, and is measured along the x
axis. Initial capacity runs from 0.0 to 2.0 times initial capacity, and is
measured along the y axis.® The plot depicts an intricate surface con-
sisting of several ridges radiating out from the point where initial
capacity equals 1.0 and lump size equals 0.0. Each of the ridges is
highest along its lower left edge, and slopes downward as one moves up
(“north”) and to the right (“east”) from there. There is a discontinuity
or tear in the surface along the lower left edge of each of the ridges; the
“southwest” face of each ridge is vertical.

The highest optimal constant prices occur for initial capacity just
shy of initial demand at a zero price, and very large lump sizes. In
these circumstances, it is optimal to charge a very high price in order
to delay the time when the first (very large) additional lump of capac-
ity has to be installed. Very low values of optimal constant price occur
for high values of initial capacity, and also for certain combinations of
initial capacity and lump size that optimally require immediate instal-
lation of a lump that results in substantial unused capacity.* As long as

3The perspective and contour plots are based on simulations for a grid of lump size
and initial capacity values spaced every 0.025 units in either direction between the limits
given above,

“The unused capacity is “excess” only in the narrow sense that it is larger than neces-

sary to serve current demand. It is in fact the optimal amount of capacity under the
specified constraints.



Fig. 2.3—Optimal constant price
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Fig. 2.3—continued
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initial capacity does not exceed initial demand, the optimal constant
price converges to AIC as lump size goes to zero.

Contour Plot. The contour plot (b) in Fig. 2.3 depicts the same
surface in a different way. The labels on the equal price contours show
the numerical values of optimal constant prices as a function of lump
size and initial capacity. In particular, the contours delineate regions
in which the optimal constant price is above or below AIC = 0.2.

Optimal constant prices exhibit a nice consistency property that can
be illustrated using the contour plot. For a lump size of 0.5 and initial
capacity of 0.0, the plot shows that the optimal constant price is just
under 0.3 (this is the contour level at the 0.5 mark on the lump size
axis). In this situation it is optimal to install two lumps of capacity
immediately at ¢ = 0. After they are installed, capacity is 1.0 and lump
size is still 0.5. It would be nice if the optimal constant price were still
just under 0.3, and indeed it is (this is the contour level at the “+”
above the 0.5 mark on the lump size axis and even with the 1.0 mark
on the initial capacity axis).

More generally, if it is optimal to bring capacity up to n lumps at
t = 0, the optimal constant price is the same whether initial capacity is
0, 1,...,0r n lumps. Pursuing the example of the previous para-
graph, the optimal constant price is also just under 0.3 for a lump size
of 0.5 and initial capacity of 0.5, as marked by another “+” in the con-
tour plot.

More generally still (now allowing initial capacities K, that are
non-integer multiples of lump size {),% if initial capacity is such that it
is optimal to install n additional lumps at ¢ = 0, n > 0,% then optimal
constant price is the same at all combinations of lump size ! with ini-
tial capacities Ko + j [,j = 0,1,..., n. It is this consistency property
that accounts for the “radiating ridge” structure of the optimal price
surface.

On the other hand, optimal constant prices are not consistent in the
same way for times t > 0. At some later time t* the relationship
between demand and capacity will have changed, because of demand
growth and possible capacity additions between t = 0 and ¢t = t*. If at
time t* one got to choose a new optimal constant price to be effective

5This requires that embedded capacity use at least some of a different technology
than the one currently available, for example, step switches instead of digital switches. If
embedded capacity only came in the the same lump size as current capacity, then the
only attainable combinations of initial capacity and lump size would lie along the rays
K0=jlrj =01,...,

5This is true everywhere southwest of the mammoth south face of the highest ridge in
the perspective plot.
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for t* =<t <, that price would generally be different (it may be
higher or lower) than the original optimal constant price.”

Cross-sectional plots. Panels (c), (d), and (e) in Fig. 2.3 show
three selected cross sections through the optimal price surface. Some
discussion of the cross sections will help clarify why the prices follow
this complex pattern.

Panel (c¢) is the section along the lump size axis of the perspective
plot. That is, it shows the optimal price as lump size varies from [ =
0.1 to 2.0 times initial demand, while initial capacity is fixed at
K, = 0.0.2 The initial capacity of 0.0 means that this is a “start from
scratch” situation.

In panel (c¢), look first at the downward sloping portion of the price
line between lump sizes of 0.45 and 0.85. In this range, the optimal
investment program installs two lumps of capacity to serve demand at
time 0. As the lump size increases from 0.45 to 0.85, initial capacity
goes from 1.0 to 1.8. So toward the upper end of this range, substan-
tial unused capacity exists initially and constant prices lower than the
Boiteux prices are optimal (down to about 0.07 in the figure).

At a lump size just over 0.85, however, it becomes optimal initially
to install only one lump and to delay the time when a second must be
installed by charging prices substantially higher than the Boiteux price
(up to about 0.49).° Even with somewhat larger lump sizes, up to about
1.3, which result in unused capacity at time 0 and for some time after
that, prices higher than the Boiteux prices are optimal. The reason is
still that the interest savings from delaying investment in the second
and later lumps balance the loss in consumer benefit that results from
charging the higher prices. At still larger lump sizes, unused capacity
will persist for a long time and optimal prices decrease toward zero as
lump size gets very large relative to initial demand.

Similar patterns appear at smaller lump sizes. Along the downward
sloping segment of the price line between lump sizes of 0.30 and 0.44,
for example, three lumps are initially installed. At a lump size just
under 0.45, it becomes optimal to install only two lumps and ration
demand with a higher price.

70f course, if you get to reconsider once you may think you will get to reconsider
again, in which case it no longer makes sense to pick a new price as though it had to be
in effect forever. Rees (1986) studies optimal prices that are constant over fixed periods
shorter than «. The resulting prices are consistent with respect to reconsideration at the
boundaries between the fixed periods, but not within periods.

8This and the other cross sectional plots are based on simulations spaced every 0.01
units between the limits given in the text.

5The price plot appears to cut the Boiteux price line in more places than it actually
does; the vertical segment here, as well as the rest of them just to the left of
1/j,j =1,2,3,... represent real discontinuities.
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The variation in optimal constant prices with lump size damps out
as lump size gets smaller relative to initial demand. For example,
optimal prices range narrowly from about 0.15 to 0.22 for lump sizes in
the vicinity of one-fifth of initial demand. For even smaller lump sizes,
optimal prices differ from Boiteux prices even less.

Panel (d) in Fig. 2.3 is a cross section parallel to the lump size axis
taken at initial capacity = 1.0. That is, it shows the results as lump
size varies from [ = 0.1 to 2.0 times initial demand, while initial
capacity is fixed at Ky = 1.0. The initial capacity of 1.0 means that
this is a “build from existing” situation, with initial embedded capacity
sufficient to serve initial demand at a zero price.

This panel shows that the optimal constant price increases mono-
tonically as lump size increases. The bigger the lump, the longer one
should optimally wait to install it. In order to postpone the installa-
tion date, the price has to be increased. For a lump size of 2.0, the
optimal price is 0.54, which delays the time when the first additional
lump has to be installed until ¢ = (log(K,) — log(a) + ap)/b = 54.

Panel (e) shows a cross section cut in the other direction, parallel to
the initial capacity axis at a lump size of 1.0. Thus initial capacity
varies from K = 0.0 to 2.0 times initial demand, while lump size is
fixed at [ = 1.0. The situations represented by this panel start with
serious initial shortages of capacity at the left, varying to substantial
initial overcapacity at the right.

With very small initial embedded capacity, it is optimal to install
one new lump of capacity (of size 1.0) immediately and charge a fairly
high price (up to 0.37) to delay the time when the second and subse-
quent lumps need to be installed. With initial capacity somewhat
higher, in the 0.58 to 0.84 range, it is still optimal to install one new
lump immediately. However, after the new lump is installed, there is
substantial excess capacity and a lower price (0.10 or less) is optimal.
With still higher initial capacity, from 0.85 to 1.08, it is optimal to
charge a high price of 0.3 or more to delay the time when the first new
lump must be instalied. And with even larger initial capacity, 1.58 or
more, there is a lot of unused capacity even without the first additional
lump and a low price of 0.1 or less is optimal.

Aggregate Welfare

What can be gained by adopting more elaborate pricing schemes? Fig-
ure 2.4 shows the gains in aggregate economic welfare that result from
charging optimal constant prices rather than the simple Boiteux AIC
price. The change in welfare is measured as the welfare under the more
elaborate pricing method, less the welfare from the Boiteux price,
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expressed as a percent of the cost of providing service with smooth capac-
ity and Boiteux prices.

These choices determine the zero point and interval size for a wel-
fare scale that I use throughout most of this report. I chose welfare
under the Boiteux AIC price as the baseline because the Boiteux price
is the simplest price considered here, not because it is a realistic pric-
ing alternative. Indeed, in Sec. IV we see that a firm charging the
Boiteux price will go bankrupt, even if its only costs are capacity costs
{no overhead or other revenue requirements).

The welfare scale measures welfare change as a percent of the cost
of providing service with smooth capacity and Boiteux prices. This is
calculated as the cost of capacity to serve initial demand at the Boiteux
price, plus the discounted cost of adding capacity to serve demand
growth over the planning horizon, or

0

(B/1)e-erB/t 4 6[ e=(8/1) baebt—or/l dt — 1.2064

for the parameter values in Table 2.1. There are two reasons for this
choice. First, construction cost is an intuitively meaningful standard
for comparison. Second, although actual construction cost will vary
from case to case, this particular construction cost is a constant, so it
serves as a consistent measuring rod for welfare changes. That is, a
one percentage point increase in welfare corresponds to the same abso-
lute increase throughout this report.

Figure 2.4 shows a perspective view (a) and a contour plot (b) of the
welfare gains from substituting optimal constant prices for Boiteux
prices. For over 90 percent of the plotted combinations of lump size
and initial capacity, the welfare gains are less than five percent (of
construction costs), and for about 57 percent, they are less than two
percent. There are of course no negative welfare changes; the optimal
price can only increase welfare over the Boiteux price (or, where the
Boiteux price happens to be optimal, leave welfare unchanged).

The largest gains are confined to the area where initial capacity is
approximately equal to initial demand and lump sizes are large. Charg-
ing the Boiteux price in that area would require early installation of an
expensive large lump of capacity to serve growing demand. The higher
optimal price makes it possible to postpone installation and save sub-
stantially on interest costs.

The welfare surface exhibits the same general “radiating ridge”
structure as does the price surface, but there are some differences. For
one thing, the welfare surface looks flatter; the welfare ridges are not
as high as the price ridges. This is a direct consequence of the scales
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Fig. 2.4—Welfare change for optimal constant price
relative to Boiteux price
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used to plot the surfaces, but it is not accidental. The scales were
chosen to facilitate comparison of results across sections, and we shall
see in later sections that the welfare gains from optimal constant prices
are in fact small compared with the gains from other pricing schemes.

Other differences are perhaps best seen in the cross sectional plots
in Fig. 2.4, panels (c), (d), and (e).

One difference is that there are no discontinuities or vertical sec-
tions in the welfare curves. Compare panel (c) of Fig. 2.4 with the
corresponding price plot shown in panel (c) of Fig. 2.3. When lump
size exceeds a threshold value just below 0.86, the optimal price jumps
to its highest value in this plot, 0.49. At the same threshold, welfare
starts a steep but not vertical rise, reaching a peak of 12 percent at a
lump size of 0.91 and an optimal price of 0.44. Welfare is continuous
across the lump size threshold, even though price is not. Close to the
threshold, it is nearly optimal to install two lumps initially and charge
a low price, and also nearly optimal to install one lump and charge a
high price; both strategies produce almost the same welfare. The
option of installing one and a fraction lumps and charging an inter-
mediate price is not available.

Another difference is that the welfare curves sometimes go up where
the price curves go down; welfare increases as the optimal constant
price becomes either larger or smaller than the Boiteux price. The wel-
fare curves (c, d, €) in Fig. 2.4 touch the welfare = 0 axis at the same
lump sizes at which the price curves (c, d, e) in Fig. 2.3 cross the price
= AIC line.

Consumer Surplus

Figure 2.5(a) is a contour plot of change in consumer surplus when
optimal constant prices are substituted for the Boiteux price. The
scale is the same as for the welfare plot; surplus changes are expressed
as a percent of the cost of providing service with smooth capacity and
the Boiteux price. These changes in consumer surplus are much larger
than the corresponding changes in aggregate welfare, ranging from
increases of over 80 percent to decreases of more than 280 percent.!®

The cross sections (b, ¢, d) through the consumer surplus surface in
Fig. 2.5 are approximate mirror images of the corresponding sections
(c, d, e) through the price surface in Fig. 2.3. Raising price above AIC
may increase aggregate economic welfare (and indeed it does for some
lump sizes), but it necessarily reduces consumer surplus. If the welfare

10A perspective plot is not included in the figure because the perspective plotting pro-
gram did not produce a useful picture of this complex surface.
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gain comes from raising price above AIC, all of the gain and more goes
to the firm. Conversely, if the gain comes from lowering price below
AIC, all of the gain and more goes to the customers.

The largest welfare gains come in areas of consumer surplus losses.
Consumer surplus gains occur only where the optimal constant price is
lower than the Boiteux price, and there the welfare gains are relatively
small.

Varying Other Parameter Values

Earlier in this research, I expected to be able to summarize the rela-
tionship between optimal price, consumer surplus change, and welfare
change, individually on the one hand, and all of the model’s parame-
ters, collectively on the other hand, using so-called “response surface”
methods. Response surface methods seek to summarize such relation-
ships as mathematical equations, with price, surplus change, or welfare
change as the left hand side or dependent variable, and all of the
parameters as the right hand side or determining variables. Given such
an equation, one could insert values for all of the model’s parameters
in the right hand side and calculate a corresponding estimated value
for the dependent variable. If the equation was in fact a good sum-
mary of the relationship, then the estimated value would be close to
the actual value.

Response surface methods cannot be used in our current situation,
however, because of the complexity of the relationships that need to be
summarized. There is no way, to my knowledge, to represent this kind
of complexity in a simple mathematical form.

Still, it is important to have some idea of how sensitive the results
presented above are to variations in the values of the input parameters.
Table 2.2 is intended to shed some light on this issue. Each section of
the table recalculates some of the values displayed in Figs. 2.3 to 2.5
with one of the input parameters changed to a value lower or higher
than that shown in Table 2.1.1

The recalculated prices, welfare changes, and consumer surplus
changes in Table 2.2 are laid out on a 3 x 3 grid that mirrors the lay-
out of the perspective and contour plots. That is, the columns
correspond to lump sizes of 0.1, 1, and 2 (reading left to right), and the
rows correspond to initial capacities of 0, 1, and 2 (reading bottom to
top). Thus it is possible to look at the grids of figures and visualize a
rough cut at the surfaces plotted in the figures.

Ty recalculate and redisplay all of the values would add 60 pages of figures to this
section alone, which is clearly impractical.
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Fig. 2.5—Consumer surplus change for optimal
constant price relative to Boiteux price
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For the most part the patterns displayed in the table are similar to
the base case results shown in the figures. I leave a detailed examina-
tion of the sensitivity results to any interested readers.

Summary Comments

Because of the large amount of detail presented in this subsection, I
summarize some of the most important findings:

The relationships of optimal constant prices, aggregate welfare
gains, and consumer surplus changes, on the one hand, and lump
size and initial capacity, on the other, are surprisingly complex.
Despite the complexity, it is possible to understand why the
patterns are as they are.

For most combinations of lump size and initial capacity, the
welfare gains from substituting optimal constant prices for the
Boiteux price are quite small.

The largest welfare gains are achieved when a high price makes
it possible to postpone installation of a large lump of capacity.
Consumers may be harmed by substituting optimal constant
prices for Boiteux prices; changes in consumer surplus, either
positive or negative, are much larger than changes in welfare.
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Table 2.2
SENSITIVITY RESULTS FOR OPTIMAL CONSTANT PRICES
Aggregate Consumer
Prices Welfare Surplus
(.00) (% gain) (% gain)
Base case 3 5 7 4 3 2 91 80 66
18 37 54 0 6 27 11 -82-157
18 37 7 0 6 2 11 -82 66
Lower discount rate 4 6 8 3 2 1 8 73 52
r =.15 14 27 42 0 4 19 5 -92-192
14 27 8 0 4 1 5 -92 52
Higher discount rate 2 3 6 5 5 4 91 83 74
r =.25 20 43 60 0 6 27 17 -65-118
27 43 6 0 6 4 -9 -65 74
Lower initial demand 0o 1 1 3 2 2 52 51 50
a=.5 3 7 13 2 1 0 45 33 19
20 7 1 0 1 2 0 33 50
Higher initial demand 8 14 20 3 1 0 92 49 -2
a =15 20 14 5 0 1 4 -2 49 113
20 14 20 0 1 0 -2 49 -2
Lower demand growth 0 0 o0 4 4 4 87 87 86
b =.02 15 36 46 0 8 28 20 -64-101
15 36 0 0 8 4 20 -64 86
Higher demand growth 7 10 13 3 2 1 84 67 45
b =.08 19 32 47 0 3 15 8 -T71-156
19 32 13 0 3 1 8 -71 45
Lower elasticity 3 5 8 2 1 1 94 82 66
a =.2 21 49 77 0 6 25 -3 -147-285
21 49 8 0 6 1 -3 -147 66
Higher elasticity 3 4 17 6 5 4 88 78 65
a =.8 16 31 43 0 4 22 20 -49-100
20 31 7 0 4 4 0 -49 65
Lower capacity cost 1 2 4 1 1 1 47 41 33
g/L=25 10 23 36 0 3 43 0 -66-127
10 23 4 0 3 1 0 -66 33
Higher capacity cost 4 7 10 9 7 5 133 118 98
B/l=15 24 48 67 1 6 34 28 -80-160
31 48 10 0 6 5 -3 -80 98
Key: The numbers are displayed initial X—X—X
for selected values of lump size capacity l | |
and initial capacity laid out like X——X—X
in Figs. 2.3(ab), 2.4(ab), and | | |
2.5(a). That is, the numbers X—X—2X
correspond to the nine x’s in the :
1 1 2 lump size

adjacent diagram:



III. VARIABLE PRICES WITHOUT A
REVENUE REQUIREMENT

In Sec. II, the price of the product, once chosen, was fixed for all
time; in this section, the price is allowed to vary over time in response
to changes in the relationship between demand and capacity. As in
Sec. II, prices may be chosen to maximize welfare without considering
whether revenues cover costs; the firm is allowed to make large profits
or suffer large losses if that is what optimal prices produce.

THEORY

The formal statement of the problem is nearly the same for variable
prices as for constant prices. The only difference is that a variable
price p(t) replaces the constant price p. We want to maximize
PVB — PVC subject to a capacity constraint:

PVB - fB(p(t),t)e‘”dt ,
t=0

PVC - E Be Tt |
=1

Ko+ (i — 1)l —x(p(t), t)=0, t, 1=t=t, to=0,
i=1,...,o .

The optimal pattern of prices over a construction cycle is obviously
a price equal to zero whenever excess capacity exists, and otherwise a
price just high enough to ration growing demand so that it equals avail-
able capacity (see Rees, 1986, for proof). Given that characterization
of prices, the remaining problem is to find the optimal times t; at
which to add capacity. This is a local problem; a small change in a
particular ¢; affects costs and benefits only in the neighborhood of that
time.! The optimal condition for each t; (Rees, 1986) is

B(ﬁ(tl)’ tl,) - B(p(tt),tl) = rﬁ ’

IThis is in contrast to the constant price case, where small changes in price affect
both costs and benefits over the entire (infinite) horizon.

30
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where p is the price just after the capacity increment and p is the price
just before. That is to say, capacity should be added when the benefit
from the increased consumption that the added capacity makes possi-
ble just offsets the interest cost of the investment.

CALCULATION

The first step in calculating PVB and PVC for welfare maximizing
variable prices is to find the optimal times ¢; for adding capacity by
evaluating the optimal condition stated above. Define K; as the capac-
ity in place during the period starting at ¢; and ending at ¢;,,, that is,

K, =Ky +1l .

Then the increase in benefit flow following an addition to capacity at t;
is the area under the demand curve between x = K;_; and the higher
level of consumption made possible by the capacity increase. That new
level of consumption is equal to xo if p = 0, or K; if 5 > 0. In our
model,

B(p(t:), t;) — B(p(t),t;)
- L [Ki_\(logK;_, — logxo) + %o — K; 1]

ifp =0, and
B(p(t;), t;) — B(p(t;), t;)

- [ilogx — Ki(logKi — 1) + Ki_(logK;_, — 1)]

ifp > 0.

I find optimal ¢; by searching for the value that equates the increase
in benefit flow to the increase in interest cost flow, r8. If initial capac-
ity K is less than initial demand a, then we may find that the increase
in benefit flow exceeds r3 at ¢t = 0, and in that case it is optimal to add
one or more (in general, n = 0,1, ...) lumps at £ = 0, so that ¢q, . ., t,
all = 0.

To calculate PVB over the ith construction cycle (from ¢;_; to t;),
first note that the cycle may be divided into two parts. There may or
may not be an initial period from ¢;_; to ¢’; during which p = 0. Dur-
ing such a period the flow of benefit is
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B(t) - 2

Unless t; = 0, there will always be a period during which p > 0. Dur-
ing such a period the flow of benefit is
K,

o

B(t) = (1 + log xo(t) — log K;_1) .

I find the present value of benefit during the ith construction period
by integrating these flows (discounted to t; by the factor e ") over the
construction cycle to get

P—V-Ei - a_ (e—(r -b)_y e—-(r - b); )
K; —rt’; —rt;
+ =L L v loga — log Ki_p)(e i — o)
+ bKi-, [(t/r + 1/r2)e_rt"' —(t;/r + 1/r2)e " ]

o

I approximate PVB by summing PVB; over a sufficiently long horizon
h so that the omitted terms have little effect:

te(ist;<h)

A similar approximation of PVC follows immediately, once we know
all of the ¢;, as
PVC = 2 ge ™

ie(i:tish)

RESULTS

The results in this subsection show how optimal variable prices
differ from Boiteux AIC prices (and from optimal constant prices) both
in the magnitude of the prices themselves and in their effects on con-
sumers and on aggregate economic welfare. The results are presented
below in a series of graphs like those in Sec. II, showing:

¢ (Average) optimal variable prices (Fig. 3.2);

e The change in aggregate economic welfare that occurs when
optimal variable prices are substituted for the Boiteux price
(Fig. 3.3); and
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e The change in consumer surplus that occurs when optimal vari-
able prices are substituted for the Boiteux price (Fig. 3.4).

The cross sectional plots in Figs. 3.2(c,d,e), 3.3(c,d,e), and 3.4(b,c,d)
show the results for optimal constant prices in addition to the results
for optimal variable prices for ease of comparison.

Price and Output Patterns Over Time

Optimal variable prices range from as low as zero, when unused
capacity is available at a zero price, up to rather high values. The
highest values are much higher than optimal constant prices, and
result in substantial cost savings from delayed construction. Constant
prices that high would be uneconomical because they would ration
demand even during times when little or no rationing was needed.

Panel (a) in Fig. 3.1 shows one example of how optimal prices vary
over time, and panel (b) shows the corresponding construction schedule
and output path. This is a case in which initial embedded capacity is
0.0 and lump size is 1.5. It is optimal to install one lump of capacity
immediately and charge a zero price. Starting at around t = 8, the
price is raised gradually over time as necessary to ration demand to 1.5.
The price continues to rise until the time (at around ¢t = 16) when it
pays to install a second lump. At that time, the new capacity of 3.0
exceeds demand at a zero price, and the optimal variable price falls to
zero. It stays at zero until demand again begins to press on capacity
(at around t = 22). Then it gradually rises again as necessary to ration
demand to equal capacity.

After awhile, demand no longer falls below capacity even immedi-
ately after installation of a new lump of capacity, and hence the
optimal price no longer falls to zero. In fact the temporal fluctuations
in price around AIC damp down over time, something that is more
apparent in panel (c), which shows 60 periods instead of 30.

Average Prices

To display optimal variable price results, I needed a way to summar-
ize the time varying prices; it is not feasible to present a graph like Fig.
3.1 for each combination of lump size and initial capacity. I calculated
a kind of average price as the present value of the revenue stream
divided by the present value of the output stream:?

2The calculation of “present values” for quantity streams is discussed in Sec. II; the
application here is another example of a case in which the concept proves useful.
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D= J‘e—rtp (t ) aebt—ap ¢)dt /J\e—rtaebt—ap(t)dt

= PVR/PVX .

In effect, p is the constant price that would produce the same present
value of revenue as the optimal variable price, if it could be collected
for the actual output stream that is consumed under optimal variable
prices.?

Figure 3.2 shows the perspective view (a) and contour plot (b) for
average optimal variable price p as a function of lump size and initial
capacity. The overall impression is a lower, smoother version -of the
optimal constant price surface—the Appalachians instead of the Sierra
Nevada. On average, the optimal variable price is substantially lower
than the optimal constant price for most of the displayed combinations
of lump size and initial capacity. The maximum value of the optimal
variable price (not displayed) is, however, much higher than the aver-
age. The maximum value occurs just before the first time capacity is
added at t = ¢, (after any initial construction at ¢t = 0).

Why is the average optimal variable price lower than the optimal
constant price? Because when prices are variable, high prices can be
used only when needed to delay expensive capacity expansion. Lower,
even zero, prices can be in effect much of the time.

The cross sectional plots (c,d,e) in Fig. 3.2 show clearly that average
variable prices are not lower than optimal constant prices for all com-
binations of lump size and initial capacity. To understand why not,
look at panel (c), which shows both average variable prices and con-
stant prices as a function of lump size when initial capacity is zero.
Between lump sizes of 0.67 and 0.85, average variable prices are rising
while constant prices are falling with increasing lump size. In this
range, with constant prices, it is optimal to install two lumps of capac-
ity at t = 0, as discussed in the previous section. With variable prices,
it is optimal to install only one lump initially. The optimal variable
price is raised over time as necessary to delay the time when the
second lump must be installed. The reason this works is that the high
variable price is in effect only when needed, and does not do any dam-
age at other times, as a high constant price would.

Like constant prices, optimal variable prices are consistent with
respect to construction at ¢ = 0. That is, optimal variable prices are
the same for all combinations of lump size ! with initial capacities

3Actually charging p would, of course, alter the output stream.
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Ky+jl,j=0,...,n, where n is the number of lumps that are
optimally added to initial capacity at ¢ = 0. Again, it is this con-
sistency property that accounts for the radiating ridge structure of the
optimal price surface.

Unlike constant prices, optimal variable prices are also consistent
with respect to reconsideration at some later time ¢ > 0. Under
optimal variable prices, prices and capacity are continuously at their
optimal values. There is never any reason for “planner’s remorse.”

Aggregate Welfare

Figure 3.3 shows the perspective view (a) and contour plot (b) of the
welfare gains from substituting optimal variable prices for Boiteux
prices. The gains are markedly higher than those for optimal constant
prices. Welfare gains are greater than 5 percent for over 96 percent of
the points plotted, compared with only 10 percent of the points for
constant prices. Much larger gains, up to 90 percent of construction
costs, are achieved along the highest ridge, where high prices delay con-
struction of the first additional lump of capacity. Gains of 30 percent
or more are reached along the second highest ridge by delaying con-
struction of a second lump.

The cross sections (c,d,e) in Fig. 3.3 directly compare welfare gains
from optimal constant prices with those from optimal variable prices.
With a few exceptions, they show that variable prices yield substan-
tially larger welfare gains. The exceptions occur where the variable
price schedule over time is little different from the optimal constant
price, that is:

1. At the right side of panel (c), both variable and constant
prices go to zero as lump size gets very large. The reason is
that, with initial capacity equal to zero, it is always necessary
to install at least one lump at ¢t = 0. A very large lump pro-
vides excess capacity for a very long time, implying a very low
optimal price. Variable zero or constant zero does not make
any difference.

2. At the left side of panel (c), both variable and constant prices
go to AIC as lump size goes to zero. A very small lump size is
very close to smooth capacity, for which AIC is the optimal
price. Again, a variable price that is usually close to AIC is
not much different than a constant price that is always close
to AIC. ’

3. At the right side of panel (e), both variable and constant
prices go to zero as initial capacity gets very large, for much
the same reason as 1.
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Consumer Surplus

For most combinations of lump size and initial capacity, variable
prices tend to be more beneficial or less harmful to consumers than do
constant prices. The contour plot in Fig. 3.4 shows some consumer
surplus losses of over 120 percent of construction costs, in contrast
with some losses of over 280 percent from constant prices. Even under
variable prices, consumers suffer substantial losses in just those situa-
tions that yield the largest aggregate welfare gains. These are situa-
tions in which an average variable price that is substantially higher
than the Boiteux price makes it possible to delay construction of a
large lump of capacity. The higher average price increases aggregate
welfare, but it also transfers welfare from consumers to the company.

Comparison of the consumer surplus cross sections in Fig. 3.4 with
the average price cross sections in Fig. 3.2 suggests something that is
not immediately obvious, given the definition of average price above:
Average variable prices above the Boiteux price produce consumer
surplus losses, and average variable prices below the Boiteux price pro-
duce consumer surplus losses, relative to surplus under (constant)
Boiteux prices.

Varying Other Parameter Values

Table 3.1 presents sensitivity analysis results in the form already
described for Table 2.1 in the previous section.

Summary Comments

Here is a review of some of the most important findings in this sec-
tion:

¢ The relationships of optimal variable prices, aggregate welfare
gains, and consumer surplus changes, on the one hand, and lump
size and initial capacity, on the other, display the same complex
“radiating ridge” structure as do the corresponding relationships
for optimal constant prices.

e For most combinations of lump size and initial capacity, the
welfare gains from optimal variable prices are considerably
larger than those for optimal constant prices.

¢ As with optimal constant prices, the largest welfare gains are
achieved when a high variable price makes it possible to post-
pone installation of a large lump of capacity.

¢ Consumers may be harmed by substituting optimal variable
prices for Boiteux prices, but any losses in consumer surplus are
generally smaller than those caused by optimal constant prices.
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Table 3.1
SENSITIVITY RESULTS FOR OPTIMAL VARIABLE PRICES

Average Aggregate Consumer
Prices Welfare Surplus
(.00) (% gain) (% gain)
Base case 2 2 3 5 6 9 94 92 89
17 24 30 4 33 176 13 -24 -61
20 24 3 4 33 9 -1 -24 89
Lower discount rate 3 4 4 5 9 13 92 88 81
r=.15 14 19 24 5 34 176 8 -35 -86
15 19 4 5 34 12 0 -35 81
Higher discount rate 1 1 1 6 6 8 93 92 91
r=.25 19 26 32 4 31 69 20 -9 -32
25 26 1 4 31 8 -1 -9 91
Lower initial demand 0 0 o 3 3 3 52 52 52
a=.5 2 3 3 3 4 7 47 45 42
18 3 0 3 4 3 6 45 52
Higher initial demand 7 8 9 6 14 25 100 91 76
a=15 20 10 31 4 14 36 1 73 -113
20 10 9 4 14 25 1 73 76
Lower demand growth 0 0 0O 4 4 4 88 88 87
b= .02 13 18 20 4 26 51 28 4 -7
21 18 O 4 26 4 -3 4 87
Higher demand growth 6 6 7 5 10 16 88 8 T8
b=.08 19 22 27 4 32 72 9 -21 -61
20 22 7 4 32 16 -1 -21 78
Lower elasticity 2 3 4 2 4 6 96 91 86
a=.2 19 33 47 3 33 80 4 -74 -153
19 33 4 3 33 6 4 -714 86
Higher elasticity 2 2 2 7 9 1 92 91 89
a=.8 16 19 23 4 30 66 20 -1 -22
20 19 2 4 30 11 2 -1 89
Lower capacity cost 1 1 2 1 2 3 48 46 43
B/l=5 9 15 21 2 17 41 3 -31 -65
9 15 2 2 17 3 3 =31 43
Higher capacity cost 3 38 3 10 13 16 138 137 134
B/l =15 24 29 36 6 45 101 29 -6 -40
30 29 3 6 45 16 2 -6 134
Key: The numbers are displayed initial 2 X—Xx—xX
for selected values of lump capacity | | |
size and initial capacity laid 1 X—x—x
out like in Figs. 3.2(a,b), | I |
3.3(a,b), and 3.4(a). That is, 0 X—3x——x

the numbers correspond to the
nine x’s in the adjacent diagram: 1 1 2 lump size



IV. CONSTANT PRICES WITH A
REVENUE REQUIREMENT

We now shift from the “first best” world treated so far to a more
realistic (although admittedly still highly abstract) “second best” world
in which firms are required to meet some revenue requirement. The
results in this section and in Sec. V (on variable prices with a revenue
requirement) are in principle more relevant to policy in a capitalist
economy than the results in previous sections. They do not assume
that a firm can rely on outside subsidies to offset any losses that
optimal prices might produce.

Because prices that do not meet the revenue requirement are no
longer feasible, policy comparisons should not be made between the
revenue-constrained prices described in this section and in Sec. V, and
the prices in Secs. II and III which had no revenue requirement. In
essence, the results in this section establish a new baseline against
which one can compare optimal variable prices subject to a revenue
requirement to see how much they improve on constant prices.!

Table 4.1 clarifies where we now stand. Sections II and III dealt
with the left column of the table, the first best world, and compared
optimal constant and variable prices with the simpler Boiteux price.
This section and Sec. V deal with the right column, a second best
world. In this section I mark up (or mark down) the optimal constant
price to make the firm just break even. The Boiteux price can also be
marked up to break even, but with only one product, the two pro-
cedures result in exactly the same breakeven constant price.2 The box
around the breakeven Boiteux price and the breakeven constant price
indicates the equivalence of these two prices in the one-product case.
In Sec. V, I mark up optimal variable prices and adjust construction
schedules to make the firm just break even.

In this section and Sec. V, welfare and consumer surplus under
breakeven prices are plotted as changes from welfare and consumer
surplus under the Boiteux AIC price, which scales all of the graphs in
Secs. II through V the same. The disadvantage of plotting changes this
way is that results for the Boiteux price are used as a baseline, even
though the Boiteux price is not feasible when the firm is subject to a
revenue requirement. In Sec. VI, welfare and consumer surplus under

1Section VI makes this comparison explicitly.

2With two or more products, the two procedures result in different sets of breakeven
constant prices.
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Table 4.1

FEASIBLE PRICING METHODS

Without a revenue requirement With a revenue requirement

“First best world” “Second best world”
Boiteux AIC price Breakeven Boiteux price
Optimal constant price Breakeven constant price
Optimal variable price Breakeven variable price

breakeven variable prices are plotted as changes from welfare and con-
sumer surplus under breakeven constant prices. This provides a direct
comparison of the two pricing methods that satisfy the revenue
requirement.

The revenue requirement imposed here is that the present value of
revenue must equal the present value of all costs, including the embed-
ded cost of initial capacity, if any.® By specifying the revenue require-
ment as an equality, I protect the firm against losing money as well as
prevent it from making profits in excess of a normal return on capital.
This seems a reasonable way to characterize the revenue requirement
of a regulated utility.

THEORY

Our problem now is to maximize the excess of PVB over PVC sub-
ject to a capacity constraint, as before, but now also subject to a reve-
nue constraint:

maximize
fB(p, te "tdt — 2 Be Tt
£20 -1
subject to

Ko+ (@G-l —x(p,t;) =0, i=1,...,

38till, the only costs in the model are capacity costs; a real firm would have to price
to recover expenses and overhead, as well.
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and

J\e—rtpaebt—apdt _ 6K0 + z Be—rt.- .
i-1
With only one good, the constraints determine the outcome. The
capacity constraints determine construction timing ¢;, and the revenue
constraint determines price p = PVC/PVX. No further choices that
might increase economic welfare are left.*

CALCULATION

To find the constant price that satisfies the revenue requirement, I
use a simple search algorithm similar to that described for the welfare
maximizing constant price in Sec. 1.5

RESULTS

The results in this section display the constant prices that satisfy
the revenue requirement (“breakeven” prices) and the effect of the
revenue requirement on consumer surplus and economic welfare.

Just as elsewhere in this report, the effects on welfare and consumer
surplus are calculated as differences from welfare and surplus under
the Boiteux AIC price, and expressed as a percent of the present value
of the cost of serving demand at the Boiteux price with smooth capac-
ity. This has the advantage of making the results in this section
directly comparable with results in Secs. II, III, and V; the pricing
method that appears in the plots to produce the greatest welfare really
does produce the greatest welfare.

The results are presented in a series of graphs like those used before
showing:

Constant prices that satisfy the revenue requirement (Fig. 4.1);
The change in aggregate economic welfare that occurs when
these constant prices are substituted for Boiteux prices (Fig.
4.2);

4With more than one good, the relative prices of the goods are subject to further
choice.

5See the FORTRAN code in the appendix for details. In addition to the price that
the algorithm finds, there also exists a much higher price that satisfies the revenue
requirement. This second price will be greater than 1.0/, so that elasticity is greater
than 1.0 in absolute value, and it will result in substantially lower economic welfare than
does the price that I find.



e The change in consumer surplus that occurs when these con-
stant prices are substituted for Boiteux prices (Fig. 4.3).

Prices

As shown in (a) and (b) of Fig. 4.1, the revenue constrained price is
always above the Boiteux price (although for small lump sizes and ini-
tial capacity less than initial demand the two prices are very close).
This is because the Boiteux price would meet the revenue requirement
only if capacity were fully used at all times. With lumpy capacity,
there are ordinarily times when output falls below capacity, so that a
higher price is needed to break even.

In the cross sectional plots (c,d,e) of Fig. 4.1, breakeven constant
prices are shown as heavy lines; previous results for optimal constant
prices that do not have to satisfy any revenue requirement are shown
for reference or orientation purposes only. In panel (c), the revenue
constrained and optimal constant prices diverge as lump size increases.
A large lump size results in large amounts of unused capacity, which
dictate a low optimal price. But a large lump size also results in high
costs, which dictate a high revenue requirement.

Panel (d) shows the results for a “build from existing” situation as
lump size varies from [ = 0.1 to 2.0 times initial demand, while initial
capacity is fixed at Ky = 1.0. The breakeven price increases monotoni-
cally as lump size increases, but at a slower rate than optimal constant
price. The firm would make excess profits if it charged the optimal
price, and is constrained by the revenue requirement to charge a lower
price.

Panel (e) shows the results as initial capacity varies from K, = 0.0
to 2.0 times initial demand, while lump size is fixed at [ = 1.0. The
patterns here are quite similar to those for varying lump size in the top
panel, and they occur for much the same reasons.

Aggregate Welfare

Aggregate economic welfare is smaller under breakeven prices than
under the Boiteux AIC price for most (76 percent) of the combinations
of lump size and initial capacity plotted in panels (a) and (b) of Fig.
4.2. The breakeven prices are slightly more efficient than Boiteux
prices along the low ridges radiating from initial capacity = 1.0 and
lump size = 0.0. They are much more efficient only along the highest
ridge, where initial capacity is about equal to initial demand and lump
size is large.
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The cross sectional plots (c,d,e) in Fig. 4.2 compare welfare gains or
losses from substituting breakeven constant prices for the Boiteux price
with gains from optimal constant prices. Welfare for the breakeven price
is always less than (or at best equal to) welfare under the optimal con-
stant price, but the difference is usually not large. The exceptions occur
where the optimal constant price is substantially lower than the Boiteux
price; there, the higher breakeven constant price produces substantially
less welfare than the optimal constant price.®

Consumer Surplus

As shown in Fig. 4.3, consumer surplus is always less for breakeven
constant prices than for the Boiteux price (because the breakeven price is
always higher). The difference is larger where breakeven prices are
higher.

Varying Other Parameter Values

Table 4.2 presents sensitivity analysis results in the same form used
in previous sections.

Summary Comments

e The breakeven constant price is completely determined by the
two constraints: capacity must equal or exceed demand at all
times, and the present value of revenue must equal the present
value of cost. The resulting breakeven price is always higher
than the Boiteux price.

e Substituting breakeven constant prices for the Boiteux price
results in welfare losses for most combinations of lump size and
initial capacity, but welfare gains for some combinations.

e Consumers are always worse off under breakeven constant
prices than under the lower Boiteux price.

e These results do not mean that the Boiteux price should be
used in preference to the breakeven constant price; if the firm
is required to break even, the Boiteux price is not feasible.

6Remember, though, that neither the optimal constant price nor the Boiteux price is a
feasible option if the firm is required to just break even.



50

S SIS
T
e SO S SRS
SIS IS
SIS

IS

"
3
.0‘0:‘

"
“
"
"

5
%
0

R
0

O

%

X
X
o

()

X
&

O
X0

o
o
AOBAX
A
RO

0K
Ay
0

o
X
%

¥

(a) Perspective plot

Initial capacity
—
o
T

00k ! =38
0.0 0.5 1.0 1.5 2.0

Lump size
(b) Contour piot

Fig. 4.1—Breakeven constant price



Average price

Average price

Average price

51

Initial capacity

Fig. 4.1—continued

. Breakeven constant
Optimal constant .
AL price ~a price \
(c) Section
at initial
2 \ T\ \ capacity =0
0 1 | |
0 5 1 1.5 2
Lump size
Optimal constant
4t price
(d) Section
Breakeven constant | at initial
2 price capacity =1
0 L 1 L
0 5 1 15 2
Lump size
Optimal constant —.|
4+ price Breakeven constant
price
(e) Section
at lump
2 size=1
0 1 1 L
0 5 1 1.5 2



52

Welfare

Initial capacity

\\‘\‘“\\\\\\\‘\\\\\L\\‘\‘\\\\\\\\.‘\‘\‘\

Qs
\_\““9 7°

(a) Perspective plot

1.0

Lump size

(b) Contour plot

Fig. 4.2—Welfare change for breakeven constant price
relative to Boiteux price



Welfare change

Welfare change

Welfare change

20

10

n
o

s
o

o

20

pory
o

price

Optimal constant

(c) Section
at initial
capacity =0

Breakeven
constant price
1 1

0 r 1 15 2
Lump size
Optimal constant
price
I (d) Section
Breakeven | a4 nitial
constant | cgpacity =1
price
] L '
0 5 1 15 2
Lump size
Optimal constant
price
(e) Section
at lump
size=1

Breakeven
constant price
| |

1 15 2
Initial capacity

Fig. 4.2—continued

53



54

Initial capacity

20F

10} -80

-120

051

00k
0.0 0.5 1.0 1.5 20

Lump size

(a) Contour plot

Fig. 4.3—Consumer surplus change for breakeven constant
price relative to Boiteux price



Consumer surplus change

Consumer surplus change

Consumer surplus change

50

-100

-150

50

-100

-150

50

-100

-150

Fig. 4.3—continued

55

(b) Section
at initial
capacity=0

(c) Section
at initial
capacity =1

(d) Section
at lump
size =1

Breakeven
constant price
Optimal
constant

B price

- ] ] ]
0 5 1 15

Lump size
Breakeven
constant
» price
Optimal
= constant
price
= 1 | L
o 5 1 15
Lump size
Breakeven
N Optimal — constant
constant price
price
- 1 ! ]
0 5 1 15 2
Initial capacity



56

Table 4.2
SENSITIVITY RESULTS FOR BREAKEVEN CONSTANT PRICES
Aggregate Consumer
Prices Welfare Surplus
(.00) (% gain) (% gain)
Base case 36 37 37 -10 -10 -10 -79 -80 -83
21 28 36 0 4 20 -4 -39 -76
21 28 37 0 4 -10 -4 -39 -83
Lower discount rate 24 24 25 -5 -5 -5 —64 —-69 -75
r=.15 16 21 27 0 3 14 -4 —44 -93
16 21 25 0 3 -5 -4 44 -5
Higher discount rate 52 52 52 -17 -17 -17 -92 -93 -94
r=.25 26 34 42 0 5 21 -5 —-33 -60
26 34 52 0 5 =17 -4 -33 -94
Lower initial demand 98 98 98 —45 —45 -45 -161-161-161
a=.5 36 37 39 -5 -5 —4 -39 —41 —44
22 37 98 0 -5 -45 -4 -41-161
Higher initial demand 24 26 27 -2 -2 -1 -31 -41 -55
a=15 21 26 37 0 -2 -15 —4 -41-122
21 26 27 0 -2 -1 -4 -41 -55
Lower demand growth 45 45 45 -16 -16 -16 -98 -98 -98
b= .02 21 26 30 0 5 19 -5 —25 —41
21 26 45 0 5 -16 -5 256 —98
Higher demand growth 30 31 33 -6 -6 -6 -62 -69 -77
b-.08 21 27 35 0 2 12 —4 —42 -89
21 27 33 0 2 -6 -4 -42 -77
Lower elasticity 33 33 34 -3 -3 -3 -66 -68 -T2
a=.2 21 30 40 0 3 15 -4 -50-105
21 30 34 0 3 -3 -4 -50 -72
Higher elasticity 42 43 43 -23 -22 -22 -96 -98 -99
a=.8 21 27 33 0 3 18 -6 -33 -59
21 27 43 0 3 -22 -4 -33 -99
Lower capacity cost 17 17 17 -2 -2 =2 -34 -356 -37
B/l=.5 10 15 20 0 2 8 -2 -24 —49
10 15 17 0 2 -2 ~2 -24 -37
Higher capacity cost 62 62 63 -30 -30 -29 -139-141-144
B/l =15 32 41 50 0 6 28 -8 -50 -92
31 41 63 0 6 -29 -6 -50-144
Key: The numbers are displayed initial 2 X—XxX—xX
for selected values of lump size capacity | I 1
and initial capacity laid out like 1 Xx—X-—x
in Figs. 4.1(a,b), 4.2(a,b), and | ]|
4.3(a). That is, the numbers 0 X—x—02=fX
correspond to the nine x’s in the .
1 1 2 lump size

adjacent diagram:



V. VARIABLE PRICES WITH A
REVENUE REQUIREMENT

We saw in Sec. III that the optimal variable price produces substan-
tially higher welfare than the optimal constant price when there is no
revenue requirement. In this section, we examine “breakeven” variable
prices that are optimal given that the firm must meet a revenue require-
ment. It is of particular interest to see if breakeven variable prices pro-
duce similar high welfare gains over breakeven constant prices.

THEORY

We want now to maximize PVB — PVC subject to a capacity con-
straint and a revenue constraint:

PVB - fB(p(t),t)e-rtdt ,
t=0

m — i Be—rti

i=1

K0+(i —l)l —x(p(t),t)zO, ti_lststi’ t0=0,

@

Je—rtpwbt—ap(t)dt — BKO + 2 Be—rti .
i=1
Rees (1986) considers a similar problem that differs only in that
separate revenue constraints apply over different portions of the infin-

ite planning period. He finds the following conditions to characterize
optimal variable prices and construction timing:

_oult) __dp A
PE) =T X ~* % T X

B(p(t), t;) — B(p(t), t;) = rB + M#(E;) — () ,
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where  and # are the price and profit flow, respectively, just after the
capacity increment and p and « are the price and profit flow just
before, u(t) is the shadow price on the capacity contraint, and X is the
shadow price on the revenue constraint. Woroch (private communica-
tion) shows that identical optimal conditions apply in our case in
which there is a single revenue constraint for the entire infinite plan-
ning period.

Rees’s summary characterization of the effect of a revenue con-
straint when unconstrained revenue falls short of what is required is as
follows (1986, p. 205):

(i) postpone the date at which a capacity increment will be made;
(ii) raise the price which rations demand to capacity just before a
capacity increment;
(iii) raise the prices which will be charged just after a capacity
increment, even when there is excess capacity.

CALCULATION

The calculation procedure I use necessarily differs for too much
versus too little revenue at the unconstrained optimum. When there is
too little revenue at the optimum, prices can be raised, construction
can be delayed, or both, in order to satisfy the revenue requirement.
When there is too much revenue at the optimum, the only alternative
is to accelerate construction. Lowering prices is not feasible because
that would result either in negative prices (at times when first best
prices are zero) or in demand that exceeds available capacity (at times
when demand under first best prices equals available capacity).

Revenue Shortfall at First Best Prices

If there is too little revenue at the first best variable prices p(t) and
construction times f;, the object is to increase profit (by increasing
revenue, decreasing cost, or both) while giving up as little welfare as
possible in return. This requires that the tradeoff between profit and
welfare, dnw/dW, be the same at all margins. It is convenient, both
conceptually and computationally, to deal separately with two kinds of
margins: (1) price changes that do not involve changes in construction
timing, and (2) construction timing changes, which do involve associ-
ated changes in price.

Consider first changes at margins of type (1), price changes without
changes in construction timing. Which prices should be raised, and how
much?
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The answer is shown in panel (a) of Fig. 5.1: Raise only the lowest
prices to a new floor level Ap. The reason is that the tradeoff between
profit and welfare is more favorable, the lower is the price. As before,
denote the demand for calls at a zero price at any instant ¢ by

xo = aedt.

Then the instantaneous increment in revenue dR resulting from a
small increase dp in any price p is

dR = xge=?(1 — ap)dp
and the corresponding change in consumer benefit is
dB = x4e~ (- ap)dp.

Because we are now considering only price changes that do not change
construction timing, that is all there is to the profit/welfare tradeoff:

dn/dW = dR/dB
=(1 - ap)/(—ap) .

When p is very small, one gains a lot of profit and loses only a little
welfare by raising p. Obviously, the most efficient way to increase
profit by a required amount, when making changes at margins of type
(1), is to raise the floor level of prices from zero to some new level Ap.
Then the common value of dn/dW at all times when prices are
changed is

dn/dW = (1 — aAp)/(— aAp) . (5.1)

The other way to increase profit is by making changes at margins of
type (2), postponing construction of new capacity. Consider adding a
small increment dt to the time when the ith lump of capacity is con-
structed, t;. This has the dual advantages of decreasing cost by rgdt,
and increasing revenue. The magnitude of the revenue increase dR
depends on whether consumption equals capacity immediately after the
capacity addition. If so, then

dR = [ log (K;_1/%0)(K;_1/a) + log (K;/x¢)(K;/a)]dt .

If not, then, denoting the multiplicative effect of the floor price Ap on
consumption by

f=e—aAp ’



dR = [- log (K;_1/x¢) (K;_1/a) — Apfxoldt .

There are two corresponding alternative expressions for the change
in consumer benefit. If consumption equals capacity immediately after
the capacity addition, then

dB = — (1/a)[l log (x) — K;(log(K;) —1)
+ K;_;(log (K;_,) — 1)]dt .
If not, then
dB = — (V/a)[(fxo — Ki-1) log(xo) — fxo(log (fxo) — 1)
+ K;_1(log (K;_1) — 1)]dt .

The change in welfare dW is the change in consumer benefit plus
the cost saving from delaying construction, and the change in profit d=
is the change in revenue plus the cost saving, so that

dx/dW = (dR/dt + rB)/(dB/dt + rg) . (5.2)

Second-best efficiency requires both that d7/dW be the same for all
delayed construction times t;, and that that uniform value equal
dwx/dW calculated for changes at margin type (1) in Eq. (5.1).

In the second best situation, the formula for PVB during the ith
construction period is modified from that found in Sec. III for first best
variable prices as follows:

PVB; = f (1 — log(f)) == (@~ ML _ gm0y
* KZ‘l L1+ log (a/Kip) (7™ — &™)
+ bKi- [&r + 1rDe™™ i — (t/r + 1/ ] .

o

As before, I approximate PVB by summing PVB; over a sufficiently
long horizon h so that the omitted terms have little effect:

PVB = 2 PVB; .
ie(itt;<h)
PVC at the new construction times t; is approximately
PVC = 2 Be~ " .
ie(i:tish)

The computational algorithm is:
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1. Pick a trial value of Ap > 0.

2. Search for delayed construction times t; > f; that equate
dn/dW calculated in Eq. (5.2) with that calculated in Eq.
(5.1).

3. Calculate PVR and PVC at the trial values.

4. Repeat steps 1, 2, and 3 for two more trial values of Ap near
the first value.

5. In a manner similar to that described for finding the optimal
constant price in Sec. II, fit a quadratic relationship between
PVR —PVC and Ap though the three trial points. Solve this
for the value of Ap that makes the quadratic approximation
to PVR—PVC = 0. Take this improved value of Ap back to
step 2.

6. Repeat until actual PVR —PVC = 0.

The change from first best variable prices is illustrated in panel (a)
of Fig. 5.1. The heavy line is the second best price path over time,
compared with the light line which plots the first best price path.
Panel (b) of Fig. 5.1 shows as a heavy line the resulting capacity and
output paths, compared with the light line which plots first best capac-
ity and output.

Excess Revenue at First Best Prices

The problem is simpler if there is excess revenue at first best vari-
able prices p(t) and construction times f; because then the only feasi-
ble profit reducing changes are those at margin (2), changing construc-
tion times. As noted earlier, reducing prices at margin (1) does not
work because it would result in either negative prices or excess
demand.

The object is to reduce profit to zero while giving up as little welfare
as possible. As before, this requires that d=/dW (Eg. 5.2) be the same
for all changed construction times ¢;. Prices remain unchanged from
first best levels except during the intervals between t; and f; when
capacity is changed. During those intervals, capacity is increased, so
prices are reduced to ration demand to a higher level (or they are
reduced all the way to zero if unused capacity exists). Thus the effect
of this change on profit is twofold: revenue declines because of lower
prices during the intervals t; to { and PVC increases due to the
acceleration of the construction schedule. Both effects reduce excess
profits. '

The computational algorithm is:
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=

Pick a trial value of dx/dW.

2. Search for accelerated construction times ¢; < f; that all result

in the trial value of dx/dW.

Calculate the corresponding values of PVR and PVC.

4. Repeat steps 1, 2, and 3 for two more trial values of dn/dW
near the first value.

5. In a manner similar to that described for finding the optimal
constant price in Sec. II, fit a quadratic relationship between
PVR —PVC and dx/dW through the three trial points. Solve
this for the value of d7/dW that makes the quadratic approxi-
mation to PVR—PVC = 0. Take this improved value of
dn/dW back to step 2.

6. Repeat until actual PVR —PVC = 0.

®

RESULTS

The results in this section display the average values of the variable
prices that satisfy the revenue requirement (“breakeven” variable
prices) and their effects on consumer surplus and economic welfare.
As in previous sections, the effects on welfare and consumer surplus
are calculated as differences from welfare and surplus under the
Boiteux AIC price, and expressed as a percent of the present value of
the cost of serving demand at the Boiteux price with smooth capacity.
Remember that I use the Boiteux price only as a consistent benchmark
that makes possible direct comparison of the results throughout the
report; the Boiteux price is not a feasible policy option if the firm must
break even.

The results are presented below in a series of graphs like those used
before showing:

Variable prices that satisfy the revenue requirement (Fig. 5.2);
The change in aggregate economic welfare that occurs when
these variable prices are substituted for Boiteux prices (Fig.
5.3);

e The change in consumer surplus that occurs when these vari-
able prices are substituted for Boiteux prices (Fig. 5.4).

Prices

As shown in (a) and (b) of Fig. 5.2, the average breakeven variable
price, while always above the Boiteux price, is always less than the
breakeven constant price. In the cross sectional plots (c,d,e) of Fig.
5.2, breakeven variable prices are shown as heavy lines; previous
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results for optimal variable prices that do not have to satisfy a revenue
requirement and breakeven constant prices are shown as light lines.

Aggregate Welfare

Aggregate economic welfare is greater under breakeven variable
prices than under the Boiteux price for most (68 percent) of the combi-
nations of lump size and initial capacity plotted in (a) and (b) of Fig.
5.3. :

The cross sectional plots (c,d,e) in Fig. 5.3 show welfare gains or
losses from substituting breakeven variable prices for the Boiteux price
as heavy lines, and the gains from optimal variable prices and
breakeven constant prices as lighter lines for comparison. Welfare for
breakeven variable prices is very close to welfare from optimal variable
prices and much higher than welfare from breakeven constant prices,
except where optimal prices are very low and much higher prices
(whether constant or variable) are needed in order to break even.

Consumer Surplus

As shown in Fig. 5.4 consumer surplus is always less for breakeven
variable prices than for the Boiteux price, and always greater than for
breakeven constant prices.

Varying Other Parameter Values

Table 5.1 presents sensitivity analysis results in the same form used
in previous sections.

Summary Comments

e Average breakeven variable prices are always lower than
breakeven constant prices.

¢ Breakeven variable prices yield larger welfare gains and smaller
consumer surplus losses (relative to the Boiteux price) than do
breakeven constant prices.



Table 5.1
SENSITIVITY RESULTS FOR BREAKEVEN VARIABLE PRICES

Average Aggregate Consumer
Prices Welfare Surplus
(.00) (% gain) (% gain)
Base case 36 36 36 -10 -8 -6 -78 -18 ~79
20 21 23 4 33 74 -1 -10 -22
20 21 36 4 33 -6 0 -10 -79
Lower discount rate 23 23 23 -4 0 4 -63 -64 —66
r=.15 15 16 18 4 32 73 -1 -15 -34
15 16 23 4 32 4 0 -15 -66
Higher discount rate 52 52 52 -17 -16 -15 -92 -92 -92
r=.25 25 25 27 3 31 68 -2 -7 -13
25 25 52 4 31 -15 0 -7 -92
Lower initial demand 98 98 98 —45 -45 —45 -161-161-161
a=.5 36 36 36 -5 -3 0 -39 -39 —40
20 36 98 3 -3 -45 -1 -39-161
Higher initial demand 24 24 24 0 9 21 -28 -30 -33
a=15 20 22 25 4 13 35 0 -26 -72
20 22 24 4 12 21 0 -26 -33
Lower demand growth 45 45 45 -16 -16 -16 -98 -98 -98
b=.02 20 20 20 2 26 56 -2 -4 -4
20 20 45 4 26 -16 0 -4 -98
Higher demand growth 30 30 30 -4 1 7 -61 —-62 -64
=.08 20 21 23 4 32 7 -1 -12 -29
20 21 30 4 32 7 0 -12 -64
Lower elasticity 32 33 33 -3 -1 2 -66 —66 —68
a=.2 20 23 28 3 32 13 -1 -22 47
20 23 33 3 32 2 -1 -22 -68
Higher elasticity 42 42 42 -22 -21 -19 -96 -96 -96
a=.8 20 20 21 4 29 65 -2 -7 -12
20 20 42 4 29 -19 0 -7 -96
Lower capacity cost 16 17 17 -2 -1 0 -34 -34 -35
B/l=.5 10 11 13 2 16 37 0 -9 -20
10 11 17 2 16 0 0 -9 -3
Higher capacity cost 61 61 61 -29 -27 -24 -139-139-139
g/l=15 30 30 32 6 45 100 -2 -10 -20
30 30 61 6 45 -24 0 -10-139
Key: The numbers are displayed initial 2 X—X—X
for selected values of lump size capacity l l |
and initial capacity laid out 1 x—x—X
like in Figs. 5.2(a,b), 5.3(a,b), |
and 5.4(a). That is, the numbers 0 X—XxX—2X

correspond to the nine x’s in the

adjacent diagram: 11 2 lump size



VI. DISCUSSION

DIRECT COMPARISON OF BREAKEVEN VARIABLE AND
BREAKEVEN CONSTANT PRICES

As discussed earlier, the welfare results in Secs. IV and V are measured
relative to a convenient but infeasible baseline: welfare under the
Boiteux AIC price. Because that price does not allow the firm to break
even, it is not feasible in a second best world, in which firms must meet a
revenue requirement. Higher breakeven constant price may yield either
lower or higher welfare; in either event, welfare under the breakeven con-
stant price establishes a new, feasible baseline against which one can
compare welfare under breakeven variable prices.

Figure 6.1 provides a direct comparison of aggregate economic wel-
fare and consumer surplus under variable prices as opposed to constant
prices when both must meet a revenue requirement. Welfare and
surplus differences between the two pricing rules are identical; both are
shown by the same plots. The revenue requirement assures that the
firm just breaks even under either constant or variable prices. Thus all
welfare gains accrue to consumers, rather than to the firm.

The gains from variable pricing are substantial for most of the com-
binations of lump size and initial capacity shown in Fig. 6.1. The gains
exceed 5 percent of construction costs for 61 percent of the points
plotted, and they reach 80 percent or more of construction costs for
lump sizes that are around twice initial demand and initial capacity
that is about 80 percent of initial demand at a zero price.

MAJOR RESULTS

The major conclusions from the simulations described above may be
summarized as follows.

When the Firm Does Not Face a Revenue Requirement

¢ Welfare maximizing (“optimal”) constant prices offer only very
limited welfare gains over Boiteux AIC prices. The substitution of
optimal constant prices for Boiteux prices can result in large
changes in consumer surplus (either gains or losses) that substan-
tially exceed the size of the aggregate welfare gains.

72
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o Welfare maximizing variable prices offer substantial gains over
the best constant prices for many combinations of lump size
and initial capacity. Optimal variable prices can also result in
either gains or losses in consumer surplus, but the gains tend to
be larger and the losses smaller than under constant prices.

e The largest welfare gains under either optimal constant or
optimal variable prices occur when initial capacity is about the
same as initial demand, and the lump size is large. Then charg-
ing a high price can produce large welfare gains by postponing
the time when an additional lump of capacity must be installed.
However, in this situation, the welfare gains come at the
expense of consumers, who suffer large surplus losses from the
high optimal prices.

When the Firm Faces a Revenue Requirement

e With only one good, there is no difference between the breakeven
constant price and the breakeven Boiteux price. Both are
equivalent to average or fuily distributed cost prices.

¢ Breakeven variable prices offer substantial gains over breakeven
constant prices for many combinations of lump size and initial
capacity. The revenue requirement assures that the gains accrue
entirely to consumers.

VARIABLE PRICES AND OPTIMAL PEAK LOAD PRICING
OF LOCAL TELEPHONE CALLS

The results in this report reinforce results from an earlier report
(Park and Mitchell, 1987) which investigated the economic efficiency
of several different ways of pricing local telephone calls when demand
varies by hour of the day and by day of the year. We found that prices
set optimally hour by hour throughout the year offered substantial wel-
fare gains over simpler pricing schemes (a constant price, or a three-
period time of day price). The hour-by-hour prices are analogous to
the variable prices in this report; the simpler pricing schemes are
analogous to the optimal constant price.

Both here and in the earlier report, the more complex variable prices
are shown to offer large efficiency gains over simpler pricing schemes.

1A distinction can be made when there are two (or more) products, but preliminary
work at RAND using a two-product model suggests that, even in that situation,
breakeven constant prices offer only very limited welfare gains over breakeven Boiteux
prices.
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The policy question is whether fully variable prices are feasible; in the
near term, they are not. Their implementation would be a difficult and
time-consuming undertaking. But our results suggest that the poten-
tial gains are large enough so that their longer term feasibility is worth
further study. If fully variable pricing will ever be feasible anywhere, it
should be feasible in the telephone industry with its widely dissem-
inated and completely connected information processing capability.



Table 6.1

SENSITIVITY RESULTS FOR BREAKEVEN VARIABLE PRICES RELATIVE
TO BREAKEVEN CONSTANT PRICES

Average Aggregate Consumer
Prices Welfare Surplus
(.00) (% gain) (% gain)
Base case 0 -1 -1 0 2 4 0 2 4
-1 -7 =13 4 29 54 4 29 54
-1 -7 -1 4 29 4 4 29 4
Lower discount rate 0 -1 -2 1 5 9 1 4 9
r=.15 -1 -5 -9 4 29 59 4 29 59
-1 -5 -2 4 29 9 4 29 9
Higher discount rate 0 0 -1 0 1 1 0 1 1
r=.25 -1 -9 -15 4 260 47 4 26 47
-1 -9 -1 4 26 1 4 26 1
Lower initial demand 0 0 0 0 0 0 0 0 0
a=.5 0 -1 -2 0 2 4 0 2 4
-2 -1 0 3 2 0 3 2 0
Higher initial demand -1 -2 -4 2 11 22 2 11 22
a=15 -1 -4 -11 4 15 50 4 15 50
-1 -4 -4 4 15 22 4 15 22
Lower demand growth 0 0 0 0 0 0 0 0 o
b=.02 -1 -6 -10 3 21 37 3 21 37
-1 -6 0 5 21 0 5 21 0
Higher demand growth -1 -2 -3 2 7 13 2 7 13
b=.08 -1 -6 -12 4 30 59 4 30 59
-1 -6 -3 4 30 13 4 30 13
Lower elasticity 0 -1 -1 0 2 4 0 2 4
a=.2 -1 -6 -13 3 28 58 3 28 58
-1 -6 -1 3 28 4 3 28 4
Higher elasticity 0 0 -1 0 2 3 0 2 3
a=.8 -1 -7 -12 4 26 47 4 26 47
-1 -7 -1 4 26 3 4 26 3
Lower capacity cost 0 0 -1 0 1 2 0 1 2
B/l=.5 0 -3 -6 2 14 29 2 14 29
0 -3 -1 2 14 2 2 14 2
Higher capacity cost 0 -1 -1 1 2 5 1 2 5
B/l=15 -2 -10 -19 6 40 72 6 40 72
-1 -10 -1 6 40 5 6 40 5
Key: The numbers are displayed initial 2 X—x—x
for selected values of lump size capacity | | l
and initial capacity laid out like 1 %—XxX—Xx
in Fig. 6.1(a). That is, the numbers ‘ 1 |
correspond to the nine x’s in the 0 x—x—X

adjacent diagram:

1 1

2 lump size
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Appendix
FORTRAN 77 SIMULATION PROGRAM

MAIN ROUTINE

* finds optimal constant and variable prices,
* and breakeven constant and variable prices.

implicit real*8 (a-~h,o-z)

character*8 filel0,£file(20:39)

character*20 label

character*3 nan

character*l eof

real*8 lump,lambda

real*8 t(0:2000),tp(2000)

real*8 tb(0:2000),tbp(2000)

real*8 quad(3,3),profit (3),welfar(3),coeff(3)
real*8 x(2),xguess(2),xlb(2),xscale(2),xub(2)
real*8 y(1l),yguess(l),ylb(l),yscale(l),yub(l)
real*8 z(3),zguess(3),zlb(3),zscale(3),zub(3)
logical active({(l)

external opt2,dnconf

external opt3,opt4

common r,b0,bl,alpha,lump,beta,nd,cap0,horiz, file
common t,tp,maxt
common pmax,pvb,pvr, pvx,pvc,wel

parameter (tol=.000000001,idim=3,ipath=2)
parameter (nstep=50,step=.02,maxit=100)
ibtype=0
iprint=0
m=1
me=1
maxitn=1000
* imsl error handling utility;
call erset(0,-1,0)

data nan /’'nan’/

data xscale /1.,1./
data yscale /1./

data zscale /1.,1.,1./

50 format (a8)

51 format (£8.0,a20)

52 format (£6.2,a20)

53 format (i8)

54 format (i2,al,lx,a8)
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61
62
63
79
80
81
83
84
85
86

format (12£8.4)

format (12a8)

format (12£16.4)

format (‘what is the name of the control file?’)

format (' price pvb pvc wel pvx pvr’)
format (‘main: may need padd>0 at’)

format ('main: pblm at lump=',f4.2,’ cap0=',f4.2,’: cp:’)
format (‘main: pblm at lump=',£f4.2,’ cap0=',f4.2,’: cbp:’)
format (‘main: pblm at lump=’,£f4.2,’ cap0=',f4.2,’: vbp/p:’)
format (’main: pblm at lump=',f4.2,’ cap0=',f4.2,’: vbp/t:’)

write (6,79)
read (5,50) filelO
open (10,file=filel0)

read (10,51) r,label
write (6,52) r,label
hr=r
read(10,53) iir
read(10,51) ar

read (10,51) b0, label
write (6,52) b0, label
hb0=b0
read(10,53) iib0
read(10,51) ab0

read (10,51) bl,label
write (6,52) bl,label
hbl=bl
read(10,53) iibl
read(10,51) abl

read (10,51) alpha,label
write (6,52) alpha,label
halpha=alpha
read(10,53) iialph
read (10, 51) aalpha

read (10,51) lump,label
write (6,52) lump,label
hlump=lump
read(10,53) iilump
read (10,51) alump

read (10,51) bmult,label
write (6,52) bmult,label
hbmult=bmult
read(10,53) iibmul
read(10,51) abmult

read (10,51) cap0,label
write (6,52) cap0,label
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hcap0=cap0
read(10,53) iicap0
read(10,51) acap0
read (10,51) horiz
read (10,51) xxx
98 read (10,54,end=99) i,eof,file(i)
if (file(i).ne.’ ’) then
if (eof.eq.’*’) then
open (i,file=file(i),fileopt='eof’)
else
open (i,file=file(i))
endif
endif
go to 98
99 continue

** see july 29 and august 25 and 26, 1988, notes
* for derivations and notation;

r=hr
do 800 ir=0,iir
if (ir.gt.0) r=r+ar
b0=hb0
do 800 ib0=0,iib0
if (ib0.gt.0) bO0=b0+abl
bl=hbl
do 800 ibl=0,iibl
if (ibl.gt.0) bl=bl+abl
alpha=halpha
do 800 ialpha=0,iialph
if (ialpha.gt.0) alpha=alphataalpha
briult=hbmult
do 800 ibmult=0,iibmul
if (ibmult.gt.0) bmult=bmult+abmult
lump=hlump
do 800 ilump=0,iilump
if (ilump.gt.0) lump=lump+alump
special handling for table calculations;
if (alump.eq.l..and.ilump.gt.0) lump=float (ilump)
special handling for "quick" check persp plots;
if (alump.eq..2.and.abs (lump-.9).1t..001) lump=1.
beta=bmult*lump
cap0=hcap0
do 800 icap0=0,iicap0
if (icap0.gt.0) capO=capO+acap0

if (alump.eqg.l.) write (6,61)
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& r,b0,bl,alpha,lump,beta,cap0, 399999.

* constant prices;
* sum the hyperharmonic series;
add=0.
hyphrm=0.
i=0
100 continue
if (capO+i*lump.gt.0.) add=(capO+i*lump)**(-r/bl)
hyphrm=hyphrmt+add
i=i+l
if (add.eq.0..or.add.gt.tol) go to 100

* pvc if cap0=0., cap=smooth, and p=aic norms welfare results;
aic=r*beta/lump
call welf (aic, hyphrm, pvb, pvr, pvx,pvc,wel)
f=exp (-alpha*aic)
pvnrm= (beta/lump) * (f*b0+bl*pvx)
write (21,61) r,b0,bl,alpha,lump,beta,cap0,horiz,pvnrm

* zero price;
p=0.
call welf (p, hyphrm, pvb,pvr, pvx,pvc,wel)
write (21,61) p,pvb,pvc,wel,pvx,pvr

* boiteux price;
call welf (aic,hyphrm, pvb,pvr,pvx,pvc,wel)
write (21,61) aic,pvb,pvc,wel,pvx,pvr
welfar (1)=wel

** search over p to find approx welf-max and breakeven prices;

wstar=0.
pbkevn=0.
do 200 istep=0,nstep
p=step*istep
call welf (p, hyphrm, pvb, pvr, pvx, pvc, wel)
profit (1)=pvr-pvc-beta*cap0/lump
* write (6,61) p,wel,profit(l)
if (wel.gt.wstar) then
pstar=p
wstar=wel
endif
if (profit(l).gt.0..and.pbkevn.eq.0) then
pbkevn=p
wbkevn=wel
endif



200

continue

* welfare maximizing constant price;

201

291

niter=0

call welf (pstar, hyphrm, pvb,pvr, pvx,pvc, wel)
welfar(l)=wel

continue

niter=niter+l

if (niter.gt.maxit) then
write (6,83) lump,cap0
write (21,62) (nan,i=1,6)

go to 291
endif
delta=.005

call setg(pstar,delta,quad)

call welf (pstar+delta, hyphrm,pvb,pvr,pvx,pvc,wel)
welfar (2)=wel

call welf (pstar+2.*delta, hyphrm, pvb,pvr, pvx,pvc,wel)
welfar (3)=wel

imsl routine to solve linear equations;

call dlslrg(idim,quad, idim,welfar,ipath,coeff)
pold=pstar

pstar=-coeff (2)/(2.*coeff (1))

call welf (pstar, hyphrm,pvb, pvr,pvx,pvc,wel)
welfar (1) =wel

if (abs(pstar-pold).gt..00001) go to 201

write (21,61) pstar,pvb,pvc,wel,pvX,pvr

continue

* breakeven constant price;

202

niter=0

call welf (pbkevn, hyphrm, pvb, pvr, pvx,pvc,wel)
profit (1)=pvr-pvc-beta*cap0/lump

continue

niter=niter+1l
if (niter.gt.maxit) then
write (6,84) lump,capd
write (21,61) (-9.9999,i=1,6)

go to 292
endif
delta=.005

call setg(pbkevn,delta, quad)
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call welf (pbkevn+delta,hyphrm, pvb,pvr, pvx, pvc,wel)
profit (2) =pvr-pvc-beta*cap0/lump
call welf (pbkevn+2.*delta, hyphrm, pvb, pvr, pvx, pvc,wel)
profit (3) =pvr-pvc-beta*cap0/lump

* imsl routine to solve linear equations;
call dlslrg(idim,quad,idim,profit,ipath, coeff)
rad=(coeff (2) **2-4 ,*coeff (1) *coeff (3))
rad=max (rad, 0.)
s011=-2.*coeff (3)/ (coeff (2)+sqrt (rad))
8012=(~coeff (2)-sqrt (rad))/(2.*coeff (1))
pold=pbkevn
pbkevn=s0ll
call welf (pbkevn, hyphrm, pvb, pvr, pvx, pvc, wel)
profit (1) =pvr-pvc-beta*cap0/lump
if (abs(profit(l)).gt..00001) go to 202
write (21,61) pbkevn,pvb,pvc,wel,pvx,pvr

292 continue
** welfare maximizing variable prices;

call opt0(pvb,pvr,pvx,pvc,wel,t,maxt,tp)
if (file(32).ne.’ ‘) then
write (31,61) r,b0,bl,alpha,lump,beta,cap0,horiz,pvnrm
do 310 i=1,maxt
write (32,61) t(i-1),tp(i),t(i)
310 continue
endif
vpmax=pmax
pmax=pvr/pvx
write (21,61) pmax,pvb,pvc,wel,pvx,pvr
profit (1) =pvr-pvc-beta*cap0/lump
pft0=profit (1)
pvx0=pvx
padd=0.
tadd=0.

* breakeven variable prices;

if (pft0.1t.0.) then
niter=0
padd=-pft0/pvx0
lambda=0.
call optb(padd, lambda,pvb,pvr,pvx,pvc,wel,tb, tbp,t,tp)
profit (1)=pvr-pvc-beta*cap0/lump
701 continue



niter=niter+1
if (niter.gt.maxit) then
write (6,86) lump,cap0
write (21,61) (-9.9999,i=1,6)

go to 799
endif
delta=.005

call setqgq(padd,delta, quad)

call optb(padd+delta,lambda, pvb,pvr,pvx,pvc,wel,tb, tbp,t,tp)
profit (2)=pvr-pvc-beta*cap0/lump

call optb(padd+2.*delta, lambda,pvb,pvr,pvx,pvc,wel, tb,tbp,t,tp)
profit (3)=pvr-pvc-beta*cap0/lump

call dlislrg(idim, quad,idim,profit,ipath,coeff)
rad=(coeff (2) **2-4 *coeff (1) *coeff (3))

rad=max (rad, 0.)

s0ll=-2_*coeff (3)/ (coeff (2)+sqrt (rad))
s012=(-coeff (2) -sqrt (rad) )/ (2.*coeff (1))

padd=soll

if (padd.le.0.) write (6,61) soll,sol2,padd

call optb(padd, lambda,pvb,pvr,pvx,pvc,wel, tb,tbp,t,tp)
profit (1)=pvr-pvc-beta*cap0/lump

if (abs(profit(l)).gt..0001) go to 701

pmax=pvr/pvx ‘

else if (pft0.gt.0.) then
niter=0
padd=0.
lambda=.1
call optb(padd, lambda, pvb, pvr, pvx,pvc,wel, tb, tbp,t,tp)
profit (1)=pvr-pvc-beta*cap0/lump
702 continue

niter=niter+l

if (niter.gt.maxit) then
write (6,86) lump,cap0
write (21,61) (-9.9999,i=1,6)
go to 799

endif

delta=-.1

call setqg(lambda,delta,quad)

call optb(padd, lambda+delta,pvb,pvr, pvx,pvc,wel,tb,tbp,t,tp)
profit (2)=pvr-pvc-beta*cap0/lump

call optb(padd,lambda+2.*delta,pvb,pvr,pvx,pvc,wel,tb,tbp,t,tp)
profit (3)=pvr-pvc-beta*cap0/lump

call dlslrg(idim,quad, idim, profit,ipath,coeff)
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799

710

800

rad= (coeff (2) **2-4.*coeff (1) *coeff (3))
rad=max(rad,0.)
s0ll=-2 *coeff (3)/(coeff (2)+sqrt(rad))
sol2=(-coeff (2) -sqrt (rad))/(2.*coeff (1))
lambda=s0l2
call optb(padd,lambda, pvb,pvr,pvx, pve,wel, tb, tbp,t,tp)
profit (1) =pvr-pvc-beta*cap0/lump
if (abs(profit(l)).gt..0001) go to 702
pmax=pvr/pvx
endif

write (6,61) lump,cap0,wel,padd,tadd,profit(1),1.0000
write (6,61) pmax,pvb,pvc,wel,pvx,pvr,1.1111
write (21,61) pmax,pvb,pvc,wel,pvx,pvr

continue

if (file(32).ne.’ ’) then
write (31,61) r,b0,bl,alpha,lump,beta,cap0,horiz,pvnrm
do 710 i=1,maxt
write (32,61) tb(i-1),tbp(i),tb(i)
continue
endif

continue
stop

end
(of main)

SUBROUTINE WELF FOR CONSTANT PRICES

61

subroutine welf (p, hyphrm, pvb, pvr, pvx, pvc, wel)
implicit real*8 (a-h,o-2z)

real*8 lump,kl,k2,k3
parameter (tol=.0000001)

common r,b0,bl,alpha,lump,beta,nl,cap0,horiz
format (12f£8.4)

f=exp (~alpha*p)



if (cap0.gt.f£*b0+tol) then

n=0
else

n=int { (£*b0-cap0+tol) /lump)+1
endif

kl=(1./b0) ** (-r/bl)

* truncate the hypergeometric series;
add=0.
k2=hyphrm
if (n.gt.0) then
do 101 i=0,n-1
if (capO+i*lump.gt.0.) add=(capO+i*lump)**(~r/bl)
k2=k2-add
101 continue
endif

k3=b0/(x-bl)

* calculate present values at given price;

pvb=k3* ( (alpha*p+l.) /alpha) *exp (~alpha*p)
pvx=(alpha/ (alpha*p+1l)) *pvb

pvr=p*pvx

pvc=n*beta+t+beta*kl*k2*exp (-r*alpha*p/bl)
wel=pvb-pvc

return

end
* (of welf)

UTILITY SUBROUTINE SETQ TO SETUP LINEAR EQUATIONS

subroutine setqg(var,delta,quad)
implicit real*8(a-h,o-z)

real*8 quad(3,3)
quad{l,l)=var**2
quad(1l,2)=(var+delta) **2

quad(l, 3)=(var+2.*delta) **2
quad(2,1)=var
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quad (2, 2)=var+delta
quad (2, 3)=var+2.*delta

quad(3,1)=1.
quad(3,2)=1.
quad(3,3)=1.
return

end

(of setq)

SUBROUTINE OPTO0 FOR OPTIMAL VARIABLE PRICES

*

57

*

subroutine opt0 (pvb,pvr,pvx,pvc,wel, t, maxt,tp)

optimal instantaneocusly varying prices;

implicit real*8 (a-h,o-z)

character*8 file(20:39)
real*8 lump, ki

real*8 t(0:2000),tp(2000)
parameter (maxper=2000)

common r,b0,bl,alpha, lump,beta,n0,cap0,horiz, file
format (i3,12f8.4)

pvb=0.
pvr=0.
pvx=0.
pve=0.
fvtb=0.
fvrev=0.
fvout=0.
pmax=0.
£ (0)=0.
cap=cap0
n=0

construction at t=0;
100

continue

ki=cap+lunp

if (cap.eq.0.) then
db0=0.
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else
db0=db (cap, t (0))
endif

if (cap.eq.0..or.dbd.ge.r*beta) then
n=n+1
cap=cap+lump
pvc=pvc+beta
t(n)=0.
tp(n)=0.
go to 100
endif

* construction at t>0;
do 290 i=n+l,maxper
tt0=(log (cap/bl)+alpha*r*beta/lump) /bl
call findt (cap,tt0,tt)
t(i)=tt
t0=t(i-1)
tl=(log(cap)-log(b0)) /bl
tl=max (t0,tl)
t2=min(horiz+10.,tt)
tl=min{tl,t2)
tp(i)=tl

if (t2.gt.tl) then
fvtb=(cap/alpha) *(1./r)* (log (b0) -log (cap)+1.)

& *{exp(r*(t2-tl))-1.)
& +(cap/alpha) *bl
& *(exp{r* (£2-tl)) *(t1/r+1/x*x*2) - (t2/x+l./r**2))

fvrev=(1./r)

*{{log(b0)-log(cap))*cap/alpha)

*(exp{r*(t2-tl))-1.)

+(bl*cap/alpha)

*(exp (r* (t2-t1))* (£1/r+1./r**2) = (£2/x+1./r**2))
fvout=exp (r*t2) * (cap/r) * (exp (~r*tl) -exp (-r*t2))
endif
if (tl.gt.t0) then

fvtb=fvtbt+exp (r*t2)* (b0/alpha)
& * (exp(tl*(bl-r))-exp (t0*(bl-r)))/(bl-x)

fvout=£fvout+exp (r*t2) *b0* (exp (t1* (bl-r) ) -exp(t0* (bl~r)))/ (bl-r)
endif

£ R

* cumulate present values;

if (t2.le.horiz) then
pvx=pvx+fvout*exp (-r*t2)
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290

pvb=pvbt+fvtb*exp (-r*t2)
pvr=pvr+fvrev¥exp (-r*t2)
pvc=pvc+t+beta*exp (-r*t2)
pmax=max (pmax, (log(b0)+bl*t2-log(cap))/alpha)
wel=pvb-pvc
endif

cap=cap+lump
maxt=i
if (t2.ge.horiz+10.) return

continue
return
end

(of opt0)

UTILITY SUBROUTINE FINDT TO FIND CONSTRUCTION SCHEDULE
WITH OPTIMAL VARIABLE PRICES

subroutine findt {(cap,tt0,tt)

* searches for the value of t that satisfies the condition for
* optimal construction timing;

implicit real*8 (a-h,o-z)
real*8 lump, ki
character*8 file(20:39)

common r,b0,bl,alpha,lump,beta,n0,capl,horiz, file

format (’findt: quitting after ’,i4,’ iterations’,
& ‘ with eps = ’,£16.12)

eps=.0001

maxitr=1000

iter=0

ki=cap+lump

tt=tt0
tinc=.1*log{(ki/cap) /bl

iter=iter+1

if (iter.gt.maxitr) go to 190
tt=tt+tinc
diff=r*beta-db(cap,tt)



*

if (sign(l,diff).ne.sign(l,tinc)) tinc=-tinc/3.
if (abs(tinc).gt.eps) then
go to 101
else
return
endif

0 continue
if (file(20).ne.’ ') write (20,1) maxitr,eps
write (21,1) maxitr,eps
return

end
(of findt)

SUBROUTINE OPTB FOR BREAKEVEN VARIABLE PRICES

*

57
80

subroutine optb (padd,lambda,pvb,pvr, pvx,pvc,wel, tb,tbp,t,tp)
optimal instantaneously varying prices with floor at padd;
implicit real*8 (a-h,o-z)

real*8 lump,lambda

real*8 t(0:2000),tp(2000)
real*8 tb(0:2000),tbp(2000)
parameter (maxper=2000)
parameter (tol=.0000001)

common r,b0,bl,alpha,lump,beta,nl,capl,horiz

format (i3,12f£8.4)
format (’optb: both padd and lambda equal zero’)

pvb=0.
pvr=0.
pvx=0.
pvc=0.
fvtb=0.
fvrev=0.
fvout=0.
pmax=0.
tb(0)=0.
cap=cap0
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n=0

if (padd.ne.0.) lambda=(-padd*alpha)/(1.-padd*alpha)
f=exp (-alpha*padd)

do 290 i=1,maxper
if (t(i).eq.0.) then

cap=cap+lump
pvc=pvct+beta

tb(i)=0.
tbp (i)=0.
else
tt0=t (i)
if (tb(i-2).ne.O.
& .and.tbp(i-1l).eq.tb(i-2)) then
tt=t (i)+tb(i-1) -t (i-1)
else
call findtb(cap,tt0,tt,padd, lambda)
endif
tb(i)=tt
t0=tb(i-1)

tl=(log(cap) -log(b0)+padd*alpha) /bl
tl=max (t0,tl)

t2=tt

tl=min(tl,t2)

tbp(i)=t1l

if (t2.gt.tl) then
fvtb=(cap/alpha)* (1./r) * (log(b0) -log(cap)+1.)

& * (exp(r* (t2-tl))-1.)
& +(cap/alpha) *bl
& *(exp (r* (t2-t1))* (£1/r+1/r**2) - (£2/r+l./x**2))

fvrev=(1./r)

& *((log(b0)-log(cap))*cap/alpha)

& *(exp(r*(t2-tl))-1.)

& +(bl*cap/alpha)

& *(exp(r* (t2-tl) ) *(t1/x+1./r**2) - (£2/x+1./r**2))
fvout=exp (r*t2) * (cap/r) * (exp(-r*tl) -exp(-r*t2))
endif
if (tl.gt.t0) then
fvtb=fvtb+ (£* (1.-log(f)) /alpha) *exp (r*t2)

& *(b0/(r-bl))*(exp((bl-r)*t0)-exp((bl-r)*tl))
fvrev=fvrev+ (padd*f*b0*exp (r*t2) / (r-bl))

& *(exp ((bl-r)*t0) -exp((bl-r)*tl})



fvout=£fvout+ (£*b0/ (r-bl)) *exp (r*t2)
& * (exp ((bl-r) *t0) -exp ( (bl-r)*tl))
endif

* cumulate present values;

pvx=pvx+fvout*exp (-r*t2)
pvb=pvb+fvtb*exp (-r*t2)
pvr=pvr+fvrev*exp (-r*t2)
pvc=pvct+beta*exp (~r*t2)

wel=pvb-pvc
cap=cap+lump
maxt=i
if (t2.ge.horiz) return
endif

290 continue

return

end
* (of optb)

UTILITY SUBROUTINE FINDTB TO FIND CONSTRUCTION SCHEDULE
WITH BREAKEVEN VARIABLE PRICES

subroutine findtb(cap,tt0,tt,padd, lambda)

* searches for the value of t that satisfies the condition for
* optimal construction timing subject to breakeven constraint;

implicit real*8 (a-h,o-z)
real*8 lump,ki,lambda
character*8 file (20:39)

common r,b0,bl,alpha,lump,beta,n0,cap0,horiz, file

1 format (’/findtb: quitting after ’,i4,’ iterations’,
& ’ with eps = 7,£16.12)
eps=.0001
maxitr=1000
iter=0

ki=cap+lump
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tt=tt0
tinc=.1*log(ki/cap) /bl

dbdr=(dbdt (cap, tt,padd) +r*beta)
& / (drdt (cap, tt,padd)+r*beta)
diff=dbdr-lambda
if (padd.gt.0.) then

tinc=tinc
else

tinc=-tinc
endif

101 iter=iter+l
if (iter.gt.maxitr) go to 190
tt=tt+tinc
x0=b0*exp (bl*tt)
dbdr= (dbdt (cap, tt, padd) +r*beta)
& / (drdt (cap, tt, padd) +r*beta)
diff=dbdr-lambda
if (sign(l,diff).ne.sign(l,tinc)) tinc=-tinc/3.
if (abs(tinc).gt.eps) then
go to 101
else
return
endif

190 continue
if (file(20).ne.’ ’) write (20,1) maxitr,eps
write (21,1) maxitr,eps

return

end
* (of findtb)

UTILITY SUBROUTINE DB TO CALCULATE INCREMENT IN BENEFIT

function db(cap,tt)
implicit real*8 (a-h,o-z)
real*8 lump, ki

common r,b0,bl,alpha, lump,beta,n0,capl,horiz
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ki=cap+lump
x0=b0*exp (bl*tt)

if (x0.gt.ki) then
db=(log (x0) *1lump=- (ki) * (Log (ki) -1.)
& +cap* (log(cap)-1.)) /alpha
else if (x0.gt.cap) then
db=(cap* (log (cap) -log (x0) ) +x0-cap) /alpha
else
db=0.
endif

return
end
* (of db)

UTILITY SUBROUTINE DRDT TO CALCULATE DERIVATIVE OF REVENUE
WITH RESPECT TO CONSTRUCTION TIME

function drdt (cap,tt,padd)
implicit real*8 (a-h,o-z)

real*8 lump,ki
parameter (maxper=2000)

common r,b0,bl,alpha,lump,beta,n0,cap0,horiz

f=exp (-alpha*padd)
ki=cap+lump
x0=b0*exp (bl*tt)

if (cap.eq.0.) then
drdt=0.
else if (f*x0.gt.ki) then
drdt=-log(cap/x0) *cap/alpha
& +log (kxi/x0) *ki/alpha
else if (f*x0.gt.cap) then
drdt=-log(cap/x0) *cap/alpha
& -padd*£*x0
else
drdt=0.
endif
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return
end
* (of drdt)

UTILITY SUBROUTINE DBDT TO CALCULATE DERIVATIVE OF BENEFIT
WITH RESPECT TO CONSTRUCTION TIME

function dbdt (cap, tt,padd)
implicit real*8 (a-h,o-z)

real*8 lump, ki
parameter (maxper=2000)

common r,b0,bl,alpha, lump,beta,nl,capl,horiz

f=exp (-alpha*padd)
ki=cap+lump
x0=b0*exp (bl*tt)

if (cap.eq.0.) then
dbdt=0.

else if (£f*x0.gt.ki) then
dbdt=-(1./alpha)

& * (log (x0) *lump
& -ki* (log(ki)-1)
& +cap* (log(cap) -1))

else if (f*x0.gt.cap) then
dbdt=-(1./alpha)

& *(log (x0) * (£*x0-cap)
& -f£*x0* (log (£*x0) -1)
& +cap* (log(cap)-1))
else
dbdt=0.

endif

return

end

* (of dbdt)
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