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SUMMARY

A direct proof is given of the convergence of
the discrete "gold-mining" process to the con—
tinuous process dlscussed by R. Bellman and

S. Lehman in P-433 and R-271.
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ON THE CONVERGENCE OF DISCRETE STOCHASTIC
DECISION PROCESSES TO THEIR CONTINUOUS ANALOGUES
by
Howard Osborn
51. Introduction
Suppose one 1is given m gold-mines Ai,...,Am and a single

gold—mining machine which will mine a fraction riZSJ of the gold

th

in A, at the j~— step of the mining process, with a probability

i
qisﬁj of an irreparable breakdown, where O < rilﬁj and 0 < qi‘ﬁj <1
for all i1,j. It i1s desired to find a program, working one mine at
each step, which will maximize the amount of gold one expects to

mine at the end of a given number of steps, where the mines

Ag,.a-,Am initially contain the amounts Ci1se0-5Cy of gold.

This problem has been completely solved in the case where

the intervals A 4,85,... are all of equal length, for m = 2.
Using this solution it is easy to pass to the case where one mines
continuously, in which the probabilities of survival and amounts
of gold in each mine either decrease exponentially or not at all
during certain intervals. However, even though one does not know
an explicit solution of the original discrete problem in terms of
a mining policy, and even when the intervals ZBJ are of unequal
lengths, it is still possible to define what is meant by the con—

tinuous problem as max ékj——>0 over a fixed time interval, [0,T]
J

* We use the terminology of R. Bellman [1].
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say, where T may be finite or infinite. It 1s further possible
to show that as one refines the subdivision of [b,f] into sub-

intervals such that max 433—€>0, the sequence of maximum expected
J

returns for each discrete process converges to the optimal ex—
pected return for the continuous process. The main purpose of

this paper 1s to verify the last two assertions.

The case where [b,i] is finite 1s treated first; the infinite case

is then a simple extension, given in §7. 1In $2 an accurate defini-—
tion is given of what one means by the optimal expected yield for the
continuous case. The following two sections, in which the notion of
continuous mining does not yet appear, show that as one refines the
subdivision further and further, the sequence of maximum eXpected
yields converges to a limit. 1In §5 and $6 an independent conver—
gence proof is given which shows at the same time that the limit

is exactly the optimal expected yield defined in $2, hence that the

limit is independent of the sequence of refinements.

$2. Definitions

I
We assume that a sequence iR(s)} of refinements R(s) of the
finite interval [0,T] has been assigned, s = 1, 2, ... in such a

way that the maximum difference 6, = max A, between any twoe ad-
k

jacent end—points tends to zero. It should be emphasized that
since we are considering refinements and not arbitrary sequences

of subdivisions, then every end-point defined by R(s) is also in—

cluded in R(s+1).
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For any process which contains only a finite number of steps
it is possible to represent the yleld of a given policy explicitly,
which 1s done constantly in this paper. Assume that the interval

[0,T] is divided into N, "steps" of lengths Oi,...,4A by the
S

points of the refinement R(s).

To define a policy for R(s) we use the m functions ¢£,...,¢j

on R(s) where ¢i = 1 if and only if one mines A, at the JEE step,

otherwise d»g = 0. Clearly the probability of surviving n-1 steps

with no breakdown is given by

—1 m ¢
(2.1) qj—_T T] (mag )%

and the amount of gold remalning in Ai after n-1 steps 1is

(2.2) R, = ¢y %:i (1, A ¢J
J=

Nn—

Fel A
if one follows the policy P =.%¢g‘}. Suppose that A _ 1s mined at
A\

the niP step. Then ¢ﬁ = 1 and ¢? =0 for 1 $ k. At this step there
is a probability Pn_l(l—qkzﬁn) of mining a fraction rklln of the
gold Rﬁ_l in Ak and no probability of mining Ai for 1 $+ k. Hence

m
one expects to mine the amount ;i Pn—1¢? rR 1(l—q1 ) at the

ntD step. Thus the total expected yield for the policy P = P(s)

is given by

N
S M n i
(2.3) fop = % P 1 iéf_{biz}anriRn_l(1—c11An)-
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Now suppose that one mines at every step of R(s') for some

s' > s but permits himself to change from one mine to another only
at the points of R(s). The points where a change 1s actually made
will be called change—points. It is clear that in order to define
a policy for such a situation 1t 1s only necessary to indicate
what happens at the points of R(s); the policy will therefore be
indicated by P = P(s). The yield of such a policy has the form of
(2 3) with obvious restrictions on the choice of.{¢JjLand will be

denoted by f . Thus fsP = f p for any P = P(s).

Since we are concerned with maximizing the yileld, the following

notation will be introduced:

(2.4) f_ = max iy
s P=P(s) sP
s! s!
7 = max by .
S P=P(S) sP

This is all one needs for the convergnece proof of §3 and 54,

For the convenience of collecting all definitions in one place
we glve several definitions which will be useful for §5 and §6.
Suppose that one is permitted to change from one mine to another
only at points of R(s) but that in between change—points one mines
continuously. Thus for 0 < t < &,, for example, if A, 1s mined
the expected yield is given by

T
(2.5) WAL e k74T - ;§;¢£civ/gte

—(q, +r, )T
t ‘qk (qytry aT .

More generally we let ¢, (t) be defined for all points in [0,T]
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simply by taking ¢,(t) = 4§ for A1+'...+Aj_1_<_t<A,+...+AJ.
Then it 1s clear that the probability of survival up to time t 1s

given by m
- /o5 q 4, (D)aT

(2.6) P(t) =e

and that the amount of gold remaining in Ai is then

(2.7) ot
RH(t) = cye So ri¢i(ﬂdt.

Thus for a given policy P = P(s) the expected yield of the con—

tinuous process is

(28) g = ST Sty (DR (DAT

For convenience we set

(2.9)

o
1]
|i]
=
o
]
0
4]
lae]

Suppose that a set D has been prescribed which 1s everywhere
dense in [0,T]. We consider policies P = P(D) in which a finite
number of change-points is permitted, although the change—polnts
may be any polnts of D. For any policy P = P(D) one can compute
the yield of the continuous process; 1t wlll be denoted by &pp*

The optimal yleld of the continuous process for any policy 1s then

defined by

(2.10) g. = Sup & .
D P=P (D) DP

In order to make this definition useful one must show that it

is independent of the choice of the dense set D. 1In particular we
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shall show that 8p = 87 where I 1s the entire interval [p,Tj.

For any given £ > O we can find a policy P = P(I) with

N = N(£) change points such that

Since D is dense we can find a policy Q = Q(D) such that each

change—polint of @ is within é% of the corresponding change-point

in P, where K will be chosen later. Since the integrands of 81p

m
and gDQ are both non-negative and bounded by & = ? Cy the

differences in &;p and gp, due to integration between the change-—

points in P and the corresponding change—points in Q is less than

£ .- £
N« 7 i e There are other differences in 81p and gDQ how—
ever; if one changes from A, to Ay at t'£ D instead of t£ I, then

the probabllity of survival throughout any later 1nterval 1s changed

by the factor e or its reciprocal, and similarly the

amounts of gold in the two mines at any later time are altered by

(t '—t) (ri_rk)
or its reciprocal. Let /[ = max

the factor e
i,k

|q1 +ry - Q- rkl; then, including the first error mentioned

above, it 1is clear that 81p and gDQ differ by an amount less than

2.12
( ) & E:i? .
o NK © £ L Eex
—K- + (e —1) W = (K + e K -1 )‘XS iK—- (l+2/3)

[

for K sufficiently large. Hence, if K also satisfies K > 2= (1+2/3)

we have
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(2'1 ) gDQ > gIP -

By definition

(2'14) gD Z gDQ )

hence (2.11), (2.13), and (2.14) yield
(2.15) gp > &; — £

Since D is a subset of I, the available policies Q=Q(D) form a

subset of the available policies P=P(I), hence
(2.16) &1 2 &p -
Since £ > 0 is arbitrary, (2.15) and (2.16) show

(2.17) gp = 81

as asserted. Henceforth we write 8p = & for any dense set D.
$3. Two Lemmas

The first convergence proof, given in 54, shows that for a
given sequence of refinements‘{ﬂ(s)} the corresponding sequence of
maximum ylelds converges to a iimit, which may depend on the se-—
quence-{R(s)¥.. That the 1limit is actually independent of{jR(sf}
will be;ome Zlear only by means of the separate convergence proé}

of 55 and %6.

The proof of $4 makes use of the following two lemmas:
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a0

>u, - ag where ag > 0 and a_ < ¢,

Lemma 1: If ug < M and Ug,q 2 Yg £1 8

N
then {u { converges.
L8]

?J
Lemma 2: If O < ug < M and every convergent subsequence of ﬁus}-has

the limit point u, then us——>u.

Lemma 2 is trivial, and its proof 1s omitted. Lemma 1, due to
R. Bellman, is a generalization of the notion of monotone conver—
gence; any sequence which satisfies its conditions will be called

a bounded almost monotone sequence. To prove Lemma 1 we flrst

note that since.fué} is clearly uniformly bounded it possesses at
LS

least one point of accumulation, u. Suppose u' 1s a second point
Y

¢
of accumulation and that the subsequences {Fs~l and gusgé.converge
1) S

to u and u' respectively. Given an £ > 0, there is an index i such

that
(3.1) T ¢
4y, %53
J
and
fon
(3.2) u - usj <3
uﬁ,‘,z —u' ¢ %

for j > 1, £ > 1 and k > 0. We may assume s'z > s'j . Then

(3.3) u, —u
53

so that (3.2) and (3.3) imply
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(3.4) u-—-ut< £.

Similarly u! — u < €£; hence u! = u as asserted, since £ is

arbltrary.
PN
$4. Proof that{fs}Converges

Let A1, Ay, ce.y A be the intervals defined by R(s) and

Ns

N N
7“)1 Al,..-,,pr)r;“Al; W%Ag,...;nlsAN ,...,77 m: AN
S
S

S

m
the intervals defined by R(s+1), where /] ? > 0 and ? k??? = 1 for

k =1,...,N . Suppose that P = P(s) 1s a given policy on R(s) and

that Pn—l is the probabllity of surviving n-1 steps and Ré_l the

amount of gold in Ai after n—1 steps associated with this policy,
if one mines at every step of R(s). For the same policy on R(s)

we let Fﬁ—l be the probability of surviving n—1 steps of R(s) and
ﬁi—l the amount of gold in A, after n-1 steps of R(s) assoclated
with this policy if one mines at every step of R(s+1). It is clear

that
(4.1) m
k
j=1 (1—q; N 58y) > 1-a;8y
and
(4.2) m,
k
1;1 (1-r, 7} D) 2 1-rysy
when s is chosen large enough that 65 = max Ak i1s sufficiently
k=1,..,N
s

small. Hence
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(4.3) Po1 2 Ppg
and
(4.4) R, >R,

If one survives n—1 steps of R(s) mining at every step of
R(s+1), the amount one expects to mine in A, during the m_ intervals

?An,...,?7g A, of the refinement R(s+1) is given by

m .
=1 n J n aq N ~ah i
AnriRn—1§L ’nji=1(l—r173k_lAn) (l—qiﬁ kAn)’ where we set ]] = O for
convenience. An easy computation shows that

(4.5) m .
§§;77? IiI (1-r; 7 p_g8,) (=07 pap)

= 1_inn+ (qi_ri );\\ nAn"' Q (Ag) ’

m .
n J
n n .
where An = ?;2?7351 77k satisfies 0 < A, < 1/2 and where the

coefficient of the principal term in (D(Ag) is non-negative, positive

if 0 < 7}? < 1 for some j. Thus if A 1s smaller than some quantity
depending only on a, and Ty, i=1,...,m, one can expect to mine an

m
n = 7 B
amount greater than ;i P19 iAnriRn_l-il—inn+(qi~ri)?angquF%qg

the m_ subintervals in R(s+1) of the nt® step of R(s).

any policy P = P(s), (4.3) and (4.4) yield

Thus for

s! i = M n 71
(4.6) fsp2 E;; Pn-l%é} ¢iAnriRn—1'L;“inn+(qi_ri);KnAq}'
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for s sufficiently large.

a comparison of (4.6) with

= i i
Since Pn_1 > Pn—l and ﬁh—l > Rn-l

(2.3) shows that in case q; > ry for all i = 1,...,m, then
sl
(4.7) fop 2 fop

for any s' > s and any policy P = P(s). In particular, for that

policy P = P(s) for which f p assumes 1ts maximum we have

St =3y _=rf

(4.8) fs' < “s'P sP =« “sP s

Vv

s0 that the sequence.{fs} is monotone increasing in s. Since one
cannot expect more gold than the mines contain we have

m

(4.9) f <=2 ¢
g =™ fET i

uniformly in s; hence the sequencei,fsi converges monotonely.
LM

An apparent contradiction should be explained away. Since
ﬁi—l > R;_l the mining process for R{s+1) actually removes less
gold at each step of R(s) than the process on R(s) alone, where
each process follows the policy P=P(s). However, the sum (4.6)
is term by term greater than (2.3). The explanation is that

(4.6) and (2.3).represent expected amounts of gold rather than

actual amounts.

In order to deal with the case where q; <7y for some 1 we
employ the lemmas of $3. Using (4.3) and (4.4) again we note that

(4.7) may be replaced by
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s! .
(4.10) fsp 2 Msfsp
where s8' = s + 1 and
(4.11) L 1-qyo,+(ay—ry ) A A,

/Li.s = min il A

i,n —qi n
;T

—l+min1—————7\A
i,n —inn nn
>1 - 6

where ‘_? = max ri—qi which is positive by assumption, and &_ =
h— é p y p 3 n s -

max A, - Thus (4.10) becomes

k=1,OGI,NS

(4.12) £ > (1-3

SP )t

8’7 sP

-
Z fSP - S“JDWZGSJ

and for the policy P = P(s) for which fsP assumes its maximum we have

(4.13) fsr 2 T5p _fsPZfsP—Eoﬂ)s = Iy —§a¢68
for s' = s + 1 so that the sequence {*’rfs} is almost monotone in—
~
w
creasing in s in the sense of Lemma 1 of‘§3, provided that > BS
S=

_converges; in the latter case {fs} converges since fs <o uniformly
in s.

0
If E as does not converge we can still select an infinite
S=

S

r = @®
subsequence {sg.’r of {s Lsuch that > 6, does converge. Then if
. ~ ) = (=3
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ng represents the maximum yield for the refinement R(s@) the

preceding reasoning shows that {}s }-converges.
. PF

r o,

-~

Suppose {fs, 1 is any other convergent sub—sequence of j} },
. L g s}

fS.G——af'. Then we construct a sequence {jsn~}.which interleavés
&5
r 5 ~ “ 1
t?e elements of ifss- and {fs,gykas i?llows. Set s1 = 83, then

1 n
sz 1s chosen as the first member of i;g;} greater than sy, sj3 1s
“] 1t
chosen as the first member of sgj-greater than sz, etc. It is

"
clear that sy > s for all¢; hence, since §§§

creasing, .,-.(65:3 majorizes 'S%-S"g-} , and thus§ 63,’5‘ converges, im-
S /. = ,‘

A

?-is monotone de—

plying the convergence of {%S%;} as before. Since fs%;—<>f as g

runs through odd values, and fsu —>f'! as runs through even
[v

values, it follows that f' = f. Thus fsq —>f where Q%S,.?_is any
— - T LR sy
convergent subsequence ofgéfsiﬁ. Since gfsi.is bounded, Lemma 2

o -

o o

implies that fs-e>f as desired.

$5. Proof that lim f_p—g p—>0
S—3D sP ®sP

In the next section an independent proof of the convergence of
éjfs\}is given which shows at the same time that the limit is Just
fhe ;ptimal yield of the continuous process. The method makes use
of two lemmas given in this section whose proofs are merely straight—
forward verifications. It 1s hoped that these proofs can be sim-—

plified and extended to more general declslon processes; certainly

the results are more general the present ad hoc verifications would

suggest.

Lemma 3: Given an € > O and a fixed P = P(s), there exists an s' > s
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"
such that |f5.-g.pl < & for all s" > s'.

Lemma 4: Given an £ > O, there exists an s!' such that ]fsuPn—gsuPnl<Ef
for all s" > s!' and any P" = P"(s"). Clearly Lemma 4 contains

Lemma 3 as the specilal case in which P"(s") = P(s) 1s fixed.

For convenience we adopt the followilng notation:

n
(5.1) T = A
nS
t = A
NS
T = E;‘Ak
k=1

where T < t < T, T being the constant length of the entire interval

and Ns the number of steps in R(s') for some s' to be chosen later.

To prove Lemma 3 we note that if &_ = max A, 1is smaller
5 y=1,..,N_ K
’78s

than some quantity depending only on q, then

(5.2) (1+a282) (1-ay8,) > 1-q b +afAp

2

—q. A
> e 1k 1-q8,

and

(5.3) - > TT (1-q222)
T (1+azn2)  *7F
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2 L 2
2 2

> 1—qi£§;Ak > 1-qi’tas > 1—q§T6, > O,
hence
(5.4) n  —q,A n n A

1°k —d

TTe > T [(1—a;8,) > (1216 )T e K

k=1 k=1 k=1
that is,
(5'5) n —q T

I > TT (1-ayay) > (1-afTog)e
by definition of T. Similarly
(5.6) -, n -r,T

e > T {(lmriak) > (l—riTﬁS)e ,
and so multiplication of (5.5) and (5.6) gives
(5.7) —(qy+r )T _n ~(q +ry )%

i
e 1 1775 T‘Tk 1(1—ink)(1—riAk) > [1-(q2+r2)T6_ Je

For ﬁs' smaller than some expression depending on ry alone we

have 1 + 2r,6_, > 1 hence
i's 1—r.0
i~s?
Ngh —(qi+riYE
(5.8) (l+2ribs,) > D€
n=1
1 Ng1 . —(qi+ri)T$> Ngi A e—(qi+ri)2f
> 1T € EE; TI=r. b8,)
—r'y%gr =1 M n= ry0n

Setting
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ng, n—1
(5.9) v, () = : An(l—inn)g (1-ry84)(1-qy84)
Ny A, n .
=3 m 'ij':lr (1_1~1AJ) (l—inJ.)
we see that (5.7) and (5.8) imply
n
| s' —(qq+r, )T
.10] 171
(5.10) (1+2r;6.,) ngi_ N > v, ()
n
s! _(qi+ri)t
> [1-(qf+rf)Toy, ] > Bpe
Ngt —(qi+ri)27 Nyt ‘
Since 0 < Eé; A€ | < g;; s, = t, equation (5.10) may be
re—written as
n
s’ —(gy+ry) T
(5.11) | Vi(t) - % N | < Bytb,

- 2 2
where By = m?x {?ri, (qi+ri)T;}»

By definition of the Riemann integral, given an £V > 0 we

have

n_, _ e -
(5.12) 125;%‘3 (q,+7)7 —ft . (au+7,)T sz < £
n= (0]

for 65‘ sufficiently small.

Combining (5.11) and (5.12) we see that Vi(t) tends to

—(q,+r, )T
t € 1l al as 65,—-——>O.

A

By subtraction, if t; and tz are any two consecutlve change—
£o —(ag+ry)T o

points of R(s) we find that vy (t1) - v, (t2) tends to‘_/;l e

s @
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tz —(q,+r,)T
But ri(Vi(tz) - Vi(tl)) and riu/z1 e 1 17747 are just the

1
contributions to f:P and g respectively due to mining Ai during

sP
the interval [ t,,t> |; hence we may add together the finite number

1
of such contributions needed to define f:P and 8sp to complete the

proof of Lemma 3.

To prove Lemma 4 we merely refine (5.12) by means of a simple
inequality which arises in the definition of the Riemann lntegral:
if "> 1is any differentiable function whose derivative ' is uniformly
pbounded by -~ in the interval [ 0,T |, and if 7 assumes some value

"&n in the nEE interval of the refinement R(s'), then

(5.13) | zzg AT T ok(t)at | <1/2 T 6,
where b_, = max Ak. The inequality remains valld even 1if - or
k=1,..,Ng,
4" 1s discontinuous at some of the end-points of R(s').
—(qi+ri)t
Let o = min (qi+ri),j@‘— mix ry , F(t) = Eﬁ ¢i(t)rie ,
—(a,+ry )T
. n s s n
and ”Fn = %: ¢irie for any choice of {%i;}' Then (5.13)
becomes -
—(ay+74)7T o
(5°l4) ‘ § zzﬁi n i - gS‘P' l < 1/2 f;f 651
emY
Where P' = P'(s') represents < ¢1f
No
Suppose ty = 5 A, and tz = %: s, - Then (5.11) shows that
—(q+r )27
ri(Vz — Vi) and fS ryA e i differ by less than riBi(t1—t2)68,

n=n;

Thus, multiplying by ¢2 summing on n, and writing B = m?x riBi we have
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Ns' _(qi+ri)‘t

(5.15) [ oy = 23 dyiprge | < BTo,

From (5.1%) and (5.15) we conclude that

(5.16) | foipr — Bgrpr | < (B+1/2 £)T6,

Since B,®, &, and T are all independent of the policy P' on R(s'),

this proves Lemma 4.

$6. Proof that f = g

Consider the set D on [:O,T:] which is defined as the unlon
of end—points of all R(s), s = 1,2,3,...; i.e., any point of D lies
in R(s) for every s greater than some suitably large number.
Clearly D is a dense set. As before we let 8p = & be the optimal
yield for the continucus process with change points permitted only
on D. Then for any given £ > O there is some policy P with a

finite number of change-points on D such that
£
(6-1) Epp 2 &p ~ 2

Since there is only a finite number of change points in P one can
find an integer s = s(€ ) large enough so that every change—point

of P occurs in the refinement R(s). Thus for this s we have

o
(6-2) gsP Z gD — _—f

For the same P = P(s) we have

IV
4221
]
d

|
NI

'
(6.3) fop
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provided s' = st'( % ) > s:is sufficiently large, by Lemma 3. For

any s' > s we have

sI sl 1
= S

6.4 £ = 5!
(6-4) s! P'=???s') ferpr 2 QZZ?S) fsq " s 2 Ter

Hence (6.2), (6.3), and (6.4) imply

(6°5) fsl Z gD - E

whenever s' 1s sufficlently large.

By Lemma 4 we may choose s' large enough that
(6‘6) gS‘P' > fS'P' - T{;

where P! = P'(s*') is an arbitrary policy on R(s'). In particular,

for a maximal policy P' on R(s') we have

(6'7) ép > g51py > fsa - £ .

Since £ is arbitrary, (6.5) and (6.7) show that the sequence {fs,l

possesses limit f and that

(6.8) f=gy=28

It should be noted that this proof is entirely independent of
the proof given in 53 and $4 that {fs} converges. Moreover 1t shows

that 1im fs is independent of the particular choice of refinements;
§—>0

it is not clear that this could have been shown without the notion

of the continuous process.
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§7. The Infinite Interval

On the infinite interval [ 0,@ | let F:; be the expected yield
for the policy P = P(s),mining at every step of R(s'). Since there
are an infinite number of policies on R{s) i1t is no longer clear that

1
one can maximize F:P. Accordingly we set

Sl _ s|
(7.1) F = Eup FsP

and take similar definitions for Fs, GsP’ G etc.

S}

Suppose a4 >0 for all 1 = 1,...,m and set q = min q - Then
i

1 1
the contribution to any of the expected values F:P’ F: ) GsP’ etc.,

of the amount one expects to mine after t = T 1s clearly less than

Qie_qT, a quantity which becomes arbitrarily small for T suffilciently

large, say e 9T é% for T > T(&).

etc., represent expected yields if the

Let £5., f

sp’ ‘sp’ Bsp’ By
mining process is stopped at t = T, which 1s always taken as a point

of R(s). Then clearly for any policy P = P(s),

€
(7.2) Fp2fgp2Fp——3
In particular this is true for any pollcy for which fsP assumes
its maximum, where the policy is arbitrarily prescribed at the points
of R(s) beyond ¢t = T. Furthermore, since no alteration in the maximal

policy P = P(s) can increase f and since the contribution to FsP

sP
for t > T is always less than f% it is clear that
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(7.3) fstS——3 ,

thus
£

(7.4) ‘fS—FSI<—_}"

for any s.

P
Since %fs% converges we know that

£

(7.5) | g - T 1<K

for s sufficlently large, and s' > s. Combining this with two

instances of (7.4) shows that

(7.6) | Fg - Fg | < &

Since £ is arbitrary, the sequence:ngl therefore converges, as

o o

desired.

To extend the result of §6 to the infinite case note that the

same reasoning gives

(7.7) e-al<

where g is the optimal yield of a continuous policy over [jo,iﬂ and

G is the optimal yield of a continucus policy over [:O,a{j.

more, for s sufficiently large, §6 gives
&

(7.8) | fs—g | <—-3'

Combining (7.4), (7.7), and (7.8) gives

(7.9) | Fg -G | < &

Further—
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-
so that ngl~converges to G.
P

The case where qQy = O for some 1 presents an additional
difficulty. Suppose qi = O and ay >0 fori=2,...,m, for
example. Then in both the discrete and continuous cases, if one
is permitted to mine during [:Q,m>j it is clear that one should
first mine A; until 1t 1s nearly exhausted, say an amount b remains,
since there is no possibllity of damage in A;. Then one should
turn and follow a procedure on the remaining mines Az,...,Am, which
yields an amount of gold as close to the optimum as desired, with
an increasling probability that the machlne will be damaged, as usual.
It makes no sense to return to Ay, since after mining elsewhere the
machine would become less efficient in A,;; that is, e&en if A; were
mined from that point on, some gold would remain in it in the limit.
Thus one can approach the optimal yield for the infinite case, which
is ¢; plus the optimal yield over all policies on Az,...,Am alone,

only by first mining A, for a very long time, the longer the better.

(The reasoning of the preceding paragraph may be made easier
if one replaces the notion of a probability of not surviving after
a certain point by the notion of a loss in efficiency in the
machine. In fact, this can be done throughout. With this sub—
stitution one no longer talks about expected values, but about:ithe
actual values obtained by a mining machine whlch becomes more and

more inefflcient as it is used in the various mines.)

For the same values of Q15059 the policy over a finite

interval might be entirely different from the one just described

for the infinite interval. If Ai contains relatively little gold, 1t



RM-1368
~23-
is entirely possible that one:might never mine it in the finite
case, even though it doces not reduce survival probability, i.e.,
efficiency of the machine; in the finite case one 1s only interested

in surviving for a finite time anyway.

One can still prove the convergence of-fFSE , even 1if qi=0
"for some i. Suppose Q1 = +.. = q, = 0 and a4 > 0 for i = a+l,...,m.

Then the preceding discussion shows that

- 1
(7.9) F o =c¢1 + ... + ¢, +F§
and
(7.10) G=cy+ ... +c, +G ,

where Fs and G are optimal expected ylelds for the mines Aa+1""’Am'

But Fé—ﬁ>G' since a4 >0 for i = a+l,...,m. Thus FS~+}G as desired.
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