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SUMMARY

The classical theory of a charged point particle interacting with the
electromagnetic field is developed from first principles. The formalism
is constructed so as to reveal the underlying physics and to stress the
similarity between the classical theory and the corresponding quantum
theory. A number of traditionally troublesome points are discussed,
including the electromagnetic self-energy, the relativistic radiation-
reaction equation, the occurrence and removal of runaway modes, the
radiation from a uniformly accelerated charge, and the relation between
Maxwell's elecirodynamics and the action-at-a-distance theory of Wheeler

and Feynman.
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I, INTRODUCTION

This report is devoted to a development of the theory of a single
charged point particle interacting with the classical electromagnetic
field-~classical electron theory., The formalism developed is used to
derive some well-known formulae (e.g., the energy radiated by an
accelerating electron, the form of the radiation reaction), to analyze
some famous problems (e,g,, runaway modes, hyperbelic motion), and to
discuss the relationship between the conventional electrodynamics of
Maxwell and some well-known alternative formalisms (e.g., Feyrman-Wheeler
electrodynamics,)

The innecent reader may well ask why the development of such a simple
problem (only the free electromagnetic field is simpler) in such an old
and well-investigated theory should need to be discussed at this late date,
A few words of historical explanation are in order,

Classical elesctrodynamics, like any other theory in classical mechanies,
is completely determined by its Lagrangian, Once the equations of motion
are written down, every feature of the theory is unambiguously determined,
Classical physieists had no difficulty treating the problem of the free
electromagnetic field in this manner, but when they attempted to follow
this path for the theory of a single charged particle, they found their way
blocked by difficulties they were unable to resolve, (Typically, the
infinite self-field of the electron,) In order to circumvent these
difficulties, they had to resort to arguments that were ambiguous, or

ill-defined, or to overly restrictive conditions, (E.g., ''The answer must
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be simple,'t ''Assume the electron charge is turned off in the far
past,??) There would have been nothing wrong with this, except that the
theory they developed had many strange features, and they were unsure
whether these were really consequences of the theory or merely a result of
their ambiguous arguments, Scmetimes they tried to circumvent these
difficulties by the introduction of further ad ho¢c conditions; this only
worsened the situation, ‘

We are more fortunate; we have at our disposal powerful techniques,
invented to handle the far more difficult problems of quantum field theory,
that enable us to take the path of unambiguous derivation and aveid ad hoc
considerations altogether, This is done in this report, (This approach
has the incidental advantage of displaying these techniques in action on
a comparatively simple problem; in this way their nature is made clear
without the confusions that arise from quantum theory,)

The first part of the report is devoted to preliminaries, Most of
this should be familiar te the reader; its prineipal purpose is to insure
we are in agreement on such trivial but irritating questions as the sign
of the metric and the mumber of 4's in the Fourier transform,

In the second part, the equations of motion are written down, and the
in and out fields are introduced, Most of this part is devoted to showing
that these really represent the incoming and outgoing radiation, using the
asymptotic condition of Lehmann et al, Some space is ﬁsed to make this
asymptotic condition look physically reasonable, The reader who is willing
to accept this identification of the in and out fields can omit the section

titled ''The Physical Meaning of the In and Out Fields'! with no loss to
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his understanding of the rest of the report.

In the third Apart s the electron equation of motion is derived. An
invariant cutoff is used. All the calculations are done explicitly in the
appendix. The runaweys are displayed and their removal is discussed.

A final part conéis’cs of discussion of some interesting applications
of the theory. Hyperbolie metiog is analyzed and its relation to the
Principle of equivalence and to energy conservation is discussed.

No attempt has been made to search the literature.
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II, PRELIMINARIES

NOTATIONS AND CONVENTIONS
Units, c =1
Tensors, Four-vectors are written X b= 0,1,2,3, We often

suppress the index, especially in the argument of a function, f(x) = f(xu).
Semetimes we decompose x, into its space and time parts, x, = (i?,xo).
All tensor indices are subscripts, We use Feyrman's metric and

sumnation convention,

XY =X eymxy-Xoe7,
rdn 0’0

2
XX =x,
BB

The metric tensor is 8 B =1, 811- 822- 833- -1,

6p.ﬂxﬂ = xu'

Derivatives,.
e 2,8 =8, = -V 9, 29/o)

DZ - auap - azlatz - V2
O %n = By -
Proper time, Let xu be the position of a particle, The proper time,

s, is the natural parameter along the particle world line, It is defined

by [ ] [ ]
dxﬁ/ﬂs dxp/as -x, x-= 1.

As a consequence of this o oo
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Integrals, We indicate the dimension of an integral by a superscript
on the differential; Sdnx is an integral over n-dimensional space, All
integrals are over all space unless otherwise stated,

Delta Functions, 5'(x) is the n-dimensienal &-function,

j.dnx 8%(x) = 1,

Fourier Transforms,

t(k) = J dbx otX * Xe(x),

kl-l - (T{',ko) = (T(’, 0)).

The invariant Green's functions are soclutions of the inhomogenecus
wave equation,

(02 t(x) = s*(x).

The two Greents functions mest impertant in electron theory are the
retarded function, Da(x) , and the advanced function, DA(x). They are
defined by their Fourier transforms,

DR becomes I)A under time reversal,
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In configuration space DR vanishes except on the future light cone,

where it is given by
*(x) = 5()/2r.

Two other funetions we will use are

B(x) = 3 (%) + B*(x))
D(x) = D*(x) = B(x)
D(x) is a solutien of the homogeneous wave equation,

DzD(x) =0,
D(k) = 2mie(k,) 5(k),
e(ky) =k /lk |+

We can use D(x) to write a solution of the homogenecus wave equation

in terms of its values and derivatives at t = O,

22) = [ [plaext) § £G0,0) - 2G0,0) § pexxt]

When t > 0, we may replace D by DR, and this becomes Huygens' prineiple,

IHE FREE ELECTROMAGNETIC FIELD

This is a mechanical system, Its equations of motion are determined

by the action principle
SI

I =fd%L_ ---jd 3,4, 2 &,

in conjunetion with the subsidiary condition

dA =0,
B
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The equation of motion is
2
A =0,
O B
The stress-momentum-energy tensor is

1
M 8A6A+2BpAlapAhan

The equation of motion insures that the Fourier transform of Ap must
be of the form

A, = s (1) 30,

8 (-k) = ap*(k).

Using this, we may get a representation for the total energy and

momentum in the field

- - M (d:‘ 2, (k) a, (k) 6(k2)kpe(k°).
We may identify the integrand as the amount of energy (or momentum) in a
jaarticular range of frequency or direction of radiation,

In the sequel, we will apply these formulae to situations where the
fields may be unbounded in space and time, becoming arbitrarily large at
sufficiently far distances, Of course, in this case, the Fourler operations
used to obtain the formulae are totally unjustified, Nevertheless, it will
turn out that we can still represent the field as a Fourier integral,
provided we are willing to use singular funections, The above formmla, in
such cases, may then give a meaningless ose¢illatory divergent integral
for the total momentum in the field, However, the a(ke) insures that the
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expression for the total energy is an integral of a positive quantity, so
the formula still gives the right answer for the total energy in the field—
infinity,
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ITI, THE FIELDS CAUSED BY AN ELFCTRON

EQUATIONS OF MOTION: THE IN AND OUT FIELDS
The mechanical system consists of Ap, a function of space and time,

called the electromagnetic petential and xp, a function of a single
variable s, called the electron position, The equations of motion are

determined by the action principle
8l =0

* L ] *
mo} S
] + — X X + X) X
I=1 > “uds e.A() ds

in conjunction with the subsidiary conditioen
JdA =0,
by

The mumber e is called the electron charge, The number m is called
the bare mass--t'mass?!? because it appears in the action in the same place
the mass occupies in the theory of a free particle; ''bare'?! because there
already exists a genmeral definition of mass in mechanics, involving the
respense of the particle position to a weak, slowly varying force, and
until we have analyzed the theory, we can not tell whether or not this
number coincides with m . The use of the word 'Yelectron'! in the theory
is due to an unfortunate misapprehension on the part of H, A, Lorentz,

There also exists a theory of many electrons interacting with the

electric field, The action for this theeory is
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(1) (1) (1)

m dx dx
s ) _%_7 (1)

= Iim i=1 Z ‘gds i ds i I

(1)
N dx
+ Z e(i)JAu(x(i)) ds(i).

=1 as't

The terminology of the one-electron theory is extended in an obvious
manner, Most of the cenclusions we will draw in the one-electron theory
are also applicable to the many-electron theory, We work in the one-electron
theory in order to avoid undue complexity of notatien,

Often much otherwise inaccessible information about the properties
of a mechanical system can be obtained by studying its response to an
external force, We will have occasion to invoke this technique in the
sequel; however, rather than introducing an external-force term directly
into the action, and carrying it through all our formilae, we suppress
the force, and only restore it in those equations where it will be of use,
This is only done for the sake of simplicity; we could just as well carry
the force through from the beginning, but then some equations would be
complicated by essentially irrelevant force-dependent terms,

The action principle yields the equations of metion

my X, = an (x) X, Fl-lﬂ. Ap,ﬂ- Aﬂ.u
dx?
2
O Au - jp- ej Bh(xp- x'u(s)) _d:l— ds (1)

- eja“‘(xp- x&(s)) d x&.

These are known as the Maxwell-Lorentz equations,
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As a consequence of the Maxwell~Lorentz equations,

Therefore we can choose to measure 8 in units such that
x“ xp =1
and s may legitimately be called the proper time,
jp’ is called the current, It is a singular function of space and
time which vanishes except on the electron world-line, If the electron
is stationary at X = 0, jO- e 83(;), ?- 0. The light cone intersects the
current at most once (in the x_nmv-electron theory, at most N times), and,

therefore, no matter how wildly the electron moves
f (x=x* )jp(x' Yabxt

always exists,

Thus we can replace the equations (1) with the system

m R e Py 3,
- in R - in l" : 4 ey ¥ ]
Ap Ap + AM A“ +S d*x DR(x X )ju(x ) (2)

where Ain is defined as the difference of A“ and Aﬁ. A:Ln is called the

incoming radiation, and Aﬁ is called the retarded potential,

Ai‘n satisfies the free-field eguations,
2 ,in
A= 0,
0 4
d A =0,

bR
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There is no particular reason why we chose the retarded function to
integrate (1), We could just as well have used the advanced function and

obtained the equivalent system

L X ] L
m x =eF x
o U 123

Ap- Az“t + Aﬁ - Azut +J dixt DA(x—x')j“(X'). (2a)

A:ut is called the outgoing radiation; A:, the advanced potential,

Or, just as well,

L 1) R J
B xp- e Evva

Au-% (Aﬁut + Ain) ¢5 dhxv B(x-x')jp(x'). (2b)

Al]l three of these systems of equations are true, Which one occupies
the center of cur attention depends upon the problem under discussion, Egs.
(2) are important in the study of electron motiom, (2a) in the discussion

of radiation, (2b) in Feymman-Wheeler electrodynamics,

In the preceding paragraphs the fields Ai‘n and Aﬁm‘ have been defixied,
and they have been given the suggestive names of incoming and outgoing
radiation, We now have to shew that the suggestion is not misleading;
that they really deserve these names,

The following argument is often advanced, ''Imagine that the electron
charge is a function of time, so we can turn the electromagnetic

interaction on and off, Before we turn it on, the current is zero, and
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the retarded potential vanishes, Therefore, we can identify Ain with the
field that exists before the current is turned on—the incoming radiation.,
In a similar manner, we can identify A:ut with the outgoing radiation,t!
This line of argument is not good enough for our purposes, We are
interested in analyzing the fields associated with such electron motions
as hyperbolic motion——constant proper acceleration—where the current
vector, rather than vanishing, or even settling down to a steady behaviour,
becomes increasingly large in both the far past and the far future, We
f’ and Az‘“’

that is independent of assumptions about the placidity or violence of the

would like to give an analysis of the physical meaning of A

electron motion,
To learn how to construct such an analysis, let us study the far
simpler problem of the scattering of a particle of unit mass from a

finite-range potential, The equations of motion are

%19 = F(x)

4 |
at = P
In the same manner as we integrated the Maxwell-Lorentz equations, we

may integrate these,

t
p=pt+ j F(x(t?))dt?
-0
£ )
x = x84 5 att j P(x(t7?))dtr?,
“o -c0

Like the incoming radiation, p:Ln and xj'n obey free equations of metion,
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. in
4 _in dx = _ . in
dt P o, dt P .

We want to identify pj'n and xin, which have been introduced merely

as solutions of the homogeneous equations of motion, as asymptotic
parameters——quantities which specify the state of motion in the remote

past, For pin the job is easy enough,

p™® = 1im p(t).
t —>-00

So pin

is indeed 'tthe incoming momentum,'!
If we try and construct a similar relatien for x

?
xiP = 1im x(t)

t— -0

we find it doesn't work! The left-hand side is a linear function of time,
and has no limiting value at all, The proper procedure is to form the
combination xin - pint, a sort of running position which is independent of
time, and which satisfies the limiting condition

x® - piB e 1im  (x-pt).

t —> =00

It is this equation that justifies calling xin

ttthe inecming position,'t
This analysis leads to a genmeral prescription, Any physiecal theory

involves a set of quantities, a3, the physical variables, which obey the

interacting equations of motion, Froem this set, or possibly only from

some subset of it, we form a set of quantities qiin which obey the free
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equations of motien, We want to identify the qlin as the incoming
variables, the asymptotic values of the 94y in the remote past, In order
to do this, we do not look at the limiting values of the qiin, but instead
form a set of linear combinations of the qiin’ which, as a consequence of
the free equations of motion, are independent of time., Then we look at the
limiting values of the corresponding linear combinations of the physical
variables in the remote past, If these are equal to the combinations of
the qi‘n, then we may say the qiin are the incoming variables, Of course,
the set of combinations we look at must be complete; it must have the
property that if we know the combinations for any time we know the qiin

at that time, Otherwise, we might lose some information——we might be
really testing only some of the qin.

in

Now we apply this te the Ap « Since the electromagnetic field has

an infinite mumber of degrees of freedom, the linear combinations of the
prescription must be integrals,
Let f(x) be a solution of the free wave equatien

% =0
with the property that at any time, f vanishes outside of a sufficiently
large sphere, (Of course, for any f, the radius of the sphere changes

with time,) If we define Ai, a function of time, as

Aﬁ t) = j d&{% 1@,4) A (Ft) - £Zt) § i A (x,t)}

3 s 2
dx{ 2A—f 2 Ap}

--fd3 92:A+f-i .
at "

then
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Since f 1s zero outside a finite sphere, we may integrate the first term

by parts, no matter how wildly Au behaves at large distances,

b 4
dA
—-a%— = - ‘deI f(x,t) D2 Ap(x,t). (3)

f
So (Ain) is independent of time, and is a proper candidate for the
£
linear combination of the prescriptien, Note that if (Ain) is known for
f
all f, Ai‘n is known, so no information is lost by considering (Ai’n) .

I assert that for every f(x) satisfying the above conditions

1im Af=-(

in)f
B pot

t —>» -0
f
1m A= (o0,
n n
t —> 400

in out

If the assertion is true, Ap is really the imcoming radiation, A“ the

outgeoing radiation, This formulation of the asymptotic conditien was first
propesed by Lehmann, Symanzik, and Zimmerman in a famous paper on quantum

field theery.l) |

PROOF_OF THE ASSERTION
This is obviously equivalent to proving
R)f

lim (a =0,
53

t —» =00
f £ o £
R R d R
Now, lim (Ap) - (Ap) (t=0) - f 5 () et
t >~ -00
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The first term is

R R R
(A u) (t-O) 5 { (x,G) £(x,0) - £(x,0) F A (x, }

-J dBXIdI‘x' {DR(x—x') % £(x,0)
- %g D (xx") f(x,o)} :I“(x').

Exchanging orders of integration, we recognize the quantity in brackets
as Just Huygens' formula.
-5 dhxt £(x*) ju(x')
tt <0

ber 20 (IR Aﬁ(x')
t* L 0

but by (3), this is o

- S (A) attr,

~00

Q.E.D, Hote no assumptions were made about the electron motion, An exactly
aut

similar proef works for A

Normally, we do net study the full theory defined by the Maxwell-
Lorentz equations, but instead confine curselves to certain restricted

theories obtained by adjoining additional conditions--usually statements

in

sbout 4] out

and A --to Eqs, (1), These boundary conditions are as much
a part of the pes-‘bulé.tes of the theory as the form of the Lagrangian or the

value of the electron charge,
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Maxwell Electrodynamics, Af;n = 0, Sometimes we consider problems (e.g,,

Thompson scattering) where Ain is a prescribed function, In this case

it is always clearly understood by believers in Maxwell electrodynamics
that the non-zero Ain is merely a device to simmlate radiation from distant
charged particles that it is not convenient to include in the equations,

If account were taken of all the charges in the universe, Ai‘n would be

strictly zero., All radjation comes from somewhere., A very clear statement

of this position is given in the classic work of Lorentz(.z)
Iime Reversed Maxwell Electrodynamics, Aﬁut is zero, or prescribed, All

that can be said against this theory is that time seems to go the other way.

= 0 always, This is the only

variant that retains the time reversal invariance of the Maxwell-Lorentsz
equations, This theory is not as well known as the others, but it has
many interesting features,

There are some solutions of the eguations of motion that belong to

all three electrodynamics, those for which Af’ - Aﬁ“"'- 0. This is the

origin of the statement of Feymman and Wheeler that in the presence of a

out
@

answers as Maxwell electrodynamics,

perfect absorber (= A = 0), their electrodynamics gives the same

RADTATED ENERGY
Since we have identified A:ut with the outgoeing radiation, we can

write a formula for the emergy radiated,

ad ocut in
p; -P“(A )-Pp(A )

in

t
=P (A%9%) ir A" a o,
p( ), "
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But in this case (Maxwell)

Au- g DR(x-x' )Jp (x1) dbxer

= A:ut+ S D, (x-x')jp(x') dlxt
Azut = S.D(xPX')Jp(x') dbxr, ()

In Fourier transform space

out
A = DK)3, (k)
= 2ale(k,) 8(k%)3 (k)

f.g“tm = 2nie(k,)3, (k).

Thus, ltk
d d # 2
AR Sz;)—; 3300 3, (k) k elic)) 8(k7). (5)

An elegant and useful formula, Going back to pesition space,*
P;ad = - % gdl’x'gdl‘x" Jk(x') j)\(x") apD(x'-x").

Al]l this is true in the many-electron theory, Now we specialize

to the one-electron case, Since D(x'-x'!) vanishes unless x!' = x!'!, when

# Readers who are disturbed by the Fourler manipulations may obtain this
equation directly by imserting Eq. (4) in the formula for the energy-
momentum of a free field, We follow this less rigerous path of derivation
only in order to obtain Eq., (5) on the way,
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there is only one electron there is only a contribution to the integral
when x* = x'*, The integral is a difficult one to evaluate, involving
some delicate manipulations of singular functions, However, it will be
evaluated in the course of a calculation which will be made in the appendix

to the next section; we postpone it until then. The answer is

* o0 80

2 -
pe-f [ ediin -3, ©
~c0

The integrand may be identified as the rate of radiation, If the
electron motion is such that the electron acceleration is zero in the far
pest and the far future, or if the motion is periodic, we may drop the

o0

x term,
"3
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1V, THE INFLUENCE OF THE FIELDS ON THE ELECTRON

ECTRON EQUATIONS OF MOTTON
We are now going to transform the system of equations (1), The
reader may well ask, '*Why? What's wrong with them—don't they have a
well-defined initial value problem, all we need to answer any physical
question??? Indeed they do, but the initial value problem is in terms
of the fields gverywhere at a fixed time, right down to the pesition of
the electron, and this is a difficult thing to measure, It would be much
mere convenient te have an equation of motion that only involves, say,

the incoming radiation and the electron coordinates,

But in prineiple it is very easy to obtain such an equation: simply
substitute the second member of (2) into the first, This completely
eliminates the self-field of the electren, and leaves only the desired
quantities, However, when we try to carry out this program, we find
the answers involve infinite quantities, This stopped classical physicists,
or foreed them to resort to elaborate subterfuges, but it need net worry us,
Ever sinee the calculation of the Lamb shift by Bethe, we have known what
to do with infinite quantities: swallow them,

Even so, a direct calculatien involves not enly infinite quantities,
but enmtities like products of delta functions and quantities that go to
zero, entities difficult to lnterpret, se it is best to alter the system
of equations (2) such that every quantity involved is finite, but
dependent on some auxiliary parameter, which we can then make approach
(2) as a limit, All of the infinities arise from the singularity of DR(x)
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on the light cone, so it is sufficient to replace (2) by

mex-eFﬂpxn

A“= Ain + f D%(x—x') Jp(x') dhxer (27)

where D?\ is a function without singularities such that

lim Df= D7,

N\ —»c0

This is called regularization,

There are many ways to choose Dﬁ, all of which, of course, give
squivaient answers in the limit, Since we are trying to approximate a
8 -function, one method that is particularly convenient is to choose

2
AT 2 2
D% 2a f (/\ X )9
where £ is a function such that

®

j £(z) dz = 1,

-0

In order to avoid difficulties associated with signals propagating faster
than the speed of light, we choose f to be zero for negative arguments,
D% to vanish outside the forward light cone,
One possible choice for DR is Gaussian regularization,
2 _ /\2x2

B-L

27
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inside the forward light cone, Ancther is Pauli-Villars regularization®)
3. (ARP)
- AA A7
m
sz
inside the forward light cone, This regularization is very popular in
quantum field theory, The reason is that most calculations in quantum .

electrodynamics are done in momentum space, and here the Pauli-Villars

function has the simple form

R 1 - 1
5
T2 (orie)® KA (ot ie)?
-1 A

- (za+ie)2 W+ A2 - (o +is)2
This is just Feynman's euteff(.5)
The actual calculation is both tedious and uninstructive, and is

reserved for the appendix, The resulting equatien is
.0 2 * oo o0
e

m, x = - &m x, + ('%) i (xp + xpxxxl)

+ e Pl x + ¥ 40 R); W)

where F':Xt’ is a possible external force,

For Gaussian reqularization, ta -/\ez/%tﬁf; For Pauli-Villars
regularization, 8m = /\92/81.

If we define

n-ne* om

(7) may be written as
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LXJ * o8 90

s cemln e DEG N ©
where we have let A go to co, m is called the renormalized mass——it is
the mass of mechanics, the guantity that governs the response to a weak,
slowly varying force, m, is completely unobservable, (The response to a
rapidly varying force is dominated by e,) We observe that m, is infinite
and negative, The latter will be importamt in the sequel,

The extreme right-hand term in (8) is called the radiation reaction,

Identical operations on (2a) and (2b) lead to the equations

°e out °* ext
= +
mx, = e an x, Fp (8a)
2 "o e 6% o0
- —; —ZTI (xp + xpxkxx)
o e ,-out iny °* ext
= - + +
m xp. 2 (an F'ﬂp) Jﬁ'| Fp ¢ (8b)

The radiation reaction is odd in s and changes sign under time reversal,

It does not appear at all in the time reversal invariant equation (8b),

The nonrelativistic approximation to (8) is

2> . . 2 3-&
md—J-;ﬂe (-1:3‘:"31'f"v"x-é.:"r’l)'*%Zeru
dt T 4t
-l
+ T (9)

It is useful because it is linear, and therefore considerably easier to

work with than (8).
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THECRIES WITH A CUTOFF

We have looked upon the ?'regularized'' equation (2!') as merely a
computational convenience, a way of reaching equation (8) without going
through subtle considerations involving the interpretation of products of
delta-functions, There exists a considerable literaturgé)devoted to
the treatment of (2'), or similar equations, as a consistent physical
theory, in which all the quantities involved, not merely the observable
ones, are finite, In such attempts to produce a ''theory with a cutofft?

a non-local factor is introduced directly into the interaction Lagrangian;*
this results in an alteration of both members of (2), not merely of the
second, OSuch theories invelve great difficulties; the equations of motien
must link points with a space-like separation, so there does not exist an
initial value problem, Further, it is very difficult to show that the
solutions of these theories approach those of the no-cutoff theory in any
reasonable way as the cutoff is removed, That is to say, the terms of

order 1/A in Eq. (7) may dominate the motion for sufficiently high energies,
no matter how large A is,

RUNAWAYS

Let us examine the solutions of Eq. (9) in the case of Maxwell
electrodynamics (A§n= 0), with the external force a harmonic oscillator

potential,

Dividing by m,

&, O 22
2 3 - (Do X,
dt dt

# Except for that of Podolsky and Sehwed$7th this has other difficultiesfg)
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This is a linear differential equation with constant coefficients,

and we solve it by the usual method, Let x = X, ert.

2_ 3 _ 2
r=Ar wb.

Typiecally, A is very small compared to ag% so we may solve for the

roots by perturbation theory,

- _ 1 2 2
r=tiwg-ZAa+ o(x).

This represents exactly what one would expect-—damped harmonic
meotion, As the electron oscillates, it radiates, and as it radiates, it
loses energy, and oscillates with diminishing amplitude, However, there
exists a third root, a real cne, which is not a perturbation of the roots

of the eguation when A = O, but meves in from infinity,

r=%4+000),

This is an increasing exponential--the so-called runaway mode,

We would be happy here if A had the opposite sign; could we have
made an error? But if A had the opposite sign, the two other modes would
be inereasing expenentials, and we would be no better off than before,
Really, the only reason we introduced the harmonic potential was to show
this; in the sequel we need consider only the free particle, .= 0, where

the general solution of the equation of motien is

35=-]T+7g’t + E?eﬁ/*

The same unfortunate event occurs in the relativistic Eq. (8). Taking

the inner product with xp, we obtain
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>0 LK o s00 L i >0 L2
x, X, A X, X"2d (xM xp).
;;c. = 925/)\.
o

This is a motion where the particle velocity approaches the speed of light
rather than inereasing exponentially to oo, but otherwise of the same char-
acter as the nonrelativistic runawsy.

REMOVAL OF RUNAWAYS

The runavay modes are an embarrassing feature of the theory. It is
true that they vioclate no general mechanical prineiples; they conserve
energy and momentum (despite appearances to the contrary; see the section
on conservation of energy) and the fields associated with them go to zero
at large spatial distances (the further the observer is from the electron,
the further back on the worldline is the point he sees—the smaller is
the retarded field,) Nevertheless, the theory is supposed to bear some
crude resemblance to the actual behaviour of small charged bodies, and
exponentially increasing velocity has never been an observed feature of
that behaviour,

It is true that runaways are not present in free motion unless they
were present initially, so we might try to remove runaways from the theory
simply by stating that they never occur, This will not work; an arbitrary
external force can induce a runaway., Here is the response to a delta-

function impulse;
0 t¢o
V(t) =

i(l—et/")tzo.



RM-2820

Observe that the runaway is opposite to the direction of the applied force,

But something is wrong here, Equation (9) is a linear differential
equation; it can be solved by the method of Fourier transforms, In this
case we certainly get a solution to the inhomogeneous equation with a

delta-function force that is bounded, It is this:

- et/x t<o
V(t) =

i

- t>o0,

This differs from the first solution by a solution of the homogeneocus
equation--the runaway, It is obvious that for any applied force we can
always obtain a bounded solution of the equation of motion by adding a
solution of the homogeneous equation with runaway coefficient equal in
magnitude and oppesite in sign to that produced by the applied force,

But this solution is acausal; it does not vanish before the force is
applied, The electron '*sees the force coming'' and prepares itself for
its arrival, This phenomenon is called pre-~acceleration; it seems to be
an unavoidable consequence of classical electrodynamics--that is, unless
you don't mind runaways,

Things are not as bad as they might seem, The runaways are such a
violent phenomenon because A, their doubling time, is such a small time,
the time it takes light to cross the classical electron radius, But this
is the very fact that insures the acausality will be a very small
acausality., For A is also the half-life of the acausality (locking
backwards in time); the pre-acceleration to even the most stremuous force

will not be a noticeable effect.
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In fact, everything works out quite nicely, The electron equation
of motion (9) is a third-erder differential equation; if it did not have
runaway solutions we would have to specify three conditions on the electron
motien, in addition to the incoming radiation, in order to describe the
motion, Now we need only specify two conditions on the electron motion
(typically the position and velocity in the remote past, just as in our
example of scattering from a potential) as well as the incoming radiation,
because our third boundary eondition is already given: no runaways in the
future, This fits with what we know about the scattering of radiation by
charged particles,

Of course, we no longer have a well-defined initial wvalue problem.
Altheugh the equations of metien do mot link values of the field at
space-like separated poimts, our no-runaway condition does; certain initial
valuea are forbidden because they lead teo runaways, )

411 of these censiderations can be applied to the relativistic
equation of motion, as well as to scattering from a potential, and other
problems where the equations of motion are net linear, Arguments based

on superpesition ecan no longer be used, and the mathematics become more

subtle; but the physics remain the same,

The nonrelativistic electron equation of motion (9) was first
derived by Lerentz,(9)on the basis of a medel of the electron as a rigid bedy
of finite dimensions, Indeed, in the later forms of the theory, the

dimensions of the electron were suppesed to be such that the entire mass of the
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electron was self-mass; in our terminology m, = 0., This was a theory with
a cutoff, but a nonrelativistic one, It was subject to a famous difficulty;
the electron self-momentum, for low velocities, was 4/3 the electron self-
energy times v/cz. (As a matter of fact, this can be shown to be
characteristic of any theory where the interaction is spread out in space
but not in time.)QO) Lorentz viewed (9) as only an approximation, with

the structure-dependent terms (higher powers of A ) left out; thus he was
not worried that it had unphysical solutiocns,

The relativistic equation (8) was first derived by Dirac.al) This was
before the invention of renormalization; Dirac was unable to deal with
infinite quantities, and had to resort to an indirect argument, He assumed
the Maxwell equations held everywhere except on the electron worldline.

He then applied the laws of conservation of energy and momentum to a
small tube surrounding the electron worldline, and showed that they
determined the electron equation of motion to within a perfect differential,
The *'simplest!! choice for this quantity leads to (8), Dirac remarked,
**There are other possible expressions,..but they are all so muach more
complicated,, . that one would hardly expect them to apply to a simple
- thing like an electron,'?

In terms of our formalism, this procedure is equivalent to leaving
the free-particle part of the action unknown, because to write it down
explicitly would invelve the infinite quantity m3 the different perfect
differentials in Diracts treatment correspond to different scalars we
could have added to the free-particle action, Sinece Dirac thought
Eq, (8) was exact, he teok the runaways seriously, and pointed out that

they could be removed by the introduction of acausality.
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Y. SOME MISCELLANEOUS TOPICS

THE CONSERVATION OF EMERGY

In the previous section we stated that the runaway modes do not defy
the conservation of energy, The usual explanation looks something like
this: ''The electron self-energy is infinite, The runaway mode is tapping
the infinite electron self-energy; since it has an infinite amount of energy
available, its velocity can increase indefinitely.? o This explanation
is incorrect., Although we are not able to solve electrodynamics exactly
with a cuteff, there exist model theeries that have many of the properties
of electrodynamics ,(13) ineluding runaways, in which it is possible to solve
the theory exactly in the case of a cutoff, In these model theeories it is
found that the runaways occur even when the self-energy is finite, They
occur when, and only when, the bare mass is negative,

It is the fact that the bare mass is negative, rather than that it is
infinite, that makes the runaways pessible, The conservation of energy,
in the form that comes to us frem the action principle, invelves the bare
mass, The energy is the sum of the field energy, a positive definite
quantity, and the particle kinetic energy, a negative definite quantity
(for low velecities, %‘- movz). Therefore there exists the possibility of
motions in which the particle contimally radiates, increasing the field
energy, while it accelerates, decreasing the kinetic energy (increasirg ita
absolute value), These metions occur; they are the runaways, Throughout
the runaway mode the total energy remains constant and finite,

- 12)

¥ See the recent text of Thirring > for a typical statement of this
pesitien,
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A conservation law involving the bare mass is not very useful, Does
there exist one involving the renormalized mass? Yes; it is given by the

electron equation of motion (8). We interpret the terms as follows:

m ;p = "*renormalized j~-momentum'?,

F:xt = )-momentum added to the system,
2 02 L ] ® e
-3- --1; x“xxxx = |-momentum radiated.
2 e2 -
3 Z-f; " = )-momentum placed in the induction field,

This equation is more familiar in its nonrelativistic form, The

nonrelativistic form of the fourth component is

N
N

'%ext-_d_lmvz‘f‘gz—uaz-%%s-g‘zo (10)

ct
-]

t*The work done is equal to the increase in kinetic energy plus the energy
radiated plus the energy stored in the induction field,''! The expression
in (10) for the energy stored in the induction field is called the Schott
energy., For motions which begin and end as free motions, or for meotions
which are periodiec, the integral of the Schott term over all time, and
hence its average value, is zero, In this case we can drop the Schott
term and get an intuitively reasonable looking conservation law, This law
is often used in elementary texts to "tdeduce!! the form of the radiation

reaction.o'l’) It is only approximately true, even for motions which satisfy
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the stated conditions; for motions which do not, such as the runaways, or

the hyperbolic motion discussed in the next section, it is completely false,

HYPERBOLIC MOTION
Hyperbolic motion is defined as motion restricted to the z-t plane,

such that the magnitude of the four-acceleration is constant, It is easy

to see that the radiation reactien vanishes for a particle undergoing
hyperbolic motion, At any instant we can decompose the radiation reaction
into a component along the four-velocity and one along the four-acceleration,
The component along the four-velocity autcmatically vanishes; the component

along the four-acceleration is

288 .14
3hew B 3 L4wds “u Tpl?

zero by the conditions of the motion,

Two questions have traditionally been asked about hyperbolic motion:
ttDoes the electron radiate??! and ''If it does, what about the principle
of equivalence?'? If we remember that in Maxwell electrodynamics, the
radiation field is given by the difference of the advanced and retarded

fields, it is easy to see that the electron radiates,

/.

AN
R
/
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The figure shows the worldline of an electron undergoing hyperbolic
motion, The past light cone from the point P does not intersect the
electron worldline, so the retarded potential vanishes; the future light
cone intersects it once, 80 the advanced potential does not, Thus there
.is a radiation field at P,

Arguments are sometimes offered to the effect that the vanishing of
the radiation reaction means the electron cannot radiate, We are now in
a position to realize that such objections are based on an improper
application of the approximate energy conservation law discussed in the
last sectien,

The vanishing of the radiation reaction does mean, though, that the
motion of a charged particle in a uniform gravitational field will be the
same as that of a neutral one--hyperbolic motion, This is a verificatien
of the principle of equivalence; an observer in a falling elevator
cannot tell that he is falling by noticing that the paths of charged and
neutral particles differ, It is interesting to see if the principle of
equivalence holds in a stronger sense, if there is any electromagnetic
experiment he can make to determine whether he is falling., As in all such
discussions, we must be careful of exactly what we mean by saying the
principle of equivalence holds; it never holds exactly unless we introduce
general relativity--otherwise there would never have been any need for
Einstein to invent general relativity in the first place, Even in so simple
a gedanken experiment as that of two observers in a falling elevator sending
light flashes at each other, we will not obtain an answer that agrees with
the prineiple of equivalence unless we allew for the bending of the light

beams by the gravitational field, a genmeral relativistic effect (the
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influence of gravitation on electromagnetism), Of course, the principle
of equivalence holds approximately, even if we neglect general relativity,
By approximately, we mean, if we treat g/c2 as a small length,

Noew, we are prepared to ask our question: If we have an electren
falling in a gravitational field, and if there is an observer falling
with the electron, what is the field the observer will measure with a
small test charge--to zeroth order in g/cz? The natural thing is to
calculate the forces on the test charge in a frame where the test charge is
instantanecusly at rest, and the electron also, Fortunately, the fields
from an electron undergoing hyperbolic motion have been calculated in an
excellent recent paper by Fulton and Rohrlich, (15) The magnetic field
vanishes exactly; the electric field is a Coulomb field to ordei' g/ez.
The principle of equivalence holds; a falling observer can not detect that
he is falling,”

In passing, we have shown by an extremely indirect route that t'total
energy radiated'?! is not a general relativistic invariant. This is neot

surprising, in view of the fact that ''total enmergy'' is not a general

relativistic invariant,

Although mest of our attention in this report has been devoted to
Maxwell electrodynamics, we have made a few remarks concerning Feyrman-
Wheeler electrodynamics, an interesting variamt where we impose the

The paper of Fulton and Rehrlich alse contains a discussion of the
principle of equivalence, but it is imsufficient, Attention is devoted
exclusively te the question of whether a falling observer will detect
radiation, The principle of equivalence is stronger than this; it not
only asserts he will detect neo radiatien, but that he will detect nething
but a Coulomb field,
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boundary condition Ain + Az‘“‘ = 0, There are two things that should be
said about this theory,

In the electron equation of motion appropriate to Feymman-Wheeler
electrodynamics, (9b), there is no radiation reaction; the only effect of
the electron self-field is to renormalize the electron mass, Thus in the
many-electron theory, Feyrman-Wheeler electrodynamics can be written as an
action at a distance theory, with ne interaction of the electron with
itself; this can not be done with either Maxwell electrodynamics or its
time reversal, because it is impessible to obtain the radiation reaction
in this manner, By formulating the theory in this way we can aveid mass
renormalization, This was one of the mest attractive features of Feyrman-
Wheeler electrodynamics at the time it was first put forward; it was hoped
that, just as this classical theory is free of infinite quantities, so its
quantum analog weuld be free of infinities, Unfortunately, Feyrman-Wheeler
electrodynamics, formulated as an action at a distance theory, does not
have an initial value problem and hence is not subject to cancnical
quantization, Attempts to gquantize it by non-canenical metheds have
failed, and the infinities have been removed from quantum electrodynamics
by other metheds,

We have remarked that in the presemce of a perfect absorber (Aiut- 0),
Feyrman-Wheeler electrodynamics gives the same answers as _Maxwe_ll
electrodynamics, It is difficult to see hew this statement can be
reconciled with the vanishing of the radiation reaction, We kmnew that an
escillater surrounded by an abserbing sphere, will, in Maxwell

electrodynamics, in respense to an external impulse, execute damped
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oscillations, The radiation reaction is responsible for the damping in
Maxwell electrodynamics; what is responsible in Feyrman-Wheeler
electrodynamics? The mechanism is this: an accelerating particle radiates
both forward and backward in time, (That is, the field is given by the

D function,) The oscillator radiates forward in time and causes the
electrons in the absorber to move, They, in turn, emit radiation both
forward and backward in time, The radiation travelling backward in time
reaches the oscillator at the same time the original radiation was emitted
and exerts a retarding ferce on the oscillator, This mechanism has been
worked out in detail by Feymman and Wheeler for several models of the

(3)

absorber,
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Appendix

CAICULATION OF THE SELF-FIELD

In this appendix we explicitly calculate the self-field of the
electron on the electron worldline, All the potentials, singular functions,
etc,, are retarded and are functions of the regularization parameter A ;
we suppress the superseript R and subscript A, s is the electron proper
time r2 = xp'x*l is the invariant separation, The best way to do the
calculatien is to do all the integrals in terms of r, then at the end
transform back to s, We choose our coordinates so at the point of interest
x“L =g=pr=0, Ali quantities are proportional to e, which we also
suppress,

A“(r) - D(x~x* );:; ds

g 8

D(x-x* Ydx!
(xx)dxp

$—s

P A (b n)

3
F = D -y ¥ ? - i
N S&—n (x=x )dxp (4 em)
D is a funetion of r alone, inside the past light cone, Now,

= xx,
3

3. .4
T
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So

n 0 = g r:lrx;Tl g?-g;?dr- (pe>n)

% dx /d dx @
'-S D;%;(M)*[DE??] - (pesm).
(-] [+]

The integrated part vanishes at wmand is symmetric at zero, We now expand
the parentheses around r = 0, We have terms like

Q0
/\2 S f(Azrz) Mdr a An—l
(o]

so we need only keep terms in the power series to O(r) —- 0(r3) in the

expansion of the numerator, We use the notation

v
' dr r=0

:g)-x:‘r-*%x',"rz‘f%x';" 2 + o(r¥)

d = x? re 1 ey o2
i X xp+x“r+2x“r+0(r3).
Thus, % 1
FM(O) = - S D(X'L xp -'2'1:"l QT oL e
o 3 BN

+ rx:l' x':‘ + rx’;' Jg')) dr - (pe>n) + 0A/A).

We need two integrals to evaluate this, One of them is
o0

S rD(r)dr=1/L o

o
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for any method of regularization, The other one is

[2.2]

I= j D(r) dr,

° .
I+is dependent on the regularization, I =A/Lx for Pauli-Villars

regularization, I =/ /4, YT for Gaussian regularization, Thus, we find

-

1
X Jg,' ) L (Xp :S\ xpx

B - e ?
F“n(O) I(x MRS " h

+ .% x! x') = (wean) + O(1/A ),

4 4
Now we must change ar inte ds

o B W

dr ds dr

xp = "n ds/dr

xt? = (.;13/.:11-)2 + - (Qé
n % ™ Y2

Tt oes

o 32
x . =x (ds/dr)3 + 3 xn(i'r'g) (%f)
. 3
s
*x, (dr3).
Simply from geometry, at s = r = 0

ds/dr = - 1, d%s/dr? = 0,
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Calchlation is required to show that st/dr3 = - % xH xp, but since this
only enters as the coefficient of symmetric terms, it is not needed in the
evaluation of the self-field,

Performing the substitution, doing the antisymmetrization, and restoring

the suppressed notation, we finally obtain

PLO0) = -2 (xx - xx) + 2 (xx-xx) ¢ 0N,

¥n
In the course of the preceding calculatien, we have redeemed the promise
made in the section on radiated energy, by performing the evaluation of the
difficult integral that was postponed there, This integral is hidden, in a
slightly transformed form, in the calculation we have just performed. The

interested reader should have difficulty in extracting it.
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