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PREFACE

This work was developed in the past year as part of
The RAND Corporation's Cybernetic Data Research Project--
a project for the implementation of the computerized in-
formation system proposed by R. E. Levien and M. E. Maron
in their RAND Memorandum, '""Relational Data File: A Tool
for Mechanized Inference Execution and Data Retrieval" [1].

The present study is one of a series of reports to
come from this project:.lr It is specifically motivated by
certain technical problems dealing with the extraction of
data from the file. The results, however, are applicable
to the general problem of question-answering by computer.

To my colleagues at RAND I wish to express my thanks
for stimulation and encouragement. In particular, my
thanks go to N. D. Cohen, R. E. Levien (project leader),
G. Levitt, M. E. Maron (formerly of RAND and former pro-
ject co-leader), and R. Mattison. I am especially in-
debted to J. Economos for the many hours of clarifying
discussion, criticism, and review of portions of the

manuscript.

TFor further information see M. E. Maron, ''Relational
Data File I: Design Philosophy," Proceedings of the Third
Annual National Colloquium on Information Retrieval, May
12-13, 1966 (also P-3408, The RAND Corporation, July 1966);
R. E. Levien, "Relational Data File II: Implementation,"
Proceedings of the Third Annual National Colloquium on
Information Retrieval, May 12-13, 1966 (also P-3411l, The
RAND Corporation, July 1966); R. E. Levien and M. E. Maron,
A Computer System for Inference Execution and Data Re-
trieval, The RAND Corporation, RM-5085-PR, September 1966.
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SUMMARY

The problem of computerized question-answering is
seen to involve a two-step procedure: first, transforming
the question into a certain sentential formula of the

predicate calculus (called the symbolic question); second,

generating the answer by calculating (what we shall call)
the value set of the transformed question.

The main purpose of the present work is to investigate
the second, or answering, process. The process is to out-
put the answer by acting on the symbolic question and the
data base for the question-answering system. The data base
consists of a dictionary of descriptive names together with
a file of elementary sentences. The value set of a symbolic
question containing free variables (e.g., those which stem
from natural-language questions such as 'What books has
Scott written?') is the list of names which when substituted
for the free variables yield a '"true'" sentence on the data
base. For a symbolic question without free variables
(e.g., one which stems from natural-language questions such
as 'Did Scott write Waverley?') the value set, or simply
the value, is an expression indicating the truth value.

A key problem in calculating value sets is the iden-
tification of questions that are 'unreasonable''--for example,
the question 'Who did not write Waverley?'. How can a
computer recognize ''reasonable'" symbolic questions? It
turns out that a logical characterization of '"reasonable"
symbolic questions is possible and that this character-
jzation can be expressed in terms of machine-recognizable

sufficient criteria.
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The characterization is developed by introducing the

concept of definite formula. A formula is definite if,

for any data base, the value set of the formula is un-
changed when a new descriptive name is added to the dic-
tionary of the data base. The rather vague notion of
"reasonable' question is now replaced by the specific
notion of definite formula. Among the definite formulas

is a class of particular interest--the proper formulas.

These formulas, because of their structure, are especially
suitable for machine processing. We study the problem of
identifying the proper formulas and calculating their

value sets.
Finally, the important class of definite but improper

formulas is studied. The approach is to transform these
into proper equivalents. Those formulas for which this
transformation can be done are called admissible. It is
conjectured that every definite formula is admissible.

The admissibility of definite formulas without quantifiers
is proved. For definite formulas with quantifiers, limited,

but useful, results are obtained.
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1. INTRODUCTION

1.1 PRELIMINARY REMARKS

This Memorandum is part of a general study of the
problem of answering questions by computer. The problem
is seen to involve a two-step procedure: first, trans-
forming the question into a certain expression of the

predicate calculus (called the symbolic gquestion); second,

generating the answer by calculating (what we shall call)
the value set of the transformed question.

In a subsequent report we will deal with the first
step of this procedure. The present study is addressed
to the answering process. The study was motivated by the
data retrieval system proposed by Levien and Maron [1].

Sections 1 and 2 give an informal discussion of the
problem and present some background material. The formal

development of the theory is given in Secs. 3-6.

1.2 REPRESENTATION OF DATA

The data base for the information system consists of
bibliographic and related information; i.e., facts about
who wrote what paper, with what organization someone is
affiliated, who sponsors what work, etc. Levien and
Maron [1] point out that such data can be represented
most conveniently in terms of the theory of relations.
For example, consider the simple declarative sentence

'R. Carnap wrote Meaning and Necessity'. This concerns a

relation between a person and a written work. In the
notation of mathematical logic this relation can be de-

noted by 'W' followed by two argument positions. Letting
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'a' and 'b' be symbolic translations of 'R. Carnap' and

'"Meaning and Necessity', respectively, the sentence then

receives the symbolic translation
Wab (1)

'"W! is called a two-place predicate and designates a

relation; 'a' and 'b' are called individual constants

and designate individuals.T

The computer file for storing such data has a struc-
ture that matches this symbolic translation. First, the
English expressions are translated into computer words
(analogous to 'W', 'a', ''). Next, the three computer
words are stored in the file (in this case, a disk file).
Finally, a fourth computer word is used to identify the
sentence so stored (analogous to the identification '(1)'

above). Thus we have a data line of the design

Consider next the sentence 'Meaning and Necessity

is a book'. This concerns the written work Meaning and

Necessity and a property, namely, that of being a book.
This property is designated by a one-place predicate 'book'.

Thus the sentence receives the symbolic translation

Bb (2)

t AP R . .
We mean "individuals'" in a broad sense, including
persons, things, books, organizations, etc.
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where 'B' is a translation of the predicate 'book'. This

leads to a data line in the file having the design

with no entry in the last place.T
The data base thus consists of two parts: 1) a dic-
tionary of individual constants and predicates (called

descriptive names); 2) a file of elementary sentences

(certain strings of descriptive names).
Tables 1 and 2 give an example dictionary and an

example file, respectively.

1.3 SYMBOLIC QUESTIONS AND VALUE SETS

We now turn our attention to the problem of inter-
rogating the information system. Suppose the inquirer

wishes to know

What books has R. Carnap written? (3)

The first step is to communicate this requirement to the

system. There are several possibilities for the input

1.The ordering of the words in the data line is not
significant as long as the word types are machine recog-
nizable. In fact, to facilitate our discussion we have
described a slightly different arrangement from the one
used in the actual file. The actual file has the rela-
tion name (two-place predicate) in the third position.
This is comparable to the symbolic translation used in
the theory of binary relations where (1) would be written
as 'aWwb'. This relational notation is extended to sentences
such as (2) by writing them as a relation between an indi-
vidual and a property.
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Table 1

AN EXAMPLE DICTIONARY

R. Carnap

"Meaning and Necessity'

"The Aim of Inductive Logic'

"The Logical Syntax of Language

H. Reichenbach

"Elements of Symbolic Logic"

B. Russell

"Principia Mathematica'

A. Whitehead

(the property of being a) book

(the property of being a) paper

= |9 W = | e jvh |0 Ao o e

wrote (the relation of authorship

in the broad sense)

Table 2

AN EXAMPLE FILE

1 W a b
2 B b -
3 W a o
4 P c -
o) W a d
6 B d -
7 W e f
8 B £ -
9 W 4 h
10 W i h
11 B h -
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query. One possibility is to formulate it as a procedure
of the kind described by Levien and Maron [l1]. Another
approach is to input directly the natural-language question.
In either case (more obviously in the second); the input
stage must be accompanied by a representation process that
transforms the query into a form that can serve as a re-
trieval prescription. This form we call the symbolic
question. The exact mechanism of this transformation will
not concern us here. We are interested only in the result,

and assume this to be a sentential formula in the predicate

calculus.f For example, the sentential formula associated
with (3) is

(Bx) AND (Wax) (4)

(The expression (4) can only be identified with (3) if
we add a new symbol to indicate it is a question. A tech-
nique for symbolization proposed in the literature (Carnap

[2], Reichenbach [3]) is to prefix the sign

(?x)

This then tells the receiver that what follows is to be
processed in a certain way. Similarly, Levien and Maron
[1] would begin their input query with 'EXTRACT (x)'.
Thus (4) is not the question itself but the sentential

formula which must be processed to answer the question.)

1‘The author has demonstrated the possibility of auto-
matically transforming a rather general class of natural-
language questions into symbolic questions. The demon-
stration rests on a computer program for doing this.
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The formula (4) is made up of several logical ''parts

of speech": the descriptive names 'a', 'B', 'W'; the

. . ) . 1.
variable 'x'; the logical connective or operator 'AND';

and finally the parentheses--the logical signs of grouping.
Now (4) involves the variable 'x' in a certain in-
trinsic way. This is called a free variable. Formulas

with such variables are called open sentential formulas.

A closed sentential formula (or simply a sentence) is

one that contains no free variables. If we substitute
various descriptive names for 'x' in (4), we get a col-
lection of closed sentential formulas each having the
design '( ) AND ( )'. The sentences in the parentheses
are, in this example, elementary (i.e., they do not con-
tain operators). Some of these are in the file and some
not. When both are found in the file, we call the entire
formula true. For example, 'Bb' and 'Wab' are such a pair.
The answer to the question is then given by those sub-
stitutions which make (4) a true sentence. We say this
list of substitutions gives the value set of the formula.
Some questions lead directly to closed sentential

formulas. For example:

Did Carnap write the book Meaning and Necessity? (5)

leads to the formula

(Bb) AND (Wab) (6)

*we shall develop our signs in terms of machine-
readable characters; the traditional signs will not be
used.
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Thus we regard the question as a sentence to be affirmed.
The answer must then give the truth value of (6). For
this reason we extend the notion of value set to a closed
sentential formula by defining its value set to be a
symbol designating its truth value.lr

So far everything seems simple enough. 1In the next

section we show some complications.

fThe notion of value set is completely analogous to
that of extension [4]. However, there are technical
distinctions which make it incorrect to use that term.
The main distinction is that value sets are expressions
or classes of expressions while extensions are not ex-
pressions but the designata of expressions. Moreover,
it turns out that this distinction cannot be eliminated
by shifting the discussion to the so-called object lan-
guage [3] because we wish to use value sets as answers
to questions. A detailed discussion of this problem will
be given in a subsequent Memorandum.




2. THE PROBLEM OF CALCULATING VALUE SETS

2.1 A DIFFICULTY

Consider the question

Who did not write Meaning and Necessity? (1)

We would certainly regard this as unreasonable, but how
is the computer to know this? Should the computer simply
list all the names in the dictionary (except 'R. Carnap')
or should it somehow prohibit the question?

The symbolic form of (1) is the formula
NOT (Wxb) (2)

The difficulty with this expression is that its value set
depends on more than the value set of the component 'Wwxb';
it depends on other names in the dictionary. That is, if
we add a new name to the dictionary the value set of (2)
will change. A formula without this objectionable property
will be called definite.)r

Other examples of indefinite formulas are easy to
construct in terms of procedural requests. For example,

the request

EXTRACT (x,y): x wrote Meaning and Necessity or

y wrote Meaning and Necessity (3)

+In the formal development of the theory (Sec. 4) we
shall add another requirement so that the definitude of a
formula will be independent of the truth or falsehood of
any particular sentence.
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leads to the formula
(Wxb) OR (Wyb) (4)

This is indefinite because any ordered pair of names gives
a member of the value set providing only that 'a' is in
the first or second position.

Let us now replace the rather vague notion of what
constitutes a ''reasonable" request by the specific notion

of definite formula. The problem is then to invent

algorithms for identifying definite formulas and calculating
their value sets.

We shall approach this problem in the following way.
First, we define a class of formulas which, by their
structure, lend themselves to machine processing. These

are called proper formulas, and we study the problem for

this class. The second step is to look at the definite
but improper formulas. These we pPropose to transform to

proper formulas.

2.2 PROPER FORMULAS

Before going further, let us look more closely at the
structure of sentential formulas. First, recall that an
elementary formula is one without an operator (i.e., with-
out an expression such as 'NOT', 'AND', 'OR', etc.). Then,
because of our rules for writing formulas, any formula
that is not elementary has either a design similar to (2),
where a singulary operator is followed by a formula en-
closed in parentheses, or a design similar to (4), where

two formulas enclosed in parentheses are separated by a
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binary operator. The formulas enclosed in such sets of
parentheses are called components.

Now the components of a formula are either elementary
or have components themselves. Thus we can think of a
sentential formula as having a tree structure. For ex-

ample, the formula
NOT(NOT((By) AND (Wxy)))

can be represented as in Fig. 1. The top and interior
vertices correspond to the logical operators, and the
bottom vertices to elementary formulas. A component
associated with a particular operator is represented by
the largest subtree below the vertex labelled with the

operator.

NOT
NLT
o
’////'~\\\\\
By Wxy

Fig. 1--Tree Representation of a Formula

From the point of view of machine processing the most
desirable type of formula is one that is definite and whose
value set stems only from the value sets of its components,
which themselves are definite. But this transfers the
problem to the components; therefore, we stipulate not only
that these have the same property, but that their components

do as well, and so on down the tree.
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The class of formulas so singled out we call proper
formulas. The exact definition is: a formula is proper
if 1) it is elementary (and hence definite), or 2) it is
definite and its components are proper.

The class of proper formulas is dependent upon the
inventory of operators. It turns out that if we include
an operator 'BN' (read as 'but not')T with the traditional
operators for negation, conjunction, disjunction, implica-
tion, equivalence, and universal and existential quantifi-
cation, then the proper formulas become interesting and

useful.

2.3 ADMISSIBLE FORMULAS

The first problem is the development of an algorithm

that 1) decides if any given formula is proper, and 2) if
so, calculétes its value set.

By the definition of propriety we see that, given
such an algorithm, the machine can process a proper
formula in a systematic way--starting with the elementary
formulas and working up the tree.

We next propose to process a definite though improper
formula by transforming it to a proper equivalent. This
will now be explained.

Consider the formula

NOT (NOT (Wxb)) (3)

TThis is analogous to relative complementation in
the calculus of classes.
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This is a simple example of a definite, but improper,
formula. It is definite because it is co-valued with

the formula

Wxb (6)

It is improper because its component is indefinite.
A non-trivial example is given by the symbolic ques-

tion stemming from

Are all members of the editorial board of

the Journal of the ACM mathematicians? (7N

Letting 'EB' denote the relation is on the editorial board

of, 'M' denote the property (of being a) mathematician,

and 'j' denote the Journal of the ACM, then by using the

operators for universal quantification ('(Ax)') and im-

plication ('IMP'), we represent (7) as
(Ax) ((EBxj) IMP (Mx)) (8)

The component of this formula is indefinite because any
substitution for 'x' that makes the sentence 'EBxj' false
makes the implication true. Therefore, the formula is
improper. On the other hand, the formula has a truth
value, and so it should be definite.

If a formula is co-valued+ with (i.e., has the same

value set as) a proper formula, we say it is admissible.

1.This notion will be defined in the formal development
(Sec. 5) to correspond to logical equivalence; i.e., if two
formulas are co-valued they will be so independent of the
contents of the file.
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Thus (5) is admissible because it is co-valued with the
elementary formula (6). It turns out that formula (8)
is also admissible; it is co-valued with the proper

formula
NOT ((Ex) ((EBxj) BN (Mx))) (9)

('(Ex)' is the existential quantifier; (9) can be read as
'it is not the case that somebody is on the editorial

board of the Journal of the ACM but is not a mathematician'.)

We conjecture that any definite formula is admissible.
We have proved this for definite formulas without quanti-
fiers. For formulas with quantifiers, certain limited

results have been obtained.

2.4 OUTLINE OF THE STUDY

This concludes the informal part of the study. 1In
the remaining sections we give the formal exposition.

Section 3 gives the necessary logical preliminaries,
developed in the following steps.

We begin with a group of expressions called elements.

These are of two kinds: descriptive names (e.g., 'a’,

'b', 'c¢', 'B', 'W'); and variables (e.g., 'x', 'y', 'z').
We next form finite sequences of elements, called

basic sequences. For example, 'x,W', 'W,a,b', 'x,y',

'B,x' are basic sequences. (These correspond to the

same expressions without commas, which are introduced
only to represent machine-readable markings.) Certain
of these are called elementary sentential formulas (e.g.,

'x,W', 'W,a,b', 'B,x'").
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We then introduce some logical operators (e.g., "AND',

'0R'), which are combined with the elementary formulas in

certain ways to generate the class of sentential formulas.

Finally, we define the notion of the value set of a
sentential formula. This notion is developed in terms of
a stock of "true" elementary formulas specified as con-
stituting the file (e.g., 'W,a,b' is so specified).

This now paves the way for the definition of definite
formula and the particular class of them having desirable
structural properties for machine processing, namely, the

proper formulas. Section 4 presents the theory of these

formulas and algorithms for their evaluation; it concludes
with some remarks on the application of the theory to
natural language and the logic of relatioms.

In Sec. 5 we study the class of admissible formulas

(i.e., those formulas co-valued with proper formulas) and
discuss certain results relating definite formulas to
admissibili.ty..r (See Fig. 2 below for an overall view
of the major types of formulas.)

Section 6 presents guidelines and suggestions for

implementing the theory, and concludes the study.

JrConjecture: Definite formulas are admissible.
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Basic sequences Admissible

Fig. 2--Classification of Sentential Formulas
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3. FORMULAS AND VALUE SETS

3.1 REMARKS ON NOTATION

In this section we discuss and classify certain

machine-readable expressions. By 'machine-readable

expression' we mean an expression built up from a char-
acter set consisting of the capital letters of the English
alphabet, the digits, and the auxiliary signs ''', '®',
A, D), T A T & 1Y 'yt 1/% . In this
list 'A' denotes the (machine-readable) blank. The phrase
'machine-readable' thus suggests the application of the
theory to the computer representation of these expressions.
Suppose that a finite collection e of elements or
words has been formed by certain serial listings of these
characters. New expressions can then be formed from the
elements and the characters themselves. To describe such
expressions we use a notation based on the abbreviated
notation used in Ref. 2. 1In this method we do not directly

define an expression but instead specify its design or form

with varying degrees of exactness. A class of expressions
having a certain form will be given a name using entirely
non-machine-readable characters (such as lower case
letters, Greek letters, superscripts, underlining, etc.).
The form of a new expression is then given by the serial
listing of the forms of its parts. For example, if we

say an expression has the form

ef

this means the expression consists of an element (expres-

sion of class e) followed by an expression of class f.
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In addition to the class names, we also use machine-
readable characters themselves to describe expressions.
For example, if an expression is described as having the

form
e (£

we mean that it consists of a sequence of three expres-
sions: an element followed by an open parenthesis followed
by an expression of class £. Thus, '(' in this context is
regarded as an abbreviation of 'open parenthesis'. Among
all the machine-readable characters only two will not be
used in this way: A, as explained above; the letter '0',
which will be denoted by '@'.

Whenever superscripts appear, they are always used
as part of the name of a form; subscripts, however, are
not so used.f Instead, subscripts are used as follows:

A form given as

€1 &

means that an expression of that form consists of an
element (expression of class e) followed by its repetition.

A form given as

€, &

" Thus '£§' is to be read as the subscript 'l' attached

to the name 'ﬁ?'.
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means that an expression of that form consists of an
expression of class e followed by another (possibly
different) expression of class e.

Finally, to refer to the result of an operation on
an expression, we use a functional notation. But this
requires an argument name as well as a function name.

In this case the form description is used for the argument

name. For example, we may write

8(21 Ez) =&

to mean: if x is an expression of the form e, e,, then
g(x) is the first element of x. The nature of the func-

tion will prevent any ambiguity.

3.2 SENTENTIAL FORMULAS

Elements. The first group of expressions we take as
primitive, thus leaving open their mode of definition. We
suppose only that they are machine-readable (as explained
above) and that their definition does not conflict with
the definitions to follow.

These primitive expressions--called elements, e--

are divided into two classes: a set of descriptive names,

d; and a set of variables, v. The class d is again

divided into two classes: the individual constants, c;

and predicates, p.
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Example: Let

{="
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Basic Sequences. By a basic sequence, b, we mean a

finite sequence of one or more elements. The number of
elements in a sequence is called its length; h? is the
set of all sequences of length n. More exactly:

ot

developed as follows:

A.Q; has the form

The basic sequences, b, of various lengths are

=

b. Ifn >1, then a EP has the form

n-1
b " e

We have built in the comma as part of the definition; but
this is not really essential. An alternate definition of
EP would be those functions with domain {1, ..., n} whose

range is the set of elements. 1If we think of elements as

TThroughout, the more important definitions are
marked 'D' and numbered consecutively. Similarly, theorems
are marked 'T'.
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. n . .
certain computer words, a b becomes a ''dimensioned sub-

scripted variable' (in the FORTRAN sense).

Elementary Sentential Formulas. Among the basic

sequences of length greater than one, we sort out some of

special interest called elementary sentential formulas,

g?. (Again, we use the superscript when we wish to
specify the length.) We extend the definition to the
case n = 1 by introducing a special expression 'T' (for

'tautology').

D2. The definition of f? is:
An f} has the form
T

If n > 1, then an £ is a b" in which at

least one occurs.

b.
d

(Other requirements could be stated in order to give
some rather weak formation rules of the predicate calculus.
These would specify expressions that have a chance of
being meaningful. Three requirements seem appropriate:

1) at least one d occurs in the QP;

2) a ¢ does not occur in the first position;

3) the e that occurs in the first position does

not occur elsewhere.

However, if we stipulate these requirements as part of the
definition of g?, certain technical difficulties would
arise later when we begin to substitute in sentential

formulas (i.e., various nonsense could be generated by the

violation of requirements 2) and 3)). A simple approach



-21- Formulas and Value Sets

would be, first, to modify requirement 2) to state that

a p occurs in the first position; second, to allow only c¢c's
to be substituted. But such a solution would not permit

us to calculate value sets containing predicates.f This

is because the definition of such value sets requires the
substitution of predicates for variables. On the other
hand, if we wish to substitute predicates for variables

and have sentential formulas be the result, then require-
ments 1), 2), and 3) must be accompanied by rather com-
plicated rules of substitution.

Thus, we are led to adopt a weak definition of ele-
mentary sentential formula and simple substitution rules.
We then put the burden of significance on a stock of
elementary formulas (the file, explained below in Sec. 3.5)
that satisfy the additional requirements 2) and 3).)

Examples: 'B,x,y', 'W,B,a', 'B,b', 'u,a,b! are

elementary sentential formulas; 'x,y,z' is not.

Logical Operators. We widen our class of sentential

formulas in the traditional manner by using two classes of

logical operators: the singulary operators, g; and the

binary operators, 8. These are, of course, distinct from
the class of elements. Exact specifications are given in

the following definitions:

TIn some instances value sets containing predicates
stem from questions such as 'What relation holds between
a and b?'. 1In a subsequent Memorandum we will discuss
what could be considered ''natural' answers to these
questions.
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D3a. An ¢ is an expression of one of the following

forms:

NOT
(Ev)
(Av)
(Pb")

where the EP contains n distinct variables.
An (Ev) is an existential quantifier; an (Ay) is a

universal quantifier. The operator (Ph?) is a permutation

operator. 1Its use will be explained later (Sec. 3.6).

D3b. A B is an expression of one of the following

forms:

AND
fR
BN
IMP

IFF

The B's correspond to conjunction, disjunction, the
negation of implication (read 'BN' as 'but not'), impli-
cation, equivalence (read 'IFF' as 'if and only if'),

respectively.

Sentential Formulas. We now define the sentential

formulas, s, in terms of elementary sentential formulas

and the logical operators.
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Roughly speaking, we stipulate that the sentential
formulas constitute the 'smallest' class of expressions

that can be generated according to the following rules:

1) An g? is an s;

2) An expression of the form
a(sq)

is an s;

3) An expression of the form

(51)2@2)

is an s.

(In the formulas generated by 2) and 3) the sentential

formulas enclosed in parentheses are called components of
the sentential formula.f)

More exactly, let us call any class of expressions
that contains the elementary formulas and is closed under
the formation rules given by 2) and 3) above an E-class.
For example, the collection of all expressions consisting
of a finite number of machine-readable characters is such

a class. .We then define:

TNote that the scope of the operators is always
specified. The well-known binding conventions to save
parentheses do not concern us since these are for the
convenience of humans and we are interested in machine
processing. Even if formulas formulated with binding
conventions were permissible input, still the machine
must compile the formula, i.e., in effect, identify the
components. This is what the parentheses do.
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D4. The class of sentential formulas, s, is the
class of expressions common to every E-class.
A paraphrase of this definition gives the following

inductive principle, which we shall later find useful.

Tl. Let P be a certain property of expressions. If

1) every elementary formula has the property P,

and

2) for all expressions x and y with P, a(x) and
(x)8(y) have P,

then:
every sentential formula has the property f.

Proof. The hypothesis states that © defines an
E-class. Thus Tl follows from D&4.

The sentential formulas therefore have the desirable
properties for machine processing; namely, 1) a sentential
formula consists of a finite number of machine-readable
characters, and 2) a sentential formula is either ele-
mentary or of one of the designs, g(il) or (gl)éﬁga).

Example: The following is a sentential formula:
(Ex) ((B,x)AND((W,g,x)AND(W,1,x)))

(This says, using the interpretations of Tables 1 and 2

(p. 4), that some book was written by Russell and Whitehead.)

3.3 FREE VARTABLE SETS AND SEQUENCES

The general classification of expressions is now com-
pleted. We turn to the more specific matters that will

finally lead to the definition of value set.
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A central notion in the theory to follow is that of

the free variables of an expression. We begin by defining

this notion for basic sequences.

The free variable set of a b is the set of variables

\ that occur in it. When this set is represented as a basic
sequence whose serial order matches the first occurrences
of the variables of the original (scanning the b from left

to right), the result is called the free variable sequence

of the expression. The number of variables in the free
variable set (or the length of the free variable sequence)
is called the degree of the expression.

The operation of forming free variable sequences will
be denoted by '¢'. Thus, we think of this as a machine
operation that acts on an expression to produce an expres=-
sion. So that ¢ can also operate on b's of degree zero,
we define the result in that case to be A.

Examples: ¢('x') = 'x'; o('x,a,y,x"') = 'x,y';
o('a,b') = A. ’

When we wish to refer to the free variable set (as
opposed to the sequence), we write 'o( )'.

Examples: o('x,a,y,x') = {'x', 'y'}; o('a,b') is the
null set.

It is necessary to specify another operation dealing
with free variable sequences. The inputs are two b's, hl
and b

25>
We write '6(21;22)' to indicate the deletion of all the

where the second is its own free variable sequence.

variables of EQ from ¢(§l) if they occur (together with any
commas if necessary). If no variables survive, we again

define the result to be A.
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Example: 6('W,x,y';'x") = 'y'.
We now extend the calculation of free variable

sequences to include all sentential formulas.
D5. The rules for free variables are:
a. For elementary formulas

1) if of the form _f;l (i.e., the expression

IT!) ,
1
e(f) =4

2) if of the form £, n > 1, ¢(£") is as

defined for basic sequences.

For formulas of the form a(s)

o

¢(N¢T(§l)) = (P(S_l)

w((EY_I) @1)) 6 (¢ @1) ;21)

o( (AZ]_) (El) ) 6 (o (il) ;Y_l)

o((Bb]) (s1)) = 0(b],0(s;))

(In applications of the permutation operator our main

interest is in the case where the free variable set of

n

the hl is the same as that of the component.)

c. For formulas of the form (31)5@2)_

0 ((s1)B(55)) = 0(0(5;),0(s,))
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The degree of a formula is again defined as the
number of variables in its free variable set.

Examples:

o('T') = A

o('(Ex) (W,x,y)") = 6('x,y";'x") =y

o (' (Py,x) (W,x,7) ") = o('y,x,x,y")

o('(W,x,y)AND(B,x) ') = o('x,y,x") =

3.4 SUBSTITUTION SCHEMATA

We now introduce the operation of substitution. The

notation
[X]_ - .@1]@1)

is used to denote the expression obtained from the basic
sequence 21 by replacing every occurrence (if any) of the

variable v, by the descriptive name d,. The result of a

1 1
succession of such simple substitutions is denoted by

n n
(b; ~Dbyley)

 where 22 is a basic sequence of length n and degree n (thus,
n

22 is its own free variable sequence), and b, is a basic
‘sequence of length n and degree zero (thus, 22 contains only

descriptive names). That is, if v, occurs in the ith

A n . . -
position of gl and Qi occurs in the 1th position of Q;, then
.th . . . .
the i~ substitution is [Xi ~‘gi]. The operation name

1[21; S

Q;]' is called a substitution schema.
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In the following discussions, we sometimes abbreviate

the cumbersome but exact notation '[Xi - 4d,1" by o'

The extension of the operation of substitution to

any sentential formula is as follows:

D6. The rules for substitution in a formula s are:

a. If y; does not occur in ¢(s), then

o1& =58

occurs in ¢(s), then:

jor

If 21

1) if s is elementary (and hence a b), the
substitution is as defined for b's

2) 1if s has the form'g(gl), where ¢ is not

the permutation operator, then
0,(a(s))) = ao;(8;))
3) if s has the form (§1)§(§2), then
0, ((5)B(s)) = (91(87))B(0; (5,))

4) if s has the form (Pb;)(s;), then two

. . + .
situations arilse:

TA,single formulation cannot be used because the
design PA must be avoided.
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a) if 93 is just Y1 (i.e., the operator

is (Pgl)), then
01 (b)) (5;)) = 0 (s;)

b) 1if by is not v;, then

0, ((BbD) (1)) = (B8 (b75¥;)) (04 (54))

Example: ['x' - 'a']('(B,x)AND((Ex) (W,y,x))"') =
' (B,a)AND ((Ex) (W,y,x)) "

By using the inductive principle (Tl), we can show
various things concerning substitution and free variable

sequences. The results are given in the following theorem:T

T2. Concerning substitution and free variable

calculations we have:
a. Substitution is defined for all s.

b. Substitution in a sentential formula yields
a sentential formula. (This is because of our weak defini-

tion of elementary formula (D2).)

c. Substitutions are commutative. (For example,
oi(crj (8)) = o, (0,()) )

d. ¢ is defined for all s.

o(ly; » 4;1(®)) = 8(o(8)5¥q) -

{o

TProofs omitted.
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3.5 VALUE SETS

The File. The logical preliminaries necessary to
define the notion of value set are complete. The only
remaining prerequisite is a data base. This data base is
a set of elementary sentential formulas of degree zero.
This distinguished set is called the file. The motivation
is that the file shall consist of our stock of '"true"
sentences.

It is convenient to think of the file as a matrix
whose rows correspond to the elementary sentential formulas.
If we think of the elements as computer words (as we did
for basic sequences), then the file becomes a "dimensioned
array" (in the FORTRAN sense). The differing lengths can
be treated by filling out the row with a special word.

An example file is given in Table 2 (p. 4). 1In the
present discussion, however, since we do not use the
"jdentifier'" column, we can regard the first column as
deleted.

Value Sets of Elementary Sentential Formulas. We

begin with the definition of value set for the elementary
formulas. Since the generation of value sets will be a
machine routine, we assign a special designation 'w' to
this operation. The first step is to define w(f) for
every £ of degree zero.

What value should we assign to such a formula? We
would like the value to correspond somehow to the 'truth
value." Several approaches are possible.

One method is to assume that the file gives an
exhaustive description of the state of our universe of

discourse. That is, the elementary formulas in the file
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tell us exactly which of the given individuals have the
given properties, and which have the given relations be-
tween them. The value of an elementary formula is then
"true" if the formula is in the file, and "fa;se"APEPgrwise.

We can think of this first method as a kind of
inference; we infer the truth value of elementary formulas
not in the file on the basis of a rather strong assumption
about the structure of the file.

A second method would involve inferences based on
more complicated criteria. One set of criteria would
again concern the structure of the file, but only in re-
gard to certain expressions. For example, the formula
'W,x,b' (see Table 2, p. 4) could be regarded as complete
in the sense that all of its true instances (obtained by
substitutions for 'x') appear in the file. Hence, we can
infer that 'W,e,b' is false because it does not appear in
the file. The second set of criteria would be meaning
postulates [4], which reflect our understanding of the
sense of certain descriptive names. For example, we might

have a postulate stating that a book is not a paper. The

symbolic form of this is
(B,x) IMP (NOT (P,x))
Thus, from the file entry
B,b
‘"kTable 2, p. 4), we can infer that 'P,b' is false.

A third method would involve quantitative implementa-

tion of the notions of plausible inference discussed in-
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Ref. 1. This approach, technically more difficult than
the others, would require the use of probabilistic truth
tables. Here, instead of truth values we would use a
quantitative '"logic of weights' [5] or the 'degree of
confirmation" [6]. (The first method can be regarded as
a gross approximation to such a logic of weightsT if we
assign a rather high weight (near one) to an elementary
sentence in the file and a rather low weight (near zero)
to those not in the file.)

For the present study we use the first method described
above. This approach is admittedly crude, but the results
are of both practical and theoretical interest.

Based on the above considerations, we define:

D7. The value set of an elementary formula is given

by the following rules:
a. If f£f is of degree zero, then

1) for £1 (i.e., the expression 'T')
wigh = 1
2) for £9, n > 1,

1, if £ is in the file

w(£E")

w(gn) 0, otherwise.

1.The details of the reduction of two-valued logic to
a logic of weights are explained in Ref. 5, pp. 398-402.
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b. If f£f is of degree m, m > 0, then
wE® = 1" | w(le® -1b"1(®) =1}

This definition specifies w(f) exactly, but let us
make it more concrete by considering a possible representa-
tion of the resulting data. Suppose w(f) is to be stored
in an array of m columns, each column being labelled by
the free variable sequence of £. Each row then represents
a member of w(f). So that formulas of degree zero can
also be represented by arrays, let us represent w(f), where
£ is of degree zero, as a 2x1 array with the two entries
being A and w(f).

Examples: w('W,x,h') = {'g"', 'i'}, w('W,g,h') = L.

In terms of an array representation, these two results are

represented by

and

respectively.
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The General Definition of Value Set. We now extend

the concept of value set to any sentential formula. The
necessary definitions are given here, followed by the
proof that they are well-formed. The problem of actually
computing value sets will be taken up in Sec. 4 'below.

The definition of value set is broken into three
parts (D8, D9, D10), which correspond to the cases:
1) formulas of degree zero with components of degree zero;
2) formulas of degree zero with components of degree one;

3) formulas of degree greater than zero.

D8. 1If s is of degree zero and of the form NPT(s;)
or (il)g_@z), then w(s) is given by the following arith-

metic rules:

a. For NOT(s,),
w(NPT(s;)) = 1 - w(s;)

b. For (s;)B(s,), let q be the quantity
lw(sy) - w(s,) |, then

w((s1)AND(s,)) = 3lw(s;) + w(sp) - 4l
w((s)0R(8,)) = Jlw(sy) + w(sy) + 4l
w((s7)BN(s,)) = Hluw(s;) - w(sy) + q]
w((s;)IMP(sy)) = 1 - 3lw(s;) - w(sy) + 4]
w((;)IFF(sy)) =1 - g

+ .
These are equivalent to the truth tables of the
sentential calculus.
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D9. 1If s is of degree zero and of the form (Ev) (s_l)
or (Av) (51) , then w(s) is given by the rules:

a. If s, is of degree zero, then

= 1

w((EV) (8;)) = w(g;)

w((Av) (5,)) = w(s;)

b. If s

EN is of degree one, then

w((Ev) @_1)) =0, if w(gl) is null

w((Ev) @1)) = 1, otherwise
w( (Av) (_S_l)) = 0, if there is a d not in w(il)
w( (Av) @_1)) = 1, otherwise.

D10. If s is of degree m > 0, then
we) = " | wfo(s) ~ b 1) =1}

Note that all cases are treated. This cah be shown
by D5, for if a formula is of degree zero, then: 1) it
cannot be of the form (Pb)(s); 2) if it is of the form
(Ev) (s) or (Av)(s), its component must be of degree zero
or degree one.

’ We now show that the definitions are well-formed.
First we discuss a key point: the consistency of DI10.
Introduce the following notation: Let s be of degree m

with
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0(8) = ¥15 ¥ps ---5 ¥ (1)
Consider now a E@, say

m=
b 51.1: d,, :Elm (2)

Select two subsequences from ¢(s) taken in the same linear

order; the first consisting of p variables

s eeey Ve (3

P =d. .4, ., 4y (5)
1 2 P
and
bl =4d. ,d., ..., d. 6
By =4y - 4y =3 (6)

Now let s. be the following substitution instance of s

S. C.

(a5, (oo (05 ©)--)) )

i.e., the schema substitutes (6) for (4). We have
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o(s;) = xil, Xiz’ zip (8)

It then follows by commutativity of substitutions that

the formulations

lo(sy) = BIICsy) (9
and

[p(s) ~ b 1(s) (10)

are descriptions of the same formula (of degree zero).

Consequently, for D10 to be consistent we must have
b™ ¢ w(s) if and only if bY € w(s,) (11)

(For a simple substitution, (1l1l) takes the following

form: if s is of degree m > 1 and v, occurs in the ih

position of ¢(s), then

dis vees iy ves d€ w(9)

if and only if

dis coes Gyps diygs oo dp € w(lyy ~ 4 1) (12)

On the other hand, if m = 1 (so that v, = ¢(§)); then we

have

91 € w(s) if and only if u([zl - Ql](g)) =1 (13)
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which is D10 with m = 1.)

We now prove the following theorem:
T3. For all sentential formulas s
a. w(s) is defined

b. If s is of degree m > 1, then for all

substitution instances s, of s,
m . ce WP
b” € w(s) if and only if b, « w(s;)

(where QE and s, are as defined by (5) and (7) above).
Proof. We consider T3 as a property of formulas
and use the inductive principle (Tl). First, we establish

a preliminary result to facilitate the proof. (In what

follows we use 'r', 's', 't' to indicate sentential
formulas. Thus substitution instances of formulas can
be indicated by the use of subscripts. ¢t will be the
formula under consideration, and r and s will be the
components of t.)

I. 1If T3a has been proved for t and t. (where t,
is a substitution instance as defined by (7) above), then
we can assert T3b.

For, if T3a holds for t, we can transform (D10)

EI!Il

€ w(t)

into

w(lo(®) =B 1®) =1
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But by our remarks on (9) and (10), this is the same as
- pP1 =
w(lo(t;) = BEIED) = 1

To take the final step and transform this by D10, we need
only know that w(gi) has been defined. Hence, by

hypothesis,
p
hi € w(Ei)

II. T3 holds for elementary formulas.

A. u(f) is explicitly given for f of degree zero
(D7a).

B. If £ is of degree m > 0, then any full substitu-
tion [o(f) - b™] in £ gives an elementary formula of
degree zero; hence w(f) is determined by D7b. (D7b is,

of course, the same as D10.)

C. The substitution instance gi of £ is elementary.
Thus, by part B, w(gi) is defined. T3b now follows by I.
We continue the proof by next treating all cases of

degree zero.

III. If T3 holds for r and s, and t is of degree
zero and is of one of the forms g(r) or (r)B(s), then w
is defined for t.

By the remark following D10, all cases of degree
zero are covered by D8 and D9. But these explicitly give
w(t) in terms of w(xr) and w(s).

It remains only to show (as required by D10) that if

t is not elementary and of degree m > 0, then
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w(lo(t) - QPJ(E)) can be expressed in terms of the value
sets of the components of t. This will then prove T3a.
1f we show the same result for Ei’ a substitution instance

of t, then by I, T3b will be proved.

IV. 1f T3 holds for r and s, and t is of degree m > 0
and of the form a(r) or (r)B(s), then T3 holds for t.

A. By hypothesis, T3 holds for any substitution

instances of r and s.

B. For any o, except the permutation operator, and
any B, the substitution instance [¢(t) - QP](E) describes,
by D6, a formula with the same operator, but whose com-
ponents are substitution instances of the original
components. If g is the permutation operator, then, by
D6, the operator is eliminated and the formula becomes a
substitution instance of the component. Hence, in-every

case,

(o) ~ b 1)

is determined by part A and III. This shows T3a.

C. To show T3b, note that the above argument is

valid for partial substitutions. That is, let £ be a

k
the subsequently induced partial substitution instances

partial substitution instance of t, and let Ej and s, be

of r and s. By part A, we can then apply part B to Ei

with components Ej and Sy and assert that T3a holds for

L I3b now follows from I.

Combining II, III, and IV with the inductive principle
(T1) completes the proof.
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We conclude this section with some additional re-
sults. The first relates the value set of (Ey)(s) to

the value set of s.

T4. 1f s is of degree m > 1 and y, occurs in the

ith position of ¢(s) and E:-l is any sequence of d's
m-1 _
by " =4y, -oes 4y S0 o Gy

then:
™1 e w((Ey,) ()

if and only if there is a Qi such that

dis vees 4y vees &€ W(S)

(i.e., dyy ooy d;, ..., & is formed from b1 by the

appropriate insertion of gi).

Proof.

B2 ¢ w((Ey;) (o))

is transformed by D10, D6, and D9 into: there is a ii
such that

4, ¢ w(lo(Ey)(®) ~ B2 1)

This in turn can be transformed by D10 and D5 into: there

is a d. such that
-1
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w(lo(s) ~ b l(e)) =1

where 92 is dy, .- d., ..., gm. Since these transforma-
tions are reversible, this proves T4.
The second result gives some examples of formulas

that are co-valued.f (Proofs are omitted.)

5.
a. wN@T(8)) = w((T)BN(S))
b. w((x)AND(s)) = w((x)BN(NOT(s)))
c. @((@OBR(s)) = wNOT((NOT(x))BN(s)))
d. w((@IMP(s)) = w(NOT(()BN(s)))
e. w((DIFF()) = w(((@IMP())AND(()IMP(x)))
£. w((Av) (8)) = w(NOT((Ev) (NOT(s))))

Formulas such as these will be used in Sec. 5 below.

Examples: Let r be the formula

(B,y) AND(W,X,y)

Thus, the free variable sequence of r is 'y,x'. Repre-
senting w(r) as an array, we get by D10 and our example

file (Table 2, p. 4)

TIf two formulas are logically equivalent when
interpreted as formulas of the predicate calculus and
their free variable sequences are the same, then they
have the same value set. See Sec. 5.2 below for addi-
tional discussion.
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| al|lo|«
[0

= 2 =y

Consider now the formula s (with r as component)

(Ey) ((B,y)AND(W,x,¥))

We can use T4 to evaluate w(s). The result is given by

(The formula s corresponds to the question 'Who has
written a book?'. w(s) can be considered as giving the

answer to that question.)

3.6 A NOTE ON THE PERMUTATION OPERATOR

Having defined 'free variable sequence' and 'value
set', we can now describe the use of the permutation

operator.
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We see from D5 (p. 26) that the permutation operator
can be used to change the ordering of the free variable
sequence of a formula; for our purposes, this is its
primary use. That is, we use the permutation operator
to specify in which order the machine is to process certain
information. For example, suppose we want the machine to
print the value set of 'x was written by y', but the file

does not contain the particular relation was written by.

We then form the sentential formula 'W,y,x'. Since the
free variable sequence of this is 'y,x', the listings of
the value set are pairs of names with the first members
corresponding to 'y' and the second to 'x'. To change
this ordering, we prefix 'W,y,x' with the permutation
operator '(Px,y)'.

The permutation operator is similar, in some respects,
to the A-operatorf [7] used to define a relation in terms
of a complex predicate expression. Thus, in the above
discussion, we have essentially defined the converse of W.

By also allowing the permutation operator to contain
variables not in the component, we obtain a freedom of
expression similar to that given by the A-operator. For
example, a formulation of the universal relation is stated
by means of the sentential formula '(Px,y)(T)'. Although
such formulas are not of particular interest from a stand-
point of machine processing (except to prohibit themTT),
it is of theoretical interest to include them in the class
of sentential formulas. The price we pay is a slight com-

plication of our rules (e.g., D6b-4, p. 28).

TSee also Sec. 4.7 (pp. 81-83).
TTSee T22, Sec. 4.4 (p. 64), on the definitude of

(B () -
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4., THE THEORY OF PROPER FORMULAS

4.1 INITIAL REMARKS

e

In the preliminary discussion of Sec. 2, we claimed
that certain difficulties arising in the calculation of
value sets could be avoided by investigating a special

class of formulas, called proper formulas. In this section

we develop this theory.

The first notion we need is that of definite formula.

This notion is intended to give a precise characterization
of what constitutes a ''reasonable'" question. That is,

for us a "reasonable'" question will be one whose symbolic
question is definite.

The second step is the definition of proper formula.

This rests on the definition of definite formula.
Exactly: a formula is proper if 1) it is elementary, or
2) it is definite and its components are proper. It turns
out that elementary formulas are definite. Thus, proper
formulas are definite in a very strong sense.

The third step is to characterize formulas with
definite components. The most desirable result here is
one in which the characterization is machine-recognizable
and a theorem of the foilowing kind is obtained: If s
is a formula with definite components, then s is definite
if and only if the characterization holds. By definition
of proper formula, it will then follow, as a corollary,
that the same theorem holds if 'definite' is replaced
throughout by 'proper'. It will also follow, by defini-
tion of proper formula, that the characterization is a

necessary condition for propriety. (The characterization
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is not sufficient without additional information on the
components.)
Various theories are obtained by using different

definitions of definite formula. One such theory, pre-

sented below, is based on the criterion of definitude
suggested in Sec. 2, namely, that a definite formula is
one whose value set is invariant under the addition of

a new descriptive name to the dictionary. We now develop

this idea formally.

4.2 DEFINITE FORMULAS AND PROPRIETY

We define definite formula, proper formula, and state

some preliminary results.
The notion of definite formula is developed, first,
relative to a given data base. This restricted notion

is called semi-definite.

By a data base we mean a dictionaryf of descriptive
names, d, together with a file. We stipulate that a
special symbol, '*¥', is excluded from our list of elements
and hence from the dictionary (see Sec. 3.2). By the
definitions of Sec. 3, '#' does not then occur in any

sentential formula or the file.

Dlla. Given a data base 8 and a formula s on 8, we

define s to be semi-definite with respect to § by means

of the following logical test procedure:

1) Calculate w(s).

TThe dictionary, considered as consisting of expres-
sions of an object language, inventories the individuals
of the universe of discourse as well as the primitive
properties and relations of this universe.



-47- Proper Formulas

2) TForm a "pseudo" data base 8, by adding '*' to

the dictionary of 8. (This, of course, leaves
the file unchanged.) .

3) Calculate the value set of s on 8,. Denote the
result by '@ (s)'. (Thus, the calculation of
«, (s) on 8, allows the new substitution [vi - %*7.)
4) If @ (s) = w(s), then we say that s is semi-

definite on #.

Note that if s is of degree m > 0, then both w(s)
and w, (s) are sets of basic sequences of length m. Con-
sequently, s can never be semi-definite on 8 if w(s)
contains a b? in which the element '#' occurs.

Definite formula is now defined as follows.

Dllb. s is definite if and only if s is semi-
definite on every data base.

Thus, the definitude of a formula is a property of
only the formula and is independent of the contents of
the file.

Example: '(B,c)BN(W,x,c)' is semi~-definite with
respect to the example data base (Tables 1 and 2, p. 4),

but is not definite. This is because
w('B,c') =0

Consequently, no substitution for 'x' makes the formula

true. Hence,

w.(s) = w(s) = the null set
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If, however, we change the file so that
w('B,c') =1
then

w*(i) = w@ U {l*!}

T6. If s is elementary, then s is definite.

Proof. Let s be elementary. If s is of degree zero,
then, since the files of § and 8, are the same, w(s) = w. (9.
1f s is of degree m > 0, then the substitution instances of
s having value 1 on § are exactly the substitution instances

of s having value 1 on 8,. This proves T6.
D12. s is proper if and only if

1) s is elementary (hence definite by T6),
or

2) s is definite and its components are proper.
By T6 and D12 we have
T7. I1f s is proper, then s is definite.

The next two theorems concern substitution. First,
substitution in a definite formula yields a definite

formula.

T8. If s is definite, then [y, - d,1(e) is definite.

Proof. Let v; ¢ ¢(s) (otherwise the result is trivial).

1f [v; = 4,1() is of degree zero, then

"'3*([‘_’.]_ - 51.1]@) =1
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is equivalent by D10 to
d; € w, (s)

Hence, by hypothesis, this is equivalent to
4, ¢ w(s)

and, by D10 again, to

w(le - él](_s)) =1

Now let [v; - d,1(s) be of degree greater than zero. Then
s is of degree m > 1. Since s is definite by hypothesis,
we have (D1ll)

b™ € w(s) if and only if b" € w,(s) (1)

Let s, be (v; = 4;1(®. Now apply T3b to both w and .

We get
m . . m-1
b ¢ w(s) if and only if hi € w(_gi) (2)
and
m . . -1
b € @(s) if and only if 21;1 € w*@_i) 3)

By (1), (2), and (3) we have

m-1 . . -1
b, € w*(gi) if and only if _Ifj[_l € w(s;)
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Hence a@(gi) = w(gi), and so 5; is definite. This
proves T8.

The analogous result holds for proper formulas:
19. 1f s is proper, then [y, =~ d,]1(s) is proper.

Proof. We show this by the inductive principle (T1).
Consider the statement of T9 to give a property of s. Now
if s is elementary, then so is a substitution instance of
s; hence T9 holds by D12. Next, let T9 hold for r and
let t be a(r). If E is proper, then by D12 t is definite
and r is proper. Applying T8 to t, we see that [Xl - gl](g)
is definite. Now, by D6, [v; — d;1(t) is the same as
a(lv; = 4;1(®). Therefore, by the hypothesis that T9
holds for r, [gl - Qlj(g) has a proper component. Con-
sequently, [Xl - Qlj(g) is proper (D12). A similar argument
establishes the result for the form (r)B8(s). Thus, by Tl,
T9 holds for all s. This proves T9.

4.3 CERTAIN FORMULAS OF DEGREE ZERO

It is convenient at this point to deal with certain
special cases. These are formulas of degree zero having an
operator that does not alter the free variable set of a

formula.

T10. If t is of degree zero and of either the form
NPT (xr) or the form (r)B(s), and r and s are definite, then

t is definite.

Proof. Since t is of degree zero, then by D5, so are
r and s. By D8, w,(t) is an arithmetic function of « (r)
and wy (s). By the hypothesis that both r and s are definite,
it then follows from D8 that w,(t) = w(t). This proves T10.
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As a corollary to T10 we have by D12 and T7:

Tll. If t is of degree zero and of either the form
NPT (r) or the form (x)B(s), and r and s are proper, then
t is proper.

It now follows that any formula of the "propositional
calculus (i.e., a formula of degree zero made up of only
the operators of class B and N@T) is proper. This is
because the following hold: 1) elementary formulas are
proper (T6, D12); 2) if r and s are proper of degree zero,
then N@T(xr) and (r)B(s) are proper of degree zero (T11).

Hence, by the inductive principle (Tl), we have:

T12. Any formula of degree zero that is either
elementary or made up entirely of the operators of class B8

or N@T is proper.

4.4 FORMULAS WITH DEFINITE COMPONENTS

In this section a systematic study is made of formulas

with definite components.

T13. If s is definite, then:

NPT (s) is definite if and only if o(s) is null.

Proof. A. To establish the implication from left
to right, we show the contraposit. Let t be N@T(s).

Suppose é(§) is not null. Then s is of degree m > 0 and

so is t (D5). By hypothesis

W (s) = w(s) )
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Now form a E? that contains '%' as an element. By defini-
tion, p? ¢ w(s); hence, by (4), hﬁ ¢ w(s). Thus by D10

w ([e(s) - b I1(s)) =0
and so by D8

w, (NOT([o(s) = B 1())) = 1 (5)

But, since ¢(s) = ¢(t), (5) can be transformed by D6 into
w (fo() b 1) =1 (6)

Therefore, by (6) and D10, we have QP € w(t). Hence t
is indefinite.

B. For the implication from right to left, note that
if @(s) is null, then by D5 so is @(t). Hence t is of
degree zero and therefore definite by TI10.

This proves T13.

We consider next the formulas of the form (r)B8(s).

To facilitate the discussion, we use a notational device
similar to that introduced previously (Sec. 3.5) for
substitution instances. Consider the sentential formulas

t, r, and s where

et

= (DE(s)

e(L) = ¥15 ¥ -5 ¥ (7)
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and let

m— .
E —_Cll, _d_'za"':ém (8)

By D5c, ¢(r) and ¢(s) are given as certain subsequences
of (7). Thus, if r and s are of degrees p and q,

respectively:

€))

kS
=
N’
!
)
R
A

(10)

v, V. ces
_._Jl’ __st 3
(Possibly one of these could contain no variables, even

if m > 0.) The indices of these subsequences can then be

used to select from (8)

—i =i’ =1 —1p
and
...g = i' ’ [} ) Sl_-
] J1 Jo Jq

Hence, by D6, the substitution schema [p(t) - h?] when
applied to t induces substitutions in r and s, namely,
lo(® - EE] and [p(s) - h?]. We then define L and Ej
to be the following substitution instances of r and s,

respectively:
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[o( = B71® (11)

[o(s) 49311(5) (12)

(/7]
i

We next have a lemma to aid in the analysis to

follow.

Tl4. If t is of degree m > 0 and of the form (x)B(s)

with r and s definite, then

w(t) < w ()

(For the :i.nclusion,r in the other direction, the most that
can be said is that for a given data base the intersection
of « (t) with the basic sequences of the data base is

included in w(t).)
Proof. A. Let Qm € w(t). By D10, this is equivalent

to
w(lo(® =B 1®) =1
which is to say
w((El)é(iJ)) =1

Since r and s are definite, then so are r., §-j (T8) .
Because (gi)ﬁ(ij) is of degree zero, it therefore follows,
by T10, that

T'Zl.‘he sign 'c' for inclusion between sets allows also
equality of sets.
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n
=

w, (fo(t) - B 1())

and so, by D10, _lgm € w (.

B. The argument is not reversible, because hm € . (t)
does not generally imply that x. and _s_j are permissible
formulas of a given data base (unless, of course, we stip-
ulate that b" does not contain '*').

This proves Tl4.

T15. If r and s are definite, then
(x)AND(s) is definite.
Proof. Let t be (r)AND(s). If t is of degree zero,

then the theorem follows from T1l0. Therefore, let t be
of degree m > 0. By Tl4

w(t) < w. (d)
Hence, we need only show that
w, (B < w(® (13)
Suppose that hm € w,(t), then
w (lo() - Db 1) =1
That is,

w*(@i)AND(_S_j)) =1
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By D8, this means that

w*@i) =1, "-lk(.S_J) =1

If both r, and Ej are formulas of the data base, we can

go on to assert
w(gi) =1, w(_gj) =1

and hence, that g? € w(t). Suppose then that one of them,
say r;, is not a permissible formula. Then u@(gi) =1
means that hz € w,(r), where QE contains the element '¥',
But, since w.(x) = w(r), this is a contradiction. Hence
(13) holds, and t is definite. This proves T15.

For the remaining theorems we need the notions of

contradictory formula and tautology.T

D13a. s is contradictory if and only if for every

data base w(s) is 0 (if s is of degree zero) or null (if

s is of degree greater than zero).

D13b. s is a tautology if and only if s is of degree
zero and w(s) is 1 for every data base.

Examples: The formulas '(B,x)BN(B,x)' and 'N@T(T)'
are both contradictory. The formulas '(B,b)dR(NGT(B,b))"’

and 'T' are both tautologies.

TW’e use terminology consistent with Ref. 7. The
two notions are not antithetic. The antithesis of con-
tradictory is analytic; the antithesis of tautology is
contradiction.
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T16. If r and s are definite and neither is con-

tradictory,T then:
(£)PR(s) is definite if and only if o(r) = ¢(s).

Proof. Let t be (r)PR(s). If t is of degree zero,
then the theorem is true by T10. Therefore, let t be

of degree m > 0.

A. TFor the implication from right to left, let
o(x) = ¢(s). By Tl4 we must show that w, (t) cannot have
a Q? containing '*' (as in the proof of T15). By D8

w (lo(®) - b 1®) =1

means that

w () = 1 or q(s) =1 (14)

Now, since ¢(r) = ¢(s), the induced substitutions EE and
Qg differ from each other and g? by only a rearrangement.
But then either of the statements in (14) implies that '#'
cannot be in 2?. Consider the first. If u*(gi) = 1, then
EE € w(r). Because r is definite, '*' is therefore not

in EE and hence not in EP.

TT16, T17, T18, T19, and T22 all have weak additional
hypotheses (i.e., beyond definitude of the components).
In each case, the additional hypothesis is required only
to prove that the characterization in terms of free vari-
ables is a necessary condition of definitude.
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B. To prove that t is definite implies é(g) = ¢(s),
we show the contraposit. Suppose 5(5) # é(g), then one
component, say r, has a v not in é(g). By hypothesis
and D13a, we can choose a data base ﬂl in which w(s) is
either 1 (if s is of degree zero) or not null. Next
construct the following substitution schema: If s is of

degree zero, take

lo(®) =%, %, ..., *]
1f s is of degree q > 0, let Qg € w(s) and then take
[o(t) = b"J (15)
where the simple substitutions are such that (15) entails
le(s) - 231]
and the substitution of '*' for each of the remaining

variables (in particular, we have [v - *]). Since s is

definite, we have for the data base Sl
w(sg) = @) =1
It now follows from D8 that
w, (lo(®) -1 1) =1

Hence, by D10, g? € w, () with h? containing '*¥'. Thus t

is not semi-definite on 81 and is therefore indefinite.
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This proves T16.

T17. If r and s are definite and r is non-contra-

dictory, then:
(r)BN(s) is definite if and only if o(s) < o(x).

Proof. The proof is similar to that of Tl6. Let t
be (r)BN(s). To show the implication from the right to
left, we use the same argument as in Tl6. However, in

place of (14), we get
chgi) = 1 and uﬂ(éj) =0 (16)

Now, ¢(s) < ©(r) implies -that ©(r) = o(t). Hence, by (16)
and the definitude of r, a h? with '*' cannot belong to
w,(t). To show the implication in the other direction,
we again show the contraposit. That is, if p(s) is not
contained in 6(5), then we can select v in a(g) but not
in 6(5). Next, we choose a data base for which w(r) is
either 1 (if r is of degree zero) or not null. Finally,
we construct a substitution schema in which v is replaced
by '*' and the induced substitution in r gives GKEi) = 1.
As before, this forces w (t) to contain a b" with '*!.
Hence t will not be semi-definite on this data base. This

proves T17.

T18. If r and s are definite and r is not a tautology,

then

(x)IMP(s) is definite if and only if ©(r) = o(s) = the null set.
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Proof. Let t be (r)IMP(s). The implication from
right to left follows immediately from T10. Suppose then,
that t is definite. Then @©(x) must be null. For if it were
not, then we could set up a substitution schema [p(t) - hm]
in which a variable of ¢(x) is replaced by '*'. We would
)tﬂhen have, since r is definite, _‘tf: f w.(x), and hence that

w*(l:_i) = 0. By D8, this would lead to

w (lo(® - 1E®) =1

and by D10 to _l;_m € w (t), which contradicts the definitude
of t. To show that ¢(s) is also null, choose a data base
8, in which w(r) = 0 (D13b). Hence @ (xr) = 0. Then if
(B(g) contains a variable v, set up a substitution schema
entailing the replacement of v by '#'. Then by D8,

m
b
contradicting the definitude of t. This proves T18.

€ w(t) and so t is not semi-definite on .\91, again

T19. If r and s are definite and neither is a

tautology, then
(£)IFF(s) is definite if and only if o(r) = (E(g) = the null set.

Proof. Let t be (r)IFF(s). The implication from
right to left follows by Tl0. Suppose then, that t is
definite. Now if both ¢(z) and ¢(s) contain variables, then
we can choose a substitution schema which replaces these
variables by '*'. If [o(t) - ]_3_m] is this schema, then we
would have for the induced substitution instances x. and

_s_j the result
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ch(_r;i) = 0 and w*@,_j) =0
(since both r and s are definite). Hence, by D8,
w (lo(t) = b I(®) =1 (17)

Thus, hm ¢ w, (t), contradicting the definitude of t.
Consequently, if t is definite, then at least one com-
ponent does not contain a free variable. Let o(x) be
null. By hypothesis and D13b, we can choose a data base

8. for which w(r) = 0. Since r is definite, we have

1
@@ =0 (18)

Now if (5(_5_) contains a variable, then we can construct a
substitution schema [p(t) - b'] that replaces this
variable by '*'. Hence, since s is definite, we must

have for the induced substitution instance —S—j

4ls;) = 0 (19)

By (18) and (19), the substitution lo(®) - _‘tlm] leads
again to (17). Consequently, t is not semi-definite on
an. This proves T19.

We now examine formulas of the form a(s), where «
is one of the singulary operators with variables: (Ev),

(Av), (Pb™).

T20. If s is definite, then:

(Ev) (s) is definite.
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Proof. Let t be (Ev)(s). If v does not occur in

©(s), then by D9 and D10 we have w() = w(s), ‘and the
theorem is true. Now let v occur in ¢(s). If s is of

flregree one, then D9b gives
W () =0, if w(s) is null
and
w () =1, if w, (s) is not null.

But, since w.(s) = w(s), we then have

4 © = w® (20)

Now let s be of degree m > 1. By T4, we have that
g‘g'l € w, (t) if and only if there is a certain _1312 in
@, (s). But since @ (s) = w(s), it follows that ,9_21-1 e w(t).
Hence w, (t) is included in w(t). Similarly, the inclusion
in the other direction is established. Consequently, (20)

again holds, and t is definite. This proves T20.

T21. 1If s is definite and v € ¢(s), then:

(Av) (s) is definite if and only if (Ay) (s) is contradictory.

Proof. Let t be (Av)(s). A. For the implication
from left to right, suppose that t is definite. First,
consider t to be of degree zero. Then s is of degree one.
Now, by hypothesis, s is definite. Thus '*¥' is not in

w,(s), and D% gives, for the calculation of w. (),



-63- Proper Formulas

w (t) =0

But t is definite, therefore
w(®) =0

Next, let t be definite of degree m > 0, and suppose
there were a Q? in w(t). Then, by D10, we would have

w(le(®) - b 1®) =1 (21)

But, by T8, [o(t) - b"J(t) is a definite formula of degree
zero; and, by D6, it is of the form (Az)(gi), where (again
by T8) s is definite and of degree one. Hence (21) con-
tradicts the result obtained for the previous case. So

w(t) is null. Consequently, by D13a, t is contradictory.

B. For the implication from right to left, let t
be contradictory. Consider first the case where t is of
degree zero. Then, since w(t) = 0, it follows from D9%
that there is a d not in w(s). Hence, there is a d not

in «,(s). Consequently, we have for w, (t) (by D9b)

@ () = 0

Thus t is definite. For the other case, let t be con-

tradictory and of degree m > 0. Hence w(t) is null. Now

suppose there were a EP in w,(t). Then, by D9b, every d
. ,*| . .

together Xlth would be in a*(gi) where s, 1sm+l

lo(t) ~ b J(8). This means that there is some b with

‘%' belonging to . (s). But this contradicts the
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definitude of s. Hence . (t) is null, as is w(t), and
so t is definite.

This proves T21.f

Note that T21 tells us that nothing useful comes from
a non-vacuous universal quantification of a definite
formula. Useful definite formulas of the form (Av) (8)
must therefore stem from a component s that is indefinite.
This is indeed the case. The most important use of (Av)
is with an implicationH as component, and, by T18, im-
plications are indefinite when they contain free variables.
(In Sec. 5 we will examine the definitude of universal

implications.)

T22. If s is definite and non-contradictory, then:
(Pb™) (s) is definite if and only if ¢(b") < &(s).

Proof. Let t be (PEP)(g). A. The implication from
right to left follows immediately. This is because t
cannot be of degree zero and, by D10 and D5b, the members

of w(t) are permuted members of w(g).
B. Now let t be definite and suppose there is a
variable v in QP that is not in ¢(s). Since s is non-

contradictory, we can select a data base ﬁl in which

"In part A we actually proved that (Av) (s) is con-
tradictory in a stronger sense (i.e., including the pseudo
data bases). 1In part B, on the other hand, we assumed
'contradictory' in the weaker sense of Dl3a.

HThe use with equivalence is secondary because
equivalence is co-valued with a conjunction of implications
and universal quantification is distributive over con-
junction.
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w(s) = 1 (if s is of degree zero) or in which w(s) is not
null (if s is of degree greater than zero). In either
case, we can construct a substitution schema lo(®) - h?]
(as in part B of the proof of T16) which replaces v by

'%' and yields
wy(s) = w(s;) = 1

Hence w,(t) contains a member in which '*! occurs. This
contradicts the definitude of t.

This proves T22.

4.5 THE CHARACTERIZATION THEOREM FOR PROPER FORMULAS

In the previous section we studied definite formulas
with definite components. The results are given by
T13 (N@T) , TL5(AND), T16(HR), T17(BN), T18(IMP), T19(IFF),
T20((Ev)), T21((Av)), T22((Pb)). Each of these theorems
has the following general form. If the components of a
formula are definite (and possibly other conditions are
fulfilled), then: the formula is definite if and only if
a certain characterization holds. The additional hypotheses
occur in T16, T17, T18, T19, and T227 and are required only
to prove the necessity of the characterization. Now, by
definition (D12), non-elementary proper formulas are
definite with definite components. It therefore follows
that each of the theorems has as a corollary the corres-

ponding theorem with 'definite' replaced by 'proper'.

t . . ‘s .
T21 is not listed because the additional hypothesis
merely states that the quantification is not vacuous.
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Hence we can derive the following characterization theorem

for proper formulas. This theorem gives a set of machine-

recognizable sufficient conditions for propriety.

T23. 1f r and s are proper, then:

a. (Ev)(r) and (r)AND(s) are proper.
b. If ¢(s) < ¢(xr), then (r)BN(s) is proper.
c. If o(x) = o(s), then (r)PR(s) is proper.

d. If 6(5) = 6(§) = the null set, then

N@T(r), (x)IMP(s), and (r)IFF(s) are proper.
e. If 6(2) c é(gj, then (Pb) (r) is proper.

Note that the results a, b, ¢, d are successively
weaker; i.e., the hypotheses are successively stronger.
Thus, the hypothesis of d implies the hypothesis of ¢
which, in turn, implies the hypothesis of b. Finally, a,
the strongest result, holds under any condition.

The characterization theorem also gives the weakest
set of sufficient conditions. This is because of the

following companion theorem on necessary conditions.

T24. The conditions listed in the characterization
theorem are necessary for propriety with the following

additional provisions:

a. For (r)BN(s) and (Pb) (r), providing r is

not contradictory.

b. For (r)PR(s), providing neither r nor s

is contradictory.

c. For (r)IMP(s), providing r is not a
tautology.
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d. For (r)IFF(s), providing neither r nor s

is a tautology.

4.6 VALUE SETS OF PROPER FORMULAS

Given a certain formula, suppose that we have applied
the characterization theorem (T23) and determined that it
is proper. We now want to calculate its value set. How-
ever, from a computational standpoint, not all of our
previous definitions are suitable for this purpose. There-

fore, we now develop the required rules of computation.

These are stated in terms of program-like algorithms for

computer implementation.

Array Representations. The inputs to the computation

of w(s), where s is not elementary, are the value sets of
the components. The computer representation of these
inputs are taken to be arrays as discussed in Sec. 3.5.
That is, a formula s of degree zero has its value set

represented by a 2x1 array A with
A(1,1) = A, AQ2,1) = w(®) (22)

A formula s of degree m > 0 has its value set represented

by an nxm array A with
A(l,j) = jth element in ¢(s) (23)
and, for i > 1,
A(i,3) = jth element in QP, where Q?

is the (:’L-l)th member of w(s)

under a certain ordering. (24)
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The first row of A we call the heading row, and the

others, data rows.

The output of a computation has a similar repre-

sentation.

Procedure for Elementary Formulas. For the case of

an elementary formula, the input is simply the formula
itself. This too can be regarded as an array, i.e., a
1xn array, where n is the length of the formula. The
value set is calculated by a direct match with the file.
This is done in the following steps.

First, we represent the input formula f as an array.
Second, an output array W is set up. Thus the first row
of W will be ¢(f). We now extract from the file those
elementary formulas whose elements coincide with the
descriptive names of f at each position of f in which a
descriptive name occurs. If f is of degree zero and a
match is found, then W(2,1) = 1; otherwise, W(2,1) = 0.
1f £ is of degree m > 0, then, for each extracted ele-
mentary sentence, we evaluate the variables of ¢(f) by
equating them with the elements that occur in the corre-
sponding positions of the extracted sentence. If multiple
occurrences of variables give consistent values, then the

evaluation is entered into a row of W as a member of w(f).

Procedure for Singulary Formulas. Turning now to

the non-elementary formulas, we consider first the sing-
ulary formulas; i.e., those of the design a(s).

Let the input array A represent w(s), and let the
output array W represent w(a(s)). By T23, three cases
are possible: ¢ is (Ev); o is (Pb), with o(b) < o(s);
g is N@T, with ¢(s) being the null set. The rules corres-

ponding to these situations are:
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Rule 1. (Ev)(8).

Let the input array A have dimension nxm. We have

three cases:
a. If A(1,j) # v for any j, then W = A.

b. Ifm=1 and A(1,1) = v, then W(1,1) = 4;

w(z,1)

I
o

otherwise (n > 1),

w(Z,1)

I
=

c. Ifm>1and A(1,j) = v for some j, then W
is obtained from A by first deleting the jth column of A,

and then eliminating repetitions of rows in the result.
Rule 2. (Pb)(s).

W is obtained from A by permuting the columns of A
so that

w(l,j) = jth element in ¢(b,0(s))

Rule 3. N@T(s).

We set
w(l,1) = A, W(2,1) =1 - A(2,1)

Rule 1 is justified by D9 and T4; Rule 2 by D5b,
D10, D6b-4; and Rule 3 by D8a.
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Standard Forms. We next consider binary formulas,
i.e., those of the design (¥)B8(s). Let the input arrays
A and B represent w(r) and w(s), respectively. Let the
output array W represent w((x)B(s)).

Some auxiliary calculations are now introduced.

These are the determinations of the variables in ¢(r) but
not in ¢(s), the variables in both, and the variables in
©(s) but not in ¢(xr). The results, when listed as free
variable sequences, are denoted by 'X', 'Y', and 'Z',
respectively. They are useful for two purposes. The
first is to identify the type of calculation required.
The second is to bring the arrays A and B to a certain

standard form. The idea of a standard form derives from

the following considerations. Each row of A can be divided
into two subsequences corresponding to the two subsequences
X and Y of @(z). It turns out that in the calculation of a
value set these subsequences act as single elements corre-
sponding to the pseudo-variables 'X' and 'Y'. Thus A can be
considered to be an nx2 array with A(1,1) = X, A(1,2) = Y,
and whose other elements are subsequences. B can be re-

garded similarly. We now develop the technical details.

Dl4. Auxiliary Variable Sequences. Given (r)B(s),
let

X=06@(@®; o(s)
Y =6@((@; X
Z=56((s); Y)
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D15. Standard Forms. Given ()B(8), let

r, = (%0 @

r. Similarly,

if ¢(r) is not null; otherwise let r

let

s, = (®Y,2)(®

if ¢(s) is not null; otherwise let s = S. The standard
forms for A and B are then the array representations of
w(go) and w@o) , respectively.

The standard forms can be used in the calculation of

w((x)B(s)) without loss of generality. This is because

W((©A()) = w((Bo@) ,0()) ((£)B(s))) (25)

Classification of Binary Formulas. We next use X,

Y, and Z to classify the formulas of design (x)B(s). The
classification corresponds to parts a, b, ¢, and d of the
characterization theorem (T23).

1f Z # A, then the formula is of Class A, and § must
be AND.

1£f Z = A, X # A, then the formula is of Class B, and
B must be either AND or BN.

IfzZ=A, X=A, Y # A, then the formula is of Class C,
and B must be either AND, BN, or oR.

IfZ=A, X=A, Y = A, then the formula is of Class D

and all five B's are possible.
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An inventory of binary formulas and index of the rules
of computation is given in Table 3. A dash in the Z, X,
or Y column means the value is not A. In the column
labelled 'Model', we give analogous formulas in the
predicate calculus whose components are of degree zero, one,
or two. Three types of expressions are used to represent
these components. A component of degree one or two is
represented by a predicate followed by either ome or two
variables, respectively. For example, 'Fx', a one-place
predicate expression, represents a component of degree
one; 'Fxy', a two-place predicate expression, represents a
component of degree two. Since a component of degree zero
(i.e., a sentence) has no inner structure of interest to

q
notation, the usual parentheses used to enclose components

us, it is represented by 'p' or 'q'. To simplify the
will be omitted. The two-place predicate expressions
correspond to an array of two columns. Borrowing termin-
ology from the logic of relations [8, §§30-38], we call
the distinct elements in the first column (other than the
variable) the domain, and the distinct elements in the
second column (other than the variable) the converse
domain. Similarly, the one-place predicate expressions
correspond to a columnar array headed by a variable.
Finally, the sentences correspond to a 1x2 array headed
by A. Thus the models indicate the type of array under

consideration. They are also given to illustrate the type

of operation required for the computation rules. In the
last column we give a generic name to the operation in-
volved. These operations and the illustrative models will

be discussed in more detail in Sec. 4.7 below, but the
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Table 3
CLASSIFICATION OF FORMULAS OF THE DESIGN (g)é(g)f

Z X Y | Class B Rule Model Operation

- - - A AND 4 Fxy AND Gyz | Cartesian

- = A A AND 5 Fx AND Gz | Cartesian

- A - A AND 6 Fy AND Gyz | Restrictive
- A A A AND 7 p AND Gz | Restrictive
A - - B AND Fxy AND Gy | Restrictive
A - - B BN Fxy BN Gy Restrictive
A - A B AND 10 Fx AND q Restrictive
A - A B BN 11 Fx BN ¢q Restrictive
A A - c AND 12 Fy AND Gy | Class

A A - c BN 13 Fy BN Gy Class

A A - o AR 14 Fy OR Gy Class

A A A D AND 15 p AND q Arithmetic
A A A D BN 16 p BN q Arithmetic
A A A D R 17 p @R q Arithmetic
A A A D IMP 18 p IMP g Arithmetic
A A A D IFF 19 p IFF q Arithmetic

TDash in variable

column means

the value is not A.
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classification is as follows. If neither X nor Z is A,
then the operation is cartesian. If either X or Z (but

not both) is A, then the operation is one of restriction.

Thus Class A has both cartesian and restrictive operations
and Class B has only the latter. The operations of Class
C (both X and Z are A, but Y # A) are the familiar class
operations of intersection, difference, and union.
Finally, in Class D (X, Y, and Z are A) we have the

Boolean arithmetic operations.

Procedure for Binary Formulas. The rules of com-

putation for the binary formulas are now presented. We
follow the classification of Table 3. A discussion of the
significance of these rules in regard to the models is

given in Sec. 4.7 below.
Rule 4. (x)AND(s), with X # A, Y # A, Z # A.

1) Determine the values of Y common to both A and
B; i.e., obtain the intersection’ S of the
columnar arrays A(-,2) and B(-,1). Thus S is
a set of distinct values and can be represented
as a columnar array.

2) Delete from A all rows A(i,-) for which A(i,2) ¢ S
and delete from B all rows B(i,-) for which
B(i,1) ¢ S. Let A' and B' be the resulting arrays.

3) Suppose now that k rows of W have been filled and
i-1 rows of A' have been processed. To process

10 o &ki to be the

the ith row of A', define ¢

row indices of B' for which

B'(Lj,l) = A'(1,2)

TY itself will be in this intersection.
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Then, the next ki rows of W are filled according

to the formulas: for j =1, ..., ki
W(k+j,1) = A'(1,1)
W(k+j,2) = A'(1,2)
W(k+j,3) = B'(Lj,Z)

A crude estimate of the size of the output array
given by Rule 4 is nlnz/n data rows where n,, n, are the
number of data rows in A' and B', respectively, and n is
the number of data elements in S.

Because Rule 4 yields cartesian-like products of
sections of the domain of A with sections of the converse

domain of B, we call the result the partial cartesian

product and class the operation as cartesian.
The next situation gives the traditional cartesian

product.
Rule 5. (x)AND(s), with X # A, Y = A, Z # A.

Initially, we set W(1,1) = X, W(1,2) = Z. Let A
and B have ny, 0, data rows, respectively. We next
suppose that k rows of W have been filled and i-1 data
rows of A have been processed. Then, the ith data row

of A yields n, rows of W according to the formulas: for

i=1, ..., n,

W(k+j,1)

A(i+1,1)

W(k+j,2)

B(j+1,1)

This computation gives an output array with nin,

data rows.
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Rule 6. (r)AND(s), with X = A, Y # A, Z # A.
1) Form S as in Rule 4 (i.e., intersect the columnar
arrays A and B(-,1)).

2) TForm B' as in Rule 4 (i.e., delete from B all
rows B(i,-) for which B(i,1) ¢ S).

3) Then
W = B!

The result of Rule 6 is therefore a subarray of B

obtained by restriction of the domain.

Rule 7. (x)AND(s), with X = A, Y = A, Z # A.

If A(2,1) = 1, then W = B; otherwise W is the 1xl
array with W(l1,1) = Z.

Rule 7 gives the restricted occurrences of the value

set of s. That is, (r)AND(s) is co-valued with s providing

w(xr) = 1, otherwise its value set is null.
Rule 8.7 (£)AND(s), with X # A, Y # A, Z = A.
1) Form S as in Rule 4 (i.e., intersect the columnar
arrays A(-,2) and B).

2) TForm A' as in Rule 4 (i.e., delete from A all
rows A(i,-) for which A(i,2) ¢ S).

3) Then

"An alternate rule is: interchange r and s and use
Rule 6. Presumably, however, the '"bookkeeping' on this
would be more difficult than the execution of Rule 8.
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This is similar to Rule 6, except that a subarray

results by restriction of the converse domain.

Rule 9. (£)BN(s), with X # A, Y # 4, Z = A.

1) Form S as in Rule 4 (i.e., intersect the columnar
arrays A(-,2) and B).

2) Form A' by deleting from A all data rows A(i,-)
for which A(i,2) € S.

3) Then
W=A"'

Again, we have a subarray of A as the result, but

the criterion for selection in this case is a negative

restriction of the converse domain.

The next two rules, like Rule 7, restrict the occur-

rence of a value set.

Rule 10. (xr)AND(s), with X # A, Y = A, Z = A.

If B(2,1) = 1, then W = A; otherwise W is the 1x1l

array with W(1,1) = X.

Rule 11. (x)BN(s), with X # A, Y =4, Z = A.

If B(2,1) = 0, then W = A; otherwise W is the 1x1

array with W(1,1) = X.

The next three rules give the class operations of

intersection, difference, and union.

Rule 12. (x)AND(s), with X = A, Y # A, Z = A.

Form S as in Rule 4 (i.e., intersect the columnar

arrays A and B), then

W(i,1) = S(i)
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Rule 13. (z)BN(s), with X = A, Y # A, Z = A.
1) Form S as in Rule 4 (i.e., intersect the columnar
arrays A and B).

2) Form A' by deleting from A all data rows A(i,l)
for which A(i,1) € S.

3) Then
W=A"'

Rule 14. (r)OR(s), with X = A, Y # A, Z = A,

1) Annex the array B to A; i.e., form the array C
according to the formulas: if 1 < i < n,

c(i,1) = A(i,1)

and if n1+1 <1is n1+n2,

C(i,1) = B(i-n;,1)

where n;, n, are the number of rows in A and B,
respectively.
2) W is now obtained from C by eliminating repeti-
tions of rows.
Rules 4-14 are justified by D8 and DI1O0.
Finally, we have the Boolean arithmetic operations.
These are given directly by D8, but are repeated here.
In these rules (15-19) we calculate first the Boolean

symmetric difference,

q = |A(2,1) - B(2,1)|
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Rule 15. (x)AND(s), with X = A, Y =4, Z = A.
W(l,1) = A

w(2,1) = %[A(2,1) + B(2,1) - q]

Rule 16. (xr)BN(s), with X = A, Y = A, Z = A.
w(l,1) = A
w(2,1) = ¥[A(2,1) - B(2,1) + q]
Rule 17. (r)®R(s), with X = A, Y = A, Z = A

w(l,1) = A

w(2,1) = ¥[A(2,1) + B(2,1) + q]

Rules 15, 16, and 17 yield the Boolean product,

difference, and sum, respectively.

n
>

Rule 18. (x)IMP(s), with X = A, Y =A, Z

Ww(l,1) = A

W(Z,l) =1 - %[A(z,l) = B(zsl) + CI]

Rule 19. ()IFF(s), with X = A, Y =4, Z = A.

W(l,1) = A

wz,1) =1-g4
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Rules 18 and 19 are complementations; they yield
the complements of the Boolean arithmetic difference and

symmetric difference, respectively.

4.7 PROPER FORMULAS, LANGUAGE, AND THE LOGIC OF RELATIONS

We have developed a theory of proper formulas and
established procedurés for its implementation by means of
machine-executable rules for the calculation of value sets.
It now remains to cast this theory in the frame of tradi-
tional logic. Of course, our main interest here is that
part of logic which provides tools for the machine pro-
cessing of natural language.

In the previous section, the first steps were taken
by presenting examples of binary proper formulas in the
predicate calculus. We continue by showing how certain
important concepts in the logic of relations [8, §§30-38]
are formulated in terms of proper formulas. This will
also lead to a discussion of the meaning of value sets

. . . +
as expressions in an object language.

Representations in the Predicate Calculus. 1In Sec.

4.6 above, expressions such as 'p', 'Fx', 'Fxy' were used

to represent formulas of degree zero, one, and two, re-
spectively. This is now explained in more detail.
Any formula of degree zero (i.e., a sentence) is

P
value set (or simply, the value) of such a formula is the

| | 1.1

indicated by the letters or 'q'. The meaning of the
truth value of the formula when considered as a sentence
in the object language--'l' meaning true and '0' meaning

false.

TSee p. 7, footnote.
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A formula of degree one is represented by an expres-

sion such as 'Fx', which is interpreted in the following

way. First, we regard the original formula, say s with
free variable 'x', as defining a certain property. For
example, let s be the formula 'x is red and x is a book'.
The property defined by s is that of being a red book;

in other words, the property that x has when x is red and
x is a book. 1In order to always have a convenient name
for such properties, logic uses a special operator, the

A-operator [7]. We write

(x) () (26)

which is read as: the property that x has when s (is the
case). The expression (26) is then abbreviated by 'F’'.

'F', or its A-expression, is therefore a one-place predicate
designating a property. Of course, if the sentential
formula is elementary with variable occurring in the second
place (e.g., 'Bx' as in Sec. 1), then the predicate is
simply the initial element and we do not need the A-expres-
sion. The value set of s, as an expression (or a list of
expressions) in the object language, inventories a class,
the extension of the predicate 'F'.

Similarly, a sentential formula s of degree two is
represented by an expression 'Fxy'. 'F' is a two-place
predicate and designates a relation; namely, the relation
that x has to y when s (is the case). 1In terms of the

A-operator we have the definition

F = (Axy) (s)
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The value set of the formula s then inventories a class
of ordered pairs, the extension of the predicate 'F'.
We shall be primarily concerned with classes

(properties) and relations which stem from relations.

Proper Reduction of Degree. First we have classes

which arise when we reduce the degree of a formula.

By T23a, the use of an existential quantifier with
a proper formula always leads to a proper formula. Two
simple situations are of special interest here. Let 'Fxy'
be proper (i.e., represent a proper formula). Then we
have the two existential quantifications which yield

formulas of degree one:
(Ey) (Fxy) (27)
(Ex) (Fxy) (28)

As expressions in the object language, the value sets of

these formulas give the domain and converse domain, re-

spectively, of the relation F.

For example, if F is the relation wrote (in the
sense used in the example file of Table 1, p. 4), then
the domain is authors and the converse domain is pub-
lications.

There is a second method of reducing the degree which
is also always proper and leads to important classes. This
is by substitution of a descriptive name (T9).T From 'Fxy'

we get

1.R.ecall that a separate rule was not given for calcu-
lating the value set of a substitution instance of a formula.
It was not necessary to do so because substitution does not
enter explicitly into the design of a formula.
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Fxy (29)

by substituting for 'y', and

Fx_y (30)
by substituting for 'x'. The value sets of (29) and (30)
give the referents of Yo and the relata of X (in the re-
lation F), respectively.
For example, again letting F be the relation wrote,
the referents of y, are the authors of Yo and the relata

of x  are the publications of X -

Permutation and Converses. Forming the converse of a

relation is one of the two operations in the calculus of
relations that have no analogy in the calculus of classes.
The other is formation of a relative product, which will
be discussed later. Both are important for the analysis
of natural language.

The converse operation is denoted by '“'; its formal

definition is
F = (\yx) (Fxy) (31)

Thus F is the relation that y has to x when Fxy (is the
case). It follows that

(Pyx) (Fxy) (32)

is of special interest, since its value set describes the
extension of 'F'. (An example of a converse relation is

given below.)
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Restricted Domains and Converse Domains. Turning to

the binary formulas, we note that the situations discussed
in Rules 6 and 8 (see Table 3, p. 73) are of particular
significance. These have to do with a relation-forming
operation between a class (property) and a relation. Let-
ting F be the class (property) and G the relation, the

defining formulas are:

FG

(Axy) (Fx AND Gxy) (33)

Cp

(Axy) (Gxy AND Fy) (34)

Formula (33) defines a relation with restricted domain;

(34), a relation with restricted converse domain. For

example, the relation father of is obtained by restricting
the domain of the relation parent of to males.

The concepts of converse, restricted domain, and
referents frequently arise in natural-language questions.

For example, a question which involves all three is:
How many books has R. Carnap written? (35)

This means to count the referents of R. Carnap in the

relation has been written by (the converse of has written)

with domain restricted to books.

Proper Reduction of Degree (continued). Reducing

the degree of the formula 'Fxy' led to the classes of
domain, converse domain, referents, and relata. Let us
now study the effect of reducing the degree of a binary

formula.
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Referring to the inventory given in Table 3 (p. 73),
we first note that substitution for one of the variables
always yields another proper binary formula. For example,
substitution of a descriptive name for 'x' in

Fxy AND Gyz

(a model for Rule 4) gives a formula that can be modelled

by
Fy AND Gyz

(a model for Rule 6), etc. Similarly, existential quan-
tification of a wvariable occurring in only one component
leads to another formula on the list.

Consider then the formulas with a common wvariable in
each component. Only the disjunction 'Fy OR Gy' is without
interest (because existential quantification is distributive

over disjunction). Among the others, the first is
Fxy AND Gyz

From this we get the relative product F|G of the relations

F and G:

F|G = (Axz) ((Ey) (Fxy AND Gyz)) (36)

The notion of relative product provides an important
tool for semantic analysis. Consider, for example, the

question:
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Did Russell co-author with Whitehead? (37)

The example file (Table 1, p. 4) contains all-the informa-
tion necessary to answer this, but the information is not
directly accessible. Therefore, we must mechanically
connect the meaning of the two-place predicate co-author
with occurring in (37) with the predicates of the file (in

particular, the predicate 'W'). This is done by definingT
co-author with = W|W

Next we have the formulas

Gy AND Fyz (38)
Fxy AND Gy (39)
Fxy BN Gy (40)

The existential quantification of (39) is treated first,
since this is assigned a special notation in logic
[8, §37]. The result is denoted by 'F“G'. We call this

a plural relational description. Exactly,

F“G = (Ax) ((Ey) (Fxy AND Gy)) (41)

Thus, F“G is the class of things having the relation F to

things having the property G. For example, 'editors of

+ . .

More exactly, we should also specify the relation to
be contained in diversity, i.e., no individual is co-
author with himself.
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mathematics journals' is a phrase which can be analyzed
as a plural relational description.’r

The existential quantifications of (38) and 40)
V;iso yield plural relational descriptions. From (38) we
get 'F“G' involving the converse of F. From (40) we get
'F“G' involving the negation, G, of G (or, the complement,
if G is regarded as a class). These expressions have less
interest for us since they do not directly correspond to
natural-language phrases.

Finally, we have the formulas
Fy AND Gy (42)
Fy BN Gy (43)
From (42) we get the formula
(Ey) (Fy AND Gy) (44)

which can properly be regarded as the fundamental use of

the existential quantifier. The reason for this is the
following. Language discusses certain 'natural' properties

(e.g., blue, warm, books, etc.). A simple quantification

such as

"The notation 'F¥G' used in Ref. 8 is indicative of
the linguistic structure of plural relational descriptions.
Thus the reversed double apostrophe can be read as 'of'.
In natural language the presence of such a description is
often flagged by 'of' in association with adjacent plurals.

Our term plural relational description is introduced
in place of plural descriptive function [8]. This last
term, in modern usage, properly refers to F* (i.e., the
set function induced by the relation F).
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Ey) (Fy)

where F is one of these ''matural' properties, is therefore
not of much interest; it merely states that the property
occurs. Existential quantification over disjunctionsT
are of even less interest. Consequently, only conjunctions
yield something informative and this is why the formula
(44) is intrinsically fundamental.

Of course, the existential quantifier does not always

1.

stem from 'some' or 'there is'; English usually masks it

with the indefinite description [3]. This is an argument

expression consisting of an indefinite article followed
by a noun. Logic provides us with a special notation, the
n-operator (together with a rule for its transformation),
which results in symbolic translations closely matching
natural-language structure. The transformation rule then
yields a formula such as (44). For example, 'a book' is
symbolixed as '(nx)(Bx)'. Thus, the sentence 'R. Carnap
wrote a book' is symbolized as 'Wa(mx) (Bx)' (see Table 1,
P. 4). The transformation rule then gives the existential

quantification of a conjunction, namely,

(Ex) (Wax AND Bx)

which has the form of (44).

TThis includes implication and equivalence. For
binary formulas concerning ''matural' properties, the
scale of decreasing interest would be existential quan-
tification over disjunction, equivalence, and implication.
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The last formula to be considered is (43). Because
of the equivalence of BN with AND N@T, this can be classed
with (42) as conjunctive. The existential quantification
of (43) is

(Ey) (Fy BN Gy) (45)

This gains additional significance when we note that the

negation of (45) is equivalent to
(Ay) (Fy IMP Gy) (46)

which can properly be regarded as the fundamental use of
the universal quantifier. 1In the next section we will
have more to say about (46). It belongs to the important

class of formulas that are definite but improper.
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5. DEFINITE FORMULAS AND ADMISSIBILITY

5.1 INITIAL REMARKS

In this section our goal is to establish prdcedﬁ;es
for transforming a definite but improper formula into a
proper formula having the same value set. If this can be
done in a way that is independent of the data base, then
the formula is called admissible and its value set can be
calculated by the methods shown in the previous section.

Unfortunately, we are only partially successful. It
is still an open question whether all definite formulas
are admissible. On the other hand, the limited results
obtained are useful; we can prove the admissibility of
definite formulas without quantifiers and the admissibility
of certain formulas involving '"natural' uses of universal

quantifiers.

5.2 ADMISSIBILITY

The formal definition of admissible formula is:

Dl16. r is admissible if and only if there is a

proper formula s such that for every data base

w(x) = w(s) €y

To establish the admissibility of a formula it is

convenient to make use of well-known logical equivalences.

References to such equivalences have been made in the pre-

vious sections; now let us give some explanation.
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In our terminology the logical equivalence of two
formulas r and s has the following meaning: If m is the
degree of (r)IFF(s), then for every data base and every b

w(lo((@)IFF(s)) ~ b I((IFF())) =1 (2)

Suppose then that r and s are logically equivalent. If,
in addition, the free variable sequences of r and s are
the same, then, by D8b and D10, we can infer from (2) that
r and s are co-valued.' That is, for every data base we

have

w(@) = w(s)

In this way, the criterion (1) is related to logical
equivalence.

(The definition of admissibility is rather weak and
should be regarded as tentative. 1In fact, under the narrow
interpretation of 'data base" (see Sec. 4.2 above), we
need a special argument to show that an admissible formula

is definite. This is because D16 gives the equations

w() = w(s)

and

w(s) = w.(s)

TWe cannot use the term ‘equivalence' here. For ex-
ample, the formulas 'W,x,y' and 'W,y,x' are co-valued,
but certainly not equivalent (in the sense suggested by
the term 'equivalent').
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but not (at least not directly) the equation

w (@) = @ (s) (3)

If (3) is indeed derivable from D16, then, presumably, a
concept of isomorphic data bases is required in the
derivation. This has subtle aspects not pertinent to our
main purpose. In the particular cases with which we will
be concerned, admissibility is always by way of a logical
equivalence, and such a strong relation between r and s

does give (3).)

5.3 DEFINITE FORMULAS WITHOUT QUANTIFIERS

We first solve the admissibility problem for formulas
without quantifiers. The result is contained in the

following theorem and its proof.

T25. Every definite formula without quantifiers is

admissible.

Proof. ILet t be definite without quantifiers. If
t is of degree zero, then the theorem is true by T12.
Therefore, we take t to be of degree m > 0.

Let t involve k elementary formulas il’ cees ;k. The
first step is to write t in its (logically equivalent)

"distinguished" disjunctive normal form [9]. This is a

uniquely determined disjunction obtained by a mechanical

procedure and having the property:
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A. Each component of the disjunction (called a
disjunct) is a conjunction of k com.ponents,T the ith one
being either ;i or the negation of £;. No two of these

disjuncts are the same and none are contradictory.

B. Thus, the free variable sequence of each dis-
junct is the same as the free variable sequence of the

entire disjunction.

C. Furthermore, by parts A and B, the value set of
t (or t preceded by an appropriate permutation operator)
is given by the disjoint union of the value sets of the

disjuncts.

D. It now follows that each disjunct is definite.
To show this consider a disjunct t'. Let r represent a
typical unnegated elementary component of t' and let s
represent a typical elementary negated component. Let
Q? € w(t'). Then, by applying the substitution
lot") - Qﬁ] to t', we obtain substitution instances

I and Ej for r and s, respectively, and for which

w@a) l,wﬁ%) =0
By T8 we have

@ (z;) =1, ugk(ss_j) =0

"We use the well-known associative properties of #R
and AND. Thus we can speak of a disjunction or a con-
junction of any number of components.

TTIf the entire formula is contradictory, then the
mechanical procedure for generating the disjunctive normal
form will yield no disjuncts.
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and so b" € w (t'). Now let b € w.(t'). Then we can
reverse the above argument provided the induced substitu-
tions r. and 54 are permissible formulas of the data/pase
(i.e., do not contain '%¥'). But this is the case, since
b™ ¢ w (t') gives b" ¢ w,(t), which implies, by the

definitude of t, that Q? cannot contain '*'. Hence, part D.

E. Consider now each disjunct t' as consisting of
two parts: the conjunction of the unnegated components
(call this 'R'), and the conjunction of the remaining
components (call this 'S'). We will show that the free
variable set of S is included in the free variable set
of R.

First, by part A, the disjunct is not contradictory
and, by hypothesis, it is of degree m > 0. Now suppose
there were free variables in S not in R. Then, by D13a,
we can choose a data base in which the value set of the
disjunct is not null. Thus, there is a h? for which we

1
have

w(lo(t") ~bJ1(E") =1 %)

Next, we modify the substitution schema in (4) by
sending each variable of ¢(t') which is not in R into '*'
while leaving the other substitutions unchanged. This

gives a substitution schema
[o(E") ~ by] (5)

m . . .
where b, contains '%*!', Again let r be a typical component

of R and let s by a typical elementary negated component
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of S. Then the modified substitution schema (5) will give

induced substitution instances for which

@ (z;) = 1, w(s;) =0

Hence,
m
g (Te(t") ~ B31EN) = 1
and hg is in @ (t'). But this contradicts the fact that

t' is definite. Therefore, o(S) < o(R).

F. To put each disjunct in proper form, we first take
the conjunction R of the unnegated components. By T23a,

R is proper. Let f£. , £. , ..., £. be the sequence of
=i’ =i, =i
negated elementary components remaining. From part E we

have for each of these

q':(:f_i) < ¢(8) < ¢(R) (6)
J
Consequently, by T23b, (6), and the propriety of R, the
formula
(...((R)BN(_f_i ))BN...)BN(Ei ) (7
1 n
is proper.

After putting each disjunct in the form (7), we then
write their disjunction. By T23c and part B, this will be
a proper formula. The transformation is completed by
prefixing the operator (Po(t)) to the result (T23e). Thus
t is admissible by D16.

This proves T25.
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5.4 ON OTHER BINARY OPERATORS

We have included the operator BN in the class B
because the proper formulas then become a useful tool in
the evaluation of definite formulas. The result of the
previous section (5.3) gives an example of this.

The class B includes five operators. Three others
could be considered. Would their use effect the class of
admissible formulas? We examine each operator with this

question in mind.

1. The Sheffer Stroke (SS). This gives the negation

of conjunction. A formula with this operator and having

definite components r and s will be definite if and only
if the formula is of degree zero. We can write (x)SS(s)

in the logically equivalent form

NOT((x)AND(s)) €))
or, using binary operators,

(T) BN ((2) AND(s)) (9)
Thus, if (x)SS(s) is definite with proper components,

then r and s are of degree zero, and so (8) and (9) are

proper (T23).

2. The exclusive 'or' (EAR). This gives the negation

of equivalence. For a formula with this operator we have
a theorem analogous to T16. That is, if r and s are
definite and neither r nor s is contradictory, then:

(r)EPR(s) is definite if and only if the free variable
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sets of r and s are the same. For (r)EPR(s) we use the

logically equivalent form
(@ PR(s))BN((x)AND(s)) (10)

Consequently, if (r)EPR(s) is definite with proper com-
ponents, neither of which is contradictory, then, by the

above theorem and T23, (10) is proper.

3. Neither ... nor (NPR). This gives the negation

of disjunction. For a formula with this operator we have
a theorem analogous to T19. If r and s are definite and
neither are tautologies, then: (r)NPR(s) is definite if
and only if the free variable set is null. We can write

(£)NPR(s) in the logically equivalent form

NOT ((x)BR(s)) (11
or, altermatively,
(T)BN((@IR() (12)

Thus, if (r)NPR(s) is definite with proper components
neither of which is a tautology, then, by the above
theorem and T23, (1ll1) and (12) are proper. These three
analyses therefore show that the class of admissible

formulas is not enlarged by introducing these operators.

5.5 UNIVERSAL FORMULAS

We now come to the more difficult questions of ad-
missibility. These deal with definite, but improper,

formulas with quantifiers.
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Implications. Consider first universal quantification

over an implication. A basic situation is given by the

formula
(Ay) (Fy IMP Gy) (13)

This states, in the object language, that the property F
is subsumed under the property G. In Sec. 2 we gave an
example of a natural-language question which led to a
formula of this kind.” The admissibility of (13) is

covered by the following theorem:

T26. If s and t are proper, and o(s) = o(t) = v,
then

(Aav) (TP (D)) (14)

is definite and admissible.

Proof. (14) is logically equivalent to

NOT ((Ev) ((8)BN(1))) (15)

But this is proper by T23.
This proves T26.
Now (13) is a closed sentential formula. An example

question which leads to an open sentential formula is

Who wrote all the papers on

question-answering systems? (16)

TSee p. 12, formulas (7), (8).
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A possibly acceptable symbolic translation of this is the

formula
(Ay) (Fy IMP Wxy) (17)

where 'F' is an abbreviation for a complex predicate
expression denoting the property of being a paper on
question-answering systems.

We have not been primarily concerned with the method
of symbolization;* but, in the case of (16), the method
becomes important. First we replace 'who' in (16) by 'x'.
Next we replace 'wrote' by 'W'. Finally, we replace the
phrase 'the papers on question-answering systems' by 'F',
where 'F' abbreviates a complex predicate expression which
we suppose has been generated. The question (16) is now

in the form 'x W all F' or
Wx(all F) (18)

Thus, (18) is in two-place predicate form with an argu-
ment-like expression 'all F' occupying the second position.
This expression is indeed an argument. It is a restricted

quantified variable [3, §30]. This means that the values

of the variable are restricted to a certain class; in our
example, the class F. We write 'yF' for the restricted
variable, and have the symbolization rule

"yY) ...y ...t for '... allF ...

1~See p. 5, footnote.
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(The series of dots represents the context of 'all F'.)

Using this rule, (18) then becomes
F F
(Ay") (Wxy™) (19)

The definition of restricted quantifiers now comes into

play. '(AyF)' is defined by:

F

vayh) .. yF L.t for '(AY)(FY IMP ... ¥ ...)"
(20)
and '(EyF)' is defined by:
i F F 1 1 t
Ey) ...y ..." for "EY(Fy AND ... y ...)
(21)

Now all of the logical equivalences of the predicate
calculus hold for restricted quantifiers providing the
class F is not empty [3, §30]. Thus, by applying the
definition (20) to (19), we obtain (17) plus an additional
(implicit) meaning component; namely, the class F is not
empty. The important thing here is that the symbolization
which most closely matches the natural-language structure

. . +
exposes this meaning component for us.

TSimilarly, the example question of Sec. 2, having
the form 'Are all F's G's?', becomes

F F

(ax") (Gx7)
with the additional meaning component that F is not empty.
The paraphrase 'Is every F a G?' receives a different
initial symbolization, namely,

F, , F
(A7) (x7 = (ny) (Gy))

but has the same end result.
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We will later return to this example and solve the
admissibility problem for it. But first we will make a
systematic study of universal.implications. This will
"lead to a generalization of T26.

Consider an implication of degree greater than zero
and having proper components. By T18, such a formula will
be indefinite, and, by the comments following T21, its
universal quantifications are of potential interest. They
are quantification of a variable occurring 1) only in the
implicans, 2) only in the implicate, or 3) in both. The

three cases are modelled by:

(Ax) (Fxy IMP Gyz) (22)
(Az) (Fxy IMP Gyz) (23)
(Ay) (Fxy IMP Gyz) (24)

If any variables are absent, we get various subcases.
(There are 12 of these plus an additional 12 if we include
another free variable of the kind that is quantified.)
For example, (13) and (17) are subcases of (24).

The formula (22) is logically equivalent to

(Ex) (Fxy) IMP Gyz (25)
By T23 this is again an implication having proper com-

ponents (i.e., it has the model 'Fy IMP Gyz').
The formula (23) is logically equivalent to

Fxy IMP (Az) (Gyz) (26)
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Now, the second component of (26) involves the universal
quantification of a proper formula. Thus, because of T21,

we will regard (23) as degenerate. That is, if the second

ébmponent of (26) were definite, then it would be con-
tradictory. Consequently, (26) would become the indefinite

formula 'N@T(Fxy)'. We therefore define:

17. (Av) ((s)IMP(t)) is degenerate if v ¢ o(s) -

The non-degenerate formulas (22) and (24) are then the

ones of interest.

T27. Let u be a non-degenerate universal implication
with proper components in the implication, and let r be

any proper formula with ¢(u) < ¢(x), then
(£) AND (u) @27)

is definite and admissible.

Proof. Let u be the formula

(4v) (9 M (D))

First, we can assume without loss of generality that v is
not in 6(5). For if it were, then we could write u in a
logically equivalent form by replacing v with a variable
not occurring in either 5(2) or ¢(r). Formula (27) is

\ then logically equivalent to the following formula (28):Jr

TProof. We are to show that if v is not in ¢(r),
then (in traditional notation)

r. (s> =r~Ey(z.s.~d)

Now, since v is not in ¢(r), the left side is equivalent
to
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@©BN((EY (((DAND())BN(D)))  (28)

Since u is non-degenerate and since é(g) c é(;), it
follows that é(g) c é((E)AND(g)). Hence, by T23a,b, the
formula ((r)AND(s))BN(t) is proper. Prefixing (Ev) to
this gives, again, a proper formula. Consequently, by
T23b, (28) is proper.

This proves T27.

T26 is a corollary of T27, To show this we write

(14) in the form
(T)AND ((Av) (()IMP(D)))

T27 is now applicable to this under the conditions of T26.

An Admissibility Problem. Consider again formula

(17). This formula is a non-degenerate universal implica-
tion. As it stands, it is at most semi-definite. That
is, on a data base for which F is empty, the formula is

indefinite. If these data bases are excluded by conjoining

(Av) . (s> 1)
which is equivalent to
av) (z. (.5 2> )
and, again by hypothesis, to
r.(Av(.s> b
This last is, by eliminating '(Av)', equivalent to
r.~(Ey) (~(zx.s > V)
and hence to
r.~(Ev) (x.s.~t)
This proves the equivalence of (27) with (28).
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a second meaning component stating that F is not empty,

then the formula becomes definite. This component is
(Ez) (Fz) (29)
Thus we consider the formula
(Ez) (Fz) AND (Ay) (Fy IMP Wxy) (30)

This, not (17), is the preferable symbolization of (16).
Now T27 is not directly applicable to (30). We need a
formula to f£fill the role of xr. This is provided when we
note that (30) implies that x is in the domain of W;
i.e., (30) implies

(Ev) (Wxv)
Consequently, (30) is logically equivalent to
(Ez) (Fz) AND ((Ev) (Wxv) AND (Ay) (Fy IMP Wxy)) (31)

The second component of (31) now satisfies the conditions
of T27.

To summarize these results:

We can generally handle a universal implication if
it occurs in a context satisfying the requirement of T27.
This includes the important special case of a closed
universal implication. This second result is stated
separately in T26. Certain exceptional cases of universal

implications can be treated. These are conditionally

admissible formulas. An example is given by (17).
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Closed Universal Formulas. Having examined universal

quantification over implication, let us now look at universal
quantification over other indefinite formulas. We restrict
the discussion to those having a single free variable and
proper components. The quantification then closes the

formula. This gives exactly eight formulasf to be considered.

1. (Ax) (N@T(Fx)). This has the proper equivalent
NOT ((Ex) (Fx))

In the object language this says that the property F does

not occur.

2. (Ax)(p BN Fx). The proper equivalent is
p BN (Ex) (Fx)

This says: p, and the property F does not occur.

3. (Ax)(p OR Fx). This is reducible to a degenerate

implication; i.e., the component is equivalent to
(NOT(p)) IMP (Ax) (Fx)

4., (Ax)(p IMP Fx). This is a degenerate implica-

tion--a special case of (23).

5. (Ax)(Fx IMP p). This is a special case of (22)

and gives the proper equivalent

+ . . . . .
We include the three implications again, so the
list is complete.
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(Ex) (Fx) IMP p

The meaning is: 1if the property F occurs, then p.

6. (Ax) (Fx IMP Gx). This is the basic situation

covered by T26. The proper equivalent is
NOT ((Ex) (Fx BN Gx))

In the object language this means that the property F is

subsumed under the property G.

7. (Ax) (Fx IFF p). This is reducible to a con-
junction of universal implications,f one of which is

degenerate.

8. (Ax)(Fx IFF Gx). This is reducible to a con-
junction of two universal implications both covered by
formula 6.

The inventory shows again why formula 6 can be re-
garded as the fundamental use of the universal quantifier;
i.e., if F and G are ''matural" propertiesH (hence repre-
sented by elementary formulas on a data base), then
formulas 1 and 2 would be expected to be false and formula
5 would say the same as 'p'.

This concludes our limited study of universal formulas.
The general question of the admissibility of definite

formulas with quantifiers is still open.

+ . . . .

The component is first transformed to a conjunction
of implications, then the universal quantifier is dis-
tributed over the conjunction.

HSee Sec. 4.7, p. 87.
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5.6 CONCLUDING REMARKS

Admissibility of Definite Formulas--A Conjecture.

We conjecture that every definite formula is admissible.
If this could be proved in any manner, it would be of
theoretical interest; but if a proof were given that
explicitly shows the transformation of a definite formula
to a proper equivalent, it would be of great practical
use. Such a direct proof was given for definite formulas

without quantifiers (T25).

Definitude and "Natural'' Formula. In Sec. 2 (p. 8)

the notion of definite formula was introduced as an exact

concept to replace the vague concept of reasonableness or
acceptability of input queries to a computerized question-
answering system. We would also like to say that a definite
formula is somehow ''matural.'

In what sense do our theorems lend support to the
view that definitude is an adequate exglicatum?* Certain
results are of interest here. T21 confirms our intuition
on '"'matural" uses of universal quantifiers. The analyses
of Sec. 4.7 dealing with proper formulas and existential
quantifiers showed how these were related to certain
common natural-language structures. In Sec. 5.5 less
comprehensive studies were given on the definitude of
universal formulas. Evidently, further results in this
area would have value for machine processing of natural

language.

TSee Ref. 6 or Ref. 4 for a discussion of the general
process of explication. Carnap calls the exact concept
or its term the explicatum; the vague concept or its term,
the explicandum.
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Definitude--Theory II. We have proposed one defini-

tion of definitude. Is this the best one? During the
investigation we considered a second, and weaker, defini-
tion. It was developed as follows:

First, define the constituents of s to be the ele-

mentary formulas that enter into it. Let a&(g) be the
value set of the 1*® constituent of s. Next, define w(s)
to be the set of d's which occur in members of w(s);
define @(s) to be the union of the @ (), i =1, ..., n
(n being the number of constituents of s). Finally, we
define s to be semi-definite with respect to a data base

if and only if

a(s) < a(s)

for the data base. As before, s is definite if it is
semi-definite for every data base.f

In other words, s is definite if the expressions
that go to make up its value set are trapped amongst the
expressions that go to make up the value sets of its
constituents.

Under this definition every formula of degree zero
is definite. Also a quantification of a definite formula

is definite.

fIn order to carry out this second theory, a postulate
is required which states, in essence, that the universal
property cannot be formulated in an elementary formula.
This postulate then provides a d which plays the role of
'"%*!' in the proofs.
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Certain technical difficulties prevented us from
fully developing this second theory.Jr If this could be
carried through, the resulting class of definite formulas

would be of interest.

~rA rather surprising road block appeared when we
were unable to prove that a substitution instance of a
definite formula is definite.
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6. IMPLEMENTATION OF THE THEORY

6.1 INITIAL REMARKS

We have been motivated entirely by the possibility
of computer implementation and our theory has been formu-
lated with this major consideration. It remains only to
tie these formulations together in a general flow of
processing procedures. The following discussion provides

some guidelines and suggestions for the implementation.

6.2 ANALYZING A FORMULA

Given an input formula, the first step is to set up

a suitable worktable for subsequent processing. This

routine is referred to as analyzing a formula.*

Input. This consists of 1) a sentential formula,
and 2) a table of designs (shown in Table 4). Design 3
is for an elementary formula--characterized by an absence

of parentheses.
Table 4

DESIGN TABLE

1| als))

2 | (g8(sp)

3 | s

TSeveral methods are available here. The suggested
method seems most appropriate for our definition of
sentential formula.
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Qutput. This consists of a table with four columns:
Ind (for 'index'), Op (for 'operator'), Form (for 'formula'),
Val (for ‘'value'). The entries in this table are defined

as follows:

Indi = index (explanation to follow) of

the ith

subformula
(By 'subformula' we mean any component, component of a
component, etc., of the input formula. We also include

the input formula itself as a subformula.)
.th
Opi = operator for the 1 subformula
(If the ith subformula is elementary, then Opi = 0.)

Formi = 0, if the ith subformula is not
elementary; otherwise, the sub-
formula, or a pointer to the

subformula

Val, =0

i
. . . .th
Vali is a reserved space to store information on the i
subformula--either the information itself or a pointer to
that information (e.g., free variable sequences, value

sets, propriety determinations, etc.)

Explanation of Index. The index is a numerical device

allowing us to move up and down the ''tree'" of the formula.

Exactly:
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1) Ifi=1, Ind, = L.

2) Llet N be any integer greater than or equal to
one, and so N is made up of digits

N = ylyz...yn
with 71 # 0; we then define

(v, N) = 7yyv,y---7,

For example, if N = 21, then (2, N) = 221.

3) 1f the ith subformula has one component, then
that component receives the index

Indj = (1, Indi)

If the ith subformula has two components, then
the two components receive the indices

Ind.
J

(1, Indy)

Ind

X (2, Indi)

Thus, given any Indi not equal to one, it will have the
structure (¥, N) and so the ith subformula will enter
into the determination of the subformula with index N.
Moreover, if Opi is not equal to zero, then the ith
subformula will depend on one or two subformulas whose
indices are as described above.

The analysis routine is now executed according to the

charts shown in Fig. 3.
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SET Form; = FORMULA

!
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FLAG ERROR
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Fig. 3A--Chart for Analysis Routine
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SET
Indr=(],|ndi)
Form, =54

()

i=i+1

=114~

SET

Form =57

!

SET
r=r+1

Y

SET
Ind, = (2, Ind;)
Form, =s ,

Fig. 3B--Chart for Analysis Routine (concluded)
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Example: Consider the sentential formula

(Ey) ((B,¥)AND (W,x,y)) (1)

(Under the interpretation of Table 1, p. 4, this corre-
sponds to the natural-language question: 'Who has written
a book?'.) Given the input (1), the result of the analysis

routine is shown in Table 5. The entries in the Val column

are all 0 after this processing.

Table 5

ANALYSIS OF INPUT FORMULA (1)

i Ind Op Form Val
I

1 1 | (Ey) o | o

2 11 AND 0 0

3| 111 0 B,y 0

4 211 0 W,X,y 0

6.3 THE -ROUTINES

Using the output of the analysis routine, we can
evaluate the formula by beginning with the elementary
formulas and working up the ''tree'. This requires a
 succession of evaluations of various types on the sub-
formulas-~each evaluation dependent upon priorﬂevaluations.
Called y-routines, these enter into a general evaluation

routine to be described in Sec. 6.4,
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The sequence of evaluations is shown in Fig. 4.
Each numbered box corresponds to an execution of the
general evaluation routine with a different specification

for the Y=function. Thus:

Step 1. Set § = ¢. This routine determines the
free variable sequence of each subformula according to

the definition D5.

Step 2. Set Y = PC. This is the propriety check.
If a subformula is proper, we define PC = 1; otherwise,
PC = 0. The input to this routine consists of the free
variable determinations from Step 1. The rules of the

characterization theorem (T23) then define the routine.

Step 3. Set ¥ = AVS. This routine uses the re-
sults of Step 1 to calculate the auxiliary variable
sequences X, Y, Z for the binary subformulas according
to Dl4.

The next step is to identify which rules of Sec. 4.6
(regarded as subroutines) are required for the calculation
of value sets and draw them into the program. We call

this the rule determination RD.

Step 4. Set ¥ = RD. If the operator of the ith

subformula is singulary, then the value is one of the rule
numbers: 1, 2, or 3. If the operator is binary, then the
value is one of the rule numbers 4-19; this is determined
by the classification given by the auxiliary variable

sequence in Table 3 (p. 73). The value RD = 0 corresponds

to the procedure for elementary formulas.

Step 5. Set ¥ = w. The value set of the formula is
then calculated according to the assembled subroutines
(Rules 1-19, Sec. 4.6).
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START

1. CALCULATE
FREE VARIABLE [ D5

SEQUENCES

!

2. CALCULATE
PROPRIETY

B T23

APPLY ADMISSIBILITY
TRANSFORMATIONS;
RETURN TO ANALYSIS

IS
FORMULA
PROPER

ROUTINE
3. CALCULATE
AUXILIARY VARIABLE [== D14
SEQUENCES
4. SET UP TABLE 3 AND
EVALUATION e SUBROUTINES
SUBROUTINES (RULES 0 - 19)

!

5. CALCULATE
VALUE SETS

EXIT

Fig. 4--Sequence of y-Routines
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6.4 EVALUATING A FORMULA

Each of the y¥-routines has the common feature of
depending only on the operator of a subformula and the
Y-values of the components. Thus, we give a general

schema for evaluating a formula (see Fig. 5).

Input. This consists of 1) the table resulting from

the analysis routine, and 2) a specification of ¥.

Output. This consists of the input table with
Vali = (i)

Thus, at the final execution of the sequence of evalua-
tions (Steps 1-5, Fig. 4), the entry for Vall with ¢ = w
is the value set of the formula.

Example: The evaluation of formula (1) is shown in
Table 6. The evaluation uses the example data base of
Table 2 (p. 4).

Table 6

EVALUATION OF INPUT FORMULA (1)

i ind | Op | Form | @ |Pc] x| Y[z [rD L(i)
1 1] (Ey) 0 X 110010} 1 |Armray 4] 1
2 11| AND 0 y, x| 1 y | x | 6 |Array 3] O
3111} O B,y | ¥ T]0]0}0 [0 |Aray 2{ O
4 11 21 0 [W,x,ylx,y[1]0]0]0[O}|Amray 1| O

Array 1 Array 2 Array 3 Array 4

x|y y x|y P

al| b b b|a a

al| c d d| a e

al d f fle g

e | f h hig i

gl h h |

i|h
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START

SET
L (i) = Ind;,
EACH i

!

FIND i SUCH THAT
@—» L(i) = M, WHERE M
IS THE LARGEST L(i)

Fig. 5A--Chart for General Evaluation Routine
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FIND j SUCH
1 THATL(j)=N
USE Opj =a
SET AND Val; TO
Val; = (i) CALCULATE 7 (j)
'
Vclj =¢(j)
SET
L(i)=0

&

Fig. 5B--Chart for General Evaluation Routine (continued)
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FLAG ERROR

FIND j SUCH
THATL(j)=(1, N)

No
Yes
SET
Vc1|J =y(j)
s

Implementation

EXIT

FIND k SUCH
THAT L(k)=N

!

USE Op =8 AND
Valj AND Val; TO
CALCULATE ¥( k)

Fig. 5C--Chart for General Evaluation Routine (concluded)
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6.5 ADMISSIBILITY TRANSFORMATIONS

The following discussion is restricted to the case
of an improper formula without quantifiers.* By T25, the
definitude of such a formula rests entirely on the
gfopriety of its "distinguished" disjunctive normal form.

The suggested method for obtaining this normal form
builds upon the routines described above and uses arith-
metic computations rather than logical transformations.
It should be satisfactory in all practical situations.
By this we mean that the number of different elementary
formulas is small (say, not exceeding six or seven), and
so the execution time on a large computer will be about
two seconds.

The input to the procedure is the output of the
analysis routine (Sec. 6.2); from this a new analysis

table is to be constructed.

Step. 1. Identify the different elementary formulas

in the analysis table (i.e., the distinct formulas with

Form, # 0). Let there be m of these: £., ..., £ .
i =1 —m
We now use the following fact:
A disjunct in which ﬁi s e £i are negated and

1
£, s cees éi are unnegated will appear in the dis-
p+l m
junctive normal form if and only if the evaluations

TSee Sec. 5.3, pp. 92-95. For the case of an im-
proper formula with quantifiers our techniques are limited
to 1) rewriting the input formula according to T26 or T27,
or 2) distributing quantifiers and testing the resulting
formula for propriety.
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w(_f_il) = ... = w@i ) =0 (2a)

(£, )=...¥w(§i)"=1 (2b)
p+l m

give a value of 1 for the entire formula.

Step 2. Set up all possible evaluation schemata of
the kind given by (2). There are 2™ of these. (Hence
the limitation on the procedure.) Enter these in the Val
column of the analysis table and evaluate the formula with
Y = w. Those results producing Val1 = 1 give the dis-
juncts of the normal form. We suppose these results are
assembled in an array of n rows (each row corresponding
to a disjunct) and m + 1 columns. 1In each row, the
entries are the p negated elementary formulas (taken first)
followed by the remaining m-p unnegated elementary formulas.
The last position gives the value of p. Let this array
be F(i,j). For example, for the elementary formulas
f £ £ the row

=1’ =2’ =32
£ | £ | £ |1
represents the disjunct
((£)AND(£4))BN(£,)

Step. 3. If p = m for any disjunct, the formula is
indefinite. If n = 0, the formula is contradictory and

its value set is null. In either case, the problem is
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done. Suppose now that n > 0 and for every p, 0 <p <m.

We then proceed with the construction of a new analysis

table.

Step 4. Set
Ind1 =1
For i =2, ..., n~-1, set
Ind, = (1, Ind; ;)
For i=1, ..., n =1, set
Op. = fR

1

A counter r is now defined. It records how many rows

have been filled; it is updated at various times. Set

-1

a]
h
=]

Step. 5. Let k be the number of disjuncts that have
been processed. Thus, k =0, ..., n - 1. To process the

(k + 1)th disjunct, define first: For k < n - 1,

N = (2, Indk+l)

For k =n - 1,

N = (1, Indk)
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Then set

Indr+1 B

Fori=2, ..., m=~ 1, set

Indr+1 = (1, Indr+i-1)
For i=1, ..., p, set
OPr+i = BN
For i =p + 1, ., m - 1, set

0pr+i = AND

Step. 6. For each value ¢ =0, ..., m - 1, do the
following (¢ is the number of conjuncts that have been
processed in the (k + 1)th disjunct):

Define, analogous to N, the index M:

For £+ <m - 1,

M= (2, Ind ., 1)

For ¢t =m - 1,

M= (1, Indr+L)

Then set,
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Indr+m&& =M

FormrI Wik F(k +1, 2 + 1)

i.e., the (¢ + l)th elementary formula in the (k + 1)th
disjunct.

Step. 7. Reset r and return to Step 5.

This ends the procedure. The resulting table will

be the analysis table for the disjunctive normal form.

6.6 CONCLUDING REMARK

We have completed one part of the study of answering
questions by computer. A certain structure was assumed
for the input inquiry. This assumption is justified by
the fact that an inquirer may phrase an inquiry in this
form [1] and that it is possible for a computer to cast
a variety of natural-language questions into such a
"strict" form. 1In a forthcoming Memorandum we shall

discuss how this can be done.
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