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PREFACE

This Memorandum is one in a series being prepared by The RAND
Corporation for the Northeast Corridor Transpoftation Project, Office
of High Speed Ground Transportation, U.S. Department of Transportation.
The overall research effort is directed toward development of compre-
hensive and systematic methodology for evaluating the potential utility
of alternative transportation proposals.

The series of Memoranda can be classified into several types of
papers. In the first and major part we are attempting to integrate our
efforts into an overall evaluation framework.* Part II is composed of
supporting Memoranda on some of the more relevant theoretical aspects
associated with combining many dimensions in an alternative selection
process. Part III consists of important gap-filling papers and back-
ground materials.

This Memorandum is one of three thus far dealing with techniques
for analysis of multi-dimensional alternatives.** The paper discusses
some techniques a decisionmaker might employ if he wants to assess a
utility function (interpreted in a probabilistic sense) over complex
consequences --consequences that can be at best described only in terms
of severa1 attributes or descriptors. Portions of the paper extend
the discussion found on pages 246-255 of the author's book, Decision

Analysis: Introductory Lectures on Choices Under Uncertainty, Addison-

Wesley (1968). Unlike other Memoranda in the series, this research
was jointly supported by the Department of Transportation and The RAND
Corporation's own research funds. The Memorandum is part of a contin-
uing program of study and therefore findings'should be considered as

interim in nature.

*

This material will be found in RM-5869-DOT, Measurement and
Evaluation of Transportation System Effectiveness, by Frederick S.
Pardee, et al, The RAND Corporation, 1969 (forthcoming).

**The other two Memoranda are RM-3865-DOT, Assessing Alternmative
Transportation Systems by James R, Miller III, The RAND Corporation,
April 1969, and RM-5877-DOT, Improving the System Design and Evaluation
Process by the Use of Trade-off Information: An Application to North-
esast Corridor Transportation Planning by K. R. MacCrimmon, The RAND
Corporation, April 1969.
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SUMMARY

This paper presents several techniques for assessing the utility
of complex alternatives., It studies the problem where each alternative
can be described by a series of attributes which are interdependent
in various ways. A hierarchical structuring procedure for obtaining
a relevant list of attributes is described and examples are given from
Northeast -Corridor transportation problems and from medical treatment
problems.

The analysis begins by assuming that each alternative or comse-
quence can be described by a sequence of numbers or numeraires, with
the ith number interpreted as its score or performance on the ith at-.
tribute. The basic problem is: How does one assess a utility func-
tion over an r-tuple of numeraires?

Certain techniques are presented for reducing the case r = 2 to
the case r = 1. The use of constant or variable substitution rates is
basic here. The discussion of the general case divides into two parts:
additive and nonadditive representations. The issue is whether or not
one can assess the utility of a complex consequence by assessing util-
ities on each dimension or component and then forming a weighted aver-
age. Critical in any such discussion is a precise notion of inde-
pendence of attributes, and two suéh notions are introduced: weak con-
ditional utility independence and strong conditional utility independ-
ence., Using these ideas, some of the basic results on additive repre-
sentations are recalled and reformulated, including those of Miller
and Fishburn.

Turning to nonadditive representations, an area quite neglected
in the past, the paper presents sufficient conditions in terms of stromg
conditional utility independence for obtaining a quasi-additive
representation.

Finally, some of the ideas developed here are applied to various
problems. 1In particular, they are applied to the problem of assessing
the "value of a life," an issue of importance in both transportation
and medical treatment applications. And they are applied to the prob-
lem of bringing in intertemporal tradeoffs (ene might be willing to

give up something now to get more later) in analyzing utilities.
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PREFERENCES FOR MULTI-ATTRIBUTED CONSEQUENCES

1. Introduction

In this paper I shall conslider some techniques for grappling with a
p;oblem that is particularly vexing and seems to me at least to be at the
heart of the methodological difficulties in most systematic analyses of
complex problems. In rough terms the problem is: How can a decision
maker (say YOU, or myself) think systematically about choosing the "best"
of several élternative actions when each action will result in one of
several possible complex outcomes and where each outcome can at best be
described only in terms of its performance characteristics on many diverse

attributes? For example:

In a business context the business executive may be concerned with his

corporation's earnings stream over time, with stock price, with share of
the market, with goodwill, with labor relations, with fulfilling his obli-
gations to society, with his "images" to different groups, and so on.

In & government context the administrator in reviewing a proposed course

of action might be concerned with the time stream of expenditures in terms

of capital outlays, of allocation of managerial talent, and of the time

stream of benefits and the incidence of these benefits to different sectors.
These benefits may themselves be a composite bundle of incommensurable entities.

In a medical context any one specific outcome that might result when a

ratient undergoes a given medical treatment may be described in terms of: the
cost of the treatment, days in bed with extreme discomfort, with medium dis-

comfort, and with mild discomfort, days taken for recuperation, probability



of a relapse, probability of awesome complication 4, complication B, and
so forth. And in some cases the patient's doctor -- the decision maker in
this case =-- may have to worry about the implicaticns of an outcome to
himself, to members of the patient's family, and to soclety in general.

- In this paper I shall emphasize the aspect of the problem dealing with
"values", with the problem of handling the "incommensurables" -- and I shall
not stress the uncertainty aspect of the problem. But as I see it, it is
important to keep the uncertainty aspect in mind and to attempt to develop
a methodology for the value problem that could incorporate an uncertainty
analysis as well.

My approach can be termed conditionally prescriptive: . « o If you

believe these ways in these simple problems and if you want to act in a
manner consistent with these rules, then you should behave thus in these
complex problems. In this paper I will completely slight the descriptive
approach: How decisions are in fact made.

Mach has been written about choice problems of the kind I will discuss
and while I could spend time saying what I think is wrong with a given
approach I would rather confine my remarks to the elaboration of technidues
that I think are promising, both for theory and practice.

Before one gets to the stage of evaluating alternatives in a given pro-
blem domain, one must first recognize that a problem exists and one should
seek imaginative alternatives for review. I will not deal with these ob-
viously important facets of methodology. My concern is with choice amongst

previously specified alternatives.



I shall also make the assumption that there is a single decision
maker. If the decision making unit comprises a group of individuals, I
will not consider techniques that the group members could use to
negotiate a group consensus.

2¢ Preliminary Forrmulation

An abstract, simplified version of the problem I have in mind can be
posed as follows: A decision maker ("DM" henceforth) has to choose between
two acts: ay and ay - If he chooses act ag (for 1 =1, 2) and event Ej

(for j =1, 2, «ee, J) occurs, then a cohseq_uence (or outcome) Cij will

result. See Figure 1. Since I do not want to emphasize the probabilistic

[J - denotes move by IM

21 O - denotes move by "Chance"
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aspect of the problem let us assume that event Ej has an associated

objective, frequency-based probability assignment, P(Ej), that is known

to all concerned. Following the school of thought that believes in the

maximization of expected utility, our task is to assign a utility number

u(Cij) to comsequence cij and to compute the two expected utility indices;
J

J
P(E, C, . 4 P(E, C,.
=z e ez REG)

which purportedly reflect the relative desirability of act a, versus a, ;
the higher the expected utility index, the better the associated act. In
this paper I shall be concerned mainly with the association of utility
numbers to consequences when these conseguences are complicated stimuli.
‘This assessment of utility values is far from easy but there are many trickg
of the trade that can help systematize one's thought process and in some
circumstances crude evaluations might suffice to resolve the action problem;
but if these crude evaluations do not suffice, then at least we will know
how to refine the evaluations.

The problem posed in Figure 1 seems a bit too special, but really it
isn't. It is a trivial matter to add more acts, to let the ensuing potential
events that flow from an act to be dependent on that act -- that is, for act
a; we could consider events El(i) s Ez(i) s eees Furthermore, if we can solve
the static problem as posed in Figure 1, then it is easy to extend the results
to a more dynamic approach (e.g., to incorporate decision trees), which would

allow us to treat such topics as the optional accumulation of evidence and

information, flexibility of action over time, and so on.



Now let's turn fo our main topic: given a complex consequence C
how can we go about assigning a utility nﬁmber to C, a number that mirrors
our "liking" for C and is appropriate to use in the expected value
operation. If we leave aside for the moment questions of rracticality in
measurement, then we-could proceed as follows:

(1) choose two reference consequences, C, and c* say, such that any
consequences under consideration is at least as good as C, and at most as

*
good as C

(2) for any consequence C, let the DM determine a number u(C)
between O and 1 such that the DM is indifferent between getting C for
certain and getting a lottery which yieids ¢* with (objective) probability
u(C) and Cy with the complementary probability [1 - u(C)] .

By means of the above procedure we obtain a function u that associates
numbers to consequences and, in theory, these numbers satisfy all the
requirements we demand of them, namely: it is appropriate in probabilistic
choice situations to maximize the expected value of these u-values. But

this is a wholly impractical way to determine the u-function in complicated

problems. The real problem is: faced with an important decision problem
for which we want to make a critical, detailed; and systematic analysis,
can we, in practice, assess utility values for complex consequences in a
responsible manner?

3. Representation of C's in Terms of Numeraires

3.1. Single Numeragire

In textbook applications of utility theory one usually considers the case

where each consequence is described in terms of a single numeraire such as an



incremental cash flow or monetary asset position. If x represents the
generic value of this numeraire, then the utility problem boils down to
defining a function u over this real variable. But now one does not have
to find for each and every x a utility value u{x) from basic principles;
fa$her one can exploit the -natural Preference ordering for this numeraire
-- for example, more x is preferred to less and therefore the DM knows
at the outset he wants u to be monotonic. Again from general qualitative
considerations he might know a great deal more: he might want his u-
function to be monotonic, to be continuous, to be concave in shape if he is
risk-averse (i.e., if for any x he prefers x for certain to a fifty-fifty chance
at x - h and x + h for any positive h), and to have more subtle properties
like decreasing risk-aversion (i.e., to have - u"(x)/u'(x) be monotonically
decreasing in #). It is qualitative considerations of this kind that con-
strain the u-function sufficiently so that it becomes possible to determine
a suitable function with operational significance. But our real problem in
this péper is pot this well-behaved case where consequences have already been
scaled in terms of a single meaningful numeraire. In passing it is desirable
to emphasize once again that the underlying numeraire does not have to be
money. It could be number of cures, or hours worked, or millions of MCF's
of gas reserves, ..., or any other single index which captures the essence of
the consequences under consideration.

3.2, Several Numeraire Case

In most applications it is not easy to summarize the essentials of the
consequence by means of a single numeraire. But it might be possible to
associate to each consequence C a sequence of numbers [xl(C), xz(C), esey xr(C)]

which, for all practical purposes, sufficiently summarizes all the relevant



information in C. The number Xi(C) can be interpreted as the index, level,
or score of C on the ith criterion or attribute. In a business context
attribute 1 may be a cash amount, attribute 2 a share of the market,
attribvute 3 an index of goodwill, and so forth. In a medical context
attribute 1 may be cost of treatment, attribute Z days of extreme discomfort,
attribute 3 days for recuperation with bed rest, attribute 4 the probability
of getting a relapse (after the cutoff-date of the analysis), and so forth.
In other contexts xi(C) may refer to individual i's benefits and a benevolent
dictator (administrator) may wish to consider these benefits to others in his
own utility function. In still another context x,(C) might denote the net
cash flow in period i and then the set of numbers would depict the cash flow --
or perhaps consumption flow =-- over time. Or perhaps xi(C) might dencte a
value index to the society of a given policy if an uncertain event Ei does

in fact occur by a given date.

We now wish to develop some techniques to help a DM think systematically
about assessing a utility function over an r-tuple of numeraires (xl, Xy eees xr).
Keep in mind that if x' and x" are two such r-tuples (hereafter called "points"),
then the utility function u not only has to reflect ordinal preferences (i.e.,
the better the r-tuple the higher its associated utility number will be) but
(1) (1) is short

also the utility of the lottery giving D; chance at x (where x

for [xl(Ci), ceey xr(Ci)]), for i =1, 2, ee., n, must be

(l)) (n)) .

Plu(z + pzu(z(z)) + eee + pnu(g

The dimensionality of x (i:e., the magnitude of r) may in some instances



be very large. Indeed in one study* I have seen the dimensionality is in
the thoﬁsands. Naturally any procedure thaéhafég;ﬁts to cope with this
order of complexity must somehow structure the attributes in some hier-

" archical arrangement. I propose to start this discussion in Section 5 and
at that time we will consider such topics as goals, objectives, means,
ends, and the selection of attributes for consideration (after all, these
are not unique!). So far, nowhere have I said that attribute i is
"independent" (in scme sense) from attribute j ; indeed j might only be a
minor modification of i.

Before turning our attention to the development of techniques for
large r let us first consider the case where r = 2. Iater, when we deal
with r values larger than 2, we will often exploit some of the simple
tricks used for r = 2.

4, - Techniques for r = 2

To avoid subscripts in this section, let the typical point be (x, y)
instead of (xl, xz). In the (x, y) plane, let us also assume, for concrete-
ness'sake, that preferences are to the northeast: i.e., both x and y repre-
sent values of desirable commodities. '

4.1. Constant Substitution

Suppose that the iso-preference curves in the x, y plane (or in restricted
portion of the x, y plane that includes all the points of interest) are parallel
straight lines as in Figure 2. In this case there is some substitution rate A,
say, such that the DM is indifferent to a decrement of a unit of y as long as

there is a compensating increment of A units of x. Hence the point (x, y) will

* "Methodologies for analyzing the comparative effectiveness and costs of
alternative space plans," by Dole et al, RM-5696-NASA, RAND Corp., August,
1968.
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be indifferent to the point (x + Ay, O). [Altérnatively we would say that
(x, y) is indifferent to (o, y + x/A).] Hence we can summarize the (x, y)
point by the single numeraire x + Ay. |

Now consider a lottery wheré with probability p; one obtains Ci’ and
assume that we can sufficiently summarize Ci by the pair (xi, yi); by
substitution replace (xi, yi) by (xi + Ay, 0); by convention agree to
. abbreviate (xi + xyi, 0) by x; + kyi; and. finally assess a utility index
u; for the single numeraire x; + kyi, keeping in mind that the second
component is placed at 0. This procedure i1s depicted in Figure 3. The
symbol A ~B is read "A is indifferent to B" which is elliptical for "the
DM is indifferent between A and B". Throughout I will use the Principle of

Substitution which in rough form states that the desirability of a lottery
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is not changed when any given consequence is replaced by an indifferent
conseguence. |

As a simple illustration let (x, y) be the amount of cash flows in
perioﬁ 1 and 2 respectively. Since money in period 1 can be reinvested to
Produce more money tomorrow, or because consumption today may be sweeter
than consumption tomorrow, the decision maker might decide that he is
indifferent between (x, y) and (x + Ay, O) or (0, ¥y + x/A). 1In this case
we can think of A as the (subjective) effective discount rate. It is then
a matter of convenience whether one chooses as numeraire discounted values

X + Ay or accumulated values y + x/A.



In both these situations it seemed natural to push one of the two
components to zero. However, it may be more meaningful in some circum-

stances to choose a value y*, say, and use the result that

(xi, yi) is indifferent to (xz, y*), all i,
where

* = - .
3 xi+>~(yi v*)

Be sure to note the omission of the subscript on y*. Now when one considers
putting a utility value on the scalar numeraire xg (for i =1, ... n), one
must keep in mind that the second coﬁponent is at the constant valune y* for
each of the n consequences.

Some other examples where constant substitution rates may be appropriate

e In treating a given illness with different drugs, the x-component
might represent the proportion of cures and the y-component the proportion
of patients having given side-effects. Every additional incremeﬁt A in side
effects might be deemed indifferent to a NA decrement in cures; or symﬁolically,

" one might be able to choose A such that

(x: y)~(x - Ny, ¥ + A)

for all x, y, & values.
+ In traffic safety {or perhaps in military matters) different strategic
alternatives might result in differing numbers of fatalities (x) and casualties

(y). For some analyses it might suffice tq_have a constant tradeoff between
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A more casualties and M less fatalities.
Ilater in the paper we will give examples where there is no
appropriate constant substitution rate between x and y but where there

is a constant substitution rate between a transformation of x and a

transformation of y.

4.2, Variable Substitution

In general iso-preference curves in the (x, y) plane are not parallel
straight lines. The substitution rate between a unit of y and x will, in
general, depend on the levels cf both x and y. If we have the indifference
map -- this is a big If -~ we can proceed almost as before. We could, for
example, choose a value y¥, say, and, ébr each (xi, yi) peir £ind the point on
the same indifference curve of the form (x?, y*); then we could proceed to
consider the single numeraire xg, and finally, keeping the value of y* in
mind, associate a utility to each of the x{‘s. Thus, using the symbolism of

Figure 3, we would have the chain:

2 ¢ 1 r t
Consequence Sufficient Indifferent Single Utility

Summary Summaxy Summary Index
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We may choose not to get the full indifference map. Indeed, all we
want to get is the point (x;, v*) which is indifferent (subjectively) to
the point (xi, yi). A judicious choice of y* will often help these
subjective indifference assessments. Sometimes it is easiest to choose
¥* as the minimum or maximum of the yi's;.other times the y* may be
chosen as some naturzl focal point near the median of the yi's.

Of course, we could have chosen an x* instead of y* and scaled
(xi, yi) into (x*, y;). One must be imaginative in choosing the most
convenient reduction procedure. In some circumstances, for example, it
may be natural to expect y to be approximately a multiple 7 of x. In

this case we might choose to scale (xi, yi) in terms of (x;, 7x;).
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Figure 5

Example: (a) Consider once again the case where x and ¥y are re-
spectively cash flows in two successive periods. We might have in mind
re-investing all of x into another project which will produce an amount
Ay = h(x). It may be that for small x all we can get is (1 + i)x where
i is a standard lending rate but for larger x we have a very profitable
investment in mind; for still larger x's we have other investments in
mind that are not 56 very profitable, and so on. The function h(.) might
be as depicted in Figure 6. In this case we get that (x, y) is indifferent

to [0, ¥ + n(x)]1.
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. Figure 6

(b) Let x5 and ¥; represent respectively consumption in periods
1 and 2. Let "base states" of consumption be CI and Cg in pericds 1
and 2. Let the decision maker decide on a value Ny, say, such that
(xi, yi) is iﬁdifferent to (niCi, niCE). The decision maker may find
it convenient to assess g for each i and then to place a utility func-

tion over the n-numeraire.

4.3. A Generalization of Variable Substitution

The technique described in this section can be easily and most help-
fully generalized. Fér example, a firm may be primarily interested in
profitability, but there may be a host of other considerations which, more
or less, may have to be considered, such as: orderly labor relations,
public image to stockholders and to peer groups, share of the market,
non-monetary selfish interests of the management elite, and so forth.

It might be possible to choose a "base state", y*, which describes a

"typical" profile of these other second-order characteristics. Now we
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can think of consequence Ci as giving rise to an evaluation (xi, xi)
where X5 is a prose description of everything but non-monetary direct
profits. The trick of thé game is now to find that value x; such that
(xi, xi) is indifferent toi(x;, y*). If ¥; is less desirable than ¥*
then we are asking, "considering_you are at (xi, x&), how much would

you just be willing to change %, in order to go from ¥, to the "base
state" x*?" I hope you don’'t infer from this that I believe this ques-
?ion should be answered by a snap judgment. It may take considergble
soul searching and the analysis might involve a good deal of data gather-
ing and number pushing. However, once we scale (xi, x&) in terms of (x;, x;)
we can proceed as before to transform x; into utility units -- keeping in
mind that all second-order considerations have been adjusted to base
state, y*.

4.4, General Remarks

a. There is a general procedure, called lexicographical ordering,
that is somewhat similar to the procedure discussed above, and goes as
follows: Suppose that a DM must make a paired comparison between (xl, yi)
énd (XZ’ yé), where the first attribute is considered much more importaﬁt
than the second; it is suggested that he first compare the x-component:
if x; > x,, then the pair (xl, yl) is deemed better than (xz, yz) --
written (xl, yl) > (xz, yz); if x;, > x,, then (xz, yz) - (xl, yl); if
X T X% then and only then does the y-compcnent become operative and the
ranking is determined by y, versus y,. In other words, the less important
component gets into the act only if there are ties in the more important

component. The lexicographical procedure isy "objective” in the sense that
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it does not require subjective substitution rates, but, in my opinion, the
quest for objectivity in these circumstances is most often inappropriate
since the problem simply demands subjective evaluations.

b. Another common procedure sets up an aspiration—i;vel for the
y-component, say y¥, and ranks (xi, yi) pairs according to the magnitude
of the x-component provided that ¥y > y*. Let the maximmm of the xi's,
subject to the condition that ¥; 2 ¥*, be M%(y*). By examining how Mk
behaves as y* is varied, the analyst can subjectively choose an appro-
priate value for y*. This technique has some desirable properties in
choice amongst certainties but it presents difficulties when probabilistic

considerations are brought into the picture, especially when the x.and

¥ components represent dependent random variables.

Se Hierarchical Structures of Attributes

S.1. Introduction

This section draws heavily on the papers by Miller [14] and by Man-
heim and Hall [13]. Both papers present methods for choosing amongst
alternatives in complex problems involving many Objectively—incommensu;able
. attributes. Both papers, written quite independently of each other, stress
the hierarchical arrangements of attributes in terms of primary, secondary,
tertiary, ..., goals.

Miller's paper assigns to each complex consequence a single "worth" or
"gratile" value that is arrived at by an additive process. In contrast to
utility values, however, these Miller-values are not necessarily appropriate
numbers to manipulate in probabilistic situations (e.g., to use in expected

value operations).
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The Manheim-Hall paper rejects the utility approach as being too
unworkable and the paper merély attempts to sketch out the so-called
goal-fabric of the problem in qualitative terms. In some circumstances
.this qualitative analysis taken together with ordinal preferences is all
that is necessary to choose a best action. But a lot depends on lucky

dominance arguments.

5.2. Goals, Specifications, Means, and Ends

We follow Manheim-Hall [13]. As an example in their paper they use a
choice between transportation modes for the Northeast Corridor: the
development of a high-speed rail transportation versus the VTOL (vertical
take-off and landing) aircraft system. Their super-goal is "The Good Life"
and as a means to that end they suggest four sub-goals: Convenience, Safety,
Aesthetics, and Economics. Since these subgoals are rather vague,.they are

clarified by introduction of various specifications and sub-specifications.

For example, Aesthetics is broken down into Users and Non-Users; and the User
category is further broken down into Comfort, Noise, Visual. Figure 7 exhibits
a slightly modified version of a figure in the Manheim-Hall paper.

As you notice in Figure 7, Manheim and Hall refer to "value-wise”
dependent and independent categories. This dichotomy will play a central role
in the seqguel and gradually our definition of these concepts will be sharpened
as our analytical demands for preciseness become more imperative. For the time
being we quote from Manheim and Hall:

"alue-wise dependent goals are those that can be

evaluated only in conjunction with other goals. An exam-

ple of this could be in 'safety': if fatalities are very

low, we may be willing toc accept more injuries than we

would if fatalities were higher. Value-wise independent

goals, on the other hand, can be evaluated on their own
without regard to any other goals."
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In explicating the super-goal of The Good Life for the transportation
problem in the Northeast Corridor, the authors, by means of the specifi-
cation and means-ends processes, characterize a plan in terms of twenty

predictable goals or what I call "attributes”. They are listed in Table 1.

TABLE 1

»

Travel times (door to door)

X, ¢ Probability of delay

X5 ¢ Out-of-pocket cost (door to door)
x, ¢ Fatalities

xg ¢ Non-fatal injuries

Xg ¢ Property damage

X User comfort

Xg ! User noise

Xq : User visuzl

: Non-us visual
X0 user ua,
xli: Non-user noise

xlz: Terminal construction cost

xlS: Vehicle construction cost
xl4: Guideway construction cost
Xy5° Terminal operating cost

gt Vehicles operating cost
X,,¢ Guideway operating cost
Regional growth patterns
X.o° Regional growth rate

XZO: Sociceconomic classes affected
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There is a real substaniive question that I would like to duck even
though it is of major importance; that is: Are these 20 gttributes a
sufficiently rich and meaningful set of descriptors to capture the es-
sence of the problem area?

- Now in making a paired comparison between one mode of rail trans-
portation (R) and VIOL (V), the authors suggest that the decision maker
should rank the alternatives R and V with regard to each of the 20 attri-
butes, and then they display these preferences in a tree-like diagram;
‘see Figure 8.

From here on the authors are a bit vague about where to go next. Of
course, if R is better than V for all twenty attributes, then by dominance
the choice is easy. If, however, on some attributes R is better and on
others V is better, then there is ; tug-of-war and somehow the decision
maker must subjectively commensurate these objectively incommensurable
attributes. The authors prefer not to push the'formalism this far. They
essentially end up saying that once the goal fabric is illustrated as in
Figure 8, the decisidn maker must synthesize the information ih his own
mind and come up with a recommendation. In this paper I would like to
start the analysis in the spirit of Manheim and Hall but I would prefer to
push the formal apparatus much further than they do.

Let me now summarize this section by drawing together those suggestions
made by Manheim and Hall that will fit in with the scheme I have in mind.
In a given problem @omain, the attributes describing a consequence are not
given a priori to the analyst but they have to be created. I find the

Manheim-Hall approach of looking at the hierarchy of goals, of specifications
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of goals, and of means-ends relationships a desirable first step. In-
cidentally, the Miller paper [14] proceeds the same way initially. By
means of this procedure the analyst constructs a set of attributes

(xl, Xy eees xr), which can be thought of as descriptors that can
éffectively elaborate a given consequence or outcome. Thus for any
consequence C the analyst can associate the r-tuple of evaluations
[xl(C), ceey xr(C)], where xi(C) is a scaled value of C on the ith
attribute. In some circumstances xi(C) may be a physical quantity like
a travel time in minutes or an out-of-pocket cost in dollars; in other
circumstances‘xi(C) my be a subjectively scaled value, like the subjective
impression of comfort of a ride on a S-point scale going from poor to
excellent. It is not really critical at this point that xi(C) be given
in numerical terms although for later manipulations it will be helpful
ir xi(C) gives a simple, clear evaluation of C on the ith attribute.

The rest of the paper will be concerned with what we can do with
these r-tuples once we have theﬁ. However, insofar as the elaboration of
a goal fabric is not unique, the analyst would be well-advised to choose
a goal fabric to help facilitate subsequent analyses. But we cannot talk
about this until we first discuss these possible subsequent evaluations.

5.3. Conditional Preferences

Let's simplify our notation a bit. Instead of writing [xl(C), x,(C),
ceey xr(C)] for the evaluation of a generic consequence C, we shall suppress
the C and let the generic evaluation be x = [x,, Xps oo xr], which we
shall identify with a point in r-space. If we want to talk about several

of these points, we shall use superscripts: 5(1), 5(2),

ees, Or simply super
primes x', x", «... Our task is therefore to define -- or better yet to

"create" -- a utility function, u, defined over points in r-space.
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Let I designate the index set {1, 2, «.., T} and let Y be a sub-
set of I. To keep a simple example in mind as we go along, let r = 5
and Y = {1, 2, 4} so that the complement of Y, written i, would be
Y = {3, 5}. Now for any consequence C we might be concerned primarily
with those attributes in Y and only secondarily with those attributes
inY. or alternatively we might want to decompose the set of attributes
into those in Y and those in Y according to a natural goal. fabric. 1If
X is a generic point we shall decompose x by considering those compo-
nents of x corresponding to attributes in Y and those in Y. For nota-
tional convenience we shall designate Y by Z. 1In order to avoid too
many subscripts and superscripts we shall let y represent components of
x corresponding to Y and z components of x corresponding to Y or z.

Thus, in our illustrative example where Y = {1, 2, 4} and Z = {3, 5],
¥y = {x 3 xz, x4} and z = {xs, x5} H

we shall also write: x=(y, 2).
Often we want to compare different y's when z is held fixed at some

value _qo say. If, for example,

x' = (x' 23 and x" = (y", 27

and if x' is preferred to x" (i.e., if x' » x"), then we will say y' is

conditionally preferred to y" given z°. As another example suppose x',

x" are as above, x* = (y¥, zo) , and x* is indifferent to a lottery which

vields x' and x" with equal probability, i.e.,
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In this case we shall say that y* is conditionally indifferent to a

50-50 chance at y' and y" given z°.

5.4. Utility Independence and Decomposition
Let ue continue with the notation of the preceeding section. We
shall be concerned in this section with the important case in which con-
ditional preferences for y-components do not depend on the given g?, This
*

can be formalized in terms of a weak and a strong form:

Definition 1. Weak Conditional Utility Independence. The subset Y is

weakly conditionally utility independent (wcui) of Z if and only
if; (for all y', y", 2°, z*)

(x5 27) » ("% 22) = (g 20 = " 2') ;
i.e., if conditional (ordinal) preferences on y-components do

not depend on the given value of the common z-component.

Definition 2. Strong Conditional Utility Independence. The subset Y is

strongly conditionally utility independent (scui) of Z if and

*
.We use the symbol x' > x" to denote x' is strictly preferred to x", the

symbol x' » x to denote x' is preferred or indifferent to x , and the
symbol x' ~ x" to denote x' is indifferent to x".
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only if the following holds: Let lotteries ' and 4" have
consequences of the form (y, z°) where the second component
is identical for all consequences. Then preferences for g'
versus " do not change if the common value z° is changed to

z' (for any z° and z').

We shall often use a loose interpretation of the above and say that

the y component is wcui (or scui) the z component and abbre&iate this as:
Y weui Z (or Y scui Z).

If weak conditional utility independence holds, (Y wcui Z) we can
legitimately talk about ordinal preferences for y's without specifying any
z. And furthermore, we can attempt to work systematically on simplifying
the y component. If Y weui Z and if y = (yi, Yé): then we can legitimately
talk aﬁout tradeoffs and substitution rates between components vy and ¥
withoutAbringing z's into the picture. For ekample, suppose a professor has
an offer of two academic Jobs. He might consider the tradeoffs Between
teéching hours and quality of students without having to worry at the
same time about the quality of nursery schools for his young daughter.

[But even here, in some circumstances, wegk independence-may be destroyed
if a shorter teaching load enables the professor to earn more money by
consulting and thereby to afford é better nursery school for his daughter. ]

The wecul and scui relationships are directional: we could have Y wcui

Z but not Z weui Y. For example, for y', y", z', z" we might have
———— 2> b4

t

(¥y', z")» (¥y", 2") and (y', 2") » (y", 2") ,

(icesy y' > y" for z' and z") but
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(v' 2') » (y', 2") and (y", z") » (y", z") ,

(ivee, 2" » 2" for y' but 2" » 2' for ¥"). To be a bit more concrete
suppose the DM (a salesman) is evaluating job offers and he analyzes
each potential consequence in terms of a large number of attributes
(xl, Xos eees xr). Let y denote the first component %y which gives his.
monetary reward (salary plus commissions) and let z denote all other
components. His ordinal preferences for different z's might very well
depend on his fiqancial level so that he can not assert that Z wecui Y.
But regardless of the determination of z he would prefer more y to less y.
In other words, Y Eggi Z. However, the salesman's attitude towards risky
monetary gambles may depend on z so that for him, although he agrees that
Y weui Z, he may not assert that Y scui Z. Of course, the relation scui
implies wcui but as the above example shows the converse is not true.
There is a special case that occurs often enough in practice that it
warrants a few words. Let the first component Xy of an r-tuple (xl, Xos eeey xr)

designate a monetary payoff and assume that the following structure holds:

for any j #1 let y = (xl, xj) and z denote all components k # 1 or j; let

Y weui Z. In this case we can examine the tradeoffs between X and x.‘j
without considering z. Now we can "price-out"” xj by bringing X to zero

(or to some other base position xg, say) and by altering x, so as to maintain

1

indifference. Under the assumptions we are working with, this procedure can

27 then X5 and so on. In this

fashion we can transform all x, components, for k # 1, to a base case and

now be iterated. First price out % then x

be left with just the first component to consider when we convert r-tuples to

utilities. This situation is a special, structured case of the general
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procedure described in Section 4.3.
I mentioned before that the goal fabric, as discussed in Section S.z2,
is not unique. The analyst should, wherever possible design his attribute

space to exploit wcui and scui relationships.

5.5. Examples from Medical Treatment

In recent years several exploratory decision analyses of medical
treatment problems have been done ranging from the treatment of the
common sore throat to su;gical treatments of duodenal ulcers.* None
of these‘analyses (with the possible exception of the paper by Ginsberg
and Offensend) was meant to be definitive. In each case there were branches
of the decision tree that were not included because they would only have
complicated matters and not have contributed to an understanding of the
methodological issues involved in this approach. The probability
aésignments at chance nodes were only roughly assessed, and these numbers
were not meant to be taken very seriously. In exploratory, pilot studies
of this kind, however, these inadequacies are not serious stumbling blocks;
more comprehensive trees could easily be drawn that would capture the essence

of the problem, and a panel of experts could be convened to study published

*

Dr. J. Polissar, after receiving his M.D. degree, continued working for a
Ph.D. degree in Operations Research at Harvard. As part of a course he
wrote a term paper on the "Treatment of the Common Sore Throat," Ronald
Rubel, a doctoral student of mine at the Harvard Business School, considerably
amplified Polissar's treatment and completed a thesis on "Decision Analysis
in Medical Diagnosis and Treatment.' Rubel worked on the problem of renal
hypertension as well. Mr. Lewinnek, a senior medical student at Harvard,
delivered a paper at the Boylston Society on the surgical treatment of
duodenal ulcers and asymptomatic gall-stones. . Dr. R. Greenes, another M.D.
who is studying for his Ph.D., wrote a paper for me on "Diagnosis and Treat-
ment -of a Gastric Ulcer." Another paper in the same genre is by Ginsberg

and Offensend, "An Application of Decision Theory to a Medical Diagnosis-
Treatment Problem, P-3786, The RAND Corporation, 1968.




-30-

statistical results and assess responsible probabilities at chance moves.
In each case the weakest link in the chain of the analysis was the treatment
of the utility structure. I would now like to look at this problem more
closely.
| A typical consequence at the end of a branch of the tree in any
ome of these studies might be effectively summarized By a T=tuple
(xl, Xy ees x7), where
X, = amount of money spent for treatment, drugs, etc.

mumber of days in bed with a High index of uncomfortableness.

o

]
]

3 number of days in bed with a Medium index of uncomfortableness.

number of ddys in bed with a Low index of uncomfortableness.

x4=
1., . . occurs
Xz = {O ;f complication A does not occur °
_ . ; . occurs
Xg = {O if complication B does not oceur °
1. . R ocecurs
X, = {O if complication C does not oceur °

In thé sore throat case complication A might be "death by shock"
because of a penicillin injection reaction, B might be rheumatic fever,
C might be glomerulonephritis (a xgngserious kidney disorder). The
task is to assess a utility function over the 7-tuple x = (xl, cees x7).
It will simplify the presentation if we put all the awesome com-
Plications at the end of the tree. Thus let us group together all points
with a common (xl, %55 Xz x4) history; these points are (xl, X5 Xz Xy,
0, 0, 0), (xl, X55 Xz3 X4 1, O, 0), (xl, Xye Xg5 X4 0, 1, 0), and
(xl, X5s Xzy X5 0, 0, 1). We are assuming that double or triple com-
Plications are ruled out. These can be displayed on terms of the Chance
move in Figure 9. At the node marked Z in this figure, we could summarize

the entire Chance move by the generalized 7-tuple
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(xl’ x'Z" x3’ x4: PA’ PB’ PC)

where p,, py, and p, are respectively the conditional probabilities of
the awesome complications A, B, and C at that particular branch of the
tree.

.It is reasonable to assume the following:

1) The trade-offs between x, Xy, X,y and x, (i.e., ordinal
preferences amongst the first form components) do not depend on the
particular values of PA’ pB, and pc. .

" 2) The trade-offs between p,, Py, and p, do not depend on the
particular ﬁaiues of X5 Xy Xg and X,
(In other words the index sets {1, 2, 3, 4} and {5, 6, 7} are mutually

weakly conditionally utility independent.)

3)
3)

3}

3’

Figure 9




Now let us think hard about the 4-tuple (xl, Xy5 Xgs x4) and try to
summarize this 4-tuple in terms of a single numeraire -- let's say in
terms of equivalent days in bed with medium discomfort (e.g., with a
discomfort level described by 100° fever, headache, general weakness,
slight nausea, little specific pain). We could go through the following

three successive reductions:

(xl’ xz, xs, x4) - (xl, o, Xé, X4) - (xl, O, x;’ 0) - (O’ O, xg', o)n

For example, the first reduction asks: keeping Xy and X, fixed, if X, is
reduced to zero, how should Xz be changed sohthat the modified 4-tuple
is indifferent to the original 4-tuple? These successive reductions are
not easy to do, but nevertheless it is possible to think about these re-
ductions in a responsible, systematic, and meaningful way. Let us now
summarize this special 4-tuple, with three zeroes, by.means of a single
numeraire, y say -=- so that in the above special case y would be the
number x;' .

Now let us think hard about the 3-tuple (pA, Pps pC) and try to
summarize this 3-tuple in terms of a single numeraire -~ let's say in
terms of equivalent probability of death (quick and without pain) -- ugh!
Letting N represent no complications, let us assume that our preferences
go: |

A«B<gcC<xN.

The stimlus (pA, P> PC) represents the Chance move in Figure 10. Now

let us substitute for B and C equilibrating lotteries involving A and N

as reference payoffs. ASuppose that if the patient had complication B he
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would just be willing to risk a mj-chance at A to get a (x - nB)-chance

at N. Similarly for C replacing B. Meking these substitutions we get that

(> Pps P~ (By + %Py + %GPgs 05 O) -

Let us now summarize the special 3-tuple, with two zeroes, by means
of a single numeraire, z say -- so that in the above special case z would

be the number Py * TgPp * T Dg -




We have now reduced the 7-tuple (xl, cesy x7) to the pair (y, z)
vhere y is the pseudo-standardized days in bed and z is the pseudo-ef-
fective probability of complication A. Now comes the hardest part:

How can one assess a utility function on (y, z) pairs? 7

. In order to find substitution rates between y and z we are led to
consider such questions as: "How many additional days in bed would you
be willing to spend in order to reduce the probability of death from
.001 (say) to 02" Or, if the first component referred to monetary assets,
the question might be posed as: "What proportion of your presént assets
are you willing to exchange in order to reduce the probability of death
from .00L (say) to 02"

I would like to defer analysis of these complicaéed questions to
Section 8, since I shall need to develop some basic concepts first. 3But
before turning to other matters perhaps you are wondering about who is
supposed to be the decision maker in these medical problems. Is it the
doctor or the patient? I would think that in most situations the de-
cision maker is the doctor but ideally'he should be responsive to the
fundamental preferences of his patient. Now I certainly don't have in
mind asking a miserable, feverish, apprehensive patient who has a severely
inflamed sore throat whether he would rather be ill for an extra couple
of days in order to reduce the chance of nephritis from .007 to .0086.
That.would be silly indeed. However, it might not be unreasonable for
medical researchers to investigate how a sample of individuals might feel
about certain critical tradeoffs; Then, on the basis of these sampled

responses and on a detailed decision analysis of a given medical problem,
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these researchers might convey their qualitative findings to the general
practitioner by means of articles, lectures, textbooks, and so forth.

6. Additive Representations

6.1. Acknowledements

The material in this section draws heavily on the work of Miller [14]
and Fishburn [2, 3, 4, 5, 6].

6.2 Case of Two Summands

Suppose, as we did previously, we let {Y, Z} be a partition of the
set of attributes, and let x = (y, z). Supéose Yx < ¥ for any z and
zx < z for any y. Suppose that the DM wishes to assess a utility func-
tion u on x-space, and that he is willing to adopt the following

Marginality Assumption: For any Yy, z, he feels indifferent between

the following two lotteries:

1 (XJ E) (X’ Z,*)
2 - 1
2
and
Ll 1
2 2

(X5 Zy) (¥xs 2)

Note that in each lottery he has a 50-50 chance between y and yx and
between z and zx . Or stated somewhat differently, note that each lottery
has the same marginal probability distribution for y-outcomes and for

z-outcomes; the joint distributions differ, however.
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By the assumed existence of a utility function u and the Marginality

Assumption, we have

su(y, z) + %u(.‘[*: zy) = $uly, Ze) + Fulyy, 2) , (1)

where we take the liberty to write u(y, z) instead of u((y, z)) .

There is now no loss of generality in letting
ulyy, z4) =0, (2a)

and defining

uw(y) = uly, z4) (2b)

and

u(ye z) - . (2e)

u,(z)

Substituting (2a, b, ¢) into (1), we get the additive representation

u(y, z) = ugly) + uy(z) . (2a)

This result, aithough exposited differently here, is due to Fishburn.

Now let's see how we can use (2a, b, c) in obtaining measurements.
Clearly we must have u,(y,) = O and u,(z,) = 0, which sets the origins of
measurement, but still we have a scale problem. In obtaining the u, function
the decision maker can think of z, as being held fixed and by asking questions
about certainty equivalents for y-gambles he can determine uy, up to a multipli-

cative-constant. The same goes for u But we cannot be sloppy about the

e
relative scaling between Y and Z and this topic is of such crucial importance

that it warrants a speclal subsection by itself. But first let us squeeze

out some more results from the representation (2d).
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From (2d) we see that we have Y scui Z and Z scui Y. Iater on we shall

show the converse does not hold, namely: Y scui Z,Z scui Y, and the ex-

istence of* a u-function do not collectively imply the additive representations
in (2d). But still these properties can and will be exploited later on.

6.3. Generalization to More Summands

Let {Y, z} ve a partition of I =~ i,e., YU Z=Tand YN Z = ¢. Assume,

as in the previous section, that u has a representation in the form
w(y, z) = u (y) +u,(z) .

Now partition Y into the subsets S and T -- i.e., SUT =Y, SN T = ¢ --
and represent y in terms of (s, t) in the natural way. Let y, =( sS4 Ly -

Now if the DM is indifferent between the following two lotteries

N

(sy L5 24) (S5 Exs 2Zy)

N
Nj

N
o

(.-§*’ t 2y (E*) %, zy

-- again we will refer to this as a "marginality assumption" -- then using

the same proof as we did in the last subsection we get

uy(ss &) = ugls) +u(e) , (3a)

where

ug(s) = uy(s, ty) (3b)



and

un(t) = uyls,, £) - . " (3e)

Combining (24) and (3a) we get
u(s, &, z) = us(_S_) + uT(E) +uZ(_z_) » . (4)

and now the generalization should be clear. In terms of the goal fabric
discussed in Section 5.2 we could think of Y, and Z as a partition of our
super-gozl, and S and T as a partition of the goal Y. Obviously this pro-
cedure could be extended throughout a hierarchical arrangement -- provided,
or course, marginality assumptions are a.p}propria.te.

Let us now summarize by stating a more éymmetrical form of the main
theorem due to Pishburn. Let {S, S,, ..., S} be a partition of I -- i.e.,
S US, U..US =1, a.ndSiﬂSJ. = ¢ for all i £ j. Let x = (8;5 Sps ++es 5)
where 55 represents the components of x corresponding to Si. Let Y be the

union of any number of the Si's,' let Z = i’; and let x = (¥, 2) in the natural

way. If for any {Y, z} the marginality assumption holds, then we have

u(gl, cees §k) = ul(gl) + uz(ﬁz) + oeee + uk('§k) (5a)

where

u(él*, _S.Z-)(-’ b Ek*) =0 (Sb)

and

ui(E‘i) = u(_s.i*’ b Ei_l*) El’ ’§i+l*, ee Ek*) (5C)
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for i =1, 2, 4es, ko Notice that for typographical convenience I use us

instead of the more cumbersome notation uS .
i
6.4. Relative Scaling

Iet's continue with the notation of the previous subsection. Assume
that marginality assumptions hold and that u has the representation given
in (5). For each i choose a value E: such that any s, is in between s,
and 5; (ie€e, 5.4 S 5. < 5:). This involves some loss of generality but
in practice this is not a very binding assumption. In the form (5a) we
do not have the freedom (because of scaling problems) to set ui(§;) equal
to any specified value but let us set ui(§:) = 1 nevertheless and compensate
for this choice by inserting a scaling or weighting factor Ki. In other

words, let us use the representation:

where
: * % *
u(‘§l*’ Soxs e Ek*) =0, u(El: S5y eses —S'k) =1, (6b)
*
ui(gi*) = 0, and ui(Ei) =1 , (6c)

and where ui(gi) is the conditional utility function on the §i-component,
scaled in accordance with ksc). We can talk about the u, function because
of the scui property.

Before going on with a discussion of the hi's let's take a closer
look at the measurement problem involved in the determination of ui.
Imagine that all the §j's for j # i are held fixed at some specific value;

call this common value by 30 and consider x's of the form (§i, E?). We
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14 that u,( t°) = 0, u,(s., t°) = I
now normalize u, such tha U (860 £7) =0, u, _s_i,_§ = 1. Ta

i
particular value E_-i'_ and a number n' are such that the SM is indifferent

between getting (gi, EP) for certain and getting the lottery

%*
, (Ei) 20)
b8
1-n'!
(Ei*’ Eo)

*
(i.e., the lottery which yields s, with probability n' and S;% With
probability l-n' -- it a2lways being understood that the same E? represents

all components other than those in Si)’ then, by definition,

Now that we have adopted a convention for the scales of the ui's we
can turn our attention to the Ki's. A Basic Reference lLottery Ticket
which yields 5* = (§I, ceey 5;) with probability A and x, = <§l*’ ceey Ek*)
with probability 1-A will be referred to as AN=brlt. Thus a 1l-brlt is
merely 5*, a O-brlt is x,, and a 0.5-brlt gives an equal chance at ;* and x,.

Now for any subset T of the indices {1, 2, ..., K}, let X(T) be the x

*
point where the ith factor is 54 if i belongs to T and is Six if i does

not belong to T. Thus if k = 5 and T = {1, 2, 4} then
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( } x % *
x(T) = XU, 2, 4 = (85 Sp5 Sgwr Sy Sgn) ¢
*
In terms of this symbolism X(¢) = x, and X(I) = x , where I is the index

set {l, ey k}. One more definition: Let

ieT
Now prepared with this notational armory we can proceed. First,
Xi is such that X{i} is indifferent to a Ki-brlt, for i =1, 2, ees, k.

(To illustrate, let k = 5; then Ay, say, will be such that

*

1%

*
@l*) _5.2) 'S‘S*’ 54*1 ES*) ~

LN

i.e., X{2} is inaifferent to a A,-brlt.)
These k relations define the Ki's and can be used for assessment

purposes. But one must keep in mind the consistency requirements:

a. A, 20, alli.

k
b. Ei=lki =1.

From the individual Ki's we can now obtain A(T) for each subset T.
However, Jjust as in the measurement of discrete probabilities it may not

necessarily be easiest to proceed in this manner. It may be preferable

for the decision maker to think about assigning a value directly to AT)

for subsets T containing more than one element and thereby to impose a




=42

condition that the Xi's are such that

Z A= AT) .
ieT
Notice that A(T) is the equilibrating value such that X(T) is indifferent
to a AMT)-brlt.
In assigning precbagbilities to a finite set of mutually exclusive and
collectively exhaustive elementary events {El, Ez,

natural to make an assignment first to a subset of elementary events and

seey Er} it is often

then to use conditional probability considerations to further subdivide
this assigmment. We might find it helpful to prdceed in an analogous

manner in the present context. To this end suppose Tl is a subset of T.

We could then ask what portion of the weight A(T) should be assigned to Tl.

Letting X(TlIT) be the equilibrating value such that

X(T)

and substituting a A(T)-brlt for X(T), we establish the rule that

'X(Tl) = x(TllT) « AN(T), for (Tlc: T) ,

which 1s analogous to the multiplication rule of probability theory.
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How one finélly chooses to assesswtﬁé"Xi's, whether directly or
indirectly by first assigning A-values to a union of Si's and then con-
ditional A-values, depends on which procedure seems most natural in the
context of the real problem under consideration.

One final word of caution: it is not easy to interpret the xi's

* *
since they depend on the choices (§1*, 51 5 eee Syxs §k). Thus if

xl = .1 and Kz = .2 we cannot say that attributes Sz are twice as im-

portant as attributes Sl; indeed we cannot even say that attributes 82

are more important than Sl. We can say, however, that if, starting from

: *
Syxr Spxs eees §kf)’ we would rather raise Spus to 5, than

*
raise 5% to 5 » then kz > kl « More generally, if we would rather raise

*
T H - -
all the s.,'s to s.'s for all i belonging to subset T2 than for subset

the point (

T,, then K(Tz) > K(Tl). If in a loose sense S;x and §; are "close together" --
i;e., if there is not much of a difference in the bounds on the 5; component --
then the ki may be small but still the Si attribute may be mighty important.
Suppose, for example, in comparing jobs Si refers to monetary rewards and
all jobs under consideration pay almost the same amount so that Ei* and §:
are close together; then Ki may be small but this does not mean that money
is unimportant to the DM.

6.5. An Example

Let's use the example described in Section 5.2 (due to Manheim and
Hall) and whose gqualitative goal fabric is displayed in Figure 7. There
are twenty attributes that play a role in that example but as the authors

point out not all of these are what they call value-wise independent.

My aim is now to partition these twenty attributes into Si subsets that
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are value-wise independent in the Manheim-Hall sense and I shall assume
for the purpose of this illustrative example that the Si subsets obey
the marginal assumption needed for the additive representation given in

(6). To this end, we define the Si's as in Table 2.

Table 2
s, =1{1, 2}
s, = {s}

S, = {4, 5}
s, = {6}

Sg = {2}

Sg = {8}

5, = {s}

g = {10}
5, = {11)
8.0 = {12, 13, 14, 15, 16, 17}
8, = {18}
8,5 = {19}
513 = {20}

Suppose, for the sake of concreteness, that there are only a dozen
L@ (12)

’ g eesy X « We now

x's (consequences) to be evaluated:

score the jth consequence (j = 1, 2, ..., 12) on the ith attribute

(i=1, 2, «.., 20) and denote this value fo) .

5 For some i this

score will be an objective physical or engineering number, for other i
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it may be a value on some psychological scale. These entries can be
arranged as shown in Table 3. I am not sure what Menheim and Hall have

in mind for the 20th attribute, "socioeconomic¢ classes affected,” but let
us duck this problem by assuming somehow this attribute has been elaborated
ﬁy introducing various specifications and by some means or other the con-
sequences have been given an overall score on attribute # 20. TFor each

attribute i a range of scores is given on the right hand side of the table.

Table 3

Consequences Range
Attributes
1 ... J eee 12 [IWorst Best
1. Travel time (door to door) in hours || 3.5 eee 2¢7 oee 3.2 3.7 2.5
7. User comfort (lO.point scale) 6 .o 3 ee. 8 1 8.
20. Socioeconomic classes affected 4 e 9 .. O 0 10

(10 point scale)

We now can think of the column under "Worst" as the representation of xy
.and the column under "Best" as the representation of 5*.

Referring back to the goal Fabric in Figure 7 we now can combine some
of the Si's into meaningful higher order categories. This is done in

Table 4. We now can meaningfully ask qualitative questions about K(Ti)'s.




Table 4
Identification
Tl = isl’ 32} Convenience
T, = _{33’ s, Safety
T3 = {85, SG’ 87} Aesthetics: User
T4 = {SB, Sg} Aesthetics: Non-User
T ={s O} Dollar Cost for Construction, Operating,
5 1 .
and Maintenance
T6 = {sll’ Sl2’ 313} Socioeconomic Impacts

For example: '"Imagine that all evaluations are at the worst state. Would
you rather have the attributes in Tl pushed from worst to best than the

attributes in T, pushed from worst to best?" [If yes, this means
A.(Tl) >(T,).] .
"Would.you rather have the attributes in T1 U T2 U 'I‘5 pushed frém worst
to best than the attributes in T3 U T4 u T6 pushed from worst to best?"
[If yes, this means MT, UT, UT) >MT, UT, UT,) which mezns
}\(Ti UT,UT) >.5.]
Hence without asking any probabilistic questions it is possible to
get some qualitative "feel" for the k(Ti)-values. If there exists a
subset T of attributes such that X(T)~X(T), then we can infer that
AMT) = A(T) = i. And, more generally, if X(Tl) A—X(Tz), then k(Tl) = X(Tz).
In many ways the richer the set of attributes the easier it becomes to

group attributes in a way that permits the analyst to infer pfoperties of

the A-function without asking probabilistic questions. I take it that at }#

any stage of an analysis such as this, the sophisticated analyst would
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use sensitivity checks to determine whether he need probe any further.
Perhaps the crude qualitative measures already obtained suffice to resolve
the problem.

Another methodological point that needs clarification is the notion
of coﬁsistency: When questions are asked one way it might turn out that
A(Tl) > .25 say, and when asked another way X(Tl) < .25. This will happen
and when it does the DM will just have to think harder about the issues and
modify some of his evaluations in order to obtain consistency. This is
psychologically painful and time~consuming and once again this step should
be proceded by a sensitivity analysis to determine whether the indeterminacy
is worth resolving.

’Let's go on. Suppose that we ascertain that >\('1‘l u T2 U Ts) = .6,
i.e., the DM is indifferent between X(Tl U T2 U T5) and a lottery that
gives a .6 chance at the best prize 5* and a .4 chance at the worst prize x, .
Now we can ask conditional qualitative questions about X(Tl), x(Tz), x(Ts),
X(Tl ] TZ)’ K(Tl U T5), x(TZ U TS)' We could also ask probabilistic questions

as: "Find a ® value such that you are indifferent between X(Tl) and between
a lottery that gives you a 7 chance at X(Tl ur, U TS) and a (1 - n) chance

at x, (which is X(¢)). Suppose we get 7 = .3. Then we have

NI Ty U T, U L) = .3
and from these results we get

U Tz U T5) =.3x .6 =.18.

aMTy) = k_(TllTl UT, Ur) - M1y
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Once we have k(Tl), and recélling'that Sl U 32 = Tl we can obtain

A(S;) and A(S,) by asking questions that would yield x(sllrl) and

(s, | T,).
Let's look closer at the u-evaluation of 5;e Since Sl = {l, 2} and
5 = (Xi’ xg we are now concerned with the utility evaluation over points

in a two-space. Remember, we are not willing to accept a marginality
assumption between these first two attributes so a simple additive scheme
is not appropriate. We could, however, use the scheme outlined in Section
4.2 on variable substitution, which essentially reduces a two-dimensional
representation to a unidimensional representation before the conversion to
utilities is effected. Other schemes will be discussed in Section 7.

If we add the flesh and body tissue to this skeleton outline you can
(I hope!) see.how the DM would end up with a utility evaluation u(z(j)):for
any conseguence 5(3). Keep in mind that these u-values are now appropriate
for probabilistic combinations. Thus, for example, if strategy, 0, will

(1) (3)

result in x'7°, ;(2) or x with probabilities .5, .3, and .2 respectively,

then O has an expected utility of

(l)) + (2)) (3))

.5 u(x .3 u(x + .2 u(x

and this number is all that is necessary to know agbout o when it is compared
with other strategies -~ of course, under the proviso that administrative
and political considerations have been included in the x-representations

or are to be ignored altogether for the immediate purposes of the present

analysis.
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(Digression: It might be helbful at this point to mention briefly
another approach to the miltiattribute problem. Suppoée that to each
vstrategy choice, 0, of the DM there is an associated payoff (xc, yc) where
preferences are for more x and more y. Since it is not possiblé, in

géneral, to choose O to maximize x_ and Yo similtaneously, one common

(o
approach 1is to_set up some aspiration level x* and try to maximize Yo
subject to the constraint x; 2> x*. It is then appropriate to investigate
the behavior of the maximum value as a function of x*. In the case that
Xs and y, are random varisbles =-- let's use super-tilde signs to remind
us qf this == then it is meaningless to mgximize 50 subject to the con-
straint EO.Z x*. One common procedure is to chooée some high probability

level like ¥y = .95 and to maximize the expected value of ?U subject to the

condition that

*
2x )27 .

There are several obvious questions:

a. Why use expected value of §c?

. . *
b. How can one think systematically about x and y?

In order to ahswer these questions one could be a bit more sophisticated and
worry about the entire distribution of §a -- perhaps introducing a ﬁtility
function ~- and place some fancy constraint én the distribution of ic . But
observe that so far we have only considered the marginal distributions of-ia
and ¥4+ We have shown in this section, however, that if the DM is only .

concerned about these marginal distributions, then his utility function for
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(x, ¥) pairs has an additive representation,

u(x, ¥) = u(x) +u,(y) ,

which makes the remaining measurement problem reasonably tractable.

6.6 Miller's Additive Representation of Worth

The techniques discussed in Sections 6.2 to 6.5 are in spirit, but not
in detail, similar to procedures posed by Miller [14]. The main difference
is that Miller's "worth" or 'gratile" values are not meant to be utilities
in the probabilistic sense. He associates a "worth" }alue to a vector of

attribute scores in the form

T
W(xl, cesy xr) =i§l kiWi(xi) »

where the weights Xi are constrained to'be positive and to sum to unity
and where the Wi-functions are constrained to lie in the interval from

0 to 1. From my point of view these?\i weights and Wi functions in his
system lack a clear-cut interpretation and the assessments appear a bit

ad hoc. By embedding his system in a probabilistic choice context, we

have given a standard utility interpretation to the gquantities in his
system and also we have given sufficient conditions to justify the additive
representation he used.

It will be instructive to repeat here in skeleton form an examp;e
taken from Miller [14]. The context of the problem is the selection of a
job by a recent college graduate; the subject is male and uvnmarried. This
subject partitiocned his considerations into four major goals: monetary

compensation, geographical location, travel requirements, nature of work.
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Each of these in turn were subdivided and some of these subdivisions were
again subdivided. The goal fabric ié exhibited in Figure 11. Each con-
sequence 1is represenfed in terms of 15 attributes. -The A-welght for
monetary compensation is .33 and this weight is broken down into a .70
fo «30 split between immedigte and future and these in turn are split in
a manner shown in the figure.v The weight assigned to attribute 1, for

example, is

.33 x .70 x .90 = 209 .

There is a gnawing question whether these 15 attributes are indeed
"value-independent.” For example, the subject's attitude towards many
aspects of geographical location might depend on his monetary compensation:b
Also one might wonder whether sex should get into the act. I am serious.
One subject that I worked with in a similar analysis was primarily con-
cerned with his chances of finding a suitable wife. I mention this Just
to point out a real concern: not only do we have to worry about value-
independence of attributes but completeness of the set of attributes. Do
they cover all the important issues? Miller talks about these questions
and it would be inappropriate for me to paraphrase his extensive remarks.

Miller suggests that the DM should decompose each goal (a facet of
his concern) into subgoals and these subgoals into "subsubgo;ls" until a
level of detail is reached where objective, physical measurements can be
associated with each attribute. For example, geographical location is

broken down in his illustration to: proximity to relatives, degree of urbanity,

and climate. Now when the DM thinks about "proximity to relatives", for




11

Figure
TOTAL WORTH

(.17)

(.17)

(.33)

(.23)

-52-

-2 |
(.20) 1 —
Mgmnt. Training > 3 9 Direct Worth Estirate
j - N
(.60) (.30) 'm —
Continwin:;_ |Vuricty 18 &% Direct VWorth Estimate
i
o (.50) .
é.»g ] Technical Content 13 "2 Direct Uorth Estimnte
2., i A
°
(.40) b~ .
DIimedinte ) # Mos. Trainina
.
. |
(.860) i
Trip Length § A Max. Trip Length
1 -l
(.80) .~
Long Trius l
B (.40) 1
o g Proportion Time Away § § % Time avay/yr.
3 - <
& !
ot
& (.20) |
Daily Commuting 18 = # Hrs/yr. l-way travel
1
(.20) | %
Clipate $ 3 g Pirect Worth Teijwmate
!
(.40) i
Degree of Urbanity Q@ _. SHA Population
~ 1S =
3 o |
O
%-;: (.40) | o
L Proximity to Relatives ' X 3T 1l-way jet flight iime
g9 =
S |
(.33)
10-Yr. Increase 1w Loc. Adj. 2.T. Dollars
S n
(.30) R
Future t
(.65) |
3=Yr. Increase $ .~ Loc. Adj. A.T, Tcllars
e =
) (.40) ‘
£S5 Retirement | & - Loc. Adi. 4.7. Dellars
+ 0 . —
° & (.10) |
Sg Fringe
S (.70) (.60) .
Immediate Insurance (5« < Loc. Adj. A.T. Dollars
{.90) !
Start Salary |§ = loc. Adj. A.'P. Tollars




-53-

example, he might keep in mind the one-way jet time of the flight. But

why stop there? He could also keep in mind comfort, cost of travel, con-
venience of schedﬁles and so on. Hbﬁ far should this decomposition go?

In all questions of this kind there is mo-simple answer. It depends oﬁ the
Personalities involved, the character and importance of the problem, the
need of the DM to defend his actions, the availébility of expert advice in
some given facet of the problem, and so on. Also one can elect to decompose
the problem down to a very fine partition of detail in Qualitative terms but
introduce guantitive evaluations only at a much broader level of aggregation.
As an extreme case of this, one might choose to elaborate the detailed goal
fabric of a problem, but refuse to assign utility numbers at any level of
disaggregation below the super-goal of "the good life."

6.7 Use of a Classical, Additive-Utility Theorem

Economists of old, say way back in the 19th century, often based
thecretical arguments on gtility functions which were additive over the
components of commodity bundles. For example, if commodity bundle #1
contained xi ﬁnits of commodity i and bundle #2 contained x; units of
commodity i, for i = 1, ..., r, and if a consumer chose bundle #1 rather
than #2 then it would be asserted, "Bundle #1 is preferred to bundle #2
by the consumer because it has a higher utility index for him." They talked
about "utility" as being a latent, underlying, psychological concept -=-

a sort of tickling of the synapses of the brain cells -- and it was because
bundle #1 had a higher utility than #2 that it was chosen. Utility was
treated as a cardinal concept and going from a utility of 5 to 10 was said

to be equivalent to going from a utility of 10 to 1S. Much of this traditional

economic theory faded in importance when Pareto established that ordinal
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(and not cardinal) utilities were adequate for most of the then existing
economic theory. Be that as it may, I am interested now in examining a
special case of clﬁssical (non-probabilistic) utility theory and seeing if
it can be exploited for our DPresent purposes.

A utility function V, defined on r-tuples, is a bona fide representation
of the true tastes of the decision maker if r-tuple (x}, ..., x;) is preferred

1

or indifferent to(x{, ceey x;) when and only when

Vi, weey x0) 2 V(xy,y eny x2)

In this classical sense, there is no requirement that the expected utility

nﬁmber be an appropriate index to maximize in probabilistic choice situations.
In order not to lose sight of the point that the index V is not a

Probabilistic utility index (i.e., the expected value of V is not a guide

to action); I chose to use the symbol V rather than U and henceforth I

will refer to V as a "value" function.

A value function V defined on x will be said to have an additive

representation if there are real-valued functions Vis e V. each defined

on a single variable such that

r
V(xl, cee, xr) = Ei=l vi(xi) .

In this secticn we shall discuss necessary and sufficient conditions for a

value function to be additive and how such a function V can be used in

analyzing choice problems with Pprobabilistic outcomes.
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Consider any r-tuple (xl, Xos enes ﬁr); suppose we hold fixed all
components other than i and j, and ask the question: If we change x4 to
xi, how much must we change xj by so that the modified r-tuple is indifférent
to the original r-tuple? This question involves substitution rates be-
tween components i and J, holding all other components fixed. In general;
the substitution rates between i and j will depend on some of the com-
ponents X for ¥ # 1 or j. But notice that when V is additive, the

substitution rate between i and j does not depend on any of the values

of comoonents other than i and j. This, of course, is because in the

V-representation the summands vk(xk) for k # i or j are all held fixed.
Debreu [1] proved the profound and important result that the following
converse is true, namely:

If for all i and j the substitution rate between the ith
and jth components does not depend on the values of components
other than i and j, if r > 3, (and if some innocuous continuity
assumptiqns, which I don't wish to spell out here, hold), then there
exist functions Vi eees Vo and a bona fide value representation of
the form

r

V(xl, ceny X)) =2 (xi) .

r i=1 Vi
Debreu gave a non-constructive, topological proof of the above theorem.
More recently Luce and Tukey 110}, in an article on conjoint measurement,
gave a more constructive, algebraic proof of Debreu's proposition.

Suppose now we know that the above representation theorem is true

and that for any (xl, cony xr) it is appropriate to use the index

SRgie Tt g rakied
2 L SR e
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2§=l vi(xi) for ranking purposes. For our purposes, we-now wish to
investigate three questions:

1. How can one constructively assess the vi-functions?

2., How can one use the V-representation in probabilistic choice
situations?

3. What is the relation, if any, between the Debreu-independence
assumption (i.e., the substitution rates between X, and xj de pot depend
on values of X for k # 1 and j) and the Fishburn-marginality assumption
(i.e., in probabilistic-choice situations only the marginal distributions
of the attribute scores are of relevance)?

We will answer these questions in reverse order.

Suppose first that the Fishburn-marginality assumption is true and
that a probabilistic utility function u exists. Then, as we have seen

in Section 6.3, the u-function has an additive representation, viz:

u(xl, ceey xr) = Z§=l ui(xi) .
Now if u is appropriate for probabilistic choice then, a fortiori, it
is appropriate for non-probabilistic ranking of alternatives, and letting
vy = Uy and V = u we see that Fishburn-marginality implies Debreu-independence.
Next suppose that we start with Debreu-independence plus the existence
of a probabilistic utility function u. Does this imply Fishburn-marginality?
Can we get an additive representation for u? The answer is No. To see this,

suppose we let g be any monotone increasinz function of a real variable and

arbitrarily define
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u(x 3y ecesy Xr) =

[
@,
=
o
' 0
<
"

Now if we let u govern probabilistic choices, then none of our assumptions
are violated and clearly in this circumstance we will not, in general,
be able to express u in additive form. This demonstration indicates
that Debreﬁ-independence is a necessary but not a sufficient condition
for Fishburn-marginality. This leaves open the question of finding other
easily verifiable and interpretable conditions which would co-imply
Fishburn-marginality. This will be discussed in Section 7.

A very simple example might help at this point. Suppose the DM has
three bank accounts and has an amount of money Xs in the ith account.
Would he rather have (xi, X35 xé) or (x{, x), x'}? If all he cares about

2? 73’
is the sum, then he can choose

V(xl,-xz, XB) =X + X * X,

and Debreu-independence obviously holds. But in risky-choice situations

he can not in general find a utility function, u, such that
ulxgs %, %) = vy 00) + w,00) + uglxg)

This example, besides showing that Debreu-independence does not imply the
Fishburn-marginality assumption, also illustrates a point that is often
important in practice: when various xi's are in the same physical units -
often they should be first combined algebraically, and it may only need-

lessly complicate the analysis if one tries to convert- each Xy separately

into a value, worth, or "gratile" score.
) )
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Let us now turn to the second question posed above. Suppose that
Debreu-independence is satisfied and V has an additive representation but
u does not have additive representation. Can we use the V representation
to construct a probabilistic utility function u? A simple-minded approach,
which will turn out to be not really cperationzl, tries to assign a
utility index u to each single summary measure V in a way that would reflect
the decision maker's preferences in probabilistic choice situations.

This would require anéwéring such questions as: What value V for certain
would you exchange for a 50-50 gamble at Vl and Vz? The trouble with

this approach is that the wvalues of V are often not easily interpretable --
although this is not the case in the simple example cited in the preceding

paragraph -- and it is difficult to reflect responsibly on gambles with

abstract constructs as the prizes. We might, however, proceed as follows: Let

o o * o o
V(Xl*, 352, cvey Xr) = Va and V(Xl, xz, sy xr) = Vb °

By associating xl-values and n-values such that

(o] (e}
(xl*, xz, seey Xr)
(o] o
(Xl, Xz, veey Xr) -~

1-x (x* xo (o}
12 X cees XE

we can determine the shape of the u-function for V values between Va

and V.. In particular if x, and @ are as depicted above and if V(xl,

1
) o
Xy eees xr) =V, (say) then
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avy) = u(v) + (1 - Ouv,) .

Thus if we commit. ourselves to values for u(Va) and u(Vb) we can ask

reasonable questions to get values of u(V) for Va <V< Vs. Everything
would be lovely now if the interval from Va to Vb were sufficiently
broad to cover the V-range we might be interested in. But suppose it is
not/broad enough. We then must seek ways to extend this range. We can
proceed by holding r-1 components fixed at some other values and letting

the remaining component vary. For example, suppose we restrict our attention

t + t
to r-tuples of the form (xl, Xps Kgy eeey xr) and suppose

+ t + + ¥ ot t
V(xl, Xoxs Xz3 sees xr) =V V(xl, Xpy Xgy wees xr) =V, -
Then by considering lotteries with
(xf X, aes x+) and (xT * < ..; xf)
12 Toxr Xgr eccs Xy 12 ¥pr Xgo ccrr Xy

as the bhasic ieference consequences we can determine the shape of the
u~-curve between Vd and Ve. If the interval [Va’ Vb] does not overlap
with [Vd, Ve], there remains a problem of matching up the u-scales be-
tween these two intervals. But surely we can be ingenious enough to get
an overlap between [Vé, Vb] and [Vd’ Ve], as in Figure 12, and we could
use this overlap to straighten out the scaling problem. Still referring
to Figure 12, we thus can extend the u-evaluation from the interval

[Va’ Vb] to the interval [Va, Ve]' This might suffice for our purposes

or else we would have to carry the extension process another stage.
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Figure 12

The processes of u-evaluation over a restricted domain and its extension

to a wider domain should now be clear. There are lots of little details

that need expansion but candidly more time has been spent on these ideas

already than these ideas warrant either from a theoretical or a practical
point of view.

We turn now to question #L: If Debreu-independence is satisfied,
then how could we assess the vi—functions in order to get the additive
representation of V? Without going intc all the fine points, I will
discuss below a procedure, which is based on the algebraic proof by Luce

and Tukey [10] of the additive representation theorem.
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In order nct to get bogged down in a bunch of subscripts and super-
scripts I will confine myself to r = 3 and label the generic point in
the space by (x, ¥y, z) instead of (xl, X5 5 XS)' I will eventually label

points with subscripts such as ( 8) and this point will be

, *17.3° Y3.42 %,
siuch that

Vi{x =17.3 + 3.4 + .8 .

17.3° V3,47 z,g)

First choose a point as origin and label it (xo, Y, zo) and let
V(xo, Yy zo) =0+ 0+ 0 =0. Next take an arbitrary unit in the x-

direction and label this point (xl, Y 2 ) and let V(xl, Yoo 2 ) = 1.

(o] o

Let yl and zl be such that

(xl’ Yo? zo) ~ (xo’ Iys zo) ~ (xo’ ¥o? zl) *

Next, let X, be the x=-amount such that

(X‘Z’ Yoo z) ~ (Xl: .'Y'l: z)

that is, starting from (Xl, ¥ z) when we change the second coordinate
from yl‘to ¥y, we must éompensate by changing the first coordinate from

Xy to X5s thus defining Xoe Notice that by Debreu-independence

(x2’ Yo? zo) ~ (xl’ Y2 zo) - (xl’ Yo? Zl) *
We now proceed in an analogous manner to define Yor 255 and then Xzs ys, 225

and so forth. How about such things as x 5? Suppose we tentatively take a
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guess at x . Then using this guess we can find y 5 and z such that

S 5

(X.S, ¥y

o’ zo) ~ (xo’ Y.5? zo) ~ (Xo’ Yo? Z.S) ¢

To test whether this first approximation was reasonable, we could compare

. (x.s, Y s z) with (xi, ¥, z) .

If the left alternative is less preferred, then we would choose a more

Pleasant x-value as our candidate for x We would iterate the procedure

5.
until we would get

(x.5’ Y g z) ~ (xl’ Y2 z) ~ (Xo: Yy9. z) .

The formal justification of this step requires a continuity assumption.

Now instead of trying to assess systematically such values as X, for

k = .5, .25, and so forth, at some stage we will be forced to use the
natural order of the x-variable, plot the assessments we have made, and
interpolate in-between values by "fairing" a smooth curve through the
points previously assessed. This is done in Figure 13. We could look at
the curve in Figure 13 in either of two ways: (1) for any real number k

on the ordinate we could read off the x _-value; or (2) for any x-value,
where x is in its natural units, the corresponding ordinate is interpretable

as vl(x). Similarly we would get vz(y), v3(z) and finally

V(x, y, 2) = vl(x) + vz(y) + VS(Z) .
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Figure 13

6.8. One More Proof of the Justification of Subjective Probabilities

As g corollary to Fishburn's additivity theorem we can get yet
another justification of the introduction of subjective probabilities.
To this end imagine that there are r "states of the world": 615 Opy eees 6
and that one and only oﬂe of these states will prevail. Let the utility
evaluation of any consequence C be denoted by uj(C) if state ej turns out
to be true. Hence, not knowing at the time of decision which state is
(or wiil be) true, any consequence C has an associated r-tuple [ul(C), cees
ur(C)]. Still decisions have to be made and the DM must decide whether
he prefers one r-tuple to any other r-tuple. Let's assume our DM wants to
be consistent and wants to assign an overall utility function to these

r-tuples.
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In order to avoid fancy notation let us assume r=3, which introduces
enough complexity to indicate how the general case would go. Let us
suppress C and refer to the generic point as (ul, U, us). For each
component consider two distinct u-levels: u) and ui, u} and ug, ué and ug,
and introduce four lotteries, each of which has two possible outcomes
depending cn the outcome of a fair toss. See Table 6.1 for details.

Notice that for each lottery, if Gj is true, there is a 50-50 chance of

getting u3 or u; (for 3 =1, 2, 3). 1In this context it seems eminently

TABLE 6.1
Iottery
Toss 1 2 3 4
H (uj, wpy ug)  (ufy why wg) o (w), wy, up) o (w)s w, up)
T (u{: ug: ug) (UI, ug; ué) (u{: ué, u;) (ui’ ué, ué)

reasonable, to me at least, that the DM should be indifferent amongst the
four lotteries. But this 1s exactly the type of marginality assumption that

is needed to prove the additive representation:

= A .
U(ul, u, 93) xlUl(ul) + szz(uz) + 3U3(u3)

But since the components themselves are utilities, Us(uj) is merely uj

and we have

U(ul, u, us) = Klul + AU, + Aug .
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I would now like to show that if the uj's are properly scaled,
then the kj's can be interpreted as the DM's judgmental probabilities
of the states (i.e., of the ej's). To this end, let us hypothesize

L., W "W, which

the existence of several conseguences L., Wi, 01 Wos LS’ 3

1
are defined as follows:
a.  Let L, Ly, L, be such that the following stimuli are equally
undesirable:
(Li with occurrence of Gl) s
(12 with occurrence of 92) R

(L3 with occurrence of 63) .

Since these three stimuli are indifferent let us simply refer to any
of these by I (mnemonic for "lose').

b. et W, W

s Ws be such that the following stimuli are egually

desirable:
(Wl with occurrence of el) s
(Wé-with occurrence of 62) s

(W3 with occurrence of 93) .

Since these three stimuli are indifferent let us simply refer to any
of these by W (mnemonic for "win").

Let us scale u.'j by letting uj be O for Lj and be 1 for Wﬁ. With
this normalization the consequence (1, 1, 1) is simply W and consequence
(0, 0, 0) is simply L. Hence U(1l, 1, 1) = 1 and U(0, O, 0) = O. Now
let's look at the meaning of X\,

2
decision maker is indifferent between the stimmlus (0, 1, O) and

say. This quantity is such that the




b=

between getting a A,-chance at (1, 1, 1) -- i.ee, at W -- and a (1 - KZ)
chance at (0, 0, 0) -- i.e., at L. Hence the stimulus (0, 1, O) means

that the DM will get W if and only if 6, turns out to be true, and L

2
otherwise. But the Xz value that equilibrates the options is, by definition,
the judgmental probability that 62 will be true. A similar analysis holds

for Kl and KS.

7. Non—Additive Representations*

7.l. Quasi-Additive Representations

For the purposes of this section, think of the x point as consisting
of just two components, labelled (x, y) rather than (xl, xz); this labelling
convention will avoid the excessive use of double subscripts. The reader
should keep in mind, however, that the x and y components may themsglves
involve several components -- i.e., they may be vector quantities.

If u defined on (x, y) pairs has an additive representation, then

u(x, ¥) = uy(x) + u,ly) , (7-1)

‘and from this we see that: (1) if the second component is held fixed
at yo, then conditional (probabilistic) preferences on the x-component
do not depend on the fixed value A i.e., in terms of the notation in
Section 5.4, we have X scul Y -- (2) if the first component is held fixed
at b then conditional (probabilistic) preferences on the y-component

do not depend cn the fixed value x_ -- i.e., we have Y scui X.

o]

* The material in this section draws heavily on the research of Keeney
(8, 9, 10]. ‘
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In the sequel we shall also encounter the following representation:

u(x, y) = ux(x) + uY(y) + xux(x)uY(y) . (7—25

Now this representation also has the propérties that X scui Y and Y scui X
but if the constant A # O, then the representation is not additive. Let's.
examine closer the proposition X scui Y. Hold the second component fixed at

yo‘and consider u as a function of x. We get

u(x, 7.0 = uylx) + uy(y ) + My (e)uy(y )

= {1+ qu(yo)]uX(x) + uY(yb) .

Hence we see that if, for example, (xz, yb) is indifferent to a lottery
that gives an equal chance at (gl, yo) and (XS’ yo), this result would
still obtain if the second component were changed from Yo to any other
commoﬁ value. As far as gambles on the x-component are concerned, pro-
vided the second component is always kept at Yo (say), the terms

Ll + KuY(yo)] and uY(yo) are constants, and, as such, do not essentially
affect the choices on x-gambles.

In the remainder of this subsection I shall (1) show that if X scui Y
and Y scui X, then the representation given i£ (7-2) holds and (2) show how
Uys Uyy and A can be determined. In the next subsection we will discuss
the case where N can be taken equal to zero and therefore when an additive
representation is appropriate. After that we will discuss the case where

X scui Y holds but Y scui X dces not.
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* *
Let x be constrained to lie between x, and x and y between y, and y .

Now since X scui Y, we can define a function nx(x) such that

( *
Kx(x) X Yo)
(x, yo) is indifferent to , all Y5 (7-3)

l'ﬁx(x) (X*: yo)

i.e., (x, yo) is indifferent ‘to a nx(x)-brlt with reference consequences
* .
(%45 yb) and (x , yo). Since Y scui X, we can define a function ny(y)

such that

*
(xo) vy )
(xo, ¥) is indifferent to ' , all X5 (7-4)

1-x.(y) (x5 ¥x)

i.e., (xo, y) is indifferent to a nY(y)-brlt with reference consequences
*
(xo, Vi) and (xo, ¥ ). With these conventions we shall now prove that

u has the representation

ulx, y) = alﬂx(x) + azﬂy(y) + (1 - a; - az)ﬂx(x)ﬂy(y) (7-5a)
where

u(xe, ¥e) =0, (7-5b)

u(X*: Y*) = al » (7‘50)
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*
ulx,, ¥y ) =

[l
o

5 (7-54d)

and

]
]

u(x*, y*) . (7-5e)

[Proof: From (7-3), (7-4) and the scaling and notational conventions

of (7-5b, ¢, d, e) we have

ulx, ¥) = ay(xulx, y) + (1 - 20 Julxe, v)

x () {xg(yulx, ¥ ) + (L = ry(n)ulx’, 5,0}

+ 11 - 1 )My (Wule,, v ) + [1 - 2y ulx,, 3,0}

1]

ﬂx(x){ﬂy(y) + [1 - ﬂY(y)]al}
+[1 - nx(x)]{ﬂy(y)az}

= alnx(x) +‘a2nY(y) + [1 - a, - az]nx(x)nY(y) .

This is what we wished to show. ]

The idea of the proof follows the pictorial display in Figure 7.1.
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* *
(x,y)-'l

(X*, Y) o~

*
(x, y-x-)-' a4

(X, Y)""
(xg5 ¥ ) =
1y (y) R
(Xx.} Y)""
1-ny(y) (x5 ) = O
Fi e 7.1

Thus we see that when we have both X scul Y and Y scui X , then we
can find the (joint) utility function, u, by getting:

(1) the conditional utility function on x for given Y, == i.e., the
function Tys
(2) thé conditional utility function on y for given X, == i.e., the

function x

¥
: *
(3) the value a, such that (x , yy) for certain is indifferent to
*x x .
an a,-chance at (x , y ) and (x4, y,) otherwise;

1

*
(4) the value a, such that (x,, y ) for certain is indifferent to

2

* *
an a,-chance at (x , v ) and (x4, ¥y,) otherwise.

The representation of u in the form (7-2) or (7-5a) will be called

1" az) =0

a guasi-additive representation. If A = 0 in (7-2) or (1 - a

in (7-5a), then quasi-additivity becomes simple additivity.
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7.2. @Quasi-Additive and Additive Representations

Let 4 be a lottery that yields (x, y) pairs with given probabilities.
We can think of g as yielding a pair of random varisbles (X, ¥) which have
a joint distribution. [The tilde notation is used to denote random variables. ]

If u is of the form (7-5a), then the expected utility of lottery £ is

Bu(x, y) = a

(B (%) + azEnY(§)'+ (1 - a; - 8Bl (D)n,(F)] . (7-6)

Notice that Enx(i) and EnY(§) depend respectively on the marginal distri-
butions of X and ¥, whereas E[n (X)x (¥)] depend on the joint distribution
of X and y.

When can we assume the product term will disappear? The answer, of
coﬁrse, is when and only when ay +ta, = 1; but this does not help very
much. If, for example, the following twc lotteries are indifferent_

<, ¥ (s )

and

Wl

(xer ) 3 (xgr 7

then we get, according to our scaling and notational conventions in

(7-5b, c, 4, e),

3(1) + 2(0) = (a;)) + 3(a;)

or
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and hence

u(x, ¥) = ajn(x) + a,n (y) .

¥*
- It is not difficult to show that we do not have to use %y, Vye» ¥ ,

to test for additivity; any four values X135 X35 Y5 ¥y where the test

(x5 ) (g5 ¥;)

versus

ol
o

¥ields indifference between the lotteries will suffice -- as long as %y # X,
and y; # ¥,

But this test is a special case of the Fishburn-marginality assumption
discussed in Section 6. Recall in that section we proved that if the
marginality assumption held for x, x,, ¥, ¥, for all x, y pairs --_not Jjust
a single pair -- then the additivity representation holds and, a fortiori,
we have X scui Y and ¥ scui X. In this section we have shown that if X scui Y,
Y scul X, and if the marginality assumption holds for any particular four
components X5 X5y ¥Vps Vo (where xy % X and yi,% yé), then additivity holds.

We can look at the Marginality Assumption as follows. Suppose a lottery
£ gives you a fifty-fifty chance at x4 and X and at ¥y and Yoo Would you
pay any positive premium for the privilege of pairing up x and y values?
Would you prefer pairing x, with ¥y, oF with y2? If you would not be willing

1
to pay any positive premium, then the marginality assumption holds.
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Example 1. A manager has two separate businesses that he controls.
Let x and y be the earnings per share for the two businesses respectively.
Suppose that given yb the conditional utility functi?i ;p x is -e-klx, and
given X the conditional utility function on y is -e 2 . In this case
we have mituel scui. Now if the manager has a 50-50 chance at xp or xy.
and a 50-50 chance at y or yy (where L and H are mmemonic for "low" and
"high"” respectively), he might prefer, if he were able, to pair ¥y with
X, and pair v, with Xys SO that the Fishburn Marginality Assumption would
not hold. As a special case, the utility function might have the form

al, 3) = -e-()\lx+>\.2y) .

Example 2. A IM, upon retirement, might evaluate his post-retirement
financial preferences in terms of an annulty income x and an amount y that
he bequeaths to his survivors. He may feel that X and Y are mutually
scuil but given a 50-50 chance at X or X, and another 50-50 chance at ¥y, or
Yy he may prefer, if he were able, to pair 1, with X and pair Yy with Xy
so that the Fishburn Marginﬁlity assumption would not hold.

From the point of view of assessing utility functions the quasi-
additive form (7-5) is not much harder to work with than the additive form,
but the ensuing analysis is much harder. The quasi-additive form requires
the full joint distribution of X and ¥ and analytically we get involved
with the complex term E{ux(i)uY(ﬁ)]. Of course, if the random variables

X and ¥ are also probabilistically independent, then

Blu (R, ()] = B (%) + Buy(F)

and life is a bit simpler once again.
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7.3« Use of Certainty Eauivalents

Suppose u has the additive representation

u(x, y) = ux(x) + uY(Y) . (7-7)

wh;re uX(x) = lnx(x) and u, = azﬂY(y). Now consider the lottery £
whose outcome is the paired random variable (X, ¥). Suppose X can take
on the values x,, ceey x,, with probabilities pJ, «.., py and ¥ can take
on the values Yis eees ¥y with probabilities pi, ceey pg. Since u is
of the form (7-7) we do not have to worry about the joint distribution

of X and ¥. Now suppose X is a certainty equivalent for X -- i.e.,

m
u (%) = Buy(x) E.leiux(xi)
1=

-- and ¥ is a certainty equivalent for § -- i.e.,

~ ~ - n t
u,(y) = Bu,(¥) =j§lpjﬁy(yj) .

In this case we can say the lottery 4 with the random outcome (X, y) is
indifferent to the certain outcome (i, 3), and this holds even though
the random variables are jointly dependent in the probabilistic sense.

In other words, when the additive representation (7-7) holds it is legitimate

to replace marginal distributions by certainty equivalents and we do not have

to worry about probabilistic dependence.

Now let us investigate the case where the quasi-additive represen-

tation holds. If X and ¥ are dependent random variables, then we cannot
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say that £ is indifferent to (X, y) where % is the certainty equivalent
of x ana ; is the certainty equivalent of ;. However, if X and ¥ are
indegeﬁdent random variables, then it is true that 4 is indifferent to
the certain prospect of (;, §). To see this let the probability of

ot

. . . Z.p.. =7p!, Z. =p" .. = pip.
(xl, yj) be the le where JplJ p;, 1Pij pJ, and where pla plpJ

Now

is Pij[alﬁx(xi) + azﬂY(Yi) + (1 - a - az)ﬂx(xi)nY(yj)]

~ » - - s n
ayy(x) + ayny(y) + (1 - a) - ay) ?Pi“x(xi) ?PJ“Y(YJ)

alﬂx(i) + azﬂy(§) + (1 -2 - az)“x(;)“Y(§)

u(;:: §) >

as to be shown.

In summary: In order to use certainty equivalents X for X and § for ¥
we need both |

a) mutual utility independence (more precisely, mutual gggi), and

b) probability independence of X and ¥.
If (a) is strengthened to require additivity of u, then (b) can be dropped.

7.4. Asymmetric Forms of Utility Independence

For notational convenience let us continue with a discussion of the
case of two components x and y. Now let us suppose that we have X scui Y
but not Y scui X. When we look at x-gambles we do not have to take into

account which particular common value of y is under consideration but

when we look at y-gambles the common value of x will be important. In
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this case we can talk about a function nx(x) -- see (7-3) -~ but we cannot
define the function ﬂY(y). Knowing this, how can we build up the function
u(x, y)? If X and ¥ are independent random variables, can we make use
of X, the certainty equivalent of X?

Keeney [8] shows that given the above assumptions, u can be determined
if the following scaling conventions and assessments are made:

(1) let

* ¥*
u(X,Y)=l)

1
o
-

u(x*) Y-x-) =

*
u(x 2 y*) =al 9

I}
©

*
U.(X*, y) =

and determine ag and ag by the following indifferences:

(x*, v) (x*, y:)

*
and (x,, y ) =~

(x*; Vi) (%45 ¥y)

(2) assess a function er(x) as defined in (7-3);
(3) assess a function u(x,, y) by looking at conditional preferences

for y's under the assumption that the first component is always x,; thus if
¥*
(x*, y)

(x*} y) ~ 14

1l-p
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then p is functionally related to y by means of

u(xy, y) = pulx,, v + (1 - plulx,, Y*)

Pay ;

*
(4) assess a function u(x , y) by looking at conditional preferences

*
for y's under the assumption that the first component is always x ; thus if

*
(X’Y)
*
(x 2 y) ~ ’
l-s
*
(x5 ¥y)

then s is functionally related to y by means of

su(x*, y*) + (1 - S)u(x*, ¥x)

u(x*, y)

s+ (1 - s)az =a, + s(1 - az) .

These assessments are shown in Figure 7.2.
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Figure 7.2

The heavy lines in the figure denote conditional utility assessments
that have to be made. The heavy horizontal line can be shown at any
y-level since zrx(x) does not depend on the y-level. Now consider any

* *
point (x, y) where x, < x < x and y, <y <y . We now have

u(x, y) = th(x)u(x*, v) + [1-- :tx(x)]u(x*, y) (7-8)

and since we have assessed the functions u(x*, y) and u(x,, y), we can
determine u(x, y). |

We have essentially shown that if we have X scui Y but not Y scui X,
then it is still not hopeless to determine u. In comparison to the quasi-

additive form that required the assessment of constants a_, a5 and

1
functions s ﬂY we now need constants 815 2o and functions Ty u(x*, ¥)s

*
and u(x , y).
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Instead of assessing the two functions u(x,, y) and u(x*, y) we
could get along with only one function u(x,, ¥) say and a single indifference
curve in the (x, y)-plane provided this indifference curve ranges over all
y-values from y, to y*. Without geing into details let me sketch the
grgument. Supposé in Figure 7;3 the points on the wiggly line are all

indifferent toc each other. Two cases are considered.

{ y indifference
* A *
y =l4] - y=l4) % curve
kr_indifference
curve [3] $—— gul]
(2] t~
={5 N _ 1 N
Y* [ ] X* )‘c* rY y*_[s] ;{* X
(a) (B)
Fi e 7.3

In Case (A) we consider any (x, y) point such as the one labelled [1].
Now [1] is indifferent to some n-chance at [3] and a complementary chance
at [2], and n can be determined by the n-function. Let me write in

a sloppy fashion

ul1l] = ma[3] + (L - ~)ul2] .

But since [3] and [4] are indifferent, ul3) = ul4]. But now ul2] can
be determined from [4] and [5] using the u(x,, y)-function. Hence we

see all that is necessary is: the u(x*, y)-function with any arbitrary




scaling, the indifference curve, and the ﬁx(x)-function. If (x, y) is
a point situated as [1] in Case (B), then we must express {2] as indif-

ferent to a gamble between [1] and [3], viz

ul2]) = ul1] + (L - x)ul3]

where n comes from the Ty function. Now ul2] = u[4j and we determine
ul3] by the u(xy, y)-function.

Now let's look at the use of certainty equivalents when X scui Y
holds but Y scui X does not hold. Nothing can be done when X and ¥ are
dependent random variables. But now suppose X and § are independent
random variables and let Py = pipg as is done in Section 7.3. In this
case, suppose we let ; be the certainty equivalent of x, let §* be the
certainty equivalent of ¥ assuming x = x, and let §* be the certainty

*

equivalent of ¥ assuming X = x . Using the representation (7-8) we

get

. *
Ziiju(xi, ¥ P, 5 i’j{nx(xi)u(x*, yJ.) + (1 = my () Julx, yj)}pipg

n(Z)ulx,, Fo) + (1 - @, §) .

Hence the lottery £ that yields the random outcome (X, ¥y) is indifferent

to the simple lottery

(x*, 9*)
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8. Value of a Life

8.1. Value of YOUR Life

In Section 5.5 we considered a problem in medical diagnostics-and-
treatment and we showed how by successive reductions we could reduce
afmulti-attributed consequence of many dimensions down to a special paif
of attributes: monetary considerations, x -- or perhaps instead, 'pseudo-
effective” number of days in bed with a specified level of discomfort --
and a probability p of an awesome occurrence such as death. In that
section we deferred any consideration of the tradeoffs between x and p
to the present section.

Many of the points I wish to make in this section can be illustrated
by an ingenious example due to Richard Zeckhauser, who is delightfully
gifted in beiﬁg able to construct pithy, insightful, little brain-teasers
that laybare methodological difficulties. Imagine that our protagonist
is a mérry bachelor who has no family ties, no special welfare projects
he wishes to support, and accordingly who carries no insurance on his.life.
Through an intricate web of circumstances our protagonist finds himself as
the unlucky player in a game of Russian Roulette. There are six chambers
in a revolver and k of these chambers -- in the usual version, k = 1 --
are loaded; the rotating drum is spun in a way that each chamber has an
equal chance of being used. Hence the bachelor has a k/6 chance of meeting
his demise. We are interested in how much he should be willing to pay to
remove just one bullet from the gun before the drum is spun? In particular,
should he spend more to go from one bullet to none or from two bullets to

one bullet?
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Most pecple say he should pay more to go from one to none -- but they
have second thoughts about their snap judgments when they think about going
from six to five.

Let A denote the bachelor's asset position and let pkA be the amount
he'would be willing to spend to remove one of the k bullets from the drum.
Let's look at what happens if k = 1. By the definition of P he is indifferent
between "buying a bullet,” which would result in "life" with an asset position
of (1 - pl)A, or "not buying a bullet,"” which would result in 1/6-chance at
death and a 5/6-chance at life with an asset position A. Remember that

how much money the bachelor has after his death is of no importance to him.

A decision diagram is shown in Figure 8.1 .

Death

Dec not

Buy
bullet

[Life, (1 - pl)A]

Figure 8.1

Notice that, if for example, p, = %, then we might be tempted to say,

1
in a rather sloppy way, that the bachelor values his life at 3A since
1/6 x 3A = 2A. This is just too sloppy a jargon to be of any use, since

the "value of a life" we obtain in this fashion will depend on the prob-

abilities involved. For example, the bachelor might be willing to pay
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1/4 of his assets to remove a 1/100 chance at death and if we used the
same principle, the bachelor would value his life at 25A. This is
ridiculous.

Now let's turn to the case where k = 2. Figure 8.2 describes the

strategic situation. The quantity DZ is defined such that the two action

[Death]

[Life, A]
[Death]

bullet

[Life, (1 - p,)A] .

Fi e 8.2

alternatives in Figure 8.2 are equally desirable. We shall now prove that

consistency requires that p, > p,. Suppose the converse were true, namely:

2 1

P, < p; or equivalently (1 - 02) > (1 - pl). In this case, if in Figure 8.2
we substituted the consequence [Life, (1 - pl)A for the consequence

[Life, (1 - pz)A], certainly the "Buy Bullet" alternative should not

become more desirable. But we shall show that with this substitution
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the Modified-Buy-Bullet alternative becomes more desirable ana this
contradiction demonstrates that pz < pl is untenable. By Figure 8.1

the consequence [Life, (1 - pl)A] is just as desirable as a 1/6-chance at
Death and a 5/6-chance at [Life, A]. Making these substitutions, we get

for the Modified-Buy-Bullet path, the following:

[Death])

’%difi eq" 1
Buy-Buljey

[Death]

[Life, A]

which is reducible to a

11
or 33

1 05 1
G+%° 3

chance at Death and a complementary chance at [Life, A]. But now we have
a contradiction: assuming (1 - pl) < (1 - pz), we substituted a worse
(or at most an equally désirable) consequence in the Buy-Bullet branch of
Figure 8.2 only to show that this transaction results in.anILl/SG chance
at Death, and since the Do-Not-Buy-Bullet branch has a 12/36 chance at
Death, we see that the substitution of a worse consequence makes the

resulting lottery better not worse. The trouble is we cannot assume

(1 - pl) < (1 - pz) or that p; > py. This proves that if the bachelor

wants to be consistent, then oy > pi

to reduce the chance at his death from 2/6 to 1/6 than to reduce this chance

» which means that he should pay more

from 1/6 to O.




«85a
With the use of utility functions this same result can be proved as
follows: Let u[Death] = 0 and ul[Life, A] = 1. From Figure 8.1,

ulLife, (1 - pl)A] =-§ .

From Figure 8.2, we have

[+2[¢)]

% = = ul[life, (L - pz)A] R

and therefore

<.

ik

u[Life, (1 - pZ)A] =

ol

= ul[Life, (1 - pl)A] .

But if u is monotone increasing in assets (assuming "Life"), then this

means
(1-p)a<(1-p))A

or

as we asserted.

We leave as an exercise the assertion that consistency requires

Py < Ps < aee <’06.
Now let's see how our qualitative conclusions might change if we
modify our assumptions.
(a) If our protagonist is not a bachelor but a family man; then
the label "Death" may not be an adequate description of the outcome. He
mst worry about the financial state of his family when he contemplates

Death and this must take into account any life insurance policies he

may have.
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(b) If the trigger of the revolver is not going to be pulled to-
morrow but next year, then our analysis should not forget about his
"anxiety along the way." In this case the bachelor might quite rationally --
that's a dangerous word to use -- pay more for the reduction of p from 1/6
to O than from 2/6 to 1/6, since his enxiety during the year may, in some
psychological sense, be almost as great with a probability of 1/6 as it
would be with 2/6 and there is a world of difference between 1/6 and O.
Hence the description of consequences must include the anxiety element
since this may be of primary concern to the decision maker.

Let's return to the problem, posed in Section 5.5, where we wish to
establish a ufility function over pairs of attributes (x, p), the first
attribute x denoting income or assets and the second component p denoting
the probability of Death. First let us see what we can do if we are willing
to accept the rather sﬁrong Murginality Assumption, to wit: -if a lottery
gives a 50-50 chance at Xy or %, and a 50-50 chance at P, or p,, then there
is no incentive to match xg and Pj pairs -- i.e., the decision maker is

indifferent between the two lotteries:

(x;5 p;) (x), py)

-

' (X-Z: PZ) . (XZ’ Pl)

If this is true for all X)s %55 D5 Py (in_the range of our concern),

then, as shown in Section 6.4, we have

ulx, p) = Mu, (x) + Au(p) . (8-1)
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*
Let the range of x be x, to x and assume O < p < py. Define

*
w(xe, Dy) =0, u(x, 0) =1,

u, (xg) = uy(py) = 0, ul(x*) =u,(0) =1.

In this case Kl + kz = 1, and in principle Al is such that

(x*, 0) ("Best")

(x4, p,) ("Worst")

It is very diffiéult to think about xl using this characterization;
and somehow we will have to think of other ways to get at this qgantify.

Now let's consider the conditional utility function on p for a
given X, value. Let the chance of Death, p, depend on whether a given
event turns out to be S or F. If S, the chance at Death is Pys if F the
chance at Death is Pye See Figure 8.3. Let S and F be eqﬁally likely to
occur. In this situation it is cleaf that the entire gamble boils down
to a (pl + pz)/z chance at Death. In other words, by the very nature of the
units on p it follows that uz(p) must be linear. But all is not so simple
if one brings time into consideration. For suppose, in Figure 8.3, that

event #1 will be resolved tomorrow and event #2 will be resolved next year.

Then, starting from tomorrow on, the DM will know for the rest of the year

that he has either a p, or p, chance at Death at the year's end. To be
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Death

Life

Death

Life
Event 1 Event 2

Figure 8.3
more concrete, suppose that the DM must choose between Option A: an
outright .04 chance at Death ( a year from now), and Option B:) the composite
gamble depicted in Figure 8.3 where Pl = 0.0, Pl = .10 and the two chance
events are resolved tomorrow and next year respectively. With Option B
he has a .05 chance at Death overall but tomorrow he will know whether
P = 0.0 or .10. If he's lucky enough to get C.0, then he can avoid anxiety-
along-the-way duriné:the remeinder of the year; if he's unlucky and ends
up with p = .10, then he will suffer extreme anxiety-along-the-way but this
may not be appreciably different than what he would suffer if he chose Option
A. It might be worth it to him to choose Option B even though it might
increase his objective chance at Death. There is no way of avoiding this
bsychological factor if the timing of events introduces this complication.

In this case uz(p) will not be linear.

But suppose, to make things easy, that the resolution of event #2 in

Figure 8.3 is immediate and there is no anxiety-along-the-way. In this case
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uz(p) should be linear in p and, keeping in mind our normalization, we

have

-1 -2 -
w(p) =1-2 . (8-2)

Substituting (8-2) into (8-1) we get

u(x, p) Klui(x) + A, (1 - g*)

*o
A fu(x) = —=—p] + A
1T Xp B 2

and since a utility function is ﬁeaningful only up to a positive linear

transformation, we can express u in the form

u(x, p) = ul(x)'- op (8-3)

where p > 0. In other words, there is a constapt substitution rate between

P and x-utiles.

"

In order to use representation (8-3) we must assess the critical
parameter p. Before suggesting a way to do this, however, I would once
again like to remind you of the role of sensitivity analysis. Thus,
for example, in analyzing a choice between two lotteries involving (x, p)

pairs it may be possible to compute a breakeven p, call it p _, such that

b’
lottery 1 is preferred to lottery 2 if and only if p < pb. In this case, the
DM need only judge whether p < pb.

How zhould we think about p? If somehow we can find an (x

l’ Pl)

and an (xz, pz) pair that are indifferent in the eyes of the decision
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maker, then we would have

u(xl, pl) = u(Xz, PZ) ’

—_—

or
ul(xl) - ppl = ul(xz) - PP,
and
u, (x,) - u (x,)
oo oL ;l_p:xz . (8-4)

Hence we see that to determine a u(x, p)-function in the case where we
are willing to assume the Maréinality Assumption and where there is no
anxiéty-along-the-way, we merely have to assess a utility function for
Foney (keeping in mind some constant probability of Death), and to .find
two (x, P) pairs that are indifferent to each other. It is not necessary
to worry about the normalization of the utility function, uy .
If £ is a lottery with an uncertain payoff (X, P), and if represen-
tation (8-3) holds, then regardless of the joint probabilistic dependence

of random variables X and P we can use the certainty equivalents % and p,

where ; is such that
ul(X) = Eul(X)

and 5 is merely the expected value of 5.

It is easy to think of contexts (especially when the p-variable
swings over a wide range) where the Marginality Assumption is untenable.
However, even in this case we might still be willing to assuﬁe that X

scui P (that is, preferences for lotteries involving x's, with a common
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value of p, do not depend on this common value of b) and P scui X (that

is, preferences for lotteries involving p's, with a common value of x,

do ncot depend on this common value of x). In this situation an adaptation
of the representation in (7-5) is appropriate. In that representation

the second component was labelled y and was considered a desirable commodity,
the more the better, not like p. It might be easier in our context if we
change variables to let y =1 - p so that y is the probability of non-death.
The rest of the adaptation is straight-forward; but, unfortunately, we

mist assess the two parameters ay and s which is not easy to do. Still,
with only two paraseters, it is possible to do some systematic sensitivity
analysis.

Of the two assumptions X scui P and P scui X, I feel that the latter
is more usually tenable and most people, that I have asked, seem to agree
with me. If we assume P scui X but not X scui P, then the measurement
problem is still more complicated, but not hopeless. We would need
(according to Section 7.4) conditional utility functions on x for p =.0
and for p = py, as well as some normalizing constants.

Before going on to the next section let me add a few words about
assessing some of these normalizing constants, like p in (8-3), like a;

and a, in representation (7-5), and so on. Essentially, the decision maker

2
is asked: Starting from a given point (xl, Py

willing to give up in x to reduce Py to pé? Think about this yourself:

) how much would you be

If x, = $100,000 and p, = .005 how much would you be willing to give up

to reduce Py to 0?7 Suppose you say $90,000, so that for you

($100,000, .005) ~($10,000, .00) .
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In that case, if you had $10,000 you would be willing to take a .00S-
chance at death for a payment at $90,000. [If the numbers don't seem
appropriate for you, add some zeroes where appropriate.] It's not easy
to think of large amounts on one hand and small probabilities on the
other hand and to corroborate any assessment it would be desirable to
scrutinize this decision from different points of vie&. When this is
done, it would be naive to expect consistency'ig the answers but by
reflecting on the inconsistencies one might be able to better appreciate
the issues at stake and come up with a more reflective compromise. One
way to gain further perspectives into one's value; about the value of
life-saving is to employ a device suggested by Schelling [16] which in-
volves chaining. Consider some undesirable state, that is not quite as
bad as death, like blindness. Now ask such questions as:

(1) How much money would you be willing to give up to decrease the
chance at blindness from Pz to p4?

(2) If you were certain to become blind and if you had the opportunity
to undergo an operation which would cure you with probability (1 - =) and
kill you with probability w, how small would n have to be before you would
be Jjust willing to submit to surgery? We could now go on to insert deafness
between life-as-usual and blindness.. And so on. The trick should now be
clear. By inserting a chain of undesirable consequences between Life and
Death and by getting tradeoffs between certain consequences on one hand,
and simple lotteries involving other awesome consequences on the other hand,
we can by inference compute how we feel about giving up assets fpr decrements

of the probability of death. Or, perhaps more realistically, we can get a
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feeling for the order of magnitude for some of these constants and this

may be all that is required for some decision-making purposes.

8.2, Value of a Statistical Life

Let us now switch our orientation and think about the decision problem
facing a private or governmental agency which can spend additional amounts
of money to reduce the proportion p of deaths in a given target population
of size N. If N = 100,000 and at present p = .0005, so that 50 deaths will
result this coming year from some discernible and partially preventable
causé, should the agency spend an additional 10 million dollars to reduce
P to .0004, a saving of 10 lives? It will probably make a difference ir,
after the fact, it is possible to unambiguously ascertain which of the
fifty deaths could have been saved if the expenditures had been made. But
should this m;tter? Would the agency be better advised to contribute the
10 million dollars to a group insurance Plan, or to pay each member of the
population $100 for his own use?

There is a voluminous literature on this subject and I don't intend
to summarize this literature here. Following the lead of Sche;ling [16],
however, I would like to point out the connection of the contents of
Section 8.1 with our present problem. Returning to the problem posed above,
the agency administrator could, for example, ask each invididual in the
population how much he would be willing to forego in additional wages to save
10 lives in the bopulation -- keeping in mind, of course, that he is part of
the population. If the total amount, added over the 100,000 individuals
exceeds $10 million, then it is tempting to say that the agency would be

better advised to spend the $10 million on life-saving than on increased

wageé. But even this is not clear. A majority of the people might prefer




the added $100 and there may not be any administrative device for monetary
exchanges among the individuals. If the total amount, on the other hand,
were less than $10 million, it might still be advantageous for the agency

to spend the money on life-saving. Notwithstanding these obse;yations, it
is, I believe, still relevant to inquire: how much is it worth to the target
population? Thi; is a point that Schelling makes quite forcefully in his
paper.

There are two problems an agency administrator faces:

1. Given a budgetary awount for purposes of "life-saving" how should
he distribute it amongst different projects? Naturally if his agency's past
choices reveal that imputed tradeoffs between money and life are drastically
different in various activities, then a realignment of effort and money might
be called for. This is a problem of economic effiéiency. Often (but not
always) an analysis of this kind does not involve difficult and politically
sensitive value judgments.

2. How large an overall budget should be spent on "life-saving"? This
is a tougher éuestion and is more in line with the subject matter of this
paper. The tradeoffs between money (x) and é proportion (p) of anonymous
deaths depends, as most things, on the particular environment of the problem.
In some contexts the Marginality Assumption between x and p may be warranted;
in cthers we might not be able to go that far but we might agree that X scui P
or P scui X. In some contexts we may get further simplifications because
ul(x) or uz(p) may be linear. Let me close this section with a final word
about the linearity of uZ(P)'

Suppose that in a given occupation there is a currently experienced

proportion of .00005 of fatal accidents. To be dramatic, let us suppose an
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innovation is suggested at zero cost that might double the accident rate
with probability .3 and eliminate accidents entirely with probability .7.
With the innovation the expected proportion is .00003 and this number is

also the probability that a random invididual from the population will

suffer a fétal injury. Nevertheless, the agency administrator might

prefer the currently experienced proportion of .00005 than the uncertain
proportion with expected value of .00003. In other ﬁords the administrator's
utility function defined onlgroportions may not necessarily be linear even
though there is no question of anxiety-along-the-way for the individuals in
the target population.

9. Intertemporal Tradeoffs

9.1. Introduction

An investor has to choose between two investment plans x and y. The
stream of monetary payments and rewards he receives with x 1is (xl, Xy ooy xm),
where xi'is his return in the ith pefiod; similarly, with y he receives
(yi, Yos eeey yn). I use a different ending subscript, m for x and n for y,
to emphasize the point that the streams can be of unequal length. Should he
choose x or y? If a return in a given period is positive he may use part of
this return for consumption and part for further investment. The usual suggested
procedure 1s to discount the stream, using some standard interest rate or cost
of capital and the justification of the procedure is based on the observations:
(1) money today can be used to mke more money tomorrow, and (2) consumption
today is sweeter than consumption tomorrow. If the xi's and yj’s are uncertain
(i.e., randon variables), then .several different techniques are suggested
in practice: (1) discount the expected returns in each period, with possibly

a higher discount rate to account for uncertainty, (2) discount certainty
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‘equivalents at the certainty discount rate, (3) discount utilities at some
rate, (4) discount the various possible certainty streams that could arise
at the certainty rate, convert these present values to utilities and weight
these by the respective probabilities of the streams.

h In this section I would like to comment on these issues from the
vantage point of the results developed in this paper.

9.2. The So-Called Certainty Case

It's not so easy in practice to find a "certainty case." For example,
suppose that x results in the stream (xl, X5 X x4) say where the four x's
are fully determined and where X is the return in the ith period. We now
can engage in the'procedure of successive reductions discussed earlier in
Section 4. We could ask: If x

4 is reduced to zero, what compensating change

must be made in x, to maintain indifference? In other words, we ask for a

3
*
number Xz so that the following two streams are indifferent.
) . (s-1)
(xlf X5 Xgy Xy and (xl, X5 X o) . 9-1

*
Presumably X3 will depend on Xz and x4; but it also may depend on Xy and

*
X5e Suppose X, > 0 and (x3 - x3) > 0., We could use some of the excess
*
(x, -

3 XS) for investment in time 3 and some for consumption. Now even if

the xi's are certain, we may not be certain about the investment opportunities

at time 3. Furthermore, even if the two streams in (9-1) are indifferent

it does not follow that the decision maker would follow the same consumption
and investment choice in period 2 -- yes I mean 2. All these observations
notwithstanding, we still can ask the investor to come up with some number

*

Xz he is willing to live with, but we must recognize that this assessment might

involve consideration of external factors in the environment that are themselves

uncertain,
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*
Next we seek a number x2 such that

* *
(xy, o5 Xgy 0) and (xl, X5 0, 0)

¥*
are indifferent. We repeat once again that X, may depend on the possibly

uncertain investment opportunities available in period 2. Finally we get

*

an x, such that

1

* *
(xl’ Xos 0, 0) and (xl, 0, 0, 0)
are indifferent. By transitivity we now have indifference between

- *
(xl, X5 Xz x4) and (xl, 0, 0, 0) .

*
I will refer to X, as the present value of the certain stream (xl, Xy Kz xé).

There are soﬁe bounding relations that one should always keep in mind.
For example, if there is available a standard investment that will take any
amount A in périod 3 and convert it imto A(1 + ps) in period 4, then, as one
possible alternative, the investor might compare the streams in (9-1) with

consumption held fixed in periods 1, 2, and 3 and from this conclude that

* X

(x £

- %) > — .
3 37 =
(1 +0,)
It is my impression that businessmen zspecially dislike standard
discounting formulas, because these formulas do not sufficiently take

into account the realities of their every day existence. "Sure I would
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like a high net present value but not if it means that I won't get a
good earnings statement this year and it is also critical that the in-
crease of my earnings next year is better than my competitor's or else
I will be in trouble with my board."

In handling long streams it sometimes is expedient to compromise by
using a simple discounting procedure to discount a far-off future to a
nearby future. For example, suppose the decision maker wishes to énalyze
the stream (yi, ceey y10)5 he might decide to discount the payoffs y,; ¥,

sees V0 back to period 4 by letting

10
* ' a4
vy = 2 007y,
=4

for some discount factor p and then to treat the streams
) * .
(Yl: seaey ylo) &nd (Yl; yz’ ys) Y4’ O; 0, ey O)

as indifferént. However, he might be reluctant to use a similar dis-
counting formula to bring the entire future back to the present. He
might choose to be a bit more subtle in handling the immediate future.

9.3. _Time Resolution of Uncertainty

The points I wish to make in this section can be illustrated by a
simple example. Suppose we consider an Investment whose payoff is an
uncertain stream (il, §2’ §3) where the random variables are jointly

~

dependent as shown in Figure S.1. At time pericd 1, X, can take on the
values =5 or -Z with probabilities .7 and .3 respectively. 3By -5 we
mean that a net expenditure of five thousand (or million, if you like

to think big) dollars has occurred. Suppose now in time period 1,
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"~

X, = -5; then in time period 2 there is a «4 probability of another
loss of -4 and 2 .8 chance of O (i.e., no loss or gain). As a last
illustration, if il = -2, X, = 0, then there is a .9 chance that 23 = 2.
In this single example there are eight possible streams ranging
from (-5, -4, 2) to (-2, 8, 10) and these are listed together with their
associated probabilities. For example the stream (-5, O, 10) has a chance
of occurring equal to .7 x .6 x .5 = .21,
Suppose now that we must choose betwzen the uncertain stream
(il, iz, §3) and some other stream. We shall consider two versions
of the problem.

Stream Probability
3 —

(-5, -4, 2) .7 x..4 x .2

(-5, 0, 10) .7 X .6 X .5

("2, O,“é) ¢3 X 07 X cl

(-2, 0, 2) 3% .7 % 5

(-2, 8, 0) 3 X «3 X o5

('2’ 8, lo) e3 X «3 X o5

Total = 1.00
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Version 1. If we choose X, imagine that immediately afterwards
all uncertainties are resolved by means of some randomized device.
The device will choose the stream (-5, -4, 2) with probability .7 x .4 x .2 =‘.14,
the stream (-5, -4, 8) with probability .7 x .4 x .8 = .224, and so forth.
If the randomiz ed device turns uwp with (-5, 0, 10), then the decision maker
receives =5 in period 1, O in period 2, and 10 in period 3. In this
version of the problem all uncertainties are resolved immediately.
Version 2. If we cpoose X, then at time period 1 we learn whether
our payoff is -5 or -2. At time period Z we learn whether our payoff is
-4 or 0, (if %

1 1
words, the uncertainty is resolved over time in a Sequential manner.

= -5), or is O or 8 (if X, = -2). And so on. In other

In some case:z there might be a tremendous difference between the
two versions; in other cases the differences from a strategic point of
view may be only siight, and even though the real problem might be as
given in Version 2, it may be easier to analyze the problem by making
believe it is posed as in Versicn 1. Sometimes, however, the analyst might
inadvertently'slip into using an evaluation procedure that 1s appropriate
for Version 1 and not for Z. This is often the case where Monte Carlo
techniques are employed.\ Imagine that the probability tree for ﬁ is more
complicated: more components and more braﬁches. The analyst might sample
paths through the tree, evaluate each path as if it were a certainty, obtain
~a present-value equivalent for each path, and finally look at the empirical
sampling (Monte Carlo) distribution of these present-value equivalents.
This is fine for a Version 1 analysis but might yield misleading results

for a Version 2 analysis.
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Let us consider why these two versions are different. Suppose the
investor is perched at time period two and compares two histories:
(xl =<5, x, = 0) and (xl =-2, x, = 8). In both cases he looks forward
to %, which can result in a fifty-fifty chance at O or 10. With history
Cxl = -5, x, = 0) the investor may be in a state of deep anxiety. If
perchance is were to be zero, he might be in financial straights. Indeed
he might at time é be willing to sell his option for is for a certainty of 3
units. Whereas with history (xl =-2, x, = 8) the investor might be quite
relaxed and demand 4.§ units (say) for the uncertain ES option. With a
history of x, = -5 the investor at time period 1 may not only be apprehensive

1
about what might occur but he might take an action at that point in time

that might insure against an ensuing catastrophe. But now you might say:

vhy not bring these possible action alternatives into the formal desceription
of the problem? We might be able to; but then again this might make the
resulting problem so complicated that further analysis might bog down. When
we treat a version 2 problem with a version 1l analysis, we may lose sight of
anxiety-along-the-way and of the interaction between this particular problem
and other problems in our environment. It is possible to compensate informally
for these considerations. For example, suppose that a version 1 analysis pro-
duces by chance the certain stream (-5, 0, 10). Now in evaluating this

stream the investor might keep in mind the anxiety he would have suffered at
periods 1 and 2 and also the fact that he might have altered some external
plans at period 1. Accordingly, he might say that the certain stream of

(-5, 0, 10), keeping in mind these externalities, is equivalent (subjectively)
to the "pure" stream (-5, -2, 9) without these externalities.

An even simpler version of this problém might be of interest here.



A fair coin will be tossed: heads you will receive $l0,000 five years

from now, and tails you receive nothing. How much would you want now

for certain in lieu of this option? Well clearly it should matter to

you if the coin is tossed tomorrow (immediate resolution) or tossed five
-years from now (delayed resolution).

If the coin is tossed tomorrow, then tomorrow you will knéw whether

you will have $l0,000 available five years from now. If, for example,

you can invest $8,000 tomorrow and be sure that this will yield $10,000

in five years, then your present value of $l0,000 five years from now is
~worth at m;st $8,000 tomorrow. For the sake of argument, let us suppose

that you just as soon have $7,000 tomorrow as $10,000 five years from now.
Hence today you face a lottery that will pay out $7,000 or $0 tomorrow with
equal probabiiities. Now your certainty equivalent for this gamble might be
$3,000,'say. This could come from a direct assessment on your part, or, in
more complicated situations, be computed from your utility curve for present
assets. Alternatively, you might have asked yourself what amount certain
would you want five years from now in lieu of the gamble -- still assuming the
coin will be tossed tomorrow. You could then find your (subjective) present
value of that certain amount. I personally find the latter approach less
natuial than the former approach and if my answers to the two approaches were
to differ -- this would likely be the case -- I would feel more confident with
the former approach.
If the coin were to be tossed five years from now, then in the next

five years you will not know whether you can count on the $10,000 or not.

If you increase your consumption in anticipation of being lucky in the future,
you will have anxlety-along-the-way. If you-play it safe and you are lucky in

the end, you will have lost the opportunity of happiness-along-the-way. Keeping
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these things in mind, you might ask yoursélf what amount for certain would

w

you take five yrars from new in lieu of the gamble. This is hard to think

ébout because it invelves a present perception of a future utility. You
might, hcwever, argue somewhat as follows: "If the gamble were to be con-
ducted and payable tomorrow, I would have a certainty equivelent of $4,000.

But if everythins were delayed five years my certainty equivalent would drop
to 33,000 (payable five years from now) because of the externalities we
discussed above. Low a fﬁture payment of $3,000, keeping in mind my invesiment

opportunities and needs teday, is only worth $2,200 today, and this then is
what I weculd want in lieu of the deferrsd gamstle." .
Notice that you migat value the gemble at $3,000 under version 1

(immediate resolution) and cnly at $2,200 under version 2 (delayed resoluticn).

[T wes tarm®2d at thiz ooint to write that this means you would be willing
. A x ) i 3
t0 ray <00 te have the coin tossed tomorrow rather than five yezrs from now,

buk tkat's pot quite right. That error confuses buying and seliing prices
of uncertain contingencies.)

I think by this time it should Ee clear hcew we shouwld analﬁze an
uncertain x stream vith izmsdiate resclution (version 1). It might not be

clegr from this rambling

&

discussicn how we could analyze, at least in

principle, a stream with delayed resolatlon. Plezse refer back to Figure 9.l1.

th
fe)
(\
foN
F

i

(
m
O

° = . e - P P R P -~ < ~at - -, 11 -
W : iz & zo-called roll-bzck cr fcliinz-back rrocedurse. £

consider curselves at pericd two with a history of (x = -2, %, = 8), locking
1

forvard %o the gzovnle, 2,
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Let our present perception of our certainty equivalent for this
future gamble be 4.5; hence we can replace the payoff (8 followed
by the gamble) by the simple payoff 8 + 4.5 or 12.5. Let the certaint&

equivalent of the gamble

from the vantage point of (xl = -2, X, = 0) be .5. Hence we now can

replace the lower branch in Figure 9.1 by the reduced branch in Figure 2.2

Fi e 8.2

Now consider the gamble

from the vantage point X = -2. Suppose its certainty equivalent is 3.5.

Then we can replace the entire lower branch in Figure 8.1 by the simplified

branch:



-_—LNo=

3 1.5

The procedure should now be clear (I hopel).

One obvious difficulty with using this procedure in practice is
that it requires so many subjective assessments of certainty equivalents.
In special cases, however, it may be possible to formalize these assess-
ments by introducing utility functions. This will be the subject matter
of a future paper.

In closing let me raise the additiomal issue of '"present percep-
tion of a future utility." How can we account for changing tastes?

Let x be the summary of a typical consequence that is assigned at the
tip of a decision tree and assume that this point is reached at some
distant time period. We are now asked to evaluate x using our present
perception of our future tastes. But events not on the tree can influ;
ence these tastes. If these potential events are sufficiently impor-
tant and determinable in advance we could list these as Ql’ Q2’ ooy

Q.. say; we could then assess the conditional utility of x given Qj——

T

call it u(§|Qj)--and finally compute

r
u(x) = zj:l u(;le)P(Qj) .
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One might still feel, however, that there are other events not listed
that could enter the picture and that the utility number u(x) is really
uncertain. But still we have to act, and the problem ultimately boils
down to: If we have to make up our minds now, all things considered,
would we rather have x or y? By answering such questions we essentially
» . - K] /\

force ourselves to assess a certainty utility equivalent, u(x), for
this uncertain u(x) and this u(x) is interpreted as our utility func-
tion as of this time that is relevant for making decisions now.

This all implies the need for further work on preferences for con-
sumption streams. It also provides, if not an appropriate, at least
an essential stopping point for this first phase of a continuing re-
search undertaking. In the future, I plan to continue my research on
a series of closely related topics in this area grouped generally un-

der the following headings:

(a) preferences for multi-attributed alternatives with particular
emphasis on benefit or consumption streams,

(b) techniques for assessments of judgmental probability distribu-
tions,

(c) assessments of preferences and judgments by panels of experts,
and

(d) use of heuristics and incomplete trees to structure very com-

Plex decision problems.
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