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PREFACE

This research on the dynamic behavior of dilute-mixture composite
materials is part of continuing investigations intended to advance the
state of the art of such materials. The general objective of these in-
vestigations is to improve our understanding of the physical behavior
of composites and then to broaden their application in aerospace vehi-
cles and hardened base structures. An example of another publication
in this study area is RM-6245-PR, Inelastic Analysis of a Unidirectional
Composite Subjected to Transverse Normal Loading.

The specific purpose of this report is to present a dynamic mate-
rial model that is appropriate for describing an elastic matrix contain-
ing rigid spherical inclusions. The results of the investigation will
complement other Air Force programs in stress wave propagation in com-

posite materials.
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SUMMARY

A one-dimensional model for wave propagation in an elastic matrix
material containing rigid spherical inclusions is presented, based on
local scattering processes at each inclusion. The number of inclusions
per unit volume of matrix material is assumed to be small and distrib-
uted in a random way so that mutual interactions between inclusions
can be neglected. Coupled equations of motion for both the matrix ma-
terial and the inclusions are derived through a variational technique.
The model exhibits attenuation as well as dispersion. In the case of
each inclusion density being much greater than that of the matrix, ma-
terial constants for attenuation and wave épeed are found in terms
of matrix and inclusion properties. The theory is shown to display
the well-known fourth-power dependence of attenuation on frequency.
The results of this study indicate that for a general theory of com-
posite media, the behavior must be specified by a constitutive equa-

tion involving the velocities.
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SYMBOLS

radius of spherical inclusion

dilatational and shear speeds respectively
spherical Bessel function

ratio of dilatational to shear wave speeds
Lagrangian density

number of inclusions per unit volume
Legendre polynomial

complex wave number

dissipation function density

time

displacement of the rigid inclusion
displacement of the matrix

volume fraction of inclusions

effective elastic constant of the composite

dilatational and shear wave speeds respectively

damping constant
ratio of matrix to inclusion density

Lamé constants of the matrix

densities of matrix and inclusion respectively

half transit time = a/c
stresses
displacement potentials

frequency
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I. INTRODUCTION

The fundamental problem of any mixture theory is the determination
of the gross properties of the mixture from those of its constituents.
In this report an examination is made of the propagation of one-~dimen-
sional elastic waves in an elastic material containing rigid spherical
inclusions. The dispersion and attenuation characteristics of waves
in such a medium will be found in terms of the local scattering pro-
cesses at each inclusion.

This approach has been used with success in electromagnetic wave
propagation by introducing an equation of motion for the scatterer and

1)

coupling this motion to the field equations for the waves. In acous-
tics of gases, use is made of the scattering cross section of a single
inhomogeneity to determine the attenuation properties of a random col-
lection of scatterers.(z)
For a two-phase elastic material, the average static properties
of a matrix containing random spheroidal inclusions have been found by

(3)

Hashin. While such an "average modulus' can be used to ascertain
the low-frequency velocity of waves, this method cannoct determine the
dispersive naturec or attenuation of the waves.

The dynamics of an elastic composite of layered material or bun-

(4) They con-

dles of rods has been studied by Herrmann and Achenbach.
sidered propagation in the layered or rod direction. Although they do
obtain the dispersion relations for harmonic waves, no attenuation is
found to result. This is probably due to the pericdic nature of the
assumed layering, and the boundedness of the body in a direction normal
to the wave vector which confines all the energy. In a series of pa-

(5-7) uses wave propagation to determine effective elas-

pers, Behrens
tic constants of a periodic elastic material using the long wavelength
limit.

In this report we assume that the number of scatterers per unit
volume is small, and that they are distributed in a random way so that
mutual interactions are neglected (usually called the theory of dilute

suspensions). This is in contrast to Behrens' work where the period-

icity explicitly accounts for mutual interactions.



In recent years, microelastic theories(s) have attempted to in-
corporate local motions of structured solids by introducing extra de-
grees of freedom into the balance laws. TIn these theories, additional
constitutive constants are inserted. While these theories achieve rigor
and consistency, one cannot yet completely determine these additional

constants from the properties of the constituents.



ITI. MOTION OF A RIGID INCLUSION

The scattering of elastic compressional waves from a rigid inclu-

€)) (10)

sion in an elastic medium has been solved by Pao and Mow, and Mow.
It will be useful to summarize these results. Let the displacement in

the elastic matrix (see Fig. 1) be written as

_ ¥
E-vcp+v><g¢ae (L
An incident plane harmonic wave is assumed to be present,
Cpi[ _ cpOel(az - wt) (2)

The reflected or scattered waves are written in the form of outgoing

spherical waves,

cp(r) - e—iwt ZAnhn(ur)Pn(cos )

n=0
o (3)
W(r9 = e—iwt E B h (Br)P (cos 8)
nn n
n=0 o
where a = w/Cu, B = w/CB

Ca = compressional wave velocity in the matrix
CB = shear wave velocity in the matrix

hn(ar), hn(Br) = sgpherical Bessel functions
The coefficients An’ Bn are determined from the boundary condi-
tions on the sphere. Let U(t) be the translational displacement of

the sphere, then at r = a

U cos ©

=}
I

~U sin 6

[~
It



z
A
a (Radius)
// &
/
/
/
! ™~
/ g |
T T KL
-~ I ~
- ! ~
| | AN
| ] \
| N ! =y
| s I
\ o — |~
\
\ Py i€ 42
\ 27 7d2
\
AN Pyr Cq17 Fq
N

: /—Compressionol
wave front

BRER

Fig. 1— Geometry of a spherical inclusion



The equation of motion for the sphere is given by Pao and Mow,<9)
2 ™
o &-raB du_ Zﬂaz (t._ _cos -1, sin 8) sin 8 d8 = F (4)
23 dt2 0 T ré

The force F is calculated from the stress and displacement field in
the matrix. 1In what follows, the spherical inclusions are assumed to
be of unit radius; thus Ba = B, aa = 0. It has been shown(g) that for
harmonic motion, i.e., for

_ —iwt
U(t) = Uwe

the force F depends only on the coefficients Al’ Bl’ and Eq. (4) re-

duces to
2 gh, (B)
2 oty _on, PP g
w Uw + n[th(B)hl(a) + Zahz(a)hl(B)] A Uw =5 1 7 u, (5)
%
where

b = Bhy(BYhy () + 2ah,(a)hy (B) ~ aph,(adh,(B)

T, = a/Cu (half transit time)

and ui is the magnitude of the incident displacement field at the ori-
gin of the inclusion.

By using the expressions for the spherical Bessel functions hl

and h2, A and the bracketed term in Eq. (5) can be written more ex-
plicitly as
i(o+R)
A =-g——§——— [ozzk2 + 0i(2k + Dk - (1 + 2k2)]

B



i(o+B)

e
2,2
o

oy (VR (&) + 2ay (@)1 () = &

[-9 + 9ia(k + 1)

+ 022 + k2 + 9K) - i 7k(k + 2)]

where k = B/0 = COL/CB'

The equation of motion, Eq. (5), can then be inverted using the
inverse Fourier transform and the following assumptions about U(t) and
uI(t). We assume that derivatives of U(t) and uI(t) up to the third
order exist, except at perhaps a finite number of points, and that the
motions U(t) and uI(t) and their derivatives up to the third order are
square integrals over the entire time domain - < t < «, The convolu-
tion theorem for products of transforms then provides the key to in-
version of Eq. (5) to the time domain. The results (dots indicate time

derivatives) take the form

d_lzl = i;/: [-9U(t;) - 97 (k + 1)6(t1) - T§<2 + 12+ 9k)ii(tl)

- Tg(z W) 6, (6 - £)) dey

o[ 1 3du’ (g + 7)) dPul(ey - T)
- 3u (tl - To) + It + 5 Gl(t —'tl) dtl
T =0 1 dt

where

-1 1
G (t) =F l: 77 . 2]
(kTO) w + 1kTow(2k + 1) - (1 + 2k%)

or




with

2k + 1 2 /2

_2k+ 1 - - 3,1
c = 2kTo , Q k k + 4)

Integrating by parts we can put this equation in a more familiar

form

2 t
d U(t) (2 + k) du(tr) n(4 - k) __n _
N + 5 U(t) /: Hy (b - £))U(t,) de

dt2 kTo dt kT k2T4 - 1
(o] o
t
_3n _ 3n = eyalce -
= TZ u (t T ) + r2 Hz(t tl)u (tl TO) dtl (6)
0 (o]

The terms are related to Gl(t):

2 3
Hy (t) =% l}G(t) + 97 (k + 1) —+T (2+k2+9k)d—G-+T <z+k)kd—§]

ae? e
and

2
_ dG 2 2 d4d°G
H2(t) = —1[3G(t) + 3k'|_'0 i + k T ——dtz:l

This equation of motion for the inclusion has the form of that for a
damped oscillator with memory. It is similar, in the homogeneous terms,
to that of a mass on a viscoelastic spring.

(9)

Pao and Mow also calculated the rate of energy flow from the
inclusion due to the scattered field. A measure of the scattered field
energy flow is the scattering cross section or the area through which
an equivalent amount of incident field energy flows. They found that
for wavelengths which are long compared with the inclusion radius, the

: . . 6 4
cross section is proportional to a w .



TTT. A MODEL FOR A DILUTE ELASTIC MIXTURE

We will construct and examine a model for a dilute mixture of an
elastic matrix and a random distribution of imbedded rigid spherical
inclusions. Such a material is not uncommon. Fillers in the form of
small particles are commonly added to plastics, for example, to increase
stiffness or enhance sound absorption. Metal solutions often separate
into two phases during solidification, one of which is globular or spher-
ical (e.g.,‘spheroidized steel-~carbide spheres in a ferrite matrix).

The qualifiefs, diluté and random, allow us to assume that the
scattering of waves by one inclusion, in the presence of others, can

€D

be described by the solution of Pao and Mow, or that multiple inter-
actions between inclusions can be neglected. In near periodiec distrib-
utions of inclusions, however, even for dilute mixtures, the scattered
waves will reinforce or cancel each other in certain directions, produc-
ing effects similar to Bragg reflections in optics and corresponding
cutoff bands in the frequency spectrum. These phenomena will not be
treated here.

Our object will be to construct a model from which we can obtain
the dispersion relation and attenuation properties of harmonic longitu-
dinal waves in terms of the size of the rigid inclusions, number per
unit volume, and properties of the elastic matrix without introducing
any further constitutive constants.,

A distribution of N rigid spheres of radius a per unit volume will
occupy a‘volume‘NVo, where VO = 4n53/3 is the volume of one sphere. De-
noting the densities of the elastic matrix and the inclusions by Py and
Pys respectively, the density of the composite averaged over a region

containing a large number of particles is
Py = (1 - NV )p, + NV o,

At each point in the matrix we associate an average inclusion motion
U(xi,t), and a separate matrix motion u(xi,t). The average inclusion

motion is assumed to vary smoothly from point to point in the matrix.



We assume that the average inclusion motion at a point X, satis-
fies the equation of motion for the single inclusion problem, Eq. (6),
where the incident field uI(t) in Eq. (6) becomes the average displace-
ment of the matrix u(xi,t).

The assumption that the mixture is dilute means that the inclusion
diameter 2a is small compared with the average inclusion spacing N_1/3.
In order for the assumption of a smoothly varying matrix motion u(x,t)
to be walid, the wavelength associated with a harmonic wave should be

—1/3. This leads to the conclusion that the wave-

much larger than N
length must be large compared with the inclusion radius, i.e., a,B << 1
in Eq. (6).

Thus, returning to Eq. (5), the force on the inclusion can be

shown for a,B << 1 to be"

p.V ( 3
F(w) = - —=2 {9[U(‘”) = u(w)] (1 - ia —Zkz—+—¥>— azflU(m) + uzfzu(w)}

2 2k% + 1) KA+ 1

° (7a)

where

3
2+ ok + kZ + 18k~ (k + 2) _ 9k(k + 1)(2k + 1)

£ = 2 + 1)? %% + 1
1 2
kS + 1
3
%J, Ok + 3Kk2 + 18k2(k + ;) _ 9k(k +21)(2k + 1)
2 - k™ + 1) 2k” + 1
2%+ 1

A similar result for inclusions of a more general shape has been ob-

11

tained by Williams to order o. Inverting this expression to the

time domain, the equation of motion for the inclusion becomes

3

g’y 202K+ 1) ey gy %0, a2u

by + pyfy) 5 + 2 s \dt " ac/t T3 U - =0 £ =5
at? o (2 + 1) 2@ v 1) dt

(7b)
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The terms with factors fl’ f2 represent the added so-called ef-
fective inertia of the matrix material which moves with the inclusion.
A similar concept for the motion of a body through a fluid can be found
in hydrodynamics.

To obtain equations of motion for the composite, a variational
approach is used. We require that the variational method reproduce
an equation of ﬁotion for the inclusions similar to Eq. (7b), as well
as give an equation for the average motion of the composite material.
In this variational method, a kinetic energy density must be chosen.
This choice is not obvious if the effective inertia terms in Eq. (7b)
are retained. Hence we shall drop these terms in Eq. (7b) for the
present, under the assumption that Py << Py That is, we will con-
struct a theory which will be correct in the limit as pl/p2 -+ 0. The
more general case in which no such assumption is made will be discussed
in Section V.

The variational approach will be illustrated for the case of one
inclusion in an infinite elastic matrix. TIts equation of motion, less
the effective inertia terms, is given by

v %®1 a3 +1 (v du %1
7t 3 3 2 ("_ “"“>'+ 2,2
dt o (2k™ + 1) TO(Zk

p (U-u) =0 (8)
2 dt dt + 1)

We must construct a Lagrangian function so that Lagrange's equation

results in Eq. (8); Lagrange's equation is in the form(lz)

d 3L oL
1€ "5 = 0 (9
dt 30 ou

where

Tl is the kinetic energy per unit inclusion volume and Vl is the
potential energy per unit inclusion volume. The right-hand side of
Eq. (9) represents the nonconservative force on the inclusion. For

our problem these functions are given by
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1 =2
Ty =3 0,0
9 1 2
Vl_E (U - u)

rg(Zkz + 1)

9pl(2k3 T P
Q=5 2w
TO(Zk + 1)

In this example the matrix field motion u(t) is assumed to be a
known function. Since Q depends only on the relative velocity we can

write Q in the form

3R

1
Q=-—

oU

where
3
. 9 pl(Zk + 1) @ - ﬁ)z
1 2

To(2k2 + 1)2

R is called the dissipation function. With the above definition,

Eq. (9) takes the form

It is easily demonstrated that this equation with the above defini-
tions of Ll’ Rl results in Eq. (8).

The Lagrangian for the composite material will have the form

L= Vle + T2 - V2

where Vf is the volume fraction
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T2 is the kinetic emergy of the matrix given by

_1 _ .
Ty =30, - Vpu

2

and V2 is the stored elastic energy in the matrix with the inclusions
present.
If there were no inclusions present, V2 would have the form for

one-dimensional plane strain

2
V=3 O+ 211)(;—121) (V, = 0)

With the inclusions present there will be an added term which will be
propostional to Vf for a dilute mixture. To calculate this added
energy, we examine the stored elastic energy due to the presence of

a single inclusion in a strain field which is uniform at infinity,

(13)

o . .
du /dz = eo(constant). Following Goodier, one can find the stress
and displacement field exterior to a rigid spherical inclusion so that
the total displacement and stress fields are, respectively,

u = uO + u', T,, = T?. + 4,

- - - 13 1] 1]
where u’ and T;j are found to be linearly related to u® and e°, re-

spectively, i.e.,

¢t _ o ’ = o
u = Tl(u ), Tij T2(Tij)

The elastic energy in the system can be shown to be

E =L o.es. v el + 1.2, + 0% ) dv (10)
2 v \1i ij ij i3 ij71j ij 1ij

The increased elastic energy due to a single inclusion is represented
by the last three terms in Eq. (10). If one calls the sum of these
terms Ey, then the elastic energy in the dilute suspension approxi-

mation(3) for a composite of many inclusions is
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o\2 '
E = %—(1 - W)+ mj)<%§—) + NEl(uO)

where N is the number of inclusions per unit volume. Since El is

. s o . . .
quadratic in e, one can obtain an equivalent elastic constant Y for

the composite under uniform strain by writing

' 2
_ 1 BuO)
=3 Y(éz

where

*

<
1

* * x4
=2 + 20 =K +§U

3(1 - vy)

vl G ) Ve

~
]

~
=

15(1 = vp)
Voot T sa sy s

' * %
Vf = NVO is the volume fraction of inclusions, A and u ‘are the Lamé

*
constants, and K is the bulk modulus for the composite. Thus we have

3(3 - Svl)
Y = ()\l+2ul) 1+T4—_—5vl—)—vf

This calculation has been performed in Ref. 14. The use of a ‘static
solution to obtain Y seems a plausible assumption in view of our pre-

vious restriction on a,B << 1.

The Lagrangian and the dissipation function for the composite

thus become, respectively,

2 2

_ 1 - ouy _ 1 f3u

L =NV +500 NV0)<8t) 2 Y(Bz)
(11)

R = NVoRl
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Substituting these into Lagrange's equation for a continuum

d 3L, 4 oL L, 3R _
dt 90 dz 8(Bu) du U

0

dz/

and

d 3L _ 3L _ 3R

dt 5p 30 T a5 - 0

we obtain the equations of motion of the matrix and inclusions, re-

spectively,
2 2 2
0 u J u d'u
Pl =-V) —S=-Y—5=- vV ~—
1 f at2 BZ2 2°f atz
(12)
2
33U U du 2
——2+2C<—3?—E>+QO(U_U) =0
ot
where
3
9pl(2k + 1)
c =
2 2
2p2To(2k + 1)
90
Q2 _ 1

2 2
pZTO(Zk + 1)

We see that for these approximations, the inclusions, as a result of
their motion, place a body force on the matrix equal to -pZVfﬁ.

For very low frequency motions U = u, and the matrix motion obeys

the wave equation

2 2
o0 - v 25
ot 9z
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where
Py = pl(l\- Vf) + 0,V

which is the average density of the composite. For higher frequencies

the material is both dispersive and dissipative.
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IV. WAVE PROPAGATION AND VIBRATIONS

The study of plane wave propagation in this material becomes a
straightforward matter. One assumes
i(qz - wt
u(z,t) = u e (q wt)

(13)
U ei(qz - wt)
o

U(z,t)

The term q will be complex, i.e., q = qltiqz, the imaginary part
of which will give the coefficient of absorption for the composite

material. Thus

-q,2z i(q.2 - wt)
u(z,t) = u e 2 e 1

~q,2 iql(z - vt)
=ue e

where v is called the phase velocity, defined by

When 4, is positive and nonzero, the wave decays with positive z.
This property is called attenuation and in general depends on frequency,
as we shall show. When 4y = 0, the phase velocity v is the spatial
velocity of points of constant phase or amplitude in the wave. The
medium is said to be dispersive when v depends on frequency. Since a
pulse or pulsed sine wave has many frequencies in it, the propagation
of such a pulse will result in spreading, since each frequency component
will travel at its own phase velocity.(l)

If Eq. (13) is to represent harmonic waves in the composite medium,
it must satisfy the equations of motion, Eqs. (12). These require that
4y 9, be functions of frequency. These functions ql(w) and qz(w) are
called the dispersion relations. Substitution of Eqs. (13) into Eq.

(22) gives these relations:



-17-

.2 2 2. -9
[Y(q; + 19,07 = 07 (1 - Vu Tu - p, Vo U
and
2 2 . 2
(QO - w - 2c1w)Uo = (QO 2c1w)uo
or
0.V [92(92 - wz) + 4c2w2]
2 2 2 2 f" 00
Y(q] - q,) = w'gp, (1 - V) + (14)
1 2 1 £ 2 2,2 2 2
(Qo -0 )" + 4ew
and
P,V 2cm5
2Yq.q, = 2 £
1 (Qg - w2)2 + 4c2m2
As w -~ 0, these dispersion relations simplify to
2 Py PaV¢ o2
o (1 - Vf) + o
1
or in terms of the phase velocity, Cp = w/ql,
2.p \
cémczl—‘”——g £ (15)
°\ % °1 PaVe
o 1 - Vf + —
1
where
2 _ Y

For the attenuation



-18-

°1 (pz)z Ve kP + 1) 34
—_— TOLU

q, = —
2 05 \Pq 2C0 9

or

- N C_O‘ p_l p_z 1 4_"_(_2“1{3._"' 1) 6w ¥ (16)
92 °2¢ v \p 27 2 \c )
o o V1 o

The dependence of attenuation on the fourth power of frequency has

(15)

been reported earlier by Mason » based on an extension of the Ray-
leigh scattering formula. However, the factor of proportionality was
determined experimentally.

Writing the absorption‘coefficient 1, in the above form, we can

recognize that it is proportional to the scattering cross section ob-

tained by Pao and Mbw(g) for the case Py << P,
I
42 o C_ 2
o o

where
0,\2 4 .
_ 21" 47 3 6f w
Y = <—pl> 57 (2k” 4+ Da <—C0‘> (p2 >> pl)

Heuristically this makes sense. Tor N scatterers per unit volume, a
sine wave pulse of initial intensity Io will be reduced at the rate

dT = -NyT dz. Thus, in a distance z, the intemsity is reduced to

Since energy is proportional to (Bulaz)z, the strain should decay as

N e—Nyz/Z

|2u
oz
avg

We also calculate the damping time constant T for one-dimensional

vibrations where q is real and the frequency w is complex, i.e.,
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w=Q -1l
For the assumptions of this study
<< Q
[a]

where

o /C \4
ra‘,_z.v oy _ ¢ (qa)4
f 4
@ )
oo

For a slab of thickness L vibrating in the first mode, q = ©/L. Any
longitudinal motion will decay as e_rt, where T can be calculated from
knowledge of the thickness and material properties of the matrix, the
inclusion density, and the inclusion size.

While we expect the theoretical model described above to reflect
an actual phsycial system for low frequencies only (a/} << 1), it is
of interest to examine what the model predicts for the entire frequency
spectrum.

If the radiation damping term were not present in our model, i.e.,
¢ = 0, the dispersion relation would result in two branches (shown as
dotted lines in Fig. 2). The upper curve is referred to as an optical
branch, so-called because optical properties exhibit similar behavior,
il.e., w ~> w, when q - 0. The limiting frequency W, is called the
cutoff frequency and represents the oscillatory frequency of the spher-

ical inclusions in their elastic surroundings. 1In our model
P \
Zea e le)
¢ 1 £

(pz/pl =10, k=2, a=10  m, e, = 4.103 m/sec, (Qo/Zn)== 2.106 Hz) .
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Fig. 2—Effect of scattering or radiation damping on the dispersion
relation for material containing spherical inclusions
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In a real material, damping is present, i.e., ¢ # 0, and the two
zero damping branches merge into one as shown in Fig. 2.

The qualitative behavior of the attenuation qz(w) is also shown
for our model in Fig. 3. It attains a maximum value for a frequency
© near QO and then decreases to a constant value as w + «, i.,e.,

/2

1
_pz Vf pl(l - Vf)

c
pl l.—Vf Y

While the applicability of the model is understood to be valid
only for low frequencies, the high frequency behavior of the model
would also be expected in an actual composite with rigid spheres. As
the frequency increases, a shadow forms behind each inclusion and the
energy scattered out of the wave direction approaches a constant. The
phase velocity in this model also approaches a constant at high fre-

quencies as anticipated.

A

l«—— Low
frequency
theory

Attenuation, 9,

I Asymptote

Frequency, w

Fig. 3—Wave attenuation as a function of frequency for material
containing spherical inclusions
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V. REMARKS ON A MORE GENERAL THEORY

The results thus far are limited by the restriction that Py << Py
The key to the removal of this restriction is the low frequency limit
of the exact equation of motion which is repeated below:
32U oU Ju 2 32u
oy + 0y F) —5 + 2°2°(§E" SE) T U - w =0 fy — (D)
ot ot
Our problem has been to construct a Lagrangian density that would
reproduce this equation as well as lead to an equation of motion for
the matrix. We now suggest a method in which this may be done without

requiring that Pl << Py The Lagrangian density is defined as
L=T-E

To reproduce (7b) we posit the function

ol + LM% 4 o i

where

*
Py = (py + 3£V,

P1a = P15,V

% .
One is tempted to chose Py = pl(l - Vf). However, when U = 0 there
still might be effective inertia due to the scattering of waves. Thus

we will assume an additional effective inertia term, i.e.,
*_
op = e (b = V) + 0y £V,
This term has not been determined to date but can be obtained by inte-

grating the total kinetic energy in the vicinity of an inclusion for

U =0, as was outlined earlier.
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The dependence of the kinetic energy on the product of velocities
seems strange at first. However, as has been pointed out by Biot(ls)
in relation to theories of porous media, averaging over sums of veloc-
ities squared, i.e., (0 + ﬁ)z, will introduce such terms. Also, in con-
tinuum mechanics there seems to be a predilection for specifying the
kinetic energy by kinematic considerations alone. However, as has been
seen, the dynamics of wave scattering introduce inertia effects not ac-
counted for by the geometry and mass of the inclusions alone. This
suggests that in theories for composite materials, a constitutive equa-
tion be specified for the kinetic energy.

For the internal elastic energy, one might write

2 2
B (o) + 3@ - w0t (8] e )

In the theory presented here, only the first two terms are included.
The last two terms in 9U/8z would account for nondilute mixtures where
the presence of one inclusion affects the stress in the vicinity of
the other. Terms linear in U - u would not be expected to appear in
E, since a change of coordinate sign would change the sign of U - u
and hence the wvalue of E. .

Writing a Lagrangian and a dissipation function for the dilute

case, we have

2
142 1 %2 Lo (w1 2
L =300 + 50,07 + py 00 ~ 2Yo(az) -3 U -
R = pye(l - a)2

Substituting these into Lagrange's equation for a continuum, we ob-
tain the equations of motion for the matrix and the inclusions,
d 3L d oL 9L , 3R

dt su | dz a(au)" sa T an - O

0z
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and
d 3L _ 3L B3R _,
dt 3y 93U 50
or
2 2 2
(o] + 05 Bt‘2‘+ (05 + py5) zTg-Yoi—z—‘z‘= 0
and

2 2
% 3%y 5%y 30 Bu -~
P2t et pzc(‘a?" E)J’ Y (U-w) =0

*
We will not proceed further with these equations, since Py is un-

%
known. It seems, however, that once P1 is found, a more general theory

can be formulated according to the method presented herein.
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