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SUMMARY

Chapman and Cowling have related the coefficients of viscosity, dif-
fusion, thermal diffusion, and thermal conductivity to a set of integrals
QE(T) involving the law of force between pairs of molecules. In this
report the integral for 1 =2, n = 2 has been evaluated, assuming that

polar molecules interact according to an intermolecular potential field

of the form
E(r) = 4e[(ro /r)*? = (ro/r)® — &(ro/r)*]

where r is the separation between the molecules, £ is the maximum energy
of attraction, ro is the low velocity collision diameter, and 0 1s the
reduced‘dipole energy.

The molecular constants €, ro, and ® have been determined for several
polar molecules from existing experimental low temperature viscosity data.
Viscosities have been computed for these species over a temperature range

from 298.16° to 3000°K and at a nominal pressure of 1 atm., These values

are presented in Table 5.

)
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INTRODUCTION

Certain physical properties of gases, such as the equation of state
and the transport properties, i.e., the coefficients of viscosity, dif-
fusion, thermal diffusion, and thermal conductivity, are intimately
connected with the law of force between the individual molecules. The
general relationship between the transport properties of gases and the
intermolecular forces has been known for a long time, the basic theory
having been developed by Chapman, Enskog, and others. Chapman and
Cowling® have expressed the transport coefficients in terms of a set
of integrals which they call Q) (n). Once these integrals are evaluated
for a molecular model in which the laws of interaction are realistic, 1t
is possible to determine values of the physical properties under condi-
tions for which experimental data do not exist, e.g., at elevated tempera-
tures. This stems from the fact that the potential energy of interaction
between molecules is independent of temperature. In this paper the coef-
ficients of viscosity for several polar gases and vapors are computed
for temperatures up to 3000°K and at a nominal pressure of 1 atm.

The following expression for the energy of interaction, E(r), has
proven very satisfactory in explaining the equation of state ¥ and the
transport phenomena () (4):(%) for simple nonpolar gases:

E(r) = 4e[(ro/r)** = (ro/r)%]. (1)
In this equation r is the separation between the molecules, € is the maxi-~

mum energy of attraction and ro is the low velocity collision diameter,

i.e., the separation for which the energy of interaction 1s zero. For
nonpolar gases the parameters € and ro may be determined quite precisely
from a knowledge of the viscosity or second virial coefficients at two

. . 4 Y
temperatures. The potential expression in . (1) assumes nonpolar gases
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to be composed of spherical molecules which attract according to the 6th
power of their separation and repel according to the 12th,

Polar gases may be assumed to be composed of spherical molecules
each having a point dipole at its center. According to Stockmayer (®’ the
energy of interaction between a pair of polar molecules is expressible

in the form

o= (2 - ()] - ()

r r r

£, =2 cosB; cos 0, — sin B3 sin 6, cos P,

where U is the dipole moment of the molecule and { is an orientation
factor in which 6; and 0, are the angles of inclination of the two dipole
axes to the intermolecular axis and @ is the azimuthal angle between then,
It should be noted that the force constants ro and £ are the collision
diameter and the maximum energy of interaction, respectively, in the
absence of the dipole forces.

In view of the fact that the task involved in evaluating the Chapman
and Cowling collision integrals for the potential expression in Eq.(2) 1is
much greater than that for Eq.(l), some simplification of the former ex-
pression without too much loss of realism is desirable. This may be
accomplished by assuming that the orientation factor { has a constant
value of 2, i.e., that the dipoles are in an attractive end-on position
and maintain their minimum attractive energy value of —2u2/r® thruout

their encounter. Equation (2) may then be written in the form

E(r) = 48[(ro/r)l2 - (ro/r)6 - 6(ro/r)3], (

(%

where  is a pure number which may be called, after Rowlinson ™, the

‘reduced dipole energy” and is defined by the relarion
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It may be noted that & = 2'2¢, where t is Rowlinson’s “reduced dipole

energy.’
According to Chapman and Cowling (Eq.9.7.1) the expression for the

coefficient of viscosity, 7, for a pure gas is given, in the first ap-

proximation, by the expression

n = 5kT/8Q, (5)

where k is Boltzmann's constant, T is the absolute temperature, and Q is

the Chapman and Cowling collision integral §¥2)(2) which i1s a function of

temperature and the parameters € and rg.

1f, following Hirschfelder, Bird and Spotz, one introduces the function

W(2)(2) which is related to collision integral @ by means of the equation

1 n 1"
W (2) = = ] Q 6
@ =72 lgmrl ™ (6)

where m is the reduced mass of the colliding molecules, then the expression

for the viscosity of a pure component may be written in the form

][ka] vz o1 -
8ré W (2) ‘

This equation corresponds to Eq.(7) in Ref.3 without the quantum correction
factor. For computational purposes Eq.(7) may be written in the more

convenient form

N =2.6693 X 1075 (MT)/2/rd W (2) (gm/cm sec) (8)
where M is the molecular weight and ro is the low velocity collision

diameter in angstrom units,
The values of W(?2)(2) for various values of the reduced temperature

kT/e and of O are presented in Table 1. The method used to evaluate this

function is that of DeBoer and Kranendonk ¢*’modified to accommodate the

potential function given in Eq.(3). The details of the derivation are

presented in the Appendix.
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kT/e 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
1.0 [ 1.5938 | 1.7578 | 1.9312 | 2.0806 | 2.1963 | 2.3025 | 2.4920 | 2.5916 ] 2.6199
1.2 | 1.4568 | 1.5872 | 1.7302 | 1.8661 | 1.9881 | 2.1035 | 2.2749 | 2.3782 | 2.4257
1.4]1.3557 | 1.4622 | 1.5812 | 1.7026 | 1.8224 [1.9395)2.0945 | 2.2051 | 2.2713
1.6 11,2800 | 1.3688 | 1.4689 | 1.5756 | 1.6878 11.8019 | 1.9430 | 2.0599 { 2,1413
1.8 11.2216 § 1.2965 | 1.3813 | 1.4739| 1.5759 | 1.6843 | 1.8128 [ 1.9339 | 2.0263
2,0 {1.1751 {1,2390 |1.3112 {1.3907 | 1.4817 |1.5832|1.6999 | 1.8224{ 1.9217
2.2 11.1377 | 1.1923 | 1.2539 | 1.3220 | 1.4026 | 1.4957 | 1.6015 | 1.7232 | 1.8258
2.4 (1.1066 {1.1537 { 1,2063 [ 1.2643 | 1.3349 |1.4198 | 1.5155 | 1.6343 | 1.7373
2.6 11.0803 | 1.1212 [ 1.1662 | 1.2155| 1.2769 | 1.3537 [ 1.4401 | 1.5544 | 1.6559
2,8 11.0579 | 1.0935|1.1321 | 1.1737|1.2270 |1.2961 {1.3738 |1.4827 | 1.5812
3.0 | 1.0385 | 1.0696 | 1.1026 |1.1377 | 1.1837 [1.2456 | 1.3153 | 1.4182 | 1.5126
3.2 11.0214 | 1.0488 | 1.0769 | 1.1065 | 1.1460 | 1.2012 | 1.2636 | 1.3601 | 1.4499
3.4 |1.0063 |1.0304 | 1.0544 | 1.0792 | 1.1129 |1.1621 | 1.2178 | 1.3078 | 1.3926
3.6 | .9928 | 1.0141 | 1.0345 [ 1.0552 | 1.0838 |1.1274 [1.1770 {1.2606 | 1.3401
3.8 . 9807 .9996 | 1.0168 | 1.0339 | 1.0581 |1.0965 | 1.1406 {1.2179 | 1.2922
4.0 | .9696 | .9864 [1.0009 |1.0149 | 1.0351 {1.0690 | 1.1081 |1.1794 | 1.2485
5 L9265 | .9359 | .9411 | .9446 | .9510 | .9674 | .9874 | 1.0334 ] 1.0797
6 . 8960 .9010 | .9014 | .8994( .8980 | .9037 | .9118 .9401 | .9694
7 . 8725 .8750 | .8727 .8677 | .8618 | .8609 | ,8614 | .B777 | .B8946
8 .8536 | .8545 | .8507 | .8440 | .8356 | .8304 | .8260 | .8342  .B422
9 .8378 | .8376 | .8330 | .B254 | .8154 | .8077 | .8000 .8028 | .8043
10 .8242 | .8232 | .8183 L8102 | .7994 | .7901 | .7802 L7793 L7760
11 .8123 .8108 | .8058 | .7975| .7863 | .7760 .7648 L7613 | 7544
12 L8017 | .7999 | .7948 L7865 | .7752 | .7644 | .7523 L7471 | .7376
13 L7922 .7902 . 7851 L7769 ) .7656 | .7546 | .7421 .7356 | .7243
14 .7836 | .7814 ( .7765 L7684 | .7572 | .7462 | .7334 ;] .7262| .7134
15 L7756 | 7734} .7686 L7606 | . 7497 .7388 | .7260 L7182 | .7045
16 .7883 . 7660 L7613 .7536 L7429 | .7322) L7195 L7114 | L6971
32 .6939 .6924 | .6897 .6846 | .6782 | .6717 | .6637 .6569 .6462
64 .6262 | .6259 | .6251 L6213 .618B1 | .6151 1} .6114 ] .6078 | .6033
128 .5634 | .5638 | .5640 .5612 | .5593 | .5579 | .5563 [ .5547 .552¢8
256 .5056 | .5061 | .5065 . 5047 .5035 | .5028 | .S5021 .5014 | .5006
512 .4528 | .4533 | .4539 . 4527 L4518 | .4515 .4512 .4508 . 4505
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THE INTERMOLECULAR FORCE CONSTANTS

In order to use the collision integrals for any practical purposes,
it is necessary to know not only the dipole moment [l but also the parame-
ters €/k and ro. The dipole moments of a great many substances have been
determined and are tabulated in the literature. The parameters e/k and r¢
may be determined from experimental measurements of either the second
virial coefficient or the viscosity at two temperatures. Since the accuracy
with which viscosity measurements are made is considerably better than
that for second virial coefficients, the viscosity data provide a superior
means for determining the intermolecular force constants.

Since the parameters €/k, ro, and O are interrelated by means of
Eq.{(4) they may be determined simultaneously by cross interpolation over
the values in Table I by the following procedure. Suppose the molecular
weight, the dipole moment, and the viscosity at two temperatures are known
for a given chemical species. Then values of W) (2) may be obtained from
Eq.(8) for a series of arbitrary values of ro at equal intervals for each
of the given temperatures. By comparing these values of W(2) (2) with those

in a particular 5 column in Table I the values of T* and, therefore, of

€/k corresponding to the assumed values of ro may be obtained by inter-

polation. A plot of &€/k versus ro gives a pair of curves whose intersection

gives, of course, common values of e/k and ro for the given viscosity data.
The value of & derived by means of Eq.(4) from these &/k and ro values may
or may not agree with the nominal value of d which characterizes the column
of W) (2) values used.

If, however, the procedure is repeated for, say, two other 8 columns
and a plot is made of the resulting calculated d values versus the cor-
responding nominal & values, then the peint for which 8(calculated) =

8{nominal) is unique and characterizes the chemical species. From this
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8 and the sets of €/k and ry; values computed previously, unique
of €/k and r¢ may be obtained by inverse interpolation. The

procedure is illustrated in Table 2 for the sulfur dioxide molecule.

Table 2

NUMERICAL METHOD FOR DETERMINING THE INTERMOLECULAR
FORCE CONSTANTS FOR SULFUR DIOXIDE
FROM VISCOSITY DATA

M = 64.066 W= 1.611
T = 373.6, = 1612 T = 952.2, 7 = 3701
ro | ¥P@ | kT/e e/k ¥ (2) | T/ e/k
6 =0.25

4.1 1.5240 1.2921 | 289.15 | 1.0597 3.0914 | 308.02
4.2 1.4523 1.4184 | 263.39 | 1.0099 3.6561 | 260.44
4.3 1.3855 1.5606 | 239.39 .96343 | 4.3787 | 217.46

e/k = 266.97, r, = 4.1857, & = 0.47954

& = 0.50

4.2 1.4523 1.6340 | 228.65 | 1.0099 3.8846 | 245.12
4.3 1. 3855 1.7894 | 208.79 .96343 | 4.5858 | 207.64
4.4 1.3233 1.9628 | 190.34 .92013 5.4651 | 174.23

e/k = 210,14, r, = 4.2930, & = 0.56469

8 =0.75
4.3 | 1.3855 | 2.0137 | 185.23 | .96343 | 4.6943 | 202.84
4.4 | 1.3233 | 2.1960 | 170.13 | .92013 | 5.5040 | 173.00
4.5 | 1.2651 | 2.3970 | 155.86 | .87969 | 6.5912 | 144.46
e/k = 167,18, r, = 4.4201, & = 0.65034
Final Values
e/k = 191.87, r, = 4.3406, & = 0.59832




Table 3

SUMMARY OF EXPERIMENTAL V1SCOSITY DATA IN POISES X 1077 FOR
SEVERAL POLAR GASES AT A NOMINAL PRESSURE OF | ATM
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T, °K 7 Ref. T, °K ) Ref. T,°K ) Ref. T, °K N |Ref,
Nitric Oxide Hydrogen Sulfide Methyl Alcohol Methyl Chloride
120 843.6 8 273.2|1154 13 384.5| 1259 20 293.2|1061 21

130 912.7 293.2}11300 427.11 1408° 303.2]1101
140 981.4 273.2]1175* 14 462.0 | 1527 313.2|1140
150 1048.8¢ 290.2(1251 490.7 | 1620 323.2|1175
160 |1115.0 373.211610* §23.2|1725 333.2 (1209
180 1244.9 550.8 | 1815* 343.2{1250°
200 1371.2 Hydrogen Chloride 584.7 | 1921 353.211287
220 1493.0 363.2]1323
240 [1609.7 273.2(1332 15 Ammonia 373.2|1357
260 |1710.7* 373.2(1837 383.2 1400
280 1837.6 293.7|1431"* 16 201.9 | 675.2 | 22 393.2 |1440°*
300 1934.4 296.2 1445 215.5 719.4 403.2 |1471
293.1]1876 9 326.2|1595 226.1 | 755.5 292.7]1033 12
323.112036 371.2 1827 246.5 825.6 380.1 }1364
373.1 (2272 424.2)2081 260.9 878.7 492,5 {1769
423.1(2474 475.212312° 273.6 928.9 530.5 [1895
473.1|2682 524.2|2534 277.9 944.1 573.5 12044
§23.1/2870 284.0 967.1
576.0 [3070 Sulfur Dioxide 297.4 1 1022.8 Water Vapor
293.58; 982.46| 12
Carbon Monoxide 198.2| 858 17 338.7 11168.7 293.2] 973.3 ;12
237.2(1012 405.3 | 1437.0 365.6 |1178
80 5§33.0 | 10 253.21078 §17.2 | 1855.3* 380. 5 |1242
100 668.5 267.2 (1131 560.1 | 1994.0 483.3 |1638*
120 796.0 273.2j1158 598.93| 2164.3 586.1 (2149
140 919.0 293.7 (1254 606.3 | 2182.5 639. 4 2261
150 979.0* 302.6 |1296 667.0 2439.0 679.6 [2422°*
160 {1038.0 292.6 (1246 18 714,25/ 2547.8* 373.2 (1270 24
180 |1154.0 373.6(1612° 293.2 | 982 23 424.4 [1450
200 1268.0 422.9|1831 323.2 | 1092 480. 3 j1680°*
220 1378.5 472.6 |2038 373.2 } 1279 534.5 |1900
240 1486.0 566.2 (2447 19 406.1 | 1399 373.2 (1255 25
260 1589.0 694.2 2889 423.2 | 1463 423. 2 {1445
280 1688.0 763.213118 473.2 [ 1646 473.2 {1635*
298.1(1775.5 868.2 13422 §23.2 | 1814 523.2 (1827
300 1784.5* 952.2(3701°* §73.2 | 1987 573.2 {2024
400 2235 11 1096.2 {4100 623.2 (2218
500 [2608 Acetone v73.2 |2412°*
800 3529 Nitrosyl Chloride 423.2 (1430 26
1000 14040 392.2 1 991 20 473.2 |1620*
1200 [4496 288.2|1139° 9 432.7 1 1101 5§73.212010
1500 {5109 323.2(1303 463.6 | 1186 673.2 2400°**
373.2(1504 490.5 | 1253 773.2|2840
Chloroform 423.211711 520.9 | 1334 873.2 13350
473.211920* 552.0 1 1416 §61.0 |1990 27
293.311001 12 523.2}2210 579.6 | 1481 588.8 (2080
382.8)1281 576.2 (2447 616.5]2170
496.2(1662 672.112350%°
525.6{1756* 727.6 12510
547.6[1827
602.6]2006°*
618.5]2074
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EXPERIMENTAL DATA AND DERIVED CONSTANTS

In Table 3 are presented experimental viscosity data for several
polar gases. These values were determined either by the capillary flow
method or by the rotating disc method. The pressures were not always
recorded by the investigators, but were generally less than 1 atm.

In Table 4 are presented the molecular weights and the dipole moments
of the polar gases and vapors considered in this study together with the
intermolecular constants derived from the experimental viscosity data of
Table 3 by means of the technique outlined in Table 2. The particular
viscosity values employed for this purpose are designated by asterisks
(+) in Table 3. The species are listed in the order of their effective
polarity, i.e., the parameter ®. For water vapor there exists considerable
disparity between experimental data from various sources. For this reason
each of the key points, i.e., T = 477.5°K, 11 = 1643 and T = 674.5°K,

n = 2396, was determined as a mean of four points from different

investigators,

Table 4

SUMMARY OF BASIC CONSTANTS AND CALCULATED PARAMETERS
FOR SEVERAL POLAR GASES

N p, debyes c/k ro é)

Nitric Oxide 30.008 0.0672 (28) 112.4 3.508 0.003371
Carbon Monoxide 28.010 0.1172 (239) 109.9 3.585 0.009830
Chloroform 119.389 1.05(39) 415.2 5.117 0.07177
Hydrogen Sulfide 34.082 0.931¢(31) 221.1 3.733 0.2739
Hydrogen Chloride 36.465 1,034 (32) 218.0 3.506 0.4123
Sulfur Dioxide 64.066 1.611 (3%} 191.4 4.341 0.5995
Nitrosyl Chloride 63.465 1.83 (3% 205.2 4.332 0.7272
Methyl Chloride 50.491 1.861(35) 243.6 4.076 0.7606
Methyl Alcohol 32.042 1.680¢38) 194.9 4.082 0.7715
Acetone 58.078 2.85(37) 158.4 5.485 1.1253
Ammonia 17.032 1,437 (29) 146.8 3.441 1.2499
Water 18.016 1.831(38) 230.9 2.824 2.333
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RESULTS AND DISCUSSION

In Table 5 are presented the calculated values of the viscosity for
twelve gases and vapors over a temperature range from 298.16°K to 3000°K
and at a nmominal pressure of 1 atm. There is, in general, very good agree-
ment between the célculated and the observed values. The extent of this
agreement is shown in Fig.l for two typical polar gases, sulfur dioxide
and ammonia. Here the calculated values are represented by the solid
curves and the observed values by appropriately-labeled points. The maxi-
mum deviation is about 2 per cent; but the mean deviation is less than
0.5 per cent. This closeness of fit indicates that considerable leeway is
permissible in selecting the key points for determining the intermolecular
constants £/k and ry. Since only two well-chosen points are sufficient to
determine these constants, it is evident that a wide range of observed
values is not absolutely necessary for this purpose. Moreover, since
viscosity measurements at relatively low temperatures, say from 200°K
to 400°K, are probably more reliable than those at elevated temperatures,
because of dissociation and other effects, existing low temperature data
are generally sufficient to determine intermolecular force constants from
which high-temperature viscosity values may be calculated with reasonable
accuracy.

By using the Stockmayer potential, Eq.(2), Rowlinson (*) demonstrated
for several polar gases that the parameters &£/k, ro, and O may be derived
from second virial coefficient data. His results differ from those in
Table 4 because of the fundamental difference between Egs.(2) and (3)
and the sensitivity of the second virial coefficient to the orientation
factor which characterizes Eq.(2). Calculations show that it is this

sensitivity which prevents the derivation from second virial coefficient
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Table 5
SUMMARY OF CALCULATED VISCOSITY VALUES
FOR SEVERAL POLAR GASES
n{Poises X 1077)

T, °k No | co |aHcl; | HpS | HC1 | SO0, [Nocl | CH3z0H | cHzcl | (CH3),CO | NH3 | H,0

298.16 {1909 {1776 953 | 1288 | 1453 | 1276 | 1182 | 963.0 { 1066 735.6 | 1024 | 1043

300 1919 {1785 959 11296 {1462 [ 1288 | 1190 | 969.3 | 1073 740.5 [ 1031 | 1049

400 2387 | 2218 | 1320 [1722 {1960 | 1726 | 1616 | 1316 1467 1012 1413 { 1376

500 2803 | 2602 | 1671 |2113 | 2424 | 2142 | 2029 | 1651 1857 1281 1791 | 1724

600 3181 | 2954 | 1999 {2473 | 2855 [ 2530 | 2420 | 1969 2236 1537 2153 | 2100

700 3532 [3280 | 2310 |2807 |3257 | 2891 | 2788 | 2267 2600 1778 2493 | 2501

800 3863 | 3587 | 2604 |[3120 | 3632 | 3229 | 3134 | 2547 2947 2004 2813 | 2921

900 4176 | 3878 | 2884 |3414 | 3987 [ 3545 [ 3461 | 2809 3276 2215 3111 | 3353

1000 4477 {4156 | 3150 [3691 | 4321 | 3846 [ 3767 | 3058 3588 | 2413 3389 | 3789
1100 4766 | 4424 | 3403 |[3958 | 4641 | 4130 | 4060 | 3292 3884 | 2600 3653 | 4232
1200 5044 | 4683 | 3646 | 4214 | 4945 | 4402 | 4336 | 3516 4168 2777 3901 | 4665
1300 5314 | 4934 | 3879 |4458 | 5239 | 4662 | 4602 | 3729 4440 | 2945 4137 | 5095
1400 5577 [ 5177 | 4104 |4695 | 5522 | 4913 {4856 | 3936 4598 3107 4362 | 5513
1500 5832 15413 | 4322 |4924 [ 5794 | 5154 | 5102 | 4133 4950 3262 4579 | 5920
1600 6081 | 5645 | 4532 [5146 | 6059 | 5388 | 5338 | 4324 5190 | 3411 4787 | 6318
1700 6325 | 5871 | 4737 |5362 | 6316 { 5615 | 5569 | 4508 5424 3554 4987 | 6703
1800 6563 {6092 | 4937 5573 | 6566 | 5836 | 5791 [ 4688 5650 | 3694 5181 | 7075
1900 6800 | 6308 | 5128 |5779 {6810 | 6051 | 6009 | 4863 5869 | 3829 5369 | 7436
2000 7025 | 6521 | 5318 |5981 | 7049 | 6262 | 6220 | 5033 6084 3961 5552 | 7784
2100 7250 | 6730 | 5503 |6178 | 7282 | 6467 | 6428 | 5199 6292 4089 5730 | 8122
2200 7471 | 6935 | 5685 |6372 [ 7511 | 6668 | 6629 | 5362 6496 4214 5904 | 8449
2300 7689 | 7137 | 5860 |[6562 | 7734 | 6866 | 6827 | 5521 6696 | 4337 6075 | 8766
2400 7903 | 7336 | 6035 |6748 [ 7954 | 7060 | 7022 (5678 6891 | 4457 6241 | 9073
2500 8115 7535 | 6207 |6932 | 8171 {7251 | 7213 | 5832 7082 4575 6404 | 9371
2600 8327 | 7729 | 6374 |7113 | 8384 {7438 | 7400 | 5982 7269 | 4691 6564 | 9660
2700 8532 | 7920 | 6539 7290 | 8594 | 7622 [ 7584 {6130 7453 4804 6721 | 9940
2800 8735 | 8108 | 6702 |7465 | 8800 [ 7803 | 7765 |6277 7634 | 4916 6876 [10214
2900 8935 | 8294 | 6862 |7638 | 9004 | 7983 ] 7943 | 6421 7814 5026 7028 [10479
3000 9134 | 8478 | 7021 |7808 | 9204 | 8160 | 8120 | 6563 7989 5132 7178 110738
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data values of the parameters £/k, ro,and ® which are consistent with

those derived from viscosity data.

CONCLUSIONS

With the aid of the collision integral W*)(2), which has been evaluated
for the potential expression given in Eq.(3) for a range of values of the
reduced temperature kT/€ and of the reduced dipole energy 8, it has been
possible to determine the parameters &/k, ro, and O for several polar
gases from existing low-temperature viscosity data, The knowledge of these
parameters permits the calculation of the viscosity of the polar species
at temperatures well above the experimental range with a degree of accuracy

which is as good as or better than the experimental.
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APPEND IX
DERIVATION AND EVALUATION OF THE COLLISION INTEGRAL w'2Y2)

A. Fundamental Relations

The energy of interaction between two colliding polar molecules, E(r),
is assumed to have the form given in Eq.(3). By using polar coordinates
to describe the relative motion of a molecule A with respect to a molecule

each of mass m as shown in Fig.2, the equations of motion may be written

as follows:
rzé = bg, (9)
ln(r262 + #2) + E(r) = img?, (10)
where g is the relative velocity before the encounter at r = o, b is the

collision parameter, and E(r) is the intermolecular potential field.

\\ b
~
~/
~
~

FIG.2— RELATIVE COORDINATES IN A BIMOLECULAR ENCOUNTER

Eliminating time between Eqs.(9) and (10) gives

dr{r? ArtEN\"1?
dg = —|— -1 — . {11}
r \p? mg262
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Integrating Eq.(11) and putting 8 = é(n — %), as in Fig.1l, leads to the

expression

dr/r2 4r?g\"2
8g,b) = f"~i5~1- )
et =f -\ NETE . (12)
where the distance a is determined by the equation
a? 4a*E(a)

b? mg?b?
Equation (12) determines the angle of deflection as a function of the re-
lative velocity g and the collision parameter b,

From the angle of deflection 8 one obtains the “cross section for

transport”

Qg) = 2m [ (1 = cos? x)bdb = 27 [“sin? 28bdb (14)
which is a function only of the relative velocity g. Q is 2T/g times the
Chapman and Cowling function @*) (Eq.9.33,2).

From the cross section Q, by taking a temperature average over all

velocities, one obtains, according to Chapman and Cowling (Eq.9.33,3),

the expression

1 7/2 © 2
Q(T)=2n7/2(Z:—T) I exP(—j’:—i—T)Q(g)gwg, (15)

for the collision integral QY)(2).

B. The Fundamental Relations in Reduced Form

In view of the fact that the molecular quantities € and ro have a
clear physical meaning in terms of the intermolecular field defined by
Eq.(3) and have the dimensions of energy and length, respectively, it 1is
possible to reduce all physical quantities to dimensionless form by ex-

pressing them in units obtained by combining & and ro in a suitable way.

By writing

e
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b* = b/rg, (17)

and
E* =E/e = 4(r*712 = r#76 = §r+73), {18)

and introducing

g*? = mg?/4¢ (19)

and
T* = kT/e , (20)

the angle of deflection ® becomes a function of the reduced velocity g*

and the reduced collision parameter b*:

o dr*f{r*? r‘2E‘ -1/2
G(g“, b‘) = j;o T;(F -1- gt2bt2) . 21
The reduced cross section is given by
Q*(g*) = % = om f * sin? 205 *db* (22)
and the reduced expression for the function { reads
le/Z Tt‘7/2 © gQZ
e (T*) = eV2r2 = /2 J; exp(‘ T‘)g*7Q*dg*. (23)

Similarly, the expression for the coefficient of viscosity in the reduced

form becomes

_ T]roz _ 5T*
"= s s (24)

C. Introduction of Goniometric Variables Instead of
I/r*, b*, and g*
In order to facilitate the numerical integration, the following

transformations of variables are introduced:

(a) The occurrence of a* in the limits of integration can be avoided

by a transformation from r* into the angle « by the substitution

sin O .
=—0, (0 <o < :2my (25}
a

1
o
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where a* is determined by the reduced Eq.(13):
bm2 4
—_ -12 _ *=6 __ *—3 _
a*? * g*? o a ba*73) =1, (26)

as a function of g* and b*., The equation for @(g*, b*) then transforms into

b* ~yan b*?sin’a 4 sin'?a
* pr) = - —
G(g , b ) a"j; cos 0. dall g2 g"‘za*u
4 sin® a 4 48 sin® o\ V2
g*%a*® g*?a*? : (21
or eliminating b* from the integrand using (26),
P =£f1/2ﬂda 1 - 4(sin'? O(“'sinzot) + 4(sin® a—sin? o)
a* Jo g*2a*12c052a g*Za-«G COS20(
+ 48(sin® a—sin? a)]"/’
7,43 7 4 . (28)

COSs

g
in which a must be considered to be a function of g* and &%,
(b) Instead of g* the angle variable Y is introduced by the substitution
g* = coty, (0 <y<in) 9
where the variable g*, varying from 0 to ®, corresponds to Y varying from
%TI to 0,
{(c¢) Finally, a* and b* can be expressed in terms of a new angle vari-
able P and in Y according to the substitution

2 _ g gpcosh
x6 sin Y

(0 <B < m+y). (30)

a

Equation (26) connecting b6*, a*, and g* then leads to

. 2 V2712 : 16
bt = [iﬂ’__ﬁ + gl/2p tan2Y(1 +_C2E) ] (__.Q_SUEY__) . (31)

cos?y sin 'y sinY + cos B

That with the aid of this substitution the range of values of a* and b* is

covered by real values of the angle [3 can easily be seen. The value b* = 0

(central collision), for which 2/a"‘6 =1+ (1 + g*2)1/2, corresponds to the

value B = 0, whereas the other limit b* = ®, for which also ¢* =@, cor-

responds to the value § = Ju + vy,
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The subsequent integrations over r* for the calculation of @(g‘,b*),
over b* for the calculation of Q*(g*) and over g* for the calculation of
2*(T*) have now to be replaced by successive integrations over o, B and 4

p y g 1 Y

respectively.

The first integration over o, Eq.(28), transforms into

0B, Y, 8) = D(B,,8) [ V*"[1 + A(e,B,8) = B(a,B,Y)

= Co, B,v,8)171 da (32)
where
. 2 1/271/2
D(B,v,8) = [Sm B + 8V% tanzY(l + ﬁi—ﬁ) ] . {33)
cos?y sin Y
sinY + cos [3)2 sin? g — ginl?q )
Ao, B,y) = ( con Yy —, . (34)
: - + - 2 - <1 6
B(OL. B, Y) - 251n Y(sin 2Y cos B) sin‘a . in” & ’ (35)
cos” Y cos”® &
- + 172 -2 —_ -3
c(a, B,Y,0) = 45 tan? Y(51n Y cosB) sin® « : sin’® o . (36)
2 sinY cos” &

The second integration for the calculation of the cross section, Eg.

(21), transforms into

db*?
e g, (37)

Q*(y,d) = nfo””*Ysin’ze

where, using Eq.(31),

»2 . 1/3 .
db - (2 sinY) sin B 9 cos? B+ 2 siny cos P
dp cos? Y(sin Y + cos B)*7
21/26 ,
+4sin? B~ 3 sin®’?2 Y (siny + cos 5)1/2]. {38)

The third integration finally transforms into

T*—V: 17270 ( COtz Y Q*(Y) i
* * = ——— — R {n(;
Q*(T*, 8) 172 j; exp| T >tan7 T einty dy, 39)

giving &* and thus also the coefficients of viscosity and thermal conduc-

rivity as funztions of the veduces resmperature.



1mportance, lmt at temperatures T' < 1 t.he extrapalatnm of the 1m:e,
for ;valné's of Y larger than 350° gi,v:es rise to ‘ei‘roxjs' ;whmh are not

'},;negllglble..

The vaiues af the functlon 1?(2)(2) presented in Table 1 were obta;ned

:f;by reference to Eq (40)
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