U.S. AIR FORCE

PROJECT RAND

RESEARCH MEMORANDUM

/

DECISION PROCESSES AND FUNCTIONAL EQUATIONS \

S. Karlin
Harold Ne. Shapirc

RM=933

3 September 1952

Assigned to

This is a working paper. It may be expanded, modified, or with-
drawn at any time. The views, conclusions, and recommendations
expressed herein do not necessarily reflect the official views or
policies of the United States Air Force.

7he R D o

1700 MAIN ST. « SANTA MONICA « CALIFQRNIA






Il 2k Ya YRt ts
—

AYTTL TARTIEAMTY o ovc a0
! T !
[R STV O R U

¢ Yariir =nd Harold N, Shapirc
investigations connectel with bombing

. - My 7
erd Imventery policy, |11,

bavs 21l led to the consideration of certain functional eguatiung,
In each of these problems there is a notion of strategy, or policy,

S and a functien i (s8) which meazures in some sense the valve of

thie strategy. The general question is then that of determinins the

i
(<]

existence of an S which maximizes § (S) + In many cases this questicn

may be translated into the consideration of the existence an

2,

unigu

V]

ness of the solution to a certain functionzl equation, In the afore-

mentioned investigations the emphasis has always been placed on the

on

lie enhzil presenit s yevneral formu

it covers the results of the investigzations mertioned above,
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Tty mran RSTP. C y 2 et
L2 {(t7, _\L,-,j‘..._e;e S{tY g 2 functi

Je Go Vendel has independently remarked on the relevarce ¢f

el
Tychonoffts Theorem to these matters, (nly extreme lazinecs has
prevented him from writing a note completely isomorphic to thic one,
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‘wimre the Lt zre given in ;f, the ti re Dointe where F{t) # 0, a, = Ft
ari the traxeition coperators are chrgen ¢ that
Wt Y= , L .
> ’ PJ'\“.,_‘/\
e agssume that the right side of (2,1 converges uniformly in 2,
Then from asswmptions (¢} and (d) above and the fast that the dF(*) aserite

ghts to only a

[N

we

coentiruous

discrete set of points, it fellows that ¢lw,, S) is a
functior of g, for each w € /1, Since a cortiruovs function

over a compact space achieves its maximum we have the exicstercs of
-~ (. = ’ 4 o - Yo _":?
(40‘.) %kd/) ]'\_«I-LZ(,\?'\W, :’ - @\J/,: ) .

32+ In this sect
for the case wher
time set L =0, 1
@ = o for some

icrr we proceed to develop a nstural functional equation
e the decisions at each step tzke place at the discrete

s 3 3y eee With L ($,w) = L({ §,w) for &1l n and

is only to be remarked t

real number O

Y
v {1{w, 8) +ani(Ty ) | -
= s0c)
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ve remare thzt iF (2,3) is presented out of

context, then the

funsticn described in (2.2) ie 2 sclution to (242), Since the

series comverges uniformly in (2,1}, we deduce en: 1 that

Sy . o Ny, . -
(2eh} L Max o' ‘C’r‘\‘u) = 0
nsw () SNy

} /

where 5( * denctes successive application to wwof the strategy v

notimes, Conversely, if we stzri with a bounded solution M{w)

of (2.3), we have upen expending
M(w) = Max L{w, £(0)) + oL(T wy &{(1)

S(ml) 5()

9 R n-1
Mw) < g(wy + lim Max M(Tgfr“- wia
Ne= O 5 . N

Thusy 1f we assume that




we find that
2
Mlw) = ).
Tv ,;11

Finally, we observe thet if we require

be 2 continuous functicn of ¢ for eaeh

This

0 and that o

fact that L{w, &)

-y
Sl1ie

convergence of the right

il Y

the consgice

devnted to

from ttbombing model ™ and Wdynenamic programmt

encompassed by the generzl discussion of the

decision process ie

fixed

@{ou, S} as a functizn of

casc it follows easily that () ic

our cther

and unigueness

hat §\ e ’~ /

'y ther the convergence

conversely t

follews by Dinits Thecren,
is compact, TFurthermore,
(lwy 8) is eguivalent here
of (c.1) in wand S jointly
ol ¢

functior

continuous

nf aread

eratlon

which

ing ¥ Theory, are

preceding sectiocn,

constituted as folleows:
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_sz - = of tuslidean n space.
A7 = a set of m obleste 513 éé, coes 5m with the discrete topoliozy
assigned,
The forotions of 5758?9 defined so that

{
\

= L{cw, &)

real number 0 <

(U8

ngie fun

L) P

space of transition oper

a < l.

ction which

ors me

2t
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othzr than that they have the properties requized by the discuesion of
section (1),
11 this example the relevant funciional equation has the form
- .. r=3 e
(1) Do(w) = wax |L(w, 8,) v e PR(T, ) |
l<k<n oo
Sristence and uniguenses of bounded solutions of [L,1] sre a vhe
conseuance of cur earlier diszuesion,
Fxample 17,
< i~ = the interval of the real line 0 < w < X,
ot = .,,J; 1



Let h{z) and g{x) denote monoto continuou:

functions on - co < x < x_ with h(x) = (%} = ¢ for x < 0. Also,

o]

tion bix),

(eince & is a real number) we define

As for the functlons of

ThHe set j froas in Zxanpie I,

The Dnetiona’ eovstion in 213e owes has tre
; 12 cuation in il a8 e

The value of o is taken to be 1 here, The conditions (2,2) together with
0 < ¢ <1 insure the necessary uniform convergence, and the existence and

uniqueness of a solution to (2,3) foliow immediately from the discussion

of §l.
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Example ITI. (The optimal inventory policy)

sectiarv, is devoted to a non=determinisiic case,

let x4, 0 < X < @, represent the -commodities available at the

initizal period and suppose one orders up to y, The demand 2 is a random
variable with distridbution F(z) which is independent of the time interval.

Let Vi(x, ¥) represent the total expected loss during the i-th time interval

with x available initially and an ordering given up to y. The space-4/2

colneider with the half infinite 1line 0 <« x < @ , Ve now impose a
restriction on the choice of ordering y in that we reguire C <y « ¥

where M is a fixed bound, This assumption is made in all the papers

—+

treated to date f2 ], [3:]. It can easily be justified as realistie,

We 2lso suppose that Vi(x, ) @ for y <« x and is uniformly bounded
for y > x. Define L (X, y) = V(x, y).

The ordering policy O « ¥i £ M is actually a random variahble depend-

-

ing on the amount of goods x available at the i-th state, (The quantity o

<

goods available is also considered as a random variable, and it is these
randnom wvariables which constitute the space.mfz.)

of 221 pounded random functions defined or the sample

anace d°t‘”“i‘.b;‘ e + e 1t es o
i " - - (=) e e
compart set © in the &1
integrable functions he well

known theorem of Alacglu, The transformation Tyx is a mapping of the

random variakhle ctate at the commencement of the i-th period into the

state of the remainder of the goods afier ordering y. and the 1-th

1
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period has been completed, Ue define for n > 1 Ln(x, y) = &%, y) =
expected loss with respert to x when the initial state is x and the
ordering polier is y, The value of g is 0 <« a < 1. The total leszs for
the initial state x following an optimal policy is

S;:ﬁ(x\’ = igf [I_O(X-, .VO) +a 6(T§,CK: 3"1> + ‘7‘2 é(Tylx: y2) + 'n:i

&) 3

It is now assumed that E(x, y¥) is a continuous function on C. The
convergence is uniform and the general discussion implies the existence
and uniqueness of the solation to the functional equation (Z.3) which

can be written in this case as

Ry

= inf f& (x5 y) + a;Z?O) [l-F(yi} + av/ (y-t)dF(t)}

=

(1, Theory of Dynamic Programming, Bellman, R, P-300,

(2} Opt*ﬂ" T”vcntarg Feliey, wolfowitz, Dvorsetehy, Kiefer,
wirica, Jan, 1962,
L "
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