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PREFACE

This Memorandum documents the sampling aspects of a recent cost
analysis project that may be of interest to both cost amalysts and to
statisticians goncerned with practical implications of two-way controlled
samples. Certain aspects of the project inhibited straightforward text-
book methods, thereby introducing a high degree of subjectivity in ap-
proaching the sample design and estimation problems.

The author worked on the project at various times between April
1967 and February 1968, including field trips amd consultation at Offutt
Air Force Base, Nebraska, and Barksdale Air Force Base, Louisiana.

His responsibilities were to design the sample and make recommendations
on estimation and data analysis procedures. Miss Jean Mullery, then
with the Directorate of Budget.at SAﬁ Héadquarters, headed the projeet;
she organized the field procedures, collected and processed the data,
and prepared the official report which was presented at the March 1968
0SD Cost Research Symposium.* A Brief summary of the project also ap-

Sampling Method:

pears in the author's Rand Memorandum, RM-5779-PR,

Suggestions for Military Cost Analysts (October 1968).

*
Jean Mullery, Aireraft Maintenance Cost Research, KC-135, Direec-
torate of Budget, HQSAC, March 1968.
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SUMMARY

This Memorandum describes sample design, selection of estimators,
and preliminary analysis relating to a sample of tanker aircraft (KC-
135) base maintenance data collected in Jume and July of 1967.

-The primary objective was to obtain maiﬁtenlnce man~-heur and ma-
terial costs data identifiable to U.E. (umit equipment) in order to
observe any age-related behavior. Thirty-three aircraft were selected
according to a two-stage, two-way control sampling scheme.

The first stage clustered aircraft by age and airbase of deploy-
ment; the sampling of clusters was with probabilities roughly propor-
tional to cluster size, and was controlled by air base amnd age-group
following a scheme introduced by Goodman and Kish (see references).
For the secomd stage, one aircraft was selected from each chosen clus-
ter by simple random sampling. Finally, the original source documents
for all base maintenance on the selected aircraft were retained during
the two-month period.

Estimation of age-group means was complicated by the'requirgggpt to
allocate one sample aircraft to each air base regardless of the number
of aircraft deployed or the age-groups represented on the respective
bases. An unbiased estimator was formulated but was burdened by a

very high sampling error. A biased but more stable estimator was ac-

tually used:
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kY is the estimated mean of the k age-group; kY£ is the obser-
vation from the ith

where
air base and kth age-group (if the sampled air-

- th
craft from the ith base does not belong to the k  age-group, then

’ = 0); M{ is the number of aircraft on the ith air base if k¥£ $0

Kei
F ) , _
1] = 0 when Y. = 0).

An average was.estimaﬁed for.each of eight age—groué; for labor-
hours and for material costs (excluding engine maintenance). Placing
the labor hour estimates in chromological order produced evidence of
a time-related tremd, decreasing in the initial years, but later in~

creasing. The material costs estimates were inconclusive.
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I. INTRODUCTION

The Cost Division at Strategic Air Command (8AC) Headquarters re-
cently used probability sampling to collect base level maintenance man-
hour and material cost data on tanker aireraft (KC-135). Sampling was
necessitated by the desire to obtain data from the original source doc-
uments, a procedure invelving considerable effort; probability selection
was chosen because of a preference for unbiased estimates and because
there was no apparent basisifor assuming that a more precise judgment
sample could be selected. The planning and analysis for the project
is documented here because (1) similar, more broadly based, sampling
projects on aircraft maintenance costs are likely to be undertdken in
the near future, (2) this project illustrates the mechanics of design
and estimation for a rather complex sample design problem, and (3) it
provides a case study of data collection at a level of aggregation use-
ful to a cost amalyst.

The SAC sampling project had three primary objeectives. The first,
and most important, was to evaluate the gemeral behavior of base main-
tenance requirements (excluding engines) as an aireraft ages. Current
aircraft costing models often assume (at least implieitly) that mainte-
nance costs slope downward during the initial months follewing deploy+
ment into the force, then level off after "shakedown' is accomplished.
SAC cost analysts hypothesized that, instead of leveling off indefinitely,
costs tend to rise again as the equipment gets older. There was con-
siderable interest in examining the question sinee (1) the uncertainty
as to when the strategic aircraft in the force would be replaced was

somewhat contingent on projected maintenance requirements; (2) the then



proposed Project PRIME suggested changes in military management that
could triple SAC's responsibility in programming and budgeting for main-
tenance resources (a function usually allocated to AFLC), and if the
hypothesis were true but not recognized, serious underbudgeting would
result.* This objective requires longitudinal interpretation of data
that are essentially cross-sectional, thereby possibly compromising the
analysis; the implications are briefly discussed in Section IV.

The second objective of the sample was to explore the relatiemship,
if any, between maintemance man-hours and éther maintenance ecosts. 1t
is common practice to prorate base maintenance costs among the various
aircraft systems on the basis of man-hours. Since some systems have
relatively greater parts requirements than others, the validity of such
practice is questienable. This objective was not really satisfied since
a planned companion study of B-52 maintenance requirements was net
completed.

The third objective was to investigate errors in recording and re-
porting maintenance material consumption. If sources of error can be
identified and subsequently reduced, the maintenance data will have
greater utility for financial planning.

This paper decuments the author's contributions on the projeet,
and focuses mainly on the first of the three given objectives. Section
II describes the sample desién and summarizes the final analysis, See-

tion III sets forth the rationale behind suggested estimators of means

*Many features of Project PRIME have already been implemented;
most pertinent are the provisions for base-level operating budgets which
include military personnél costs and the stoeck funding of consumable
items, including aircraft material and parts.



and varianees, and Sectiom IV contains a preliminary analysis of the
collected data and suggestions on plamning future surveys of this na-
ture. Brief references to sampling literature are given at appropriate
places in the text; the complete citatiens are provided in the table

of referenees at the end of the paper.



II. SAMPLE DESIGN AND SUMMARY OF RESULTS

THE POPULATION

The population to be sampled consisted of the documents on which
maintenance personnel recorded their work (AFTO 210, 211, and 212; see
Fig. 1). This includes parts and labor expended by the base maintenance
shops (field maintenance, CA&E maintenance, ete.); bench stock items,
which are a very insignificant portion of overall maintenance, are omit-
ted., These source documents are easily identified by aircraft tail

number.

DESICN

Sample design was addressed primarily to the first objective of
the study, the other two objeectives being more or less regarded as by-
products of the first. The gemeral idea was to obtain estimates of main-
tenance labor and material costs for each of several age groups, and
then observe whether the estimates conform to the hypothesized curve
(data on engines would be recorded separately since engines move around
from aireraft to aireraft). Initial delivery dates of the KC-135s
ranged from 1958 to 1965, providing eight yearly age groups.

From the standpoint of preeision, the sample design should assure
good representation over a number of variables besides age that affect
maintenance, For example, some variation could probably be associated
with base-to-base differences in climate and maintenance management.
Differences in flying-hour programs over the two-month period (e.g.,

ready alert vs. regular status) were likely to be even more significant.
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Fig.1— Source documents for labor hours and parts data
(AFTO 210 is identical to AFTO 211)



With regard to cost and selection control, the best design would
cluster the maintenance documents by aircraft tail number since this
is the manner in which they are filed at base level, and since eventual
identification by tail number was a requirement. Any other arrangement
would involve the field workers in sample selection or require much ad-
ditional time in constructing a sampling frame. By designating the
sampling unit as all maintenance performed on a given aircraft within
a given time interval, sample selection could be accomplished entirely
at SAC Headquarters.

Since little was known about the magnitude of variance that could
be expected, the approach to the sample design was to decide how much
time could be expected from the base persommel who would be doing the
field work and to thenm select as many aircraft as possible. The Cost
Division at SAC Headquarters had at its disposal the part-time services
of one man at every SAC base, and it was desived that each man be equally
involved in the study. After examining the work involved in searching
for the documents, copying labor and parts data, and searching catalogues
for parts costs, it was decided to sample one KC- 135 on each of 33 bases
over a two-month period (Junme and July, 1967). Since the number of air-
craft varied from base to base, this plan necessitated sampling with
unequal probabilities. The design was further complicated by the fact
that the proportions of aircraft in the different age groups alse var-
ied from base to base.

The final choice was a two-stage design, with the first stage fol-
lowing a procedure initially introduced by Goodman and Kish, and the

second stage using simple random selectionm.



For the first stage, primaries were designated as comprising those
aireraft on a given base that belonged to the same age group; thus with
33 bases and 8 age groups, there was a maximum of 33 x 8, or 264, pri-
‘maries. Each primary was assigned a probability of selection that was
roughly proportional to the number of aircraft therein (exact proportien-
ality was precluded since the total aireraft per base varied). The next
step was te conmstruct 21 "acceptable" samples such that each sample con-
tained one primary from each base and at least one primary from each
age group. The samples were simultaneously assigned probabilities such
that if one added up the probabilities of all samples in which any par-
ticular primary appeared, the sum equalled the probability originally
assigned that primary. Finally,one of the samples was randomly chosen
with probability as assigned. Table 1 shows the distribution of pri-
maries across the 33 bases and 8 age groups; the sampled primaries are
indicated by circles.

In the second stage, one aircraft was chesen at random from each
selected primary.

The overall effect of both stages was to select a sample that is
stratified according to base and "econtrolled" by age group, while giv-
ing all aircraft approximately equal selection probabilities (the prob-
abilities varied from about .03 to .06). The price of having such a con-
trolled sample in an unbalanced population is that there is no unbiased
estimator of sampling variance. However, a weighted estimator for vari-
ance is available that tends teward overestimation, which is less ob-
jeectionable than underestimation. 8ince any estimate of variamce is

itself subject to sampling error, the bias may not be too important.



(The number of aircraft in each primary are indicated; numbers in parentheses
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Table

SAMPLING FRAME F

are selection probabilities; sel

1

OR PRIMARIES -

ected primaries are circled.)

Age”
Group

Base B C D E F G H Total
1 [(2C13)) 14¢.87) 16
2 @ 1¢.06) 3(.17) 1(.06) | 18
3 2(.10) (13(.62) 6(.28) 21
4 1(.07) (12¢.80) 2(.13) 15
5 1(.06) 2(.13) 16
6| 4(.25) 3(.19) 2(.12) 16
7 1(.06) 16
8 7033 2(.13) 1(.06) @ 16
9 6(.38) 2(.13) | 16
10 1¢.07) ( 2(.13) 5(.33) 15
11 ' 5(.22) 3(.13)  1(.04)  1(.04) 23
12 {12(.39) 8(.26) 3(.10) 5(.16) 2(.06) @ 31
13 10
14 1(.09)  4(.36) @ 1(.09) 11
15 2(.13) @ 15
16 17
17 (11(1.0) 11
18 8(.38) (10(.47) 2(.10) 1(.05) 21
19 4(.27)  6(.40) @ 15
20 @'6(.40) 15
21 15(.50) @ 30
22 3(.20) @ 1(.06)  1(.07) 15
23 2(.11) 18
24 10(.67) 2(.13) 15
25 | 2¢.06) 11(.35) 2(.06) 1(.03) @ 32
26 4(.06) @ 33
27 @ 1(.06)  4(.25) 16
28 @ 16
29 (8(.73)) 3(.27) 11
30 2(.13)  3(.20) 15
31 1(.06) 1(.07) 1(.07) 15
32 | 1(.09) 7C.64)) 1(.09) 1(.09) 1(.09) 11
33 1¢:10) (390D 10
Total| 54 142 97 67 37 87 57 30 571




In any case, the bias would only be associated with the sample's first

stage, from which sampling error was expected to be small compared to

that from the second stage.

ANALYSTS OF RESULTS

In analyzing the data, separate estimates were made for each age
group, and the resulting group means were subjected to regression anal-
ysis using age in years as the independent wvariable. The use of group
means instead of the raw data was necessary in order to (1) give each
age group equal weight in the regression (sample aircraft were unevenly
allocated among age groups) and (2) accommodate the stratification and
probability aspects of the sampling--that is, to help dampen other
sources of variability and reveal any age-related maintenamece behavior.
Since the age-group means were derived from samples of various sizes,
the usual assumption of equal variance along the regression line was
clearly violated; the implication is loss in efficiency in obtaining
the least-squares fit,

Although unbiased estimators of age-group means were available,
the preferred estimators were biased. This bias was expected to be in-
significant compared to the sampling error that would result from the
unbiased estimators, and the overall aceuracy would therefore be better.
The details of unbiased estimators, biased estimators, and final selee-
tion of a '"best'" estimator are provided in Section III. The chosen es-
timator for the age-group means was a weighted average of the sampled

aireraft belonging to the respective age groups:
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(L Vs
- (%‘jﬁ:) MY,

where Yij is the value observed on the ith base,
Mi is the total number of tankers on the ith base,

Summations include only those bases where the observed aircraft
belong to the age-group of interest (for example, for age-group A

there are three M 's and three Y s).
The sampling variance of this estimator was approximated by

) (1‘%)2 cgi)chij - 97

VEE(?)“=

n(n-l)('ﬁi)

where n is the number of observed aircraft that beleong to the age-
group of iaterest,
ﬁi is the expected value of the Mi for all air bases where it
was possible to select an aircraft from the age-group of interest,
N is the total aireraft im the population that belong to the age-
gréﬁp of interest,
Summations include only those air bases where the observed air-

craft belong to the age-group of interest.

An auxiliary estimator was kept available as a rough check on the one
given above, It is the second most favorable estimator diseussed in

Sectien III and is a 51mple average of the observed aircraft:

*“—}az
=20 Y-

Variance of this estimator is approximated by:

var @) = n(n 1)( ")Z(Y - B
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Briefly, the results were as shown below:

Average Labor Hrs Average Material Costs
(000's) (000's)
1.5 = 60=
¢ [
L[4
]
1.0 -4 v * 40 .
*
L | N ” ’
0 o 20} . '
- L
Age —> Age —»

The labor hours data conformed to the general hypothesis that mainte-
nance inereases with aircraft age and, when fitted in least-squares
fashion to a parabolie eurvejrsurvived an F-test at .95 confidence (the
F-test was a useful beﬁehmark despite violation of some underlying as-
sumptions). Analysis of material costs did not fare well at this level
of aggregation. Subsequent examination by SAC Cost Division personnel
entailed a closer look at individual sample aireraft and a distribution
of labor hours and material according to maintenance shops; these re-

sults are discussed in the paper that is footnoted in the Preface.

*
The parabolic curve was the most convenient funetional form that
would accommodate the hypothesized convex-downward behavior.
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IIT. DERIVATION AND SELECTION OF ESTIMATORS

This section relates the theory underlying the choice of age-group
mean and variance estimators that were given in Section II. The nota-
tion is different and somewhat more complicated in order to accommodate
the rationale. The discussion begins with a description of the gen-
eral design and corresponding unbiased estimators, then moves to the

more efficient biased estimators.

UNBIASED ESTIMATES: GENERAIL CASE

The sample was drawn from a total of M aircraft stratified accord-
ing to air base deployment. Each aireraft can also be identified ac-
cording to one of several age groups; each age group is a domain of
study (i.e., separate estimates were desired for each age group). Each
stratum contains Ni clusters, each cluster comsisting of the kMi'air—
craft belonging to the kth domain and the ith stratum.

The general design was to select n, clusters from the ith stratum
with non-replacement and probability proportional to cluster size (i.e.,

proportional to Mi)’ then select K4 aircraft from each selected

k
cluster with non-replacement and équal probabilities. There was no
formal control according to age group because this would econflict with
the rather striect control desired for the air base stratification.
However, an "informal" control by age group was accomplished by adapt-
ing a selection technique that first appeared in Goodman and Kish (1950)

in which the sample is chosen from a pre-established set of preferred

samples, each of which has reasomably proportional representationm of
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the various age groups. The failure to formally control by age groups,
which were the real domains of interest, caused diffieulties in esti-
mation that would not have otherwise arisen.

An unbiased estimate of the population total is given by:

i:? 2“1< 11::1) Z [z GePs )(k“’ )(zlejﬂ

k

where Yi is the estimated total for the i th stratum,

. k§ . is the estimated total for the kth domain in the ith stratum,
WP = kMi/Mi is the probability of selecting from the KR
domain in the ith'stratum,

the circumflex (") denotes an unbiased estimator,

M. is the total aircraft in the ith stratum,

kYij is the observation on a selected aircraft (i.e., the jth

aireraft in the k domain in the 1th stratum),
W is the number of selected aircraft from the kth domain
that beleng to the ith stratum,

LEh
n, is the number of clusters selected from the i stratum.

An unbiased estimator of the sampling variamce, modified from Durbin
(1953), is provided by the sum of two variances, one related to between-

cluster variation and the other to within-cluster variation:

P, P. P. : ~
ooy o (k 1)(4; i) - kb1 s 5 \2 ( 2)
Var () 'Z Z z GYy - 2%y) +kai )
i |k &k k ’

2
. . t
where ksi is the estimated variance of aireraft within the k cluster

of the ith stratum,

th .
4 represents a domain other than the k=~ domain.
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The above estimators can be adapted for domain estimates by apply-

ing a device suggested by Hartley (1959) and by Williams (1962):

Y.. Y.. if k is the demain of interest
k™ij k7ij

0 otherwise,

Ay
kYi = kYi if k is the domain of interest
L= 0 otherwise,
&2
ki = ksi if k is the domain of interest

n

0 otherwise.

These values are substituted into the formula above to obtain umbiased
estimates of kY and Var(kY). The mean of the kth domain and its sam-

pling variance are estimated by:

-~

< _ 1
k= G

A k
Vﬁr( §)= —l—<?3t( %)R where M= L .M
k M2 k k ki’
k

Although unbiased, the estimator for g? is very unstable; more precise,

though biased, estimators will be considered later.

CER SAMPLE

In the case of this survey, only ome cluster per stratum and ome
aircraft per cluster were selected for the sample. Estimators for do-

main totals and means are thereby simplified to:

5 _ '
K = zMi(kY 137
i

2 _J;E:v .
T LM ij)°
i
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Unfortunately, n, = my 1 precludes estimation of either the
between-cluster or the within-cluster components of sampling variance.
The logical alternative is to use the technique of collapsed-strata,
which will tend to provide overestimates. The situation may first be
simplified by observing that the design is equivalent to one in which

a single aircraft is selected from each stratum with equal probabilities:

M,
- [kiV\ 1 Y_ 1
Pr(kYijSS) = <Mi><—-_kM1) M

Thus, the first stage sampling of clusters can be disregarded for es-

timation purposes.
Cochran (1963, page 141) suggests that pairs of strata be ecol-

lapsed, or combined, and treated as a new set of strata to facilitate

the following variance approximation:
V'a-r\(kY) = —M7 z [Mi(kYij) - ML(kY%j)] .
i, -

where kM is the total number of aircraft in the kth domain, i and 4

denote paired strata, and the tilde (~) indicates that the estimator

is biased. The bias in this estimator is approximately:

| N M

L Y T - w, G s vhere TR T Y (ary

' Mz i 7i 4 "4l 2 i M, ki’
kToi,L S

This suggests that the original strata be paired so that the true "means
per strata' differ as little as possible (the pairing should be done
before observing the sample valhes). Where domain means are estimated
by the procedures so far discussed, stratum means are proportional to

the degree with which the particular demain is represented (i.e.,
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?1:EM1/M1); this could be a guide to pairing. That is, strata could
be paired that have the same or nearly the same values for kMi/Mi' I1f
several pairing arrangements are equally satisfactory according to this
criterion, the decision could be based on geographic proximity of the

air bases.

TOWARD GREATER ACCURACY

The unbiased estimator for the domain mean has been givem as:
%:—]'-—ZM Y'
e L 1GFiy)

where ,Y., = . Y., if k is the domain of interest
k¥ij k7ij

0 otherwise.

Examination of this estimator reveals that it is very unstable; indi-
vidual estimates are greatly influenced by the number of strata im
which the selected airecraft happens to belong to the kth age group.

If age group A turns up in the sample twice as often as age group B,
the estimate for age group A is almost certain to be the larger. There

are modified estimators that are more precise, though somewhat biased.

Estimator I

For example, an estimate of g? can be provided by a weighted av-

erage of the units in the sample that belomg to the kth domain:

P
e

e ]. Z » »
W T T L MGy
fii

- &
where Mi Mi when kYij ¥0

0 when kYij = 0,



)7

This estimator is much more stable than the unbiased estimator. The
difference is the substitution of T M£ for i in the demominator.
i

Since ¥ M{ is. a variable, the estimator is subject to the se-called
1 .
ratio bias, which will be discussed later. It should be noted that

the expected value of X M£ is equal to M.
i

‘Egtimater II
It might seem more logical to weight on the basis of the cluster

size rather than the stratum sizes:

Wa-c R

Z k.‘ i(k 1_]

'.kl i

where kM£ = kMi of the selected unit is from the kth domain

0 otherwise.

This estimator has the same sort of bias as in the preceding, but als:

seems to distort selection probabilities,

Estimator IIT

Another alternative is to treat the problem as sampling from onl

the kth domain, adjusting the respective probabilities so that they

sum to unity (i.e., ¥ KPi = 1):
“i

~
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M
1 ki -
= ~ M)GY, ).
km(kM) [Z Mi:, [Z i’k 1]]

Like Estimator I, this is essentially a modification of the unbiased

R

-

or
estimator in whieh a variable which has an expected value equal to,kM

is substituted in the denominator:

L m(, M)
g|lE_k

!
= M, since E[km] = ZT .
i

Lah

Again, ratio bias is present.
Estimator IV

A fourth way to estimate Q? is to give equal weight to each kYij

in the sample:

g 1 E: .
kY~ Tmlektig
1

fA

This estimator assumes that the kYij are drawn with equal probabilities.

However, the distortion of probabilities is less than for Estimator II.

FINAL CHOICE OF ESTIMATORS

To decide which of the four estimators was appropriate for the
problem at hand required some kind of evaluation as to which would tend
to provide estimates closest to the population value. A measure of
precision of an estimator is commonly provided by the sampling variance,

which relates to deviations from the expected value of the estimator:

= re =92
V&r(kY) = ELkY - E(gYﬂ .
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However, the estimators in question are all biased, meaning that the

expected values of the estimators do not equal the parameter under

investigation:
E(kY) = kY + bias .

Since the real interest is the deviations of estimates from the param-

eter, the so-called Mean Square Error is a more appropriate measure:

=\ ( o -\ 2
MSE(kY) =E kY - kY) .
This expression can be broken down conveniently intoe the sum of the

gampling variance and the square of the bias:

2\ . =\, 52
MSE(kY)—.Var(kY) B .

So the problem was to select an estimator that minimizes the sum of the

variance and squared bias,

Ratio Bias
Ratio estimators are biased, except in situations where a regres-
sion of the numerator variable on the denominator wvariable is a straight

line through the origin:
E(W|X) = BX,

where B is some constant slope. Bias increases as the population varies
from this condition, and is more significant when sample sizes are small,
Cochran (1963, page 161) gives an approximate estimator of the bias,

but it is a little unwieldy for pre-sample investigations. He also
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attributes to Hartley amd Ross (1954) a more useful expression for the

upper bound of the ratio of bias to standard error:

Iblaii_ < E%Zl = CV(X) ,

SE(,Y)
where X is the variable in the denominator of g?. The coefficients
of variation for the denominator variables in the estimators under con-
sideration were computed for each of the eight tanker age groups and are

summarized in the table below (e.g., for Estimator I, X lﬁ):

K
Esti- Average
mator A B c | D E F G H (excluding H)
I 39 | .33 }.32 | .34 | .40 | .27 |.31 |.11 .34
I 23 | .29 | .22 { .30 | .36 | .24 |.27 | .24 .27
111 27 { .31 ] .28 | .26 | .37 | .22 | .23 -- .28
v .27 .31 | .28 | .26 )| .37 | .22 | .23 -- .28

Again, these numbers represent the upper limit of the ratio of the 527

solute value of bias to SE(Q?). The average CV(X)'s are fairly'dlose,

implying reasonable indifference among the estimators with respeet to
this eriterion. Even though the upper limits on ratio bias seems high
for each case (approximately 30 percent of the sampling error), the
actual bias from this source should be fairly small sinee the intex-

cepts of the regression of numerator variables on the denominator vari-

ables are near zero.

Probability Bias

The bias arising from the failure of Estimators II and IV to re-

flect selection probabilities depends om whether there are systematie
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differences in aircraft deployed in small age-clusters as opposed to
those in large age-clusters. These differences would seem insignifi-
cant unless such deployment correlates with differences in climatic
conditions or other factors related to maintenance. Suffice it to say
that this bias, although probably insignificant, remained something

of a question mark.

Choice of Estimator

The following table summarizes some rough comparisoms that were the

bases for am evaluation of the relative merits of the four estimators

under consideration:

Esti- | Probabil. ~ | Average | Ratio Bias | Inter- | Ratio
mator | Preserved Var(kY) cv(X) Upper Limit | cept Bias MSE

I yes low 34 moderate- near 0 | :low low
II no ‘high .27 high near 0 | low | high
111 yes mod., .28 moderate | near 0| mod. | mod.
IV ‘no low .28 moderate | near 0| low low

The variance and intercept columns were based on eye-ball examination
of the estimators. The several factors were weighed in making a judg-
ment on the relative magnitudes of the MSE's, although the faet that
Estimators II and IV distort the seleetion probabilities casts some
doubt. The prudent choice for "best" estimator appeared to be I,and
IV was considered as an additional estimator. II and III seemed
clearly out of the running because of their higher variance.

(Tﬁe f;ur biased estimators and the original unbiased estimator have

since been applied to the sample labor hours data, and the results pletted
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in Appendix A. The graphs are interesting in that they substantiate
the impracticability of the unbiased estimator, but fail to verify
Estimator I as the most efficient altermate. The evidence suggests
that EstimatorIiIxnight have been the best choice, sinee for this par-
ticular sample it produces the smoothest curve. On the other hand,

t9 choose Estimator III om this basis alone would minimize the impor-
tance of sampling variability and presume the validity of the hypothe-

sis in question.)

Variance Estimation

Estimation of the variances was fairly treacherous because the dis-
tribution of ratio estimates from small samples is a vague quantity.
However, the following rough approximations based on an expression in

Cochran (1963, page 158) were suggested:
. 1 K" z
I: Var( ) _‘2< - M)

m-
i
' . 2\2
I S | E‘Z(Y..- Y)
IV: Vnr(kY)- m( o 1)<1 - M) / k ij k N
i

M' / H' M’
where EM ZMP(M) ~ZM < = 2M> (Z'kM) (leﬁ.&)
i ' i

1

Mote that there is no explicit accounting for the effeets of stratifi-
cation; with such small sample sizes, it seemed preferable to disregard
the collapsed-strata technique in order to retain the maximum degrees

of freedom (thereby achieving more stable variance estimates).

. 1‘{"‘3
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IV, ANALYSIS OF SAMPLED DATA

INVESTIGATING THE HYPOTHESIS

The general hypothesis under examination stated that, other things
being equal, the long-range time trend of tanker base level maintenance
and material costs can be represented by a concave curve. The approach
was to obtain estimates of average maintenance costs of tankers grouped
by age, then observe how well the averages conform to an inverse para-
bolic curve. The estimates would be based on original documents on
which maintenance of sampled aircraft was recorded.

The sources of variability in maintenance data might be deseribed

as follows:

1. Variation between age groups.

2, Variation between airbases within age groups.
3. Variation between aircraft withian airbases,.
4. Month-to-month variation within aireraft,

5. '"Random'" variation.

Source 1 relates to the aging of the aircraft; source 2 relates
to differences in geography, climate, maintenance management, and to
some extent, flying programs; source 3 relates to variability brought
on by differences imherent in the aircraft themselves; source 4 relates
to month-to-month variation in flying programs and the periodic nature
of maintenance requirements; source 5 represents the aggregate effect
of unidentified sources of variation.

Since the main interest was to describe the age group behavior,

the intent of the sample desigm was to minimize the effects of other
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sources of variability, keeping within the boundaries of available re-
sources. Accordingly, climatological and month-to-month variation was
partially countered by selecting data during a two-month summertime
period. The faet that the estimate for each age group represents sev-
eral aircraft from several air bases should have helped even out influ-
ences of maintenance management, flying programs, and other varying
requirements of individual aircraft.

One problem which clouds interpretation is the faet that the short
observation period provides a data base that is essentially cross-
sectional, whereas interpretation has longitudinal implications (i.e.,
the intent is to explain maintenénce requirvements of a given aircraft
over a period of time). The danger is that there may be some important
time-related variable that simply does not surface in the cross-section
data. For example, it might be assumed that maintenance experience with
the earlier aircraft suggested modificatiens that were implemented in
the later aircraft in order to shorten maintenance downm~time, If this
effeet were significant, the cross-section data would produce an upward
sloping maintenance-to-age curve, even for an age effect of zervo.

Table 2 provides the basic data collected on total labor hours and
total material (engine maintenance is excluded), lifetime flying hours
of the seleeted aireraft, and the age group averages and standard errors
calculated according to the weighted estimators suggested in Section

III. Also included are "pooled" error estimates of the estimated age

group means.
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Table 2
BASIC DATA, LABOR HOURS AND MATERTAL COSTS (ENGINES EXCLUDED)
Estimated Total Lifetime
Age Total Labor | Weighted Sampling "Pooled" Materiel Weighted Flying Weighted

Group Hours Average Error Error Costs Average Hours Average
A-1 1041.6 9476 3856

2 1983.9 47546 3486

3 1234.0 1411.5 218 279 66085 40375 3476 3610
B-1 648.4 74591 3581

2 1985.0 31804 3799

3 1788.7 ’ 2804 3431

4 1475.6 370 3565

5 1076.2 93746 3758

6 1646.1 580 4578

7 1589.4 46451 3610

8 1939.3 1476.1 134 171 20170 33720 3710 3728
c-1 958.2 13890 3604

2 1377.0 1642 3454

3 1071.5 88390 3087

4 2150.5 1326 2947

5 855.1 1737 3171

6 593.6 1187.6 208 198 36103 19711 3305 3301
D-1 889.1 11815 3401

2 530.9 173 2663

3 2737.9 1254.4 480 279 98392 31039 3007 2986
E-1 942.4 87683 2538

2 816.6 869.7 69 342 19960 46829 2862 2729
F-1 783.9 23060 2363

2 396.2 25506 1893

3 1220.3 9629 1953

4 906.3 55582 2054

5 1668.6 893.9 228 217 13215 30185 2215 2068
G-1 322.2 19209 2102

2 1301.5 9288 1866

3 388.7 3741 2168

4 1648.9 44869 2511

5 1095.3 1005.8 205 217 19585 20170 1789 2030
B-1 1057.9 1057.9 - 485 721 721 1142 1142
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The pooled error estimator for a given age group mean is the

square root of:

7

Z gy ‘~1)[Var(kY)]} .

P-Var(kY) =—{7

n)c
AL (1)

where notation is the same as in Seection III. Note that only seven
age groups are included in the summation; Var(gf) could not be evalu-
ated for age group H, since there was only one primary sampled, but
the pooled variance estimator provided an imputed value. If one assumes that
the variability of maintenance within each age group (i.e., the over-
all effect of sources 2, 3, 4, and 5 previously mentioned) is the same,
the pooled estimate provides a measure of variance that is less af-
fected by sampling error.

Figure 2 shows the plotted age group means of total labor hours
and the resulting parabolic regression;* the rectangles represent the
two-standard-error ranges obtained from the pooled estimator. The fit
is good, resulting in a calculated F-value of 7.6 which might, very
broadly, be compared with the standard 95 percent F-value of 5.8; if
we could regard the estimates of age group means as being independently
normally distributed with equal variances, then we could state with
at least 95 percent confidence that the variability of residuals about
the regression line is less than variability about the overall mean.
The age group means, however, are only approximately normally distrib-
uted and, since each mean is not based on the same number of aircraft,
the variances are not the same; what we are left with, then, is rather

subjeétive evidenee that the curve helps explain the variability. The

T
Appendix B contains statistical data for each of the regression
analyses deseribed in this section.
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Fig. 2—Labor hours versus age group
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gtandard error of the residuals is 134, which compares favorably with
the standard error of age group means (about the overall mean), 227.
Additional statistics calculated from the regression are in Appendix B.
One curious aspect of this regression is that the stamdard error
of the residuals is so much smaller than the standard error of age
group means calculated from the pooled variance. Except for differ-
ences due to differing sample sizes within age groups, one would ex-
pect them to be about the same if the hypothesis were correct, or for
the standard error of the residuals to be larger than the pooled esti-
mate if the hypothesis were incorrect. The large pooled estimates
originally led to discouragement with respect to being able to say any-
thing about the hypothesis. This pessimism was borne out by comparing

« %
the variation between age groups against that within age groups:

Degrees
of Sums of Mean
Source __Freedom Squares Squares
Total 30 7,904,244
Between age group 6 2,146,146 357,691
Within age group 24 5,758,098 239,921
Estimated F = &&= Standard F 05 = 2.4

*This analysis of varianece regards the observations as being
drawn independently with equal probabilities from normal populations
with equal variance. Since none of these assumptions are in fact true,
the analysis is really a rough guide. Data from two bases are omitted
from this table, one being the lomer in Group H, and the second being
an aircraft from Group D with an unusually heavy maintenanee record
(field maintenance labor was about twice that of any other aireraft in
the sample and about five times that of other Group D airecraft).
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This table suggests that grouping aircraft by age group is not very
meaningful in terms of explaining variamce, so one might also thinmk
that subsequent analysis of the age group means would not be too fruit-
ful unless by coincidence. The apparent contradiction might be ex-
plained by the positive bias in fhe variance estimator for group means,
which is discussed imn Section IIIX.

One might anticipate criticism for regressing on age group means
instead of the original data, the idea being that aircraft from small
age groups are weighted heavier than aircraft from large age groups.
The answer here is that the hypothesis concerns behavior of age groups,
and the best estimate for any age group is caleulated from the data
on aireraft falling into that age group; to regress on the raw data
would overweight the larger age groups. Furthermore, regression on
raw data would imply sampling with equal pfobabilities. The only real
difficulty is that sinee age group estimates are based on differing
sample sizes, they have different sampling errors; this conflicts with
the classical regression assumption of homoscedasticity. The situa-
tion does not bias the estimates of regression coeffieients, but does
decrease efficieney. In other words, the estimated regression coeffi-
cients have higher sampling error than might otherwise be the case.

The situation could have been alleviated by making adjustments in the
regression calculations, but it would have been tedious and not worth
the trouble,

Figure 3 shows the plotted age group means of total material cost
and the resulting parabolic regression. The data do not seem to be

systematic with respect to time, at least not in the manner hypothesized,



-30-
v

| | | | 1 | I |

12
8

0 o 2] <t o 0
<t ~ m ™ (<] o~ o ~N -

(spubsnoyy) popsed yjuow omy Joy js0d [plsjbw [pjo} abpIdAY

Age groups

Fig. 3—Material costs versus age group



-31-

The various calculated statistics are in Appendix B. The data do ar-
ray in a peculiar manner, however, and might warrant further study.
The first step might be to compute age group means for the three com-
ponents of material costs (FDM, AEM and OM) to see what kind of scat-‘
ter diagram results. It would also be interesting to seé what happens
if the labor hour component were separately plotted.

Figures 4 and 5 are similar to Figs. 1 and 2 except that the ab-
scissas indicate lifetime flying hours rather than age group. The
differences between the two kinds of plots refleet year-to-year vari-
ations in flying programs and, to some extent, the tendeney of com~
manders to place newer aircraft on heavier flying schedules. The re-
sults are somewhat better than those obtained by regressing by age
group, despite the fact that the age groups were the bases of sampling;
this suggests that a more efficient data ecollection might have been
accomplished had lifetime flying hours been awvailable before sampling.

The calculated statisties for Figs. 4 and 5 are found in Appendix B.

INING FUTURE SURVEYS

The question arises as to whether it would be more efficient to
collect data for each aireraft over a larger period of time or simply
to select more aircraft and stick to the two-month colleection period,
assuming that the additional collectiomn resources are available. The
decision depends on month-to-month variation as contrasted with air-
craft-to-airecraft variation. For purposes»of examining this problem,
it will be convenient to assume that the aircraft were chosen with

equal probabilities, and that the basiec unit of observation is one month
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(rather than the two-month period). Then the data collection can be
viewed as a typical cluster-sampling design, clusters of size two be-

ing selected with equal probabilities. If clustering tends to allocate
the basic units into relatively homogeneous groups (the usual case),

it is better to maximize the number of clusters and minimize the cluster-
size. Sometimes the clusters consist of relatively heterogeneous groups,
in which case it is desirable to increase the cluster-size. A measure
of this homogeneity is available in the form of the so-called intra-
class correlation coefficient, 8 . This statistic is similar to other
correlation coefficients in that it ranges from -1 to +1. A positive

& indicates homogeneity and a negative § indicates heterogeneity. The
relationship of & in eluster sampling is discussed in Kish's text,

pages 170-178, using the notation ROH instead of 8 . Following Kish's
suggestion, the following formulas and ealeuiations have been simplified
by assuming that the clusters were drawn from a conceptually infinite
population, thus eliminating the need for some finite population cor-

rections. The & coeffiecient is estimated by:

where Sé is the within-cluster varianee and S2 is the overall variance
of monthly observations within age groups. The sampling variance of

an age group mean can be expressed as:

2
= _ % _ ¢
var(,¥) = el =1 -s0:1)],
k

where g§ is the estimated mean of the kth age group, S; is the variange
between cluster means, e is the number of eclusters selected for the kth
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age group, and M is the cluster size. Examination of this formula
shows that if & is positive, variamce is decreased by increasing RH
if § is negative, it is better to make M larger.

To calculate § for total labor hours and total material costs, a
typical analysis of varianmce was used. The calculations were somewhat
more complex than the usual case because of varying sample sizes per

age group:

Degrees
of - . Sums of Sguareg
Source Freedom Degrees of Freedon
Total within
age groups (Mkn—l)
= o2 2
Between clusters (kn—l) M(kYi-kY) MSB
ps T 12 2
Within clusters | (M~1) K2 (kYij‘kYi) s,

where El(kYij - £§)2 is the sum of squared deviations of monthly data
about age group means, Z:M(£§i - g?)z is the sum of squares for clus-
ter means about age group means, and E:(kYij - £§i)2 is the sum of
spares for monthly data about ecluster means. The Mean Square indi-
cates the statistic that is estimated by dividing the Sums of Squares
by the respective degrees of freedom.

The data for these calculations are given in Table 3. Age group
H was left out because it contains only one cluster. One base inm
Group D was left out because the monthly data were not available. The
remaining data vary somewhat from those in Table 2, presumably because
of recording errors; this is not significant enough to affeet the pres-
ent purposes.

The results are summarized im Table 4, The intra-class correla-

tion for total labor hours is essentially zero, indicating indifference
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Table 3

_Total Labor Hours Total Materiel Costs
Jupe | July Total June July Total
Group A | 1 479 563 1042 511 8965 9476
2 | 1090 894 | 1984 38889 | 9220 48109
3 | 776 | 454 | 1228 28289 | 35252 | 63541
Group B | 1 43 603 646 - 74845 74845
2 615 | 1402 | 2017 14122 | 11559 25681
3 | 1199 528 | 1727 2545 259 2804
4 | 1123 353 | 1476 420 150 570
5 417 659 | 1076 11009 | 82437 93446
6 729 - 917 1646 571 9 580
7 | 1142 447 | 1589 37492 | 9087 46579
8 1027 912 1939 14751 | 5918 20169
Group C | 1 385 575 960 1814 12096 13910
2 520 857 1377 278 1365 1643
3 820 252 1072 54610 | 33781 88391
4 1684 466 2150 734 587 1321
5 475 380 855 1502 235 1737
6 | 248 | 346 | 59 9247 | 26856 | 36103
Group D | 1 257 638 895 8746 3068 11814
2 153 531 -- 172 172
3 ,
Group E | 1 640 942 67927 | 19849 87776
2 | 641 | 176 | 817 19631 | 329 | 19960
Group F | 1 278 505 783 9146 | 14914 24060
2 32 364 396 1171 | 24335 25506
3 657 563 | 1220 9629 -- 9629
4 444 462 906 31060 | 24522 55582
2 835 8lé | 1669 2272 | 10942 | 13214
Group G 1 140 182 322 317 18917 19234
2 272 1021 1293 -- 9288 9288
3 386 53 389 3241 - 3241
4 | 1306 343 | 1649 35630 | 9239 44869
5 | 954 | 141 | 1095 19429 | 155 | 19584
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Table 4

COMPUTATION OF 6 (INTRA-CLASS CORRELATION)

Total Labor Hours

s

Source of Variatiom df Sums of Squares Mean Square
Total within age groups 55 6,683,807 121,524
Between clusters 24 2,874,493 119,771
Within clusters 31 3,809,314 122,881

§ =1 - 122,881 _ -.01

Total Material Costs

Source of Variation df  Sums of Squares Mean Squares
Total within age groups 35 9325 x 106 1696 x 105
Between elusters 24 5238 x 10° 2182 x 10°
Within clusters 31 4087 x 106 1319 x 105

1319 x 10° _
- -“-———“-*?; = ,22
1696 x 10
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with respect to desirable cluster size. For total material costs, §
is small, but positive; therefore small cluster sizes are suggested.
Given the alternatives of either increasing cluster sizes or im-
creasing the number of clusters, the latter approach would probably
be more bothersome to the maintenance personnel involved because in-
formation would be needed for a greater number of aircraft. WNeverthe-
less, it would probably provide more precision. Furthermore, by ob-
serving at least two aircraft per base, one would be able to contrast
aircraft-to-aircraft variability with base-to-base variability (im the
present data, the two sources are confounded and canmmot be separated);
this would enable some assessment of the effeet of differences in main-
tenance management between bases as well as provide valuable informa-

tion for the design of any future related surveys.
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Appendix A: Comparison of alternative estimators of age group
means (using sampled labor hour data)*

* See Page 22 for discussion
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Refer Coeff | Coeff
to Cale. | Standard of of
Figure ‘Regression Equation F Error Var Deter
2 Y. = 1077 - 83(X) + 17.3(X%) 7.6 134 12 75

(p. 27) 1 . . . .
3 2
= -5767 + 14133(X) - 1176 2.6 11543 .4l .
(. 30) Y2 57 4133(X) 76(X7) 5 53
4 2
= 1688 - ,76(Z) + .000188(Z 13.6 106 .09 .84
(p. 32) St @) @
5 2
= - . - .00090 . 012 . .
(p. 33) Y2 50722 + 55.8(Z) 000903(Z2" ) 4.5 10123 36 64~

= Total Labor Hours (excluding engine maintenance)

X = Age-Group Code (i.e., 1, ..., 8)

Lifetime Flying Hours

N
1l

Standaxd F.05 = 5.8

Appendix B: Regression statistics

Y
Y. = Total Material Costs (excluding engine maintenance)
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