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SUMMARY

This paper presents an idea by E. M. L.
Beale for avoiding certain undesirable
features of phase I of the simplex
method, namely, the introduction of
vectors in the basis that are not likely

to be in the optimal solution of phase
II.
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COMPOSITE SIMPLEX-DUAL SIMPLEX ALGORITHM—I *

George B. Dantzig

Recently E. M. L. Beale has proposed a technique which mzy
reduce the number of iterations of the simplex method in those
cases where it is necessary to first find a "basic feasible solution.”
The first phase of the standard simplex method tries to drive ocut
the artificial vectors in the basis and, in sc doing, introduces
vectors into the basis without any consideration of the form even-—
tually to be minimized. This means that the seccnd phase, where an
optimum feasible solutiocn is obtained, must go through at least one
extra iteration for each vector brought into the basis in phase I,
which later turns out not to be in the optimal basis cof phase II.
Beale introduced his device into a special variant of the duzl sim-—
plex algorithm which he has developed. However, 1t can Jjust as
conveniently be introduced into the standard simplex set-up and we
shall apply it in this form in this paper.**

We shall use the standard simplex criterion to decide which
vector to bring into the basis in order to decrease the value cf
the linear form. We shall use a new criterion (in a little more
precise way than that suggested by Beale) as to which vector to

drive out of the basis in order to decrease a certain parameter a

*In Part XII of this series, a second Composite Simplex Algorithm
is proposed by W. Orchard-Hays which leads to a simpler algorithi.

**¥It 1s conjectured that where n is considerably larger than m,
the regular simplex procedure is likely to reach an optimum in fewer
iterations than the dual. If so, this arrangement will be more
efficient. See discussion in section (IV.




where a is a parameter used to "perturb" the original system of
edﬁéﬁions. At a certain steze in the problem it may happen that an
optimal solution has been ohtained before the parameter a has
decreased to the value zero. (a = 0 is the point at which the
perturbation coincides with the original system.) However, if the

solution is optimal for some a > O, it is, in fact, a basic feasible

solution to the dual problem so that it is now convenient to switch

over to the dual simplex algorithm (originated by C. E. Lemke) and

complete the problem [5]. If the reader refers to references

(1, 2, 3, 4], he will note that a standard system of equations and
notation has been set up for both the original and dual systems so
that it is possible to combine these into a composite algorithm
which is convenient to apply. In addition to this, we shall make
use of the product form for the inverse of the basis, [3], which

has many advantages, particularly in reducing the quantity of writing.

The Problem

Determine values of n non-negative variables (Xl’ s poees Xn)

he linear form

=
oy
}_ 1
Q
L
=3
[N
i
(S
o
3
[N
N
[
ct

(1) agriy t agpXp * ... Foag X,
subject to the restraints
-
” o = N .=l v+ v 5 1
8o9%) + Apo¥s F ..ty X = Dy (Xj > 0 for j , , )
(2)
amlx1 + am2x2 + ... + amnxn = bm




or determine that no such values exist.
By changing signs of all coefficients in an equatlon in (2),

if necessary, it can be assumed that

j

(3) b, >0 K =2, ..., m

Tt has been found convenient to form a redundant equation* which 1is

the negative sum of the equations in (2):

(4) )% * Ak, F ... Fagx = oy

where we define

() < e

5 a 3 = - E 8’7»' 5 b = e — b,’ s
1u k=2 K J 1 5 ¥

and consider the following system in place of (1) and (2):

(/
xg + (agyxy +agoXy + .. F2gx)) =0
(allx;:L +aj Xy f oLt alnxn) + X4 =D, +a
:} . =
(6) < (apy %) + agp¥y + -o0 tag X)) X 0 by
N (a %y +agpxy + oee ¥ az‘aaxn) * XtmT Om

*Tris device, as will become clearer later, introduces a "dummy
or Martificial" set of unit vectors into the system. In many cases
the original system may provide some (or all) of the unit vectors.
In this case the redundant equation is best formed by omitting the
corresponding equation in forming the sum (5), omitting the corre—
sporiding variable in (€), and introducing the corresponding non—
artificial unit vectors and variables into the initial basis and
solution.
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where

(7) x;20 3=1, 2, ..., (n+m)

The new variables X can be thought of as measuring the error

n+k
between the left and right-hand sides of (2) when a set of Xj ac
not satisfy the system exactly. Because of (5) 1t is easy to see
that

(8) X

+ X + ...
n

+2 = ’(Xn+i 2 0)

n+l Xn+m

and it is clear that if a sclution is obtained for a = 0, then
2,

Xoae = O (kx = 1, ..., m) so that system (6) reduces to system (2).
Py X
Let the colunn vector of coefficients associated with a variable

X in (6) be denoted by Pj; the column vector of constant terms by

0 + aU P are m+l ccnm—

1° n+l’ 77 "n+m

ponent unit vectors. Dencting by Uk a unit vector with 1 in the

It should be noted that PO, P

(k+1)st position we have

o’ Pn+l = Ul’ ey Pn+m =U .

For the initial basic solution it is convenient to choocse
(10) Xgs Xoyp0 X

(the remaining variables beinz set egual to zero). The valtues of

e [ 4

these variables are

(11) X~ =0

where
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(11.1) (bk >0, k=2, ..., m)and by = — “ b, <O0.

In order for Xn41 > 0, it is necessary that a > —bl > 0 initially.

The initial basis B® is formed from the column of coefficients

corresponding to the variables (ID in the basic solution. From

e s o . , . ) ,
(10) it is clear that B” is an identity metrix, i.e.,

o _ =
(12) B = [?O’ T TSERRREE Pn+£] =1

In general, it may now be assumed that the variables in th

iy
6]

k" basic soclution are

B

and that the values of these variazbles which satisfy (6) are known

in terms of the parameter ¢ in the form

(14) X, o=vy b (jo =0; 1i=20,1, ...,
where for the kth basis there exists a smallest value of o = a, > G

such that Xj > O; thus the basic solution can te written
i

(vi + Q- ui)PJi =0 +al, .

The inverse cf the basis,

- k __1 - I }_1
(16) I_B] LPO) le’ LR ] Pj o >

will be assumed to be known in the product form [3],
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(17) [B™] =E - E ... E. - E c =0, 1, ...

where EO = I and E£ is an identity matrix except for column r,

whose components are

(18) Mog? Maigr -2 Mipg - .

The m+l rows of a basis (or an Eg) will be referred to as row O,
row 1, ..., row m (and similarly for columns). It should be noted

that when it is required to multiply a row vector (ao, Bys eees a_)

m
on the right by an elementary matrix EE’ one obtains & new Iov
vector (aa, a¥, ..., a%) where
‘a; = a, (i = rz)
(19) -
ax =% n.,a. r=or ;
r o= Nig%s ( 2) ’

similarly when it is required to multiply a cclumn vector

“Cyo Cl’ .o cm3 on the left by an elementary matlrix Ez, one o

a new column vector -c¥, c¥, ..., cgi where

- 1’
( ' |
(ef =g +mggey (i %1,
(20) “"‘;,
e ey

N

For further references on the product form see [3].

Iterative Procedure

(I) The OQuestion of which Vector to Introduce into the Basis:

The first part of the simplex algorithm is concerned with the
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determination of the vector PS to introduce into the next basis in
order to increase the value of the solution Xg- For this purpose,
the first step is the computation of the top or O—row of the inverse
of the basis B" (denoted by BO) by the formula

1

(21) By =TUy (BT = U, - E_ - . E

0 = Tk K=l """ 1

1
where UO is the unit row vector with 1 in the first component. BO
is often called the "pricing vector." It is clear that B, can be
obtained from (21) by successive multiplications of a row vector

by an elementary matrix, see (1%). With BO form the scalar products

(22) 6j = (50Pj) j=1,2, ..., n .

(2) If there exists a 6j < 0, choose s as the smallest

index j such that

(23) o, = min 6j <0

The corresponding vector Pq is the one to be introduced intc the

S.

[N

bas

(b) If all &, > 0 and a = O then the procedure terminctes

I Lo
because Xg is maximum and the optimal solution to (1) 1s Xo = Voo

X =V

Jy

;» and Xy = O otherwise for Jj # 3y
(¢) 1If al1l &, > O but > 0, then the next step is to
atl o5 2 Q.

apply the Dual Simplex Algorithm part of this procedure which 1is

discussed in section (III.
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(II) The Ouestion of which Vector to Drop from the Basis:

If a vector P_ is chosen by (Ia), the next step is the determination
of the vector Pj to remove from the basis. For this purpecss, it

r
is necessary to represent PS as a linear combination of the vectors

in the basis:

(e4) p_ = yyP, =BY ' (Jg = 0)

where the column vector of weights Ys =-7y0, Yys 5 ¥, cén be

computed by

It will be noted that YS can be obtained from (25) by successive
multiplications of a column vector by an elementary matrix, see (20).
We now consider a class of solutions formed from (15) and (24)

m
(26) T (v, +au, — Oy, )P, + 6P =Q + aU
0] 1 i i Ji s

1

where © and a are free parameters chosen such that

(27) x; =v, tau, —€y, >0 i=1,2, ..., m
“.L A g —
(28) =, =6>0 a >0

and such that

(29) @ =Min > O and & = Max (given the value o is minimum).




For the smallest value of a, the value of the solution is vota ug— €.

Since Vo = 6OPS = ﬁs < 0, it is clear that to maximize, the value ©
is chosen maximum analogous to the regular simplex process. In
order not to interrupt the discussion of the main routine we shall

postpone the discussion of the evaluation of Min a = ak+1 to section

(IV). It should be noted that if o, =0, then o, = 0 also, and

k+
the rules below for decidng which vector to drop from the basis are

the same as the regular simplex process.

Once the minimum value of a = a,__ . is determined, see section
K+1
(IV), then the vector Pj to be dreopped from the basis is chosen
r
such that-
(1)  if there exist y; > 0,
vV_+u_ca v,Hu, *a
(30.1) o= I X oy, LAy o)
Ip e >0 Y
(11) 1rf al1 y; £ 0 ang a ., > 0.
(30.2) & = —For Tl _ o Vit s
I Y
(in order to have a basic solution with a smaller value
of a);
(111) if alz1 ¥y £ Oand a ., = 0, then the algorithm terminates
since
) = — = 4 i
(3’\/-3) xji Vi yie; XS e: XJ' 0 (J # 'ji or S)

constitutes a class of feasible solutions whose values

Xg = Vg = yoe-have no upper bounds as € —> + . Other—

wise, having replaced Pj in the basis by PS, a cycle
r




has been completed and one returns to (1).

(III) The Dual Simplex Alzorithm |41: For a given a_ > 0 it
[ ! 1

has been determined that all SJ > 0. The first step of the duzl

algorithm is to set

(31) as=0
- X, if Jy >nand x, >0
(32) x, = Ji Ji
[ |
+ + X ctherwise

o
[¢]
81
ot
v
m
ot

The vector Pj to drop from the basis is choser su
(33) Xj = Min x., <O .

If a1l Xj > O, the iterative process is terminated because an

4
cptimal basic solution has been obtained.

Jo

Assuming r can be determined the next stepr is to find the
. th
vector PS to enter the basis. For this purpcse form the r row

of [B¥|™

by successive multiplications of row vectors by elementary matrices
on the right (19). Set

?;-ﬁ if J_>nand x, > 0
(35) B, = r r Jp

r i Br otherwise -

and determine




hpE-RL
—]1—
(36) oy = B, (5=0, .0y n)
Then the vector P is determined such that
63 63
(37) === Max L <¢o0 (p, < 0)
pc Op-' =
(=) p. < J
J (J =1, ..., n)

If all pJ > 0, then the iterative process terminatec; there is no

feasible solution to the system of equations, see [4], otherwise,

*
for the next basis, the new values of 63 denoted by 63 are

*
3 6, =0, — &p. =0, ...,

The dval simplex algorithm may now be iterated with the new

basis. Having replaced Pj in the basis by PS a cycle has been
r
completed and one returns to (III).

(IV) How to Minimize a Geometrically, conditions (27)

k+1°
and (28) define a convex C in the plane (6,a)

0%,

e
e

(0,0) 'Po By
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where the equations of the bounding lines vy + a'ui —_ eyi = 0 are
known. It will be noted that € = 0, a = @ > O satisfies (27) ang
(28) so that C is nen—ennty. The lowest point in the convex hag

the minimum value of o = o Since the convex may be flat on the

k+l-
bottom, for this value, © is chosen maximum (except in case where
© has no upper bound).

This sub—problem of determining the minimum o is itself a

(m+2) x 2 linear programming problem which 1s more conveniently
set up in its dual form. The dual of this sub-problem is to deter—

mine non-negative %i, i=1, 2, ..., m¥2 such that AO = Max and A,

1

satisfies
| xo + Vl%l + VQAE + ... + VmAm = 0
(39) J Aty U U A, f oL AU A =]
f 7\m~i~2 - y1)\1 - y2h2 toe.. = ymkm =

It will be noted that the optimum "price" vector, g = [1, a, €],

for this sub-system satisfies

2

(40) a >0, ®>0, vy tue—-y,®>0, a=Mn ;

see [1]. We shall consider two alternative ways to solve (0): v

the dval simplex method, [4], and the direct simplex method, [1].
In addition, there is, of course, the possibility of more rapid
methods which estimate the minimum value of a.

(a) For the dual method, one may begin with the convenient

basic solution corresponding to the point py = (O;ék) in the
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diagram. If so, then 1t is interesting to note that for each
iteration of the dual simplex algorithm the solution will move
from one neighboring point to the next on the convex, i.e.,

from p; to p, to P etc. until a minimum is reached. The

variables in the initial basic solution are [A, kf‘o’ Aapds
where Kr is chosen such that
0
(41) v_, +u, - =0 (u, < 0)
I”O 1”0 K 1'0

(b) For the regular simplex method, one may begin with
a convenient basic solution corresponding to the point Pg =
(0,0) in the diagram. It can be shown that the next iteratiecr.
of the simplex algorithm will first choose & line v o 0y, € = O

which separates Po from the convex and is the farthest distance

from Pg (to ve precise, a maximum weighted distancs

unless the boundary lines have been normslized, i.e.,

2 2 _ e . sos .
Uy + vy = 1). This is the line Jjoining Pq to Dps and Py

becomes the next solution* in place of Pg- Upon iteration,

the next solution point is p. and then finally pa.

5
Further insight into how the simplex and dual simplex

methods compare can be seen in the case where the boundary
of the convex is considered as continuous. The problem is to

*
determine a point p on C such that a tangent** line to C

*The rule for choosing p, after P (and not p,) is that @ > ¢
must contain the convex C where a 9 passes thr%ugh the point in
question. It can be shown that the point with the smallest a
coordinate always has this property.

**Strictly speaking the simplex algorithm works not with tangeuts
but with boundaries of half spaces which cover C.
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through p* has a specified direction (we shall assume that it
is parallel to the © axis and must lie below C). The dual
simplex starting at any point P On boundary of C will slide
down the curve to the lowest point p*. The regular simplex

a *
| ) starts with any point Pg

‘ ¢

i ! Po with a coordinate less than
1‘ (" \ *

i * C that of p with tangent

o PaN

| FN * ; lines T., T, to C. Next

| ; Y p = 1’ 72

| { LT t t line T, is con

| T, 3 \ R a tangent line T, )

| }>//Tf//ﬂ 1 structed on the same side
¥ 1 *

. s of C as Py and at a maximur
; © distance from py. A new

"solution" point can now
be obtained from one of the two intersections of T3 with T1
and T2, i.e., either p; or p;, depending on which has the
smallest a coordinate—in this case pI. The algorithm is
repeated now with p; as solution point with tangent lines T1
and T5.

Since boundary of C is, in fact, a series of brocken lines
the dual algorithm (which proceeds from one neighboring vertex
cii C to the next) may require many iterations, whereas the
regular simplex algorithm appears to close in rapidly on p*.
Since both algorithms are really the same algorithm being
applied to a problem and its dual, this discussion must only be

interpreted to mean that when n is large compared to m (or for

the special case m is large compared to 2) the dual algorithm

i1s 1likely to be slower than the regular one.




[1]

(2]

(3]

(4]
(5]
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