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SUMMARY
This report 1s the fourth chapter of an exposition
of differentlial games. It follows:
Differentlal Games I: Introduction RM-1391
Differential Games II: The Definition and RM-1399

Formulation

Differential Games III: The Basic Principles RM—1411
of the Solutlon Process

The subject-matter consists largely of examples
which can be solved by the theory already developed.
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DIFFERENTIAL GAMES IV: MAINLY EXAMPLES

Rufus Isaacs

We shall put the method of the last chapter to work on
a number of examples. The first and the last will be essen—
tially abstract; the rest will be simplified models of
practical applications. The purpose of the abstract examples
will be to introduce or stress certaln points of the theory
as yet uncovered; what relevant discussion 1s needed will

accompany the examples.

1. The Brachistochrone Problem, One— and Two-handed Versions

In 1696 John Bernoulli challenged the mathematical world
with his problem of the brachistochrone or the curve of quickest
descent. He, Newton, Lelbniz, L'Hospital, and Euler all reached
solutions. Thus was born the calculus of variations.

This historic problem is still a delight to those encountering
it for the first time. It 1s stilll a favorite of text authors
as an entree to its subject. We let it persevere in this role
here,

A weight descends, under the influence of frictionless,
constant, Newtonian gravity, from a given starting point to a
second lower one. If we constrain it to a curved path, which
curve minimizes the time of descent? The destination may be a

curve € instead of a point, an alternative we adopt here.
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Slightly shifting our point of view, we consider the welight
as a point being navigated about the plane. As the sole effect
of the dynamics is to cause the speed to be proportional to the
square foot of the distance fallen, we obtain an équivalent

situation by taking for the K.E.

= &/y cos ¢

v = A 8in g .

e

(1)

Scme almost trivial remarks. Changes 1n scale are insig-
nificant; therefore wé take the speed equal to /¥. To conform
to the standard usage of Cartesian coordinates, we imagine gravity
acting upwards; (1) is to apply in the upper half-plane (y > O).
There 18 no need to apply any constraints to #; mapping the disk
of a vectogram into a square would gain us nothing.

We can easlly convert this classical problem into a proper
two—person game. For example, we could attach to (1) additional

terms of the type

+ g (x, vy, Y¥)
(2)
+ g5(%, ¥, ¥)

where ybis the navigation variable of a second player who wishes
to maximize the time,
But first we handle the one—person case. We shall not speclfy

end conditions, but merely show that the path equations are
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is koo
m;n [~ﬁ§ (Vx cos ¢ + Vy sin &) + i]= 0. (3)
The minimizing ¢ thus satisfies
Vk v
cos g = — ¢ ,sing=—- —F (4)
"Vx + Vy Vx + Vy

and (3) becomes

-3 ./Vz + V§ +1=0. (5)

The retrograde path equations are

Vx °
x=ﬁ Vx=0
Vx + Vy
| (6)
v o
o _ -y V. =1 /v° +ve.
Y= A vy ety
Ve + Vg

To obtain a solution, first we have Vx = constant = Cqe

‘Then, utilizing (5), an integral already at hand,

3=

& equivalent to the Euler equation; they both lead to the cycloid.

“Recalling that, time beilng the payoff, G = 1, the main equation

Y

Ry e
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We can integrate at once and obtain
V. = ¢, tan (l c.T+c,)
y 1 Zz ittrel ¢t
From (5)
y = '?l—z = lt cose(é clf+ce)= —ig (1 + cos (c£t+202)) (7)
V_+V c 2¢c
Xy 1 1
and as
o ——
X = ¢,y
X = o (t+ -lsin(c T+c,)) + ¢ (8)
Ecl cq 1 2 3
and (7) and (8) are the equations of a cycloid.
As an instance of the two-handed version, we take:
X = V¥ cos ¢+ (¥/F-1) (1-¥)
¥y = 7 sin g + 2x(1+¥) (1< ¥<1) (9)

8:y>0,x2_0. €C: x=0,y=3s8(s>0).

There is no special interpretation to this game. The
- particular addenda to the K.E. were chosen 8o as to yleld a
nontrivial problem, integrable in finite terms, and not

invoking any type singular surface as yet unstudied. Thus
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~we shall not work out the solution; the reader might like to
do so as an exercise.* He will find the optimal paths to be
as in Figure 1. The line y = 1 is a transition surface (or
curve). Below it the paths are instances of the cycloids

already obtained; above it they are parabolas.

2. The General Relationship between the Path and Euler Equations

The connection between
these two approaches, illus-—
trated by the last example,
will be discussed here in
rough terms. We deal only
with planar one-player
games with integral payoffs
and a single navigation
variable; more elaborate
cases can be inferred
from this instance.

We start from

x = f£,(x, vy, #) (10)

y = £,(x, ¥, #)

¥ Let him postpone his attempt if he wishes graded experience.
Most of the problems to follow immediately are technically easlier.
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“with
S e(x, vy, #) at (11)
to be minimized., We can write (11) as

GEX: Vs é; d ' 2
flx: Vs x (12)

and also

. £(x, ¥, #)

! = _}:. = .
y ( i) fl(X, Y, 9) (13)
We solve (it is generally possible) (13) for g and sub-
stitute the result in (12) which now assumes the familiar
calculus of variations form:
S F(x, v, y') ax . (14)

The case where F is independent of y' plays a speclal part
in our theory and will reappear during our later discussion of
universal surfaces.

On the other hand, if we start from (14), there are many
ways of reaching (10), (11) inasmuch as (14) takes no account of

the t—parameterization. The simplest appears to be

x =cos ¢
v = sin ¢ /
G = F(x, y, tan g) cos £ . (15)
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3, A Pursult Game with Rocket—like Motion

The pursuer shall govern his motion by cdﬁtréiliﬁg his

kvdriving force. Thus we have something of a siﬁﬁlation of

ISR A

'

reality; inertia and limitations on turning ra&&us:areupresent.
We will also incorporate a friction drag to limit speed. A
literal interpretation might be something like a Jet—driven
craft with the jet turnable in any direction, but we can also
construe a rough picture that is not too far a cry from general
reality.

To avoid too cumbersome an example, we will let the evader
employ simple motion. Of course, we could, without a gain in
difficulty, reverse the kinematics of the two players, or, with
such a gain (but not one in principle), we could let them both
have the ' new motion. Play takes place in the plane; the payoff
is time of capture. The latter occurs when P and E are a |
distance 9 apart.

Let Xys Xp be the coordinates of P's position and x3, Xy
his velocity; x5, X, are the coordinates of E. The K.E. are

X, = X

1 3
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Here F is the maximum value of the driving force per
unit mass which P can exert. We should, especlally in view
of the convexity condition, allow P to use smaller values
(that is replace F above by ¢2F with 0 < ¢2 <1), but it is
not hard to show that, under optimal play, P will always
employ the largest possible value. We assume the frictlon
is negatively proportional to the speed, which terms above
are designated by —kx3 and — kx, .

Now if P were to travel thus in a straight line, his
ultimate speed would be F/k. Were this quantity less than
w, 1t 18 clear that P could not capture E unless the initial
conditions were exceptionally favorable. Such a situation is
not without interest. For example, suppose an interceptor
missile were fired at an enemy craft from a powerful launching
device. If the missile is slower than its target, 1t may have
to depend on the initial impetus. However such a problem 1s
a game of kind. It will be taken up in a later chapter devoted
to such games; we will learn that there are cases where P must
depend on the launching velocity, even when % > W. In the
present chapter we limit ourselves to the case where capture
can be achieved.

The terminal surface can be expressed in terms of the five

parameters si,
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We have here a game with integral payoff, G being 1. Thus

the M.,E. 1is

min max [x3V1+x4V2 +F(V3 cos ¢ + V) sin g) — k(x3v3+x4v4)

+

+ w(V5 cos Y + Vg sin V) + l]

For short we will put

f’l = 4\/63 +V)+ » PE =‘VG5 + V6 .

Thenthe maximizing values of g satisfy

- v - v
cos¢=—t_°.2 , sin¢=_pll

and likewise

(16)

(17)
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The final form of the M.E. becomes

vx3V1 + x,Vy = Fpy — k(x3V3+x4V4) +Wo, +1=0.

The R.P.E. are

[¢]
X, == x3 Vl =0
) o _
x2=—X4 VE—O
% =FY-3—+kx V, = V, — kv
3 r1 3 37 1 3
% FV4 kx v, =V KV
= ,a;“ Y y = Vo — XVy
v
[} 5 [+
= — W -2 =0
x5 wf,2 V5
V [~}
6 Po 6
on €, V = 0; the remaining I.c.” are
v =0Q0=V, +V v = 0=V
S1 1 5 S3 3
v =0=V, +V v =0=V
82 2 4 Su )4'
V. =0= S(V5 sin sg — Ve cos 85) .

®5
The solutions of these demand that, for some A = k(sl, see, 55) s

Vl = =V

A cos s
5

Vo = - V6

2 A 8in s5 .

¥ initial conditions
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‘Substituting in the M.E.,
+ A = .
7\(33 cos sg+s, sin 85) +wlrn]+1=0 . (18)

We cannot solve for A until we know its sign. The two possi-
bilities correspond to starting values of PE bigger or smaller
than § ; of course, we wish to exclude the latter. To proceed,

let

r = distance PE =,‘/(xl—x5)2 + (x2—x6)2 .
Then

e = (xl_XS)(XB—w cosY) + (x2—x6)(x4—w sin yY)
which becomes at C

$r = Scos 35(83—W cos ¥) + § sin 85(84—W sinVy) .
To find the U.P. of C we must have on C

mn;gn max r < O (19)

or
83cosss+s#sins5+w<0

as the condition for the U.P.
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Observe that the maximizing ¥ is here 85 + 7 and also it

“must be ¥. But on C,
cos ¥ = 2= 2 - _ 3gn \ cos 55

and so sgn A =1 or A > O, We are now in a position to return

to (18) and assert

-1
A = . (20)
33 coS 55:*' S)_‘_ sin 55 + w

Now we proceed to the solutions of the P.E.

V1 = — V5 = A cos 55 » V2 = - V6 = A s8in 55
A cosS 8 A 8in s
— -k
V3 = '_'T?"_"i (1— kt§ , v4 = —__T?—_—é (1— 1} .

From these results and (16) and (17) we draw the interesting

conclusion:

Y = ¢ = constant = — sg(=sg4r) . (21)

The interpretation is that E will traverse a stralght line (that

is preserve constant direction), P will likewiseﬂmaintain a constant
direction for his propellant force, and that these two directions
will be the same. Should no in-the-large complications arise,

the problem essentially reduces to the determination of this

mutual direction.
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As
Py = =T
the P.E. for x3 is
(]
x3 - kx3 = F cos 85
and so
F cos s F cos 8
- _ 5 5) KT
X3 ” + (s3 + - e
and likewlse
F sin s F sin s
- 5 kT
xh_————r————'l'(su'f'——-lz———')e .
Also
F cos s F cos s F cos 8
= 2 1 5.kt 5
X = = r—E(33+ = e" T+ 8y + (83"'—12—
F sin s F s8in s F sin s
= 5 1 5y.kT 1 5
x2— " f_K(S)'l'-*- K )e +82+E(84+ i

(w cos s5)t’+ 8, - $ cos 85

Xg (w 8in 55)T + 8, — $ sin 85 -
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The final step, according to our formal scheme, is to sclve

the last six equations to obtain T, Bys °°%» 55 as functions of

Xy *» Xg. In particular, the T(xl, see, x6) will be the

value V.
We define

o) = s+ E-wr-L )

Then we see easily that

-kt
l—e
Xg — %) = (——E——-) Xy = = Q(T) cos 85 (22)
—-—KT
Xg — X5 — ( ) x, = — Q(T) sin sg (23)
and so the final step of the elimination leads to
712 = 2(rv) (Z— S RNEMLR = i ) . @ (24)

which is to be solved for T. Here r and v mean the vectors
representing respectively the displacement of E relative to P
and P's velocity.

Let us examine Q. We assume first, in accordance with our
earlier stand, that capture can be achleved which will require
% —w> 0. Thus Q(0) =$> 0 and Q(w) = c© > 0. But we demand
still more; we want Q positive for all T> O. It is not hard to
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see such will be the case if the parameters sufficiently favor
»P; that 18 F and ¢ are to be large with k and w small. The
motivation of this idea will be discussed 1n a later chapter.
Returning to (24), we note when T= O the left side is
large as the initial |r| is of course to exceed §. For T large,
the left side is bounded and the right increases llke t2; thus
1t 1s larger. Thus (24) will be satisfled by some T > O. Let
the smallest such be called T, = tb(r, v) =
tb(xl, see, x6). Our task is to show that itvis V.
Putting T, for Tin (22) and (23), we are able to know Sg
and so obtain what appears as likely candidates for }? and \T/ R
Let the players play directly the strategies so prescribed.
Then x will travel on some path in € and at each point there
will be a Tb(x). The derivation we have gone through to obtain
(22), (23), and (24) tells us that this T, will decrease at a
unit rate, as long as the smallest root of (24) varies continuously.
The contingency implied by the last phrase is as follows: Picture
the two curves which are graphs of the two sides of (24). As t
increases, we must be assured the curves do not at some time cease
to intersect at what was Just Tb, so that 1% suffers an abrupt
increase. We calculate the difference of the slopes of the curves
at a point of intersection — the details are omitted here — and
a computation shows that this difference does not change with time
aé long, as Q > 0. Thus our worry is waylaid. Hence if the

players behave as above, at time T',‘Tb will decrease to O;
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ﬁ(24) shows this can happen only when x is on €. Thus direct

optimal play — and hence other closely resembling play —
will lead to capture. The stage 1s set for an appliéation of
the verification theorem. .

As we have formulated matters, éhhas six dimensions. A
little reflection shows that this number can be reduced to three.
Of the many ways 1n which this is possible, we elect the scheme
shown in Figure 2. Here the
coordinates are X, Y, v; v 1s
P's speed, X and Y are rectangular
coordinates of E relative to P, | Y
belng measured perpendicular and /
parallel to P's veloclty. We are N V2 {
led to a new €, half of 3—space X \\//

(as v > 0), in which it is possible
to depict our concepts very clearly.

In the new space (24) becomes

Kkt -2
X2 + [Y - V(l:%—)] = °(z) . (25)

The surfaces of constant T are now cylinders. When T= O the
surface 1s of course C ; it 1s a circular cylinder with the
v—axls as 1¢ts axis and of radius S . As T increases, the axes

of the new cylinders slant upward in the plane where X = O
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Y but still pass through
the origin. Their
vertical (see Figure 3)
sections éfe circles of

radiil Q(T), a quantity

which first decreases

and later increases.

X During this first stage
the cylinders have two
surfaces as envelopes.

. Later we will encounter
Fig. 3
such surfaces more
generally and define them as barriers; for the moment we will

anticipate this definition.

Let us take an example. We select
F=3%3 w=2, §=1, k=1,

A plot of Q is shown in Figure 4. 1In Figure 5, which for

clarity is drawn at twice the scale of Flgure 4, we have

plotted the section of the family of cylinders for v = 2.5.

The sections of the barriers show up clearly; they meet C.at

the B.U.P.* and extend upwards until they end abruptly. Figure 5
shows that we utilize only parts of the circles; the selection

corresponds to our selection of the smallest root of (25).

* Boundary, usable part.



3-25-55
2182

L

Fig 4
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The barriers are surfaces that are never crossed during
optimal play. They are instances of the kind of thing we had
in mind when we dissected E.prior to stating the verification
theorem in the previous chapter. Thelir tactical;fole is as
follows. If the starting position is a point nestled between
the barriers, such as A in Figure 5, the resulting play will
be rather direct; E will travel away from P with the latter
dozging his heels. But for starting positions such as B
outside the barrier, the resulting path 1n e will begin by
first receding from (3, then skirting the barriers, and
reaching C via the alley between them. Physlcally this means
that the kinematics of P render him undeft enough to catch E
directly; P cannot veer enough to thwart E's sidestepping.
Hence P must at first lower his speed so as to make a suffi-
ciently sharp turn and then go after E who has by now fled to
a position roughly rearwards of P's starting point.

Plots such as Figure 5 enable us actually to compute solu—
tions. We have done so for the starting positions A, where V =
0.8 time units, and B, where V = 3 time unlts. The actual
paths of P and E are shown for these cases in Figures 6 and T.
Here SP’ SE denote the starting points of the players and CP’

C.. thelr positions at capture.

E

—20—
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Fig. 6

Fig. 7
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4, A Battle Game; The Snowball Fight

Each team in a snowball fight may divide its efforts between
directly bombarding the opposing warriors or more indirectly
attempting to deter their opponents from building a sizeable
supply of snowballs. We shall be concerned only with this facet
of the conflict. We shall find the optimal allocation of each
team's manpower to these two obJjectives.

The first step must be the formulation of the battle mechanism
in terms of simple differential (kinematic) equations. The reader
will see that this can be done 1in a varlety of ways and each 1s
expressive of another problem. In a later chapter we shall further
explore the gamut of possibilities.

As usual, we call the teams P and E; X1 Xp will be thelr

respective number of snowballs at time t. Let ¢ be that fraction
.of P's supply devoted to depressing E's rate of manufacture;
1et‘%’be a similar fraction for E. Let m;, m, be the rates at
which the teams would manufacture snowballs were there no lnter—
ference from the enemy. We will suppose these rates to be
diminished by an amount proportional to the number of opposition
snowballs devoted to the purpose. At any time E's such number

is 1Px2 and P's supply will satisfy
X = m - o ¥y

with a similar equation holding for E.
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The game is to last for a stipulated time T. At any time
between O and T the number of snowballs the teams allot to the
battle proper are respectively (1—-¢)xl and (l--]ﬂ/)x2 and the
difference of these two quantities will be a measure of the
advantage one team has over the other. As payoff we will take
the integral of this difference over the duration of the game.

As remarked in Chapter II, T is essentlally a descriptive
variable and we will adjoin a kinematic equation accordingly as

explained in Section 7 of that chapter. Thus the K.E. are

m - cﬂ(xe

= m, — e Bx) (26)

e
n
[

i3=-1.

Alsc E is Xy 2 0, X5 > 0, x3 2> 0 and C 1s that part of

boundary of Ewhere x3 = 0. The payoff is integral and

6 = (1-Y)x, - (1-#)x; - (27)

In (26), my, My, €y, Cp are all positive and we will
suppose ¢4 2 Coe

Our formulation will be completed when we say something
about constraints. The natural bounds on ¢ and'ﬂ#are, of course,
0 and 1; nothing will be gained by making the canonical trans—

formation of Chapter II, causing them to be 1 and —1. But
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the mathematical formulation thus far of our problem does little
to prohibit the absurdity of Xys X5 becoming negative. Nelther
player will ever desire to select a & or'#fso large as to attempt
to depress his opponent's supply below 0. We will achieve our
constraint by embodying this common sense restriction as a rule.

To do so, we define Ki(xl, xg)(i =1, 2) as follows:

n,
K, = min (1, z=) 1if x, =0
2%y

1 otherwise ,

_ ™
K, = min (1, clx2) if %, =0

= 1 otherwise .

Then 1f we adopt the constraints
O<FLK, OLVY<K

we are assured, by an inspection of (26), that if Xy = 0(j=1, 2)
then iJ > 0 and thus the bounds of € will be honored. In deriving
the P.E. we will have to bear in mind this defection from the
conical form.

The M.E. 1s

mi.gn mvalx [(ml—cl‘#'x2 )Vl + (m2---c2¢xl)v2 - V3 + (1-¥) Xy = (1-¢)xl] =0 .
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The coefficient of & is xl(l—cevz) which we shall call x,J;.
Then
g=0 1if J5 >0
=K if J; <O0.
Similarly if J, = ("1’°1V1)
¥Y=0 1if J, <0
= 1f J, >0 .0
= K, 5> 0.
The R.P.E. are
° = ol ] 3—
X, =-—m + cly/xg vy =-1+ lef + Jixy 5%,
e - o — 3_
Xp = — Wy + 02¢:x1 V= 1+ JéY-+ IoX, 3%,
° °

The two partial derivatives on the extreme right result from our

noncanonical constraints; they are not zero only when ¢ or ?;is

K, and K, has its nonconstant value. For all x interior to € s

J J

these terms wvanish.

* If either Ji should be 0 over an 1interval, then the

value of the corresponding navigation variable 1s

irrelevant.
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We can find V3 on C from the M.E. as our standard procedure
dictates but in this case nothing constructive is gained thereby.

Then, on C s

n
o

J1= 1 and so Z

|
n
(@]

J2 =1 and so

Using these values of B and 7’ we integrate the R.P.E.:

Xy = - ml‘t'+ 84 Vl = ~T
x, = — mT+ 8, V, =T (28)
X5 = T. V3 unnecessary .

Then along each optimal path

J1=l—-02’t'

I =—l+clT .
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and (28) will hold as long as the JJ maintain the signs
originally assumed for them. Such ceases to be the case
when T= éL-or‘é; . The former value occurs first as we

1 2 ’
have assumed cq > 02.* We conclude that a transition
surfaceg;_ occurs when Xz = T = -El- , across which ¥ changes.
1
We proceed anew on the part of e lying beyond UJ, taking
now'gz as a new seat of initial conditions. On 1it,
= _ *% _ 1
X, =8y, Xy = 85, x3 = EI
and, from (28),
1 1
V = e — ’ V [
1 ¢y 2 ¢y
and now we have
=0, ¥=K,.
First we take the major case where Xy > 0, so that
K2 =1l =7%. The R.P.E. now being
] L
X =-—m + C1X, V1 = —~1
o ©
Xy = =My Vo=1+J,=—=0¢Vy (29)
x3 =1

with solutions

¥ We will ignore the borderline case of cy = Cp and suppose
hereafter cq > Cse

* %
These new s, are not the same as the old.
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x2=—m2‘l:‘+s2 Vl=---—%:—:L
X, = (clsg—ml)f—%-clm2‘c2+ 8, V2=%L't2+‘t‘+%
x3— T+%—l-
and
Jl= 1—c2V2=1—-Z-]?-—02T—C—12ci§T2
Jy==1 —c V) = e;T>0 (when T > 0) .

The latter inequality shows that '-,Z/_ remalins at its upper

limit. On the other hand, Jl changes sign when

c.c T2 + 2¢ ‘t—2(1—f-?-)=0
172 2 cq

or when T 1s the positive root of this equation:

,c,(1)=_01_£[_1+ /2%—1]

which means that

)
1 1 2
We observe that
-c}— < xj(l) < 6}" .
1 2
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The first inequality 1s evident. Assuming the second false,

we would have

2
1 ¢ 1 1
jﬁ <= (2 Ei—l)or (=-4) <0.
cs Cqy 2 2 1

For this stage it is quite possible for Xq to remain O
during an interim. We must recall that we are working with
time reversed. Were it going forward, x may reach the X, = 0
boundary of € from the interior. It wlll have to arrive at a
point where ml/clx2 < 1. Then E will keep V’at XK,, causing
%, = 0 and so x; will remain at O unt1l J] is reached. (While
this is going on, ie = m, > O so that ml/clx2 < 1 remains true.)

Returning to the retrograde viewpoint, we see that we must first

construct paths from‘gz for which Xy is zero. From them we can

compute Vl’ V2 on the part of the boundary: X, = o, X5 > ;%
and use it as a seat of initial conditions for paths
emanating from the boundary to the interior.

For these boundary solutions we put in the P.E., Z = 0,

™

, whence they become

Y=

C1%2
° [ -]
x1 =0 Vi = -1
o L —
= e = i_ =
X, = = My Vo, =1+ 3%; (xzyd 1
%, =1



while for I.C.

>

we use

N
v

2|

BN
¢

The solutions are

so that V2 =

- m21'+ 8,

'L‘+-é—

vy

= X

3
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Thus, for the paths that (retrogressively) emanate from

the boundary to the interior of € we employ as I.C.:

c

m

1

-

3

2

)

L

1

L

the P.E. to be used are (29) as here again

Solving

- met' + 8,

1 2
(clsg—ml T — 5 c,msT

T+ s

3

| -

=-V, =

t_SB
2

cit + ¢y

537+s

3

(30)
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gso that

1l
J1 l - c233 -% 010212 - clcesjt'

J

o =1+ Cl(f+83) > 0 so that ¥=1.

But ; can be expected to shift when J; = O or when T is

the positive root of

% clcz't2 + 0102831'— (1—0283) =0 (31)
or when
T t{z) —¢yC,85+ é?ﬁgs§+2clc2(l—c283)
P2 2 2
_ 1 2 1, _ 1 (1)
= -8y +~/(33_ Z_.) +(c — - ;2) = — 55 +~/Z33— EI) + [kB 7 .
1 172 1 -

Now, from the positive center term, (31) always has a

negative root. The condition that 1t also have a positive one

N 1 _ 1 (2) _
is that (1—css3) > 0 or 85 < EE . When 85 = 35 , then T =0

and here then the transition surface meets the boundary.

The second transition surface ﬂ; is comprised of two
parts: Part of the plane where x3 = x3(1) and part of the
curvéd surface which consists of the points on the paths Jjust
found when T= 1‘2). The seam between those parts 1s generated

from the paths emanating from the points
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1
X S = amm—
17 73 3 ¢

For such, we see, as would be expected

(1) _z(2) .

This seam, as well as any section of the curved surface, for

which s, 1s constant, is a straight line, in a plane where x3

3
is constant, as can be seen from the left members of (30),

where S5 is to be construed as a parameter. These lines range

from 85 = gL (the seam, above) to 85 = éL (where, as T(2Zj= o,
h E 0 > 1 Xy = L
we have x; = 0, X, > AR I |

Both transition surfaces are sketched in Figure 8. The

aud ’
curved part of J2 meets the floor plane X, = 0 in both parts

of the 1line x, = EL and in a curve wnich turns out to be an

3 ¢y
arc of a hyperbola.
Once we are beyond CJ;, we expect to have ;5- = K., '\T/= K2,
and intuitive Judgment as to the nature of the problem indicates
that there should be no further changes of strategy. We will
show that such 1s the case.
With these B; i}, an examination of the P.E. shows that
v

1 - c2V2 or -1

W

-]
V2 = - clvl or 1



3-25-55

///z/ ////,///
gl
AR\ 3
515 %
S M
e ee N
9 1>

Fig. 8



W1 400

3—-25-55
MO

the cholces depending on whether either, none, or both of
Xys X5 lie on the boundary of 8 . In terms of the Ji these

equations are

[}
J = - 02(1+J2) or — ¢,

e
J

5 cl(l—Jl) or ¢, .

Letting T be measured from 72 , we have initially (T =0,

or at’.rz)
Jl(O) <0, J2(O) >0
and so

© °
J1(0) ¢ =e; <0, Jy(0) > ¢q >0

and so for small positive T
Jl <0, J2 >0 .

It is enough to show that these inequalities will always
persist. Suppose, for example, that T' were the smallest
positive T such that Jl(‘t:') = 0. Then there must exist T"
such that 0 <t" < T' and J;(T") = 0. Then J,(t") = — 1.

Then there exist T' such that O < T'! <" and 32(1"') = O.

1
Then Jl(‘t"') = 1 and there exists T with 0 <tV < T '

and Jl(‘c"v) = 0, a contradiction.
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Thus beyond‘U; the optimal strategiles are the Ki' Note

can be held at zero here, but only on

that elther X, or Xx

1 2
the cross-hatched areas in Figuref3. It is only there that
his opponent has enough snowballs to suppress completely a
player'!s production.

The value of the game as a function of x;, Xy, x3(=T)
can be computed now without much difficulty. We will not
dc so here.

The conflict here cannot profess to be anything otherbthan
an extremely simplified, artificial model. Directly it cannot
do more than indicate trends — how various factors should
roughly influence'strategy choices in a more realistic version.
We shall probe these influences below by interpreting our
mathematical solution. Indirectly the game serves as an
illustration of technique, for the same methods apply to
more elaborate cilrcumstances.

Let us suppose we know the mJ, the snowball manufacturing
capacitieé of the teams, and the CJ’ which are indices of how
effectively a team may deter the opposing output of balls. We
select the designations P and E for the teams so that ¢y > Coe
We are also given T, the duration, and Xy Xp the numbers of
snowballs the teams have at the outset. We spot the point
Xys Xps x3 = T, in space sketched in Figure 8, or its analytical
equivalent. The optimal strategles for both players are then
known. Let us suppose, for example, that T is large and the
initial point is interlor, meaning that both players have a
positive initial supply of snowballs. Then at first Z = ﬁp= 1,
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meaning that both players will devote all thelr strengths to

" curtailing the opponent!s manufacturing rate. It may be that one

player's supply soon becomes depleted. On the diagram, this means
that a point on the cross—hatched boundaries has been reached.

The opponent will then devote as many snowballs as are needed

to maintain this depletion and use the rest in the battle proper.

Ultimately the descriptive point will reach ?;; let us suppose

it does so in the flat part. This means that when the time

1 ©1
T — EI 2 EE — 1 has elapsed, E should switch strategles and
now devote all his resources to the battle proper. If x met
3; at the curved lower part, E would make this switch earlier.
The reason is that E shortly expects his manufaéture to be
nullified completely by P's bombardment, which will indeed
happen if P plays optimally and maintains §;= 1. Our result
shows that in anticipation, it is best for E to switch to the
battle a 1little sooner.

However, P perseveres in deterring E's manufacture until the
time T —45; . At this time he too Joins in the battle and this
state of affairs continues until termination.

Of course the interesting feature of this game is the times
when the players should best switch their strategies. We see
that these* depend only on the cj, the effectiveness of their
respective attacks in curtailing enemy manufacture, and not on

¥* %

the manufacturing rates my, My The player with the greater

such effectiveness switches first.

* That is, time until the end of the game.

=¥ Except for the curved part offT;, implying an anticipation of
complete nullification of output by the opponent.
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Yo *rmmg;’
P

Here we demonstrate, by a simplified examplé, how our

methods can be applied to certain production proé%émS‘so as to g
attain the maximal yield. To fit our conceptions, the situation

must be "differential'; the discrete steps of actuality must

be smoothed into continuity. What we obtain 1s a long—term view

or a rounded-—out picture.

A nation or other large enterprise embarks on a program of
steel production. We will suppose, as 18 actually reasonable
practice, that a certain amount of extant steel is to be an
ingredient for the manufacture of additional steel. At any
time the current supply of steel is to be allocated between
this use, the manufacture of more steel mills, or the stockplle.
Our desideratum is to maximize the latter category at the elapse
of a specified time T. How should we proceed? We might conjecture
that at the outset, for example, all effort should be
devoted to sugmenting the number of mills; when this number 1is
great enough we proceed at high blast to prbduce. When should
the transition occur?

At any time t let

xl measure the number of mills
g

and . X, measure the current supply of steel.

A

*
Propounded to the author by R. Bellman, thls problem is the

subject of the former's RAND Research Memorandum RM-1087.
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‘Thus to (32) we must adjoin the constraint

~ Fipally, we adjoin a third D.V. x3(=T) satisfying
- - l .
*3

RM—1 486

3-25-55
39—

(35)

(36)

Of course, we are confronted with a terminal payoff game where

E is xl:<2x3 >0, Cis x3 = 0, H= Xoe

The constraint (35) being effective only when bx; < ayX,,

we divide £ (which is Xys Xps X3 2 0) into two parts by the

‘quarter—plane fwhere bxl = a2x2,wh1ch we will call gl and €2

bx

—QL— > or < 1,

In Figure 9, we
asXy ’

respectively according as

depict the constraints on'yﬁ, ]Pz graphically for these two

* %
regions.

respectively triangular and trapezoidal bases.

The K.E. veing (33), (34), (36), the M.E. is

@;} {Via11k1x2 + Voo [(a2 _.1)1% -V&J} + V3 =0

* Descriptive varlable.

s

* %
We are waiving the canon of constant constraigts with a

vengeance but no great harm 1s done thereby. %To get the

L P.E. involving VJ’ as usual we differentiate ;he M.E.

with respect to x,. &
J IR

The vectograms in the two cases are pyramlds having

(37)

AT AT
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sl
*

N

Ing, Ingg

bx bx
Where L > Where L <
dz Xp 272

Fig. 9

R P S ~ 1 4 K4 1, K . L, N NN v ~
To fird 'Q/, we oozerve that, elther in elmer(f or 82, Wi are

1YS QCCuUr at & ver

) ) . e ] o o {=r
have writter the value of the Lrace of (37)

N - = PR S
»e dencted by v. and ths
o
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and as V = ¢

[§)
]

3

]

o
PN

@]

v va\ M2 = Xz (01V) - Vz)

4 wl

Fig. 10

are
=8y, #p = 8y, ¥y o= o (38)
200)

rle
220

o
O
ot
=
I4i)
)
£
&)
(o)



RM~-1486
3—25-55
—ho—

o]
«

[QV]
o 1.Q

.l__ o
[3 115}

£

a
e
e

-
02
[N
Uy o
I Cd
«
d —t {d
0l [£0 IS
I A2 )
il ] it
QN e~ 0

as

i

o
L3

o
Il
N
o
&n
R QY
-
-
I
e
| [Q¥]
W
L

9]




RM-1486

3—-25-55
—43—~

.
ot
%)
[
]

5]
Y
l
-]

o
N

i

w
NG

i

]

n
}._, ]

paths are legitimete as long as they remailn in(?é

ard me holds sway as the maximal m,. The latter, along the
-~ e aq — 1
paths are, if, forshert, we write C in place of b S ,
m. = O
T~ (32——51CC)(a1—CZ - 1)
o= a _ o _ L e & .CT
), 2. C L‘(S2 slvf Sl) + bs, s, +8.C7T
~y
fod
=bs, —s. + CC (s, + s.a. -5 5 Yy — (CT) a,s
1 2 1 271 . 1 17¢
a
2
m. = g,C
5 1
A sheort calculation shows that

=
1
|
=3
i
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]
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ory Figure 10,
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ana therefore m, is constant along a path.* As my is always
0, it can never dominate. To assess T and m5 we write, from
Figure 10, e
b ©
m, —nmn, = V,a, (- — x + V, bx, = x.V
T 121 a, 1) Vg = kY
. 7 b 7
ard my —m; = V,ja (“ﬁ — X,) + V, ( - x,)
4 2 a 1 e

For & transiticn in strategy, there must arise & A causing these

cuantities to vanish. Examining the right sides, we see that
one way for this to happen is annulment o Xy Or Zp — gg Xqs
tut this is Just the condition for an exit fﬁ**(fg. Thereflore,
we must lock to ﬁj = O(j = 1,2). We will show this cannot

©

\4
Clearly Vl and V2 satisfy the same system of linear

differential eguations as V. and VE' The characteristic

21 truth. Or;
is constant.

We observe that thls is a gener
each optimal path, the maximizing m
ha

D Ck;.

between transition surfaces as we ve Just shown. &1 & T.S.
the o_d and dlSﬂ*aClnb m. have tme same values and our stetement
Vv .
AR V3 is

continues to hold. Thus

constant over any cptimal
path. ot ‘
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Py o
X, = o Vl =
o (-]
Xy = = (az-—l)x2 v, =

As m3 remains constant and m = O, the latter offers no

competition. As

my —my = x5 [ayV, — a,V]

and the bracket increases with T, we have no change in strategy
as long as the path remains in 81.

We will attend for a moment to what happens on P
Remark that the two regions of 6 blend into one another asp
is crossed and hence on P the vertices v3, Vs v5 may be con-—
sldered identical. Thus the maximal m'j =m; =m = m5. On 0”

' we may ’cake'y/2=1, '7/1 0 and so

) [od o
X X. X, =— X X
2 1 :
() ==FgEl=5 (xla)) <o
1 !

Thus, with increasing T, the paths pass from ga to @l.

Such paths have at the outset m3 for max. By our reasoning

~ of the paragraph before last, m3 continues to enJoy this position.

)
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o
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until terminaticn exceesds , cur solution tells us

ifacture steel to the full capacity of the mills.
L13 the extant steel cannot be employed as an ingredient, and
the residue 1s to be devoted to mill building. But after

2 5 .

is crossed, elihiough the mills are kept producing to capaciiy,

- L Pocholorlcos Ware vy T
C. & rachoiogrcal nXamele

display the pitifalls that beset such things as existerice prools

For(§ we take the closed upper nalf of the (x,v)-plane, and

il 1 wyar R PO P
is integrel with the

G = 5x + 1 .
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which rast > 0. As s + 1 > 0, we must have

,ﬂ
N/
i
w |+
%

Vy < Oand so g = 1.

o
o
ot
12
<
[ 7% j
ke
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0
o
ot
oy
)
s
)
Q
)
=
=
@
3
@
o]
3
‘Q

We have now

To terminate we must have vy = 1 — s < Oor s > 1. But then

- 1
58 +1 < 0or s < —>=, an absurdity.
5
; 1
Finally V_ = O on Cgam only occur as s = — = .
P 5
. . - - 55 +
We conclude that on(j, g = —~1 and Vy =22+t 1 Buta
s + 1

portion of the U.F. has been omitted from the plcture, for, as
we have seen, consistency requires that s > — 1 .
- =4
-

For such s it is clear from the K.E. that the optimal

2ths will lie on vertical lines. We leave to the reader the

o]

simple task of writing out and solving the P.E. and showing
o & -]

that along such paths
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“so that the statement g = -1 continues to hold.

" a , 1. \ e
Wnat of the case where 8 ( — = 7Y First we deal with

1 5 ° o Ny
the strip —1 < x < — >,y > 0. Let x , y be a wtarting point
[~
therein. From the K.é. we see that ¥ i1s nondecreasing, so that
the path beginning at xo, v° will ultimately reach either C
or the line where % = — % . We will suppocse the latter;
the reader will see why éfter we attain our result. Furthermcrs,

we may use X as a parameter for this path providing it contains

o
ot
@]
o
m

no vertical segments, which we also temporarily assunre

rrange the payoff as an Euler integral

t
oy
D
o
IsY)
n
(]
+3
=
o]
>
3
o
et
<
o)

after the manner of Section 2. We obtain

|
i

-/ TEEL (1 ez .

Proceeding somewhat in the manner cf the c¢lassical
calculus of variations we let n(x) be defined for {%°, - =
5
with n(x%) = 0, n(x) > O.
~ -1 Bx + 1
ﬂy+€qi~//) (1—3'—£nqm
x + 1
2 1 ,
>3 5 5x + 1 - 5.8, 5% + 1 \. s
oY = _ ' dx = 7 —( )dx
aéf x° x + 1 x° dx x +. 1

See footnote on following page.
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8

that can be achieved then

aths that drop

in the figure). Of course

. . Ex 4+ 1
vanishing of =

1+ x

there.

Remark

RM-1 486
5—25-55
57—

that

Fa Y
\Y

Fig. 12

= 0 because of the



RM-1486
3=-25-55
58"

‘but the integral over them has & perfectly good value. Ws

conclude:

-

L ST oy
For =1 < x < — = the payoff has a lower bound, but no

U

stratesvy can attack 1it.

Coet

The situation 1s even worse when x° S —1. The path can
always be made to reach & point where x = -1, yv > O before
reachinng. At such a point, if ¢ is selected as -1, there
is no motion. We can let the path stagnate there as long as
we like; G 1s negative and as large a reserve as desired of
negative paycff may be accumulated. There is nothing illegitimate
about this stagnation. If we were to switch to a %—space, as
we do when we transform to a terminal payoffl, in the new
space the path would be perfectly orthodox. Affter the wait,
’termination can be completed over any convenient path. We
conclude:

For x < =1, there is no lower bound to the payoff.
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