U. S. AIR FORCE

PROJECT RAND

RESEARCH MEMORANDUM

/

NOTES ON LINEAR PROGRAMMING: PART XXXV -
DISCRETE-VARTABLE EXTREMUM PROBLEMS
| G. B. Dantzig

RM-1832

ASTIA Document Number AD 112411

& 6 December 1956

Assigned to

This is a working paper. It may be expanded, modified, or w.iﬁ\-
drawn at any time. The views, conclusions, and recommendations
expressed herein do not necessarily reflect the official views or

policies of the United States Air Force.

28

1700 MAIN SY. « SANTA MONICA » CALIFORNI A mremeemiinann

Copyright, 1957
The RAND Cghrpération






‘ Flﬁél-—wgg .

Sl

SUMMARY

Section
1.

2.
3.
b,
5.

REFERENCES
LIST OF RAND NOTES ON LINEAR PROGRAMMING ........ see

CONTENTS

LR A I A SR A A S A I B B A B B N RN A A 2 B A 2 2R B 0 N 2R 20 AR 2 AR 4

INTRODUCTIQH .O...;.'.Q..."..........'
THE MARRIAGE PROBLEM ......

THE STANDARD DISCRETE FORM
THE SHORTEST-ROUTE PROELEM

LI I

LRI B R A B A R 2 N 4

CIE RS I A B IR B N A

6 0600 000608 00

THE KNAPSACK PROBLEM ......ccco00ve0sc0ceee

......0.................?.O........Q.Q..

i1

O v oa

14
22




35—1852

13-

SUMMARY

This paper reviews some recent successes in the use of
linear programming methods for the solution of discrete—variable
extremum problems. One example of the use of the multistage
approach of dynamic programming for this purpose 1s also

discussed.
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DISCRETE~VARIABLE EXTREMUM PROBLEMS

1. INTRODUCTION

A number of 1mportan£ scheduling problems such as the
assignment of flights for an airline or the arrangement of
stations on an assembly line require the study of an astro-
nomical number of arrangements in order to determine which one
1s "best." The mathematical problem is to find some short-
cut way of getting this best assignment without going through
a;l the combinations. By allowing the unknown assignments to
vary continuocusly over some range, mathematiclans often arrive
at pseudo solutions in which one or more assignments turn out
to be fractions instead of whole numbers. It is common practice
to adjust such values to whole numbers. Since mathematical
models are often imperfect mirrors of reality, thls approach
is recommended for most practical problems. But since such
procedures can occasionally glve an answer far from the best,
mathematicians have been working on improved techniques. The
purpose of the present paper is to review some recent successes
using linear programming methods in this difficult area. A
thorough discussion of the multistage approach of dynamic
programming 1s beyond the scope of thls paper; one example 1is
presented, however, in which this method provides an effilcient

algorithm.

*Paper presented at the Los Angeles meeting of the
Operations Research Society of America, August 16, 1955.
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To be more explicit, there are certain classes of problemJ
that are combinatorial in nature and easy to formulate, but
that mathematicians have had only partial success in solving.
These arise often in the form of diascrete—varlable programming
problems, such as:

1. The empty—containers problem.

2. The multiétage machine—scheduling problem [1].

3. The flight—scheduling problem [2].

4. The fixed—charge problem [3].

5. The traveling—salesman problem [4].
Examples of problems that have ylelded to analysis are
the followlng:

6. The assignment problem [5], [6].

7. The problem of the shortest route in a network.

8. The tanker—scheduling problem [7].
The purpose of this paper 1s to outline an approach that,
We believe, has a high probability of verifying whether or not|
in any particular numerical case, an optimum combination has
been selected. The human mind seems to have a remarkable
facility for scanning many combinations and arriving at what
appears to be either a best one or a very good one. The actual
humber of combinations can be extremely large, however, making
it almost impossible in many cases to verify that the choice 13,
indeed, a good one. Any ideas, therefore, that can help to
verify that a conjectured solution is optimal should be of

interest .
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The technique presented here is not foolproof and cannot
be guaranteed to work in all cases. But it is an approach tha
several people at RAND have found to work in each numerical
case considered. Harry Markowitz and Alan Manne have used 1t,
for example, on flight-scheduling problems, and the present
author has employed it with Selmer Johnaon on various scheduli]
and contalner problems and with Ray Fulkerson and Selmer Johnss

in our article on the traveling—salesman problem.

2. THE MARRIAGE PROBLEM

To illustrate many of the concepts of this paper, we
begin by describing the assignment problem in a popular form:
Imagine that a group of hearty pioneer bachelors have gone on
ahead of the womenfolk to form a colony. The prospective
brides, who have not met the future grooms, now arrive; and
after a short courtship in which the boys and girls get
acquainted with one another, it is decided to have a ceremony
and get things over with. In order to decide who marries
whom, the prospective brides rank the various boys in order
of preference. Based on their ratings, the selectlons are
to be made. Of course, 1f each girl were to choose a differen
boy for top rating there would be no problem; it is only when

more than one girl has her eye on one particular boy that the

selection problem becomes interesting.

From a mathematical point of view, let a variable xiJ = ]

mean that the 1th bride (in the solution to the problem)

DN
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marries the J°0' boy, and let x4 = O mean that she does not.

Then we have certain equations that have to be satisfiled:

n

> xijcl (1=1,2, ..., n),
J=1

n

)X X9=1 (=1, 2, ..., n).
i=1

The equations of the firast set state that each bride marries
Just one boy. Similarly, the equations of the second set state
that each boy marries just one girl. Moreover, by explicitly
stating that xiJ = 0 or 1, we require a solution that does not
admit fractional comiponents; in other words, blgamous and,

generally, polygamoug solutlons are ruled out.

th

Now let d1J be the rank given by the 1 girl to the Jth

boy.
To determine the "best" over—all selection, the x; 4 are
to be selected to satisfy the foregoing equations and, subject

to these constraints, are to minimize the form

> dy X35 = 2.
1,4

The rating factor diJ’ better known as the "disappointment"
factor, measures the degree of disappointment 1if the ith bride
happens to get the Jth boy. Hence, as here defined, a best

selection 18 one that minimizes the total disappointment.




3. THE STANDARD DISCRETE FORM

To generalize, the problems we are considering belong to
the class of extremizing problems of linear programmingyin

which, for given constants 244, by, and o, (1 =1, 2, ..., m;
j=1,2, ..., n), values Xy5 Xps +.., X, are to be determined,

subject to the constrailnts

n
(1) S 2y 4%y = by (szo; 1=1,2, ..., m),
J=1 |

in such a way as to minimize the linear form
n

(2) X cyxy = 23
J=1

but for us the variables xJ are further constrained to satisfy

(3) xy = O or 1.

For a programming problem to be discrete, 1t is not neces
sary that the variables be O or 1. In flight-scheduling problems,
for example, the variables that represent the number of flightI

?re required to be nonnegative 1nte§ers. There exists, however,
h very simple device by which such problems can be reduced to
the O-or—l form if the variables have known upper bounds..

Indeed, let x be a variable that can take on only nonnegative

integral values and let the integer k be an upper bound for x,

so that x < k; then x can be replaced by the sum
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For this reason the representation (1), (2), and (3) of a

discrete programmin

blem shall be referred to as the
standard discrets "

An important

8 whose coordina

satisfy equatiagamz  the vertices of a

convex polyhedral ) ixl, Xpy eves
This is perhaps | such as
(0, 1, 0, ..., |

n cube (which of

3 of the unit
pown that in

golution exists that 1is

linear programming problems an optima.
an extreme point of feasible solutions. This suggests that
in seeking a sclution to the standard discrete problem we

first weaken the hypothesls as follows:

iscontinuous

range
(4) Replace by
x, = O or xJ = ]

J

Since the replacement given in (4) is less restrictive
than the condition (3), it follows that the set of solutions
to the linear programming problem (1) and (4) forms a convex
polyhedral set C that contains the convex polyhedral set c*
whose vertices are the solutions of (1) and (3). It is easy

to see, however, that every extreme point (vertex) of C*

tes
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is an extreme point of C (see open dots O in Fig. 1); but
there may be extreme points of C (see closed dots @ in Fig. 1

that are outside of C*.

Fig. 1

Schematic representation (2-dimensional
case) of the convex polyhedral set C¥
whose vertices are the solutions of a
discrete linear programming problem, and
of the convex polyhedral set C of solu—
tions of the corresponding contlnuous
problem.

The parallel lines in Fig. 1 represent different positions

of the hyperplane

X, + c X

1 P 4+ e cp X, = z = constant,

¢

and it is clear that, depending on the values.of the cJ, an
extreme point corresponding to z = minimum may belong to c*

(as in Fig. 1) or may belong to C and not to C*.
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A remarkable property of the "assignment" problem (and
the same holds true for the "shortest-—route" problem, which wg
shall describe in a moment, and of the tanker—schedulilng

problem) is that

(5) C =
Indeed, this re 88 of "transpqrta—
tion™ problems Thus, in the

marriage proble

1 by 0K xiJ £
possible solutions to be extended from the monogamous to the
polygamous situation in which sharing of mates is possible. The

fact that C* = C states that monogamy will turn out to be the

v

best of all relations in the sense that it will minimize over-

all "disappointment™ as defined above.

*

At the summer, 1955, meeting of ORSA at Los Angeles where
this paper was first presented, I (the author) was interviewed
by the press, and the following event took place. The reporter
turned out to be the brother of my little girl's piano teacher,
and so we became quite chummy. I explained to him that linea
programming models originated in the Air Force and I describe
the uses of TInear programming in industry. It became obviou
that this veteran Hollywood reporter was having a hard time
seelng how to make e material into exciting news copy. In
desperation I suggested, "How about something with sex appealf?
"Now you're talking," he said. "Well," I continued, "an integest—
ing by-product of our work with linear programming models 1s
a proof—perhaps the first mathematical proof in history—
that of all the forms of marriage (monogamy, bigamy, polygamy),
mon is the best of all possible relatlons. You say
monogamy is the best of all possible relations?" he queried.
"Yes," I replied. "Man," he said, shaking his head in the
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4, THE SHORTEST-ROUTE PROBLEM

Now a second example that has this fundamental property—
namely, that the extreme points of the continuous version of
the programming problem are the same as those of the discrete
form—is the "shortest-route problem." Let us suppose there
18 a package originating in Los Angelesa that is to be deliveréd
to Boston along one of the different routes shown in Fig. 2,

ing ‘ depend on th ngs, an *&»&1
1s the welghted sum af the iadiviéual ratings. Thia contains
the implicit assumption that the over-all rating is the same
whether a person married A first and B later or the other way
around. It also assumes that the over—all rating for being
married at different times to A, B, and C 1s the weighted
average of the individual ratings fer A, B, and C. To be
realistic, the model should be extended to 1ne1uée a state
.|of belng single, along with its corresponding rating. This
is easily done. Under this extension, and under the stated
assumption, the general conclusion is that an optimum mnrriagﬁ
pattern for a group of n men and n women exists that is free
from divorce. Thus there 1s an assignment, where each indi-
vidual remains married to just one person ier remains single)
throughout his adglt 1life, that is better (or at least not
worse) over-all than any assignment involving divorce. This
result 1s quite apart from the adverse effect of divorce on
children.
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delivered over the shortest route. The package is allowed to
be shipped from city to city along the lines of the network
until it arrives at Boston. For 1 ¥ Jj, let x1J = 1 mean that
the package 18 shipped directly from city i1 to city Jj, and
let S O mean it is not. Let Xeq be the total quantity
shipped into the city 1, which we require to be the same as

the total quantity shipped out.

Fig. 2
Illustration of the shortest—route problem.

This situation gives rise to a system of constraints on
the variables very similar to the system for the assignment

problem; namely, we have
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,
x12 + xl3 + xlli- + 1,
Xp1 ~ Xpp * Xp3 * %25 T0
= 0,

(6) J x31 + x32 - x33 + x34 + x35 + x36

Xgs5 + Xgo + Xgr — Xgg + Xgg % O,

amount shipped in for each intermediate city, i =2, 3, ..., - 1.
Subject to the constraints (6) and (7), and to the further
constraint that x,, = Oor 1 for 1 ¥ J, we are to minimize the

form

n n
(8) z zdijxij" z (H = 9);
i=1 J=1
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that 1s, we are to minimize the total distance that the packaée
travels.

Thus, the shortest—route problem 1s very simllar to the
marriage problem. Now if, in the shortest—route problem, we
replace the condition x;, = O or 1 by 0<x4<1, 1t 18 agai#
true that C* = C, and accordingly this problem also can be
solved by standard linear programming techniques. A simple
graphical procedure for this will now be described.

First of all, draw a tree in the network shown in Fig. 2
By drawing a tree 13 meant the feollowing: Start from Los
Angeles and draw some route conjectured to be optimal-—for.
example, a route across the Southern States and then up along
the East Coast. Draw arrows indicating this route, then fan
out from cities along this route to other cities, drawing
more arrows. Repeat until each city in the network 1ls reached
either directly or indirectly from Los Angeles. Be sure that
the links assoclated with the arrows do not form loops. An
example of a tree 1s shown by the heavy arrows in Fig., 2.
Each such tree corresponds to a basls in the simplex method,
and the so-—called prices (which are analogous to Lagrange
multipliers) are computed in the following manner.

At city 1 put a number uy which constlitutes the distance
from Los Angeles if we go along the routes formed by the tree.
For example, from Los Angeles to Memphis, city (7), the distance
is 85 plus 28; hence up = 113 (circled entry at Memphis).
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o=l 3

Similarly, from Los Angeles to Kansas Clty along the tree 1is
43 plus 66, which gives 109, and so forth. The next step 1s
to test whether the tree and route in the tree from Los Angelés
to Boston is a solution to the "shortest—route problem." To
do this, we must determine whether the circled numbers are
actually the shortest-route distances from Los Angeles when
compared with other routes in the network. If they are, we
have an optimal solution. To test whether these are minimum

distances for each directed link of the network, Jjolning city

1 to city J, we compare the distance d, with u, —Jui. Ir
for all directed links we have uy —uy < diJ' then the routes
along the tree are the shortest distances from Los Angeles to
any‘other eity. If not, the solution can be improved. Consider,
for example, the Chicago-Boston link. Here Uy — ug = 63 and
d5,9 = 58, so that ug — ug > d5,9 and the tree shown in Fig. 2
is not optimal. Indeed, for a route going along the branches,
the total distance to Boston is 191. However, if 1t went via
Chicago, and then to Boston, it would be 128 plus 58, which is
186; this 1s 5 units less. In this case we could get a bettep
solution by inserting an arrow between Chicago and Boston,
recording 186 at Boston, and removing the arrow between
Washington and Boston. Again, we could test whether the 128
at Chicago could be improved by noting whether a shorter route
could be obtained, by considering the Portland-Chicago link.
However, here 58 plus 130 is not less than 128, so we try the

Kansas City—Chicago link. But here again 109 plus 29 is not
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less than 128. By continuing in this manner, we can eventually
arrive at a situation where 1t 1s not possible to find any
directed link which leads to an improvement of the distance
shown in any circle. If so, we have arrived at an optimal
solution. For the example at hand, the optimal tree 1is the
same as that shown in Fig. 2 except that the arrow from Washington
to Boston 1is dropped and one from Chicago to Boston is 1nserted.
The 191 at Boston is changed to 186. The values of the Xy
are unity along the path in the final tree from Los Angeles
to Boston and are zero elsewhere. Hence the optimal path 1s
from Los Angeles to Salt Lake City, then to Chicago, and
finally to Boston.

5. THE KNAPSACK PROBLEM

In certain types of problems, we can get extreme-point
solutions for which not all the values of the xij are elther
zero or one. When any of the Xij have fractional values, the
corresponding extreme points are referred to as fractional
extreme points. Now an example of this occurs in the knapsack
problem. In this problem a person is planning a hike and has
decided not to cérry more than 70 1b of different items, such
as bed roll, geiger counters (these days), cans of food, etc.
| We try to formulate this is mathematical terms. Let aJ

be the weight of the J°D object and let b ; be its relative
value determlned by the hiker in comparison with the values

of the other objects he would like to have on his trip.
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Let x; = 1 mean that the " 1tem is selected, and x; = 0

mean that it is not.selected. We express the weight limitatign

by

n
(9) L ayxy <70,
J=1

wlth

(10) =0 or 1,

*y

and wish to choose the xJ 80 that the tetal value

n
(11) JE; byxy =2
is a maximum,

Now we can show this picterially in the plane (Fig. 3)
if one coordinate axis measures weight a and the other measuregs
value b. Each object then is represented by a point having
coordinates (aJ, bj). The problem, graphically, is to select
a subset of these points that represents the set of items that

he carries with him on his hike; the other he rejects. Let

L2

us see what type of graphical solution 1s obtained if the con-

dition x, = O or 1 18 replaced by the conditlion that the

J
variables can lie anywhere in the interval from O to 1. Then

the problem can be solved by regular linear programming methoja;
indeed, because of 1ts very simple form it admits an immediat
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solution: Rotate clockwise a ray with the origin as pivot
peint and b axis as starting position. Items corresponding
to points swept out by the ray are selected in turn until the
sum of their weights exceeds the weight limitation. If for
the Jth item the weight limitation would first be exceeded,
the value x, 1s chosen as that fractional part of its weight
a, that would make the sum come exactly to 70 1lb. With the
ption of this one item all the items swept out by the ray
have the value x, = 1, while these not swept out have the
value x, = 0. It will be noted that this is very close to
ind of solution desired: All the x,'s are either 0 or 1
with the exseption of the ome that has a fractional value.
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Pig. 3
Graphical solution of the knapsack problem.
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Now at this point the question is natural, "What happens
if the solution is rounded?” The effect of rounding up or
down 1is of course to change the total weight carried to a
number different from 70 1lb. If the model is imperfect—
in other words, if the hiker doesn't really mean exactly TO

For example, 1f k = 1 and w < 2, (where 8, 1s the weight of the
8t

17" item) then the item would not be selected; but if w > a,,

i1t would be. From this it is easy to decide, for every total

welght w = 1, 2, ..., 70, what the selections would be for thf




=0

— =]Q—

lst

Indeed, suppose we wish to determine whether we select the
(k + 1)St item 1f our weight limitation is w when we know how
to make the selections for the first k items for any weight

W o=

 Let Fy(w) be the highest total value that can be obtained
with the first k objects under weight limitation w. Then,
under the same welght limitation w, the highest total value
that can be obtained with the first k + 1 objects 1s F (w) if

the

1f the (k + 1)5% object 1s selected. Hence, the (k + 1)5%
object is or is not selected depending on which of these 1s
higher. Thus not only is the selection for k + 1 objects

determined, but 1t also 1s clear that Fk+1(w) is given for

W2 3y bY

(12)

and Fk+1(w) - Fk(w) for w < a, .. The procedure is lterated

for

additional linear-inequality constraints on the system that

the

maximized will be excluded, while the set of extreme points
of the convex hull C* of admissible solutions will be unaltered.

two items (k = 2) and thence inductively for k = 3, 4, ..J, n.

1’ 2, se ey 700

(k + 1)St object 1s not selected, but is b, 4 + fk( W - ak+1)

Fk+1(w) = max [Fk(w), byg * Fk(w "ak*l)]

each w and repeated for k = 1, 2, ..., n.

The linear programming approach consists in putting such

fractional extreme points of C where the total value z is
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The procedure would be straightforward except that the rules
for generating the complete set of the additonal constraints
i3 not known. For practical problems, however, rules for
generating a partial set of constraints areoften sufficient top
yileld the required solution.

Let us suppose, as in Fig. 3, that the ray swept out items
5, 3, 12, 11, 8, and 9 before the weight limitation was reachId,
but that when it reached item 6 the weight limitation was

exceeded, so that

a5 + a3 + 2y, + agq + ag + ag < 70,
a5 + a3 + a;, + 2,4 + ag + a9 + ac > T0.
We wish to exclude the fractiocnal extreme—point solution
(13) Xg ® Xz = X)p = X)) = Xg=Xg =1, 0 < x5 <1,
xJ = QO for all other J.

It 18 clear that for an admissible solution not all Xy = 1
for the seven points J = 5, 3, 12, 11, 8, 9, 6, for otherwise

the welght limitation would be violated. This means that the

sum of these variables cannot exceed 6, or

(1%) Xg + Xz + X1 + Xy + Xg + X9 + X5 < 6.

Since the fractional extreme—point solution (13) does not

at--the-effectof adding
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the particular inequality (14) is to exclude this fractional
extreme point. Form (11) is maximized under conditions (9)
and 0 ¢ x, < 1, but with the constraint (14) added. Again a
new fractional extreme point may turn up for the new convex C,
and 1t will be necessary again to seek a condition that will
exclude it. For the mest part the conditions added will be
other partial sums of the zJ gimilar to (14). However, more
subtle relations will sometimes be required until at last an
extreme 1s obtained that 1s admissible.

Since the discovery of these more subtle relations is more
an art than a science, the reader may dismiss the whole approsagch
as worthless. However, experiments with many problems by the
author and others indicate that very often a practical pr@blej
can be solved using only such obvious supplementary condition
as (14). In an experiment with a number of randomly chosen
traveling-—salesman problems involving nine cities, simple
upper bounds and so-called "loop conditions" on the variables
were sufficient to yleld the desired discrete solution. This
indicates that the probability of need of the more subtle
constraints is low in any given problem. To appreclate the
power of this procedure it should be noted that for each
nine—city case solved the tour that minimized the total
distance covered was one from among 362,880 ways of touring
nine cities aﬁé was selected in about two hours of hand—

computation time.
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