Prepared Under Cont(ra.ci .@T(z‘)—l)l—ll.,.??

With

U. S. Atomic Energy Commi;zsj’.on

RESEARCH MEMORANDUM

/

THE FREE-FREE GAUNT FACTOR IN AN IONIZED MEDIUM

Je M. Green

RM-2223-AEC

July 29, 1958

ASTIA Document Number AD 214846

Assigned to

This is a working paper. It may be expanded, modified, or with-
drawn at any time.

e RAND s

1700 MAIN ST. - SANTA MONICA « CALIFORNIA






RM-2223-AEC
7-29-58
- 111 -

SUMMARY

The free-~free radilative scattering of electrons is considered in the |
Debye screened potential.

Three different approximate solutions are exhibited, with different
solutions, in general, covering different regions of validity. For the
~ case of greatest physical interest, the case of "small screening," the
screened Gaunt factor is very simply related to the unscreened Gaunt
factor. In particular, a simple criterion emerges to measure the

importance of screening in free-free scattering.
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I. INTRODUCTION

For many regions of temperature and density which are of interest
it is possible to ignore the effect of near neighbors on free-free
radiative transitions. One considers the interacting electron to "belong"
to & single isolated hydrogenic ion, and computes the corresponding
(1)

absorption coefficient.

The next higher approximation leads to a consideration of the
electron's inelastic scattering in some screened field. Some early
screened field calculations do exist.(a’s) However, these computations
are limited in range to regions in which the electrons are highly
degenerate.

By using the Debye potential, it is possible to discuss in some
analytical detail solutions which are valid over a large region of
temperature and density. In this memorandum there are considered three
different approaches to the approximate solution of the Schrédinger
equation with the Debye potential. Two of these solutions lead to
explicit approximate forms for the matrix elements needed to compute the
free~-free absorption coefficient. The most useful of these solutions
provides a direct relation between the screened absorption coefficient
and the previously known hydrogenic absorption coefficient.

In those regions where the screened and hydrogenic absorption
coefficients are no longer simply related it is still possible to use
one of the first two solutions of the wave equation, either for direct

computation or to check machine solutions of the problem.
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II, THE SCREENED POTENTIAL

A rigorous solution to the problem of free-free scattering in a hot
plasma requires the consideration of the electron's interaetion with all
of its neighboring particles. One would first have to consider the
secattering in some complicated potential fixed in detail by a particular
configuration of the plasma particles. Then one would have to average
the cross sections over sll possible configurations. Such a procedure
is almost hopelessly complicated. About the best one could hope to do
in this direction would be to limit the number of interacting ions to
two. Then one could average the resulting cross sections over the two-
ion radial distribution funection.

A less rigorous, but much more tractable procedure is to perform the
thermodynamic averaging before calculating the transition probabilities.
Then the electron may be thought to move in some "average" central field.
For plasmas of zero density the problem reduces to the Coulomb
bremsstrahlung problem. An extensive set of numerical results for the
hydrogenic case was recently obtained by Latter and Karzas.(l) For
plasmas of higher density the Coulomb potential should be replaced by
a suitable screened potential.

In the case of very high densities one approximation that has been
used(2’3) is to regard the positive ions to be so immobile as to have no
effect on the potential other than to produce electrical neutrality beyond
a certain radius. Potentials of the form

V@ odhrga
(1)
Vv=0 r

\'%
®
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and
2
(3) _(1_r
v = (r - a3) rga
(2)
V=20 r>a

have previously been considered. The parameters entering in these
potentials were, in general, determined by fitting to suitable electron
distributions. These previously avallable results have been confined to
those regions of temperature and density limited by the assumption of
complete electron degeneracy. For regions of moderate density and high
temperature it is more appropriate to use the exponentially screened
Debye potential. The Debye potential has the virtue of including the
effect of the ilon-space distribution on the potential. It has the defect
that 1t assumes that the electrons obey classical rather than Fermi-Dirac
statisties. In a rough way one can say that the Debye potential is useful
in those regions of temperature and density in which the volume enclosed
by the Debye screening length is greater than or equal to the average
volume per atom.

- The Debye potential

23
=5

- T/t (3)
is a sclution of that form of Poisson's equation which has for its
charge density term, a linearized approximation to the Boltzman
thermodynamic distribution of both the electrons and the ioms. A

detailed discussion of the approximations involved in the Boltzman-Poissoné

‘equation is available.(*)
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The screening length, L, is a function only of the nature and of the
state of the plasma; it has the same value for each ion of the plasma.

(%)

In a plasma composed of pure hydrogen gas the screening length is

’ (%)

where N is the number of hydrogen atoms per cc. If the Debye length is

written in terms of the radius, a,; of the first Bohr orbit, we then have

Ly e Y2[ Mg (M2 g 172
pog - @\ =9:1-}’-2-<m) (5)

a
o

Here p 1s the density of the plasma in gm/cc, MH is the mass of a H atom

in gm and kT is the thermal energy in Rydbergs.

More generally, if the plasma is a mixture of ions of charge Zi’
in relative amounts Q5 and of atomic weights Ai’ then the Debye length*

for the mixed plasma becomes:

EZEE:aiAi , 6)
Ay Zaizi(hz.i)

where IH is the dimensionless Debye length of a hydrogenic plasma of the

same density and temperature, and AH is the atomic weight of H.

Having fixed on a form for the screened potential, our problem

)
This expression for the Debye length is the result of the assumption ?g;t

both the ions and the electrons have a Boltzman distribution.(6§bWitt
uses a somewhat different model which is suggested by Kidder.
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really reduces to a discussion of the solution of the resulting
Schfgdinger equation and of its acceleration matrix elements. Let
Z be the charge on the ion from which the electron is inelastically

scattered. It is then convenient to write Schrddinger's equation in

the dimensionless form.

v

i 2 2 _epp £(1+1) ~
ot (¥™ + 5 € - ———§-)U£ =0 , (7
vhere,
p = rZ/a
k2 ) 2aOE
e2Z2
W oo _ L 2042 (142;) Ag (8)
T ZL, ! 2 '
LD H 2Z Ej a:iAi

E, is the energy of the electron.

If the wave function Ul is normalized so

U,— cos(kr - (zgl) T - nz) (9)

and if the acceleration matrix element is normalized so



a 2e”f
(o]

then the radiation absorption coefficient is

(29}
6ix> 7 &> 5 1 4f 2, e 2
ivj =1

(11)
/ 2 ) IE
+ M(ki’ £=1; ki + ;é- , 1) .

® is the energy, as measured in Rydbergs, that is absorbed by a scattering
electron.
It is customary to iniroduce the Gaunt factor, g, which relates the

absorption coefficient to a, a semi-classical absorption coefficient of

Kremer's. The Gaunt factor is defined by the equation,(l)

g(ki, @) haZaeé

a = g(ki, @) &, = 3,[§-hcm? vv3 (12)

With this definition, the Gaunt factor becomes
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ey
g(ky, @) = 32 Z ? Me(ki,z;kj, 2-1)
@
21(1(1 ki + = £2=1
Z
(13)
+ Me(ki, 1-1; kj, z)} ,
Where

kg ='\/ §+w/Z2 . (14)

It now remains to discuss the solutions of Eg. (7), with a view

toward eventually evaluating Eq. (13).
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III. THE TWO-BASIS~-FUNCTION SOLUTION

In those regions where k >> 1, one immediately thinks of using the
Born approximation to describe the wave function whieh is a solution of
Bg. (7). Certainly for sufficiently large k, {or alternatively for
%->> 1) the Born approximation will give a fair estimate of the phase shift
at infinity. If one recalls, however, that the solutions of Eq. (7) are to

be used in determining the acceleration matrix element, which behaves like

dp
Ul U£+1 2 7
o o]

it is clear that it is most important to have an accurate description of
the wave funcetions in the region of small p. Since the Born approxi-
mation uses the free-wave function as its zeroth order term, the simple
Born approximation becomes somewhat suspect.* |

The next hope would be to use the regular Coulomb funetion as a
zeroth order spproximation, and then prbceed to do an iteration type of
perturbation on the resulting integral equation. Certainly the Coulomb
function more nearly approximates Ut in the region of small p. However,
the asymptotie behavior of the Coulomb function is inappropriate, since
it does not yield a phase shift independent of p, as p—> . The natural
solution to this difficulty is clear. In the region of small p we shall
use the Coulomb function as the zeroth order approximation; in the region
of large p we shall use the free wave function as the zeroth order approxi-
netion., Each of the solutions must be correeted by an appropriate

—
Very recently H. DeWitt published in UCRL report PNU-56 a detailed(S)

discussion of the Born approximation solution. DeWitt notes that in
certain regions of importance the simple Born approximation is never-
theless very useful.
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perturbation term, and the two solutions must be Joined smoothly together.
We first consider Ui, the solution of Eg. (7) in the region p < % .
We let wi and wé be, respectively, the regular and irregular Coulamb

funetions. These funetions will be normalized(B) so that as p —m ®,

¥1(0) ~ sin(kp + § Log(2ko) + o,)
2 1 (15)
¥p(p) ~ cos(kp + ¢ tog(2kp) + g,)
The phase angle, Gy is given by
g, = arg r'(£+l - i—) - -g-t- (16)

The ¥ é‘s are defined to be the solutions of Schrdédinger’s equation for
2
the hydrogen atom. This equation,

o+ (k,2 - ﬁ%’_];)_ + _‘2).)1, =0 (17)
o)

is of the Strum Louiville type and the Wronskian of the solutions is a
constant. It follows immediately from (15), that

W=yp i -vi 4] =% (18)

It is possible to rewrite Eq. (7) in the form of an integral equation
° 2
Ul = A vi(e) + %j Ui(8) £ (1 - e™®) (43 (0) vA(6)- 1 (8) vale))at (19)

i
o

By using Egs. (17) and (18), it can be immediately verified that Eq. (19)

is indeed a solutiom of Eq. (7). Ui(p), further satisfies the boundary

conditions

Lim Ui(p) -0. (20)
p=—) 0
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Fquation (19) may now be approximated by using
) y1

This approximation is clearly good for small p and large k. The ex-

pression for Ui(p) now becomes

=t
Ui(p) = A w{(p) (l +-,2; (J"et ) wi(t) wé(t) dt]
(e]
(22)
2 (o) 2
2y, (p) -ut
- 2 J ee ) [ﬁﬁd a b, pgz .
(¢}

It is a matter of convenience to define the perturbation terms in Eg. (22)

[e] % \

i) = £ £ i e
° ? (23)
o 2 - |

ii(e) = 7 {w{(t) ] (22—)at J

0

In terms of these definitions, one can write



i - {2 i) -l s}

(2k)
2,1 £ .1 i /1 1
U (D) =4 {“’1 () [l * JlE(E)) % @ Jll(LT)}'
In order to determine Ao, we shall subsequently need the logarithmic
derivative at p = 1/4. Thus we also define
L £',1 1
vl vi@ [1+J12(;;)] a ll( 2 25)

Sl vl @) [wlz@] 2 a3

In the region, p > & , 1t becomes appropriate to use the Born

approximation. We shall let ¢i(p), ¢é(p) be respectively the regular and

irregular solutions of the free particle radial wave equation,

2
:-;-g+[k2-i(-£§l}¢=o . (26)
P

More explicitly, the §'s are normalized so

#r = ko J,(ko) ~ cos(kp - L= x

. (27)

Bo(0) = ko, (ko) ~ sin(kp - 155



At infinity the external wave function Uf)(p) will have the asymptotic

form

Ul(p) ~ cosllp - S a +5)) . | (28)

The integral equation which is equivalent to Egs. (27) and (7) is

o (29)

-t
UL(p) = cosd, #1(p)-sins,@l(p) + 2 9—;—-l¢§(p)¢{(t>-¢{<p)¢§(t)]uﬁ(t)at
p

Ué(p), the solution of Eq. (29) is also a solution of Eq. (7), which

satisfies Eq. (28).

If we make the Born approximation for Ué,

Ué(t) ~ cosd, ¢]£_(t) - sind, ¢é('b) ’ (30)

the expression Eq. (29) becomes

¢ o ([ &t 1 Y,
¢l(p) cosd, - ¢ - ¢2(t) cos&£¢1(t) - sm81¢2(t)] at b +
p
(31)

(s o]

+ ¢é(p) {- sind, +§- j
p

-t
e—t- ¢i(t) [cosﬁz ¢_.i(t)- sing, ¢é(t)J dt}



For convenience we define

w -t
I,(0) = f Fi(t) Bo(t) S—av . (32)

o]

J=1,2

k=1,2

With this notation we evaluate

ol (&) = coss, { gLk [ 1 - 112<5->J v 1y Gt

(33)
+ sind, { $13) T, - 653 [1 + 1_.,_2&)}
and
Ul (@) = coss, gy () [1 - 112(3-)] + 85 (1,3
(34)

+ Sinﬁl ¢i.(§l-_) 122(:}) - ¢é'(§:) [l + 112(%‘)]

at p = %, Ué must Join smoothly with Ui . Equating the U's and their

logarithmic derivatives, Egs. (33), (34), (24) and (25) yield
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(1-1,,) [R¢§<1/u)-o§'(1/u> ] £ T [mﬁé(l/u)-%'(&)]

= T i (35)
b, [ RPL(1/u)-g2 (1/u) } + (141),) [ RgA(1/u) ¢ <§>]

Tan ©

and

(36)
A - cosd, [¢:{(%){1'112}+ ¢é(%) Ill] * Simz[g‘i(%) 122"%(%) <l+111}] .

° ’Vi(%) [l * JlE(%) } - Vé(%)Jll(%I)

In principle, Egs. (35) and (36) completely determine the wave

function: A is needed in Eq. (22); 8, is needed in Eq. (29).

)
Unfortunately exact analytic forms for the I's and J's cannot be
obtained. Consequently it is not practical to use this solution for the
direct determination of matrix elements.
The solution here exhibited finds use mostly as a check on machine
computations of U. In particular, it is possible to check the phase
angle of a machine solution against Eq. (35).

Though, the I's and J's must be computed by numerical integration,

some asymptotic forms are available; these are exhibited in Appendix I.
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IV. THE VARIATIONAL SOLUTION

In an attempt to find tractable analytic forms for the relevant wave
funetions, we now turn to variational techniques. Zirin(3) has computed
variational solutions for the £ = O wave function in the potential of

Eq. (2). He bounds the region of validity of his approximation by the

eguation
kKa<3$8 (37)

Zirin further makes the assumption that, in computing Gaunt factors, the
wave functions for £ > O may be replaced by the free particle wave functions.
Be Jjustifies this by arguing that the phase shift is small for £ > O.

We diverge from Zirin's treatment, not only in using a different
potential, but also in rejecting the assumption that the £ = 1 wave
funetion may be replaced by the free particle wave function. Once again
one must recall that the asymptotie behavior of the wave funetion is of
less importance than its behavior near p = 0. Consequently arguments
about the phase shift have questionable relevance. The f = 1 variational
wave function can be examined in detail to show that the free partiele

approximation is valid onmly if

ka << 1, (or p/k>>1). (38)

THE { = O VARTATIONAL SOLUTION

For the £ = O wave function, we shall use the form

¢0_ in k . -aop
=cos 0 sin k o - sin g COS kop + sin o © (39)

0 .
It will be remsrked that ¢ 1s properly normalized, has a phase shift
of‘no, and has a proper behevior as p—>0. It now remains to evaluate
T and o, - The variational solution for the f = C, wave funetion is

discussed in detail by Morse and Feshbach.(9) It is shown that
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B + l B2 - hac

- R, =k cotn, = = (40)

is a statiomnary quantity, when

X v sin? kp \\
A= 2°dp
k
o) o]

00 oo
B=14+2 v sin(kop) cos(kop) dp - éi Vv sin(kop)dp &»(41)

k o
o o)
00 00
¢ = [ (wl)z-(k2=v)w2 ] dp + v [cosekop-ew cos kop} dp
o o]
In this case
=up
V2 - 2e
P
. (42)
W:e-pao

When the derivative of Ro with respect to @, is set equal to zero,

Eq. (40) yields

(43)
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Some of the integrals that appear in Eq. (41) are standard forms; the
others may be reduced to standard form by some straightforward

manipuletion. Equations (41) and (42) reduce to

./;,L2+1|-k2 W
A=-§Log o
K i
(e}
o+
2 (x -1 p L -1 "o
B_l-k—-(é--tan z—k-)+i-—(-é--tan —E—) ()-IJ-I-)
(o) () (0] o
o k° (2 +1)? 1 of w2t
(0
) (i, + (ag+ 1)%) /

We can now write explicitly the two simultaneous equations

2
Kk o+
_ o x 1w 4 -1’0
Ro = 5 1+ T tE tan 5% i tan " +
o) +l+ko (o) o 0 o °
Log(———5—)
n
o +4 2
® 2 =) 28 l'— -1 7o
+ | (1 + it ten  zp— - g ten X ) + (5)
o o (o) (6) (s}

u+1u:2 ( S ‘2 (¢a+u)u,\(u+hk} 1/2
5 - 5

( 22 + Log
kK [k +(a +u)
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and
k2 Yo +1) LR
R B SO M -0 (46)
20 ot ko+(ab+u) (ab+“) +k

Together Eqs. (45) and (46) fix n, and - As a matter of practice, o
and - Ro = cot N, WRY be determined from these equations by a series of
successive approximations.

In particular, it is interesting to investigate the behavior of R

and ao when

k
2«1
m
(47)
L
m
In this limit Eq. (45) yields
H2
- RO = ko cot o™ = 5 (48)
and Eq. (46) yields
kR
1
5 - i 5~ 0 (49)
(e +1)

Consequently
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- cot qomg-(.l‘;‘-)
[e]
R
when > . (50)
k
L«
1«1
i

J

The validity, as well as the structure, of the variational solution is
well displayed by examining in detail a numerical example. We shall

consider the case.

(51)

Equation (50) gives asymptotic values for @, and n,. Egs. (¥5) snd (46)
can be solved numerically for the same quantities. Finally an "exact"
machine* integration of the wave equation was undertaken; this yields an

exact value for tan LI These results are exhibited in Table I.

%Théqmachine computations were performed under the direction of
bles.
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Table I
ao v = tan LS
BEq. (50) 10 0.020
Eqs. (46),(47) 10.43 0.021776
Machine Computation - 0.021773

Since, the exact machine solution of the wave function for ko =1,
g =10, £ = 0; 0<p <2, is available we can compare this with the
values yielded by the variational technique. We let U be the exact

machine solution. We also define

\
Ul = s:in(p-eqo)
- p
¢° = U +sinq e ¢ } (52)
N =T - ¢°
N =U - U
1 J

U is asymptotic to the free particle solution U,. ¢°, the variational

solution is an improvement over Ul‘ é%— s and ég are measures of the

validity of the free particle and of the variational approximation. The

results are presented in Table II

We observe that the effect of the e— %P sin T term of the
variational approximation is to insure a suitable approximation in the
important region of small p. We also cobserve that the remarkable match

of the phase shifts expressed in Table I is reflected by small values of f

AU' /U in Table II.
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THE { = 1 VARTATIONAL SOLUTICON

Tor the f=1 wave funetion we choose the form.
1 -aip
¢ = [cos ql] (klp),jl (klp) - sin 0, sin klp + [sin nljlklpe (53)

¢l is asymptotic at infinity to cos(klp -n - n); furthermore, as
p —30, ¢l behaves like (klp)g.

The variational principle for ¢l is a generalization of the I=0 case.
The only complication is introduced by the fact that the asymptotic form
of ¢l is not strictly a solution of the £=1 free particle wave equation.
(The exact free particle /=1 solution, with a non-zero phase shift, cannot
be used as the asymptotie form of (53) since it has an inappropriate
behavior at the origin). The details of developing a suitable stationary
expression for /=1 are presented in Appendix II.

We here quote the results of Appendix II,

/ 2
Bl + Bl - Al?l (54)

is a stationary quantity. The funetions Al, By, and C, are given by



o [klp.jl(klp) ] 2y

by =~ 2
o kl
00
B, =5+ g kpj (kp)) V |-y - sinkp| dp
17287 F 1Pd1 ™ v 1!
o
0
2 2 2 2 . 2 2 R
C, = {(.‘Y') - kly + =5 (y + sin klp) -Vy -V S:anklp
o p
-2V ysin klp}> dp
where
Vo Zet
)
-
y = = k;pe

The condition that R be stationary yields the equation

€y

aBl
B

It is necessary to evaluate the integrals appearing in (55). Since
3;(k;p) is related to the Bessel functions of order 3/2, 4,, may be

reduced to a standard form which is given, for instance by Watson.

RM=-2223-AEC

7-29-58
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—

(10)

(55)

(56)

(57)
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[klp.jl(klp):\2 . o -ut/lig
Al = - k2 Vdp = = ;5 e 3/2(t)dt
(o] 1 1 o
. (58)
1 u
= -=5Q(1+ =)

2 M 2
kl 2k1

Here Ql is the Legendre function of the second kind. Thus, explicitly

1 2k + u° 1
Al = - s Log (—75 +1) =1 V. (59)
kJ bk B

The remaining integrands may be determined by a straightforward reduction

to elementary forms. It is merely necessary to note that

sin k.p

klpjl(klp) = -—Eza—f - cos klp .

(60)

For completeness, the details of evaluating the relevant integrals are

presented in Appendix III. We write here the results

1 oyt
12 7 -1, u tan” u -1
By =5+g § r+tan (5p)- =5 (5)- ten Xy
1 1 1
(61)
k. (a,+ 1)
U ,
- s Log b o L L

1 T B, 2
ﬁ;uaﬁt “ki X +(on 1)
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and
3 2
5k k k k k
1L 1 {51 1% 1 (5
Cl = T a—l) - T a—— + Kk.l - ll-k]. [§ - tan E]—-] - '2' a—‘l) +
2 (62)
+ Log al + 5 kl .
ozi + hki kytlag )

Equation (57) now becomes

2 3 2
2 <:E£)23_+ 3 (?i%) b . -___&__15 (}i&) ! (Pi&) . 4kl
F\% ] 1. (ﬁ) ! 2\ o (aT+4kT)
. » (63)
- - 8kl(al+u) —— = - kl cot 1. = Bkl - .
[k?_ + ( al+u)2] e 1 [k?_ + (al+u)2] e

As in the £=0 case, we have nov a set of simultaneous equations which are
given by (63) and (54). For any k,, and p, we may find o and R) = kjcot 1,
by a series of successive approximations.

Because of the complicated interdependence of (54) and (63) it is

enlightening to consider the behavior of these equations when

El—«l, lw<i, (6k4)
M H

In this limit one finds that (63) and (54) go into
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3 (p,k 2
kl cot - i (E]—-) kl
. 2 : (65)
2
11,71 ; 1
T((a-l—) N - 3kl cot T}l '(‘—'E
oy )

Equation (65) gives an immediate result for nys the asymptotic form of
Qi’ is
2k
o ~ Jﬁ h () (66)
1

We are now in a position to consider a numerical example. An eXact
machine computation was run for the £=1 wave function with kl =1,
= 4, In Table III we compare the solutions of the asymptotic Egs.
(65) and (66), with the solutions of the exact Egs. (63) and (54), and

with the phase shift from the numerical integration.

Table III
al - tan Ny
(65), (66) 24 .0052

(54), (63) 16.97 .00%238

Machine
Computation - 004266
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= .25 we are not surprised to see Egs. (65), (66) in error

Since

Fiw
e L

by 25 - 40 per cent. Of real interest is the comparison of (54), (63)
with the exact machine solution. We see that the error in the phase shift
is 2/3 per cent.

In Table IV we exhibit in detail the machine computed values, U,
of the £=1 wave function of unit amplitude. U is compared with ¢l,
the variational solution which is determined by the parameters o = 16.97,

- tan n = .00423 . It is also compared with the free particle solution.

We define

wev-g (67)

t -
AUt = U _klpjl(klp) .

ANUJU is a measure of the fractional error made by the variational
solution. Q%L measures the validity of using Jjust the free particle
solution with zero phase shift, Table IV clearly demonstrates that:

(1) at lerge p all three solutions approach each other closely because
of the small phase shift; (2) as p —)0 the variational solution provides

a much better fit than the free particle solution.
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THE VARIATIONAL MATRIX ELEMENT

Since analytic forms for the two wave functions §° and § are now

available it is possible to evaluate the matrix elements involving these

two functions. In particular we proceed to compute

N\
00
1,0 4V
M(o,1)=/ e 7%
(s}
(68)
-Hp
v - 2e
&)
~
In order to more easily handle the behavior at the origin, it is con-
venient to write
o]
1dM 1,0 ~Up
eau'“/ gg e dp (69)
(o]

Fxplicit expressions for ¢l, ¢° are available in Egs. (39) and (53).
The evaluation of the integral in Eg. (69) is a straightforward, if
tedious task. We remark only that one uses techniques similar %o those

exhibited in Appendix III, and we merely state the result, that

L an (70)
- mile g < sin N sin Mo A + sin ny€08 1 B + sin n,C08 n C + cos Ng 08 nl{},.
Here
(71)
kl k [k (al+u)‘] kl-ko . kl+k0

A=

(a0+a1+u)2 +(a w)? [ ICED )2 [u2+(kl-ko)2] ;{u2+(kl+ko)2J
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sl M C -t (12)
B = Zra® 2 B Eex)? e | 1
[ o+ Otl'H'L } H 170 s 1+ o}
1 /1 1 u 1 @ 1 W% M
C = ~— t + tan - tan + -
k) 2 k +k 2 kl-"E'o K, 2[”2+(k1'ko)2]
(73)
u+Q ( k -k
[ [s) 4 o 1
+ - + 1y —=
2 [u2+(kl+ko)2] +(a )’ By iRl
and
2 o
1 ) +(kl+ko) (ko-kl) (k0+k1)
D =y Log 5 - ) BT~ 3 3 (74)
1 n +(kl-ko) 2 [u +(ko-k1) ] 2 [u +(ko+kl) }

Equation (70) may now be integrated with respect to u. The constant of

integration is fixed by the condition

Lim M=0

Oﬁ’ao constant .,

One obtains as a result
(76)

M = sin 1y sin g W + sin ny €os 1, X + sin Mo OS5 My Y + cos UL qu .
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Here
o o + 2k, (a +oy) H+0y
o] 1' 70 1
W= 2kl Log > = [ +01+u5 + 2a0 tan kl -an - 2kl +
kK + (o +1) ©
1 (o}
2klu(al+u) X/I;Qq_( kl-ko)QJ [u2+(kl+ko)2] ?
+ =5 + kl Log ' (17)
K+ (o +1) k (o +1)
2 2
ko i +(kl+ko)
+ g log 5—=—"5
o8 +(kl-k°) J
2uk_k +u
X = 1o .ok |tant !
1 k
k +(al+u) o
-1 u -1 _p
+ (k,=k ) tan™ = === - (k.+k ) tan = ———— ’ (78)
1% K E_ 1% ko kK ?
v & (kg = ik [ ) )
1 2 -1 2,2 .2 -1 p
Y = 2k1 [u +k -kl] tan kl vy + [u +k°-kl] tan kl'ko
TR
-2 2-1‘:2-012 tan™t S+ 2ak ’ (79)
1 kl o)
k -k
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2 2 2 2
1 o 7 +(k1+ko) o 2 n +(kl+k°)
Z = g u” Log —5 5 + (ko-kl) Log =5 = - hkokl . (80)
1 [ +(kl-k°) n +(kl-k°)

It is instructive to investigate the behavior of the matrix element in the

limit of large p. One obtains the asymptotic forms:

W -k (2 Log 2+1)

hk k
X o el
H
(81)
2
k
Y'\-s-—:-l'-
[
k. \2
Z ~ -2k 2
o\ H
If we confine ourselves to using the asymptotie values of Mo and 1, ve
obtain
2k. k k
170 5 1 1
Ma - u2 []Yl-{'g(-ﬁ') }*-O(F) (82)

W, and X make no contributions to Eq. (82) because, when they are maltiplied
by appropriate functions of L and Ny they lead to terms which are O (-!'g)e
n

Specifieally if Ex is the contributions of the X term, then
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N
k k
16 1
E  =cos N sin ng X~ - ¥ °u5 . (83)
The fractional error, 'ﬁ;, made by this omission is
E k. 3
~ x 8 ,71
Bru~3 ) (84

One should note at this point that Zirin's approximation of setting

n = 0, is equivalent to ignoring the terms arising from W and X. We

conclude that Eq. (82) is useful just in that region where ny may be
taken to be zero. In addition, however, (84) sets quantitative limits
on this region. Consequently Eq. (82) is valid, and setting 1 = O seems

safe, only if
1l 1
.—l-;- 2k, a< -§ . (85)

Equation (85) suggests that Zirin's criterion of

ka<$8 (86)

may be optimistic. When (85) 1s not satisfied one should use the more

complicated forms of (76) through (80).
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V. THE SMALL SCREENING APPROXIMATION

The approximation which leads to the simplest analytic forms, and
whieh incidentally is of the greatestphysical interest, iz the approxima-
tion which may be used in the case of small screening (i.e., %‘< 1). The
solution vhich we shall consider here is in Jjust that range where the
variational solution is no longer valid. We once again recall Schrodinger's

equation in the Debye field.

21
o+ 08+ ¥0p) S ALy o (87)
p

If % << 1, it is possible to replace the potential by an approximate

potential which is accurate to first order in p

2 1
\' = % 20 + = L =
(p) ) o (SN "
(88)
1
V{p) =0 P
v
The potential of (88) clearly also has the proper behavior at O and at
®. Equation (87) becomes:
2
a%y.
i 2 2 2{1+41) 1
——154'( [k-&l] +—--——2—-) ¥y =0, p<x
dp P :
(89)
2

a“y '
o 2 2(4+1) B 1
5 + [ kW = p2 } \{ro =0, p> E

Eq. (89) differs from Eq. (87) by terms of the order (l]%)2 .

The solutions to Eq. (89) are immediate.
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1
'lri = \{ré (ps "13'2',)&;’ péfj

Tl

¥ = (ko) coss, - sind) B,(ko), o3

Here \yé is the regular Coulomb function with

,2
Ky =Nk -2n,

and hence

J ' 1 ' in
q;c A sin [kzp + k} Log 2k£p -5+ az]

with

i
g, = argr'(ul - &) .

The ¢'s are the free wave functions with asymptotic forms,

#h o cos (wp - LghlE) gl | can(p - L),

and of course

1 L+l
¥, ~v cos (ke -1(-5-4-81) .
The s and & g are found by matching the wave functions and derivatives

at p = « This leads to

T

! ¢i (5) cosd, = sz¢é(§)

- £ okt 1
Yelg s -5

(90)

(91)

(92)

(93)

(9%)

(95)
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kg (5 1B - w8 )
tan 8, = = R L kg L K (%)
Ky, (r;_") ¢2(;) - k#c(-ﬁ-)féz (;;)

The direct evaluation of (95) is inconvenient since it involves
the use of tabulated values. It also develops that the use of asymptotic
forms in (95) is not sufficiently accurate for our purposes. Fortunately,
a]i, may also be evaluated by the W.K.B. method.

We consider two related functions Vs and y,. ¥ is a solution of

(87) with

V=-2—-2p.; (97)

¥, is a solution of (87) with

Vp) =S -2 <3
(98)
V(ip) =0 p20

Both ¥y and ¥, are normalized to unit amplitude, so

¥) = ¥, ~ sin (k' + gr Log 2k - B4 q)) (99)
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e

1!’2 = ak ‘yc} p <
k! (100)

a, o (EIR(k0)
R(k/u) ?

p>1i/u .

Yo

R is the free particle wave functions of unit amplitude, which has the

required phase shift, & .
Nov let o be the largest value of p<< 1/u, at which the oscillating

factor of qfl reaches its maximum value of unity. Then according to the

W.K.B. approximation,

N
’\/7 K - N
nley) = v.lo) = z 5 E(I<1) (101)
kW= 204 o= - =5t
n Pn
But, by (100),
: k2 - 2
1”Z(F’m) = & 1Vc(pm) = 8 2 2 2(4+1 (102)
kW - 2p + E— - )
m o
The W.K.B. method also says that
2 _ 2, z(z+?)~
N k 2n + o - .._;é._.-
* —_ m
Lim [Max qre(p)] = T \Fe(pm)
p—>® «/ 2
N . . (203)
=1\ k2 - 2
7 %



But if we wish to normalize y, to unit amplitude at infinity, Eq. (103)

L
4{ 2
K ‘\,k
- =\ = 104
8y 2 - o n (104)

Eq. (104) is the W.K.B. solution of Eq. (95).

requires that

The acceleration matrix elements which we have to evaluate, are
of the form

(v 8]

M2, k5 241, K1) =f - E) ™)@ ) v e . (205)

% p

In Egs. (105), the \yz wave function has an energy, kf , and is a solution

of Eq. (87). If p is small, (105) can be approximated by

[s 5}
W - J R e (206)
o]
(o}

To investigate the effects of approximation (106) we form the difference,

A'
M=M_ +4,
[e]

a
Aa f AyttL [1—e'“°(1+gp)] (207)

2

a P

The integral related to A, is now divided at some polnt r, "close to¥,

but less than p = i’-

-

r @
A=A1+A2=2j + zf (108)
[o] r
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Since r < & 5 Al may be expanded in powers of .

A, = f Wyt o w03 L (109)
(s}

If we recall Eq. (87) we can deduce that

" 1 1" 2
1!!Je ¢1+1 - = 1 s [(¢z+1 w! - wt+l ) + (t;l) wl wz+1 . (110)
Kpr1™ %y e

If we use the boundary conditions at the origin, and integrate by parts,

Egs. (110) and (109) yield.

2 , , Foop o141
St Ly ) ) ) e(e) eJ ¥ el ()
o]
(8]

Al
But to a sufficiently high order of u, the last term of (111) may be

replaced by (106).

2
et 5 {W [w“l(r), \u‘(r)] - (841) M°} sowd.  (u2)
The upper sign occurs when ktfl > kf- W(¢!+l, ﬁl) is the Wronskian of
2+1 4
W ’ "f .

We now turn to the evaluation of A2. Since r is near & » asympiotic
forms of w! and ¢£+l may be used. Furthermore the integral of A2 may be
evaluated by successive integration by parts to yield an asymptotic series

in descending powers of r. One can thus conclude that
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@
-up _ T
A2 -0 j _[l-e %l—i—up)] \yi ‘¥2+l do ~ ;% [l e él+gr) ] qul; u[1)
p
T

+ 0(u3) .

As before the upper or lower sign is to be used depending upon whether

k2 is greater or less than ki. We conclude from (113) and (112) that

1+1

A -"2(:1 o+ i uytL oy < 1 - =2 [167 ()
=0 + By~ T (e ) MW 2 =Wy 5 v - (pr)2 -e +ur

(11k)

Equation (114) seems to show a dependence on r. We know, of course, that
A is independent of r, and it is merely necessary to evaluate (11h4) at

any r = r_. To do this we remark that W(¢!+1, wl) is a rapidly oscillating
functicn with a frequency of at 1eastv42;. Consequently in some region
close to r = 1/u, whose width is proportional to 1/4/ @ , there exists a
zero of W. We chose r = ro, where r, is the largest zero of W such that

r, <%— . It then follows that

2
An g E‘a)- (141) ¥ + 0 (13) (115)
It is now possible to write

2
M= M [1;“—%—’ﬁ1+0(u3) . (116)
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M° is a particularly convenient quantity since it is the acceleration matrix
element of the Coulomb field. We further recall that wl and w£+l, the
wave functions entering into Mo, are proportional to Coulomb wave functions
in the region p < &.. The region > % is the asymptotic region and wl,
*l+l differ from the Coulomb functions by terms which are O(u), at worst.

Consequently if we use (104) and (91) it follows that, if

3 2 l+l
. ¢ = - ;
Mc(l7 kE! £+, kl+l) = ‘lfc(py ké) ( P, l+l) do, (117)
5 p
then
M(f, k3 £+1, k, ) = M (£, k'; £+1, k' ) 13 W)
O 54 P Teel e\ g’ I+1 + ©
(118)
v o) .
If g, is the Gaunt factor in the screened field we have from Egs. (13)
and (118) that
Z y e
gS 2J(k k (kl ( (1-1) 9 l} k')(l -
(119)
o 2
0 (8, k5 241, w2
i’
where
- 2 . v 12
Ry =4[k -2 3 kj= 4K+ . (120)
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Now the major contribution to the Gaunt factor comes from the

Mi(o, ki; 1, kﬁ) term. Thus by ignoring the u2 correction in the

higher matrix elements, we may write

00

2
A3 (1 -2 Z{Mﬁ(l, ky; 21, k) + (21, K5 1, k&)] 1. (121)

g, = TIo !
<] 2:tkikJ n

=1
It then follows that
2u2 3
gs(kiw) =(1 - -3;0 gc(ki, ) + 0(u~) (122)

g, is the Coulomb Gsunt factor that is associated with the lower energy
ki, and the same photon energy ® = (k3)2 - (ki)e.

It must be remembered that in forming Eq. (110) from (109) we make
the approximation that the first matrix element in the series is strongly
dominant. This assumption fails as ki grows exceedingly large and many
terms in the series are required. However, even in this case Eq. (122)
is clearly a better estimate than is gc(ki, k&), whieh contains no second
order effect. Very detailed numerical comparisons with machine results
which will appear in another report,(ll) exhibit the effects of ignoring
the u2 term in the higher matrix elements. It there becomes apparent that
because the thermodynamic weighting factor cuts off the high energy
contribution (which is the only region where large { matrix elements are
important) Eq. (122) still yields excellent results.

Equation (122) has the virtue of being a very simple expression,

whose usefulness lies in the fact that numerical values of 8 are
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presently available. (1)

Of even more importance is the thermodynamic average E;.

_ - ize/kT k
g = gs(ki, ‘D) e ’ d T . (123)

Normally (123) must be integrated numerically. However estimates of

(123) are also available. Rewriting (123), as

— 2 - 22 k?_/kT zaki
g, = [ e g5(ky, @ a4 7=
(12k)
- K528k 2
+ g (k., w) e . (%) x>
s\ i’ kT i’
21
we observe that by using Eq. (122), the last term of (124) can be
evaluated. Thus we have
2 2 - zzke/kT
g = (&) e T g (k, o) a
s KT s' i’ i
)
(125)
2
o .2z
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Here
_ > - k?zz/kT kiz2
gc = gc(ki’ "D) e d kT (126)
0

E: is available elsewhere.(l) The first term of (125) is awkward to
evaluate. However, we are helped by the fact that since 8 < 8or and
since g 1s a monotonic function of k2, gy << ’é‘;’ . Hence the first term

should be small and we can be content with a crude estimate. The

simplest estimate to take is

g = (1 --13—) g, = @ constant; (127)

8, is the value of &, when ki = 0, and is available from existing

computations.(l) Since 8 actually vanishes when ki = 0, this will lead

+o0 an overestimate of g;. Using (125) we have

Euzg 2
— 2 - — - 2uz“/kT
g, = (L-) | e g, + (1-e )g, |- (128)

Alternatively, to first order in p, we can write

2
— o e 2uz
= - { - .
gs = gc \gc go) kT ® (129)

Depending on the degree of reliability one requires, one can use for

computations either (123), (128) or (129). In another report,(ll) the
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results obtained from (128) are compared with detailed machine
computations of & highly screened substance., It is there shown
that Eq. (128) is very adequate for our purposes. Now one has at
hand a criterion for measuring the importance of screening. We con-

clude that the effects of screening mst be considered vwhenever

g

e ~ 8o

€

2
(-2-%;-—) is not negligible.
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APPENDIX I

ASYMPTOTIC EVALUATION OF T AND J

For completeness we here record some simple limiting expressions

for the integrals arising from the "Two-Basis-Function-Solution.™

When kp >> 1, Eq. (32) yilelds the forms

1+r & -t
-1 e
Lo =Ip ~ L‘%““f sin 2kt at , (1,1)
o)
o0 Q
-f1 2+l i1t
1 e (-1) cos 2kt e A
I~ E/ - + % / - at , (1,2)
e P
and g Ut 2+1 -4t
1 e (-1 cos 2kt e akt
Iy~ E/ — dt - ) / € __ at . (1,3)
(&) p

If u/k << 1, successive integration by parts will yield asymptotic

series in powers of ilf . To lowest order in IJ‘: we have

_yiHL -Hp
I, ~ { l)k g w5 cos 2 + o(f_,’-) (I,4)

© 1+1

1 e (-1) e M 1

I Ej -_E-dt-_.'z__-?_k_s sm2kp+0(-1:3') (1,%)
F)
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é
Wi

20 T " Tk 2k 3

00
-t £+1  ~up

f e (L7 m inoep + o (1,6)

Ko

The integrals still appearing in Egqs. (I,5) and (I,6) will be

recognized to be an Ei function.

The J integrals appearing in Eq. (23) can be immediately estimated

in the triviel case of (kp) << 1. We have that(®)

)

v = ) ey
p—0
f (,7)
o )™t
2 = 1
(22+1) cz(i')
p—0 /
where
[ 1.2 1,2 o 1.2 .21 E
1. ] 1(d ] {uq»(—) ] [1 e ] 2% 2 e -
2.1 A K K
(2241)° [(21):] 2 k(eF-1)
To the lowest order Eq. (23) yields.
N
v
T = £ (i) j (kt) u dt = I?_L— (ko)® + 0(p°)
) (24+1)
p—0 °
?(1,9)

p
io-£ cf(%) f (k)42 4 at = E% (kgL cs + of )
Q
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APPENDIX TII

DERIVATION OF £ > O VARTATTIONAL PRINCIPLE

The variational principle for the £ > 0 positive energy wave
functions is well known. For instance (except for a minor error in
sign) the variational form is presented as an exercise in Morse and
Feschbach.(9) However, for completeness and easy reference we here
derive in detail the I > O variational principle.

As a first consideration we recognize that any integral form we
investigate must certainly be convergent. Immediately one must face
up to the unpleasant fact that positive energy wave functions are not
quadratically integrable over an infinite volume. For the £ = O wave
function this problem is dealt with by comparing the wave function
with that free wave function to which it is asymptotic. Such a device
cannot be used without modification in the £ > O case, because here the
free wave solution'with appropriate asymptotic properties is bound to
diverge at the origin. Consequently, in addition to u, the wave function
we seek, we shall consider two other functioms vy and Voo These three

quantities are defined by the differential equations.

w o

u' + (k2 +V - ﬁiﬁ%ll) u=0, Vip) = 2e
p
)
o+ (62 - _l;ﬁ.l;’:&l) w. =0 > (I1,1)
1 02 1 :

2
" —_
w2 + k w2 =0 ')
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The quantities u, W, W, may be further specified by the boundary

conditions \

A

w(0) = u'(0) = 05 u~ - o 22 x)

cos(kp=n - -

2+l

wl(o) = wi(o) 03 w; ~ A cot cos(kp - == %) } (11,2)

fl

%
#l

5 Asin(kp-itlst J

These boundary conditions, while consistent, are not independent. Thus,

for example,

w(0) = 0—>u'(0) = 0 u~ o= cos(ko - 1 - FFx) (11,3)

A is an arbitrary parameter; later we can, without loss of generality,

take A = 1.

We now consider J, an integral of a perfeet differential, which

is defined by

oo
= 4. ' ' 2 2
_.f dQ{u.u -wlwi-w2w2+kcotnwe-ktannwl}. (1T 4)
)

This form may be integrated immediately, and if we use Eq. (II, 2) we

have

J=-kcot v (0) (11,5)

If, on the other hand, we perform the indicated differentiation and

make use of (II,1) it also follows that
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00
J = f (u')a-(wi)a-(wé)e-ka(ug- wi - wg) + !—Q—;}-)— (uz-wi)- Vu2 +
) p
20

(11,6)
+ 2w2wék cot | - 2wlw]'_ tan n} dp

We now take the variation of (II,6), integrate by parts and use the

appropriate boundary comditions. It follows that

m . X
8 = 2 f =5u [u“+k2u- £(4+1) u+uVJ + awl {w;+k2wl - —-——-——l(l;l) w}
p j P

o) .

2 2
+ Bwa{w5+k we} dp + 5 [k cot nwg(oo)] -3 [k tan nwi(oo)] (11,7)
-8 [k cot nwg(o)] + 2wé(0) 8w2(0)+2 [wi(co) §w2(oo)+wé(oo) Swl(cn)]
After a recourse to the boundary conditions Eq. (II,7) goes into
00
2 25 '

5J = 2 dp - 5 [k cot m5(0)] + A%(x cot 1) + 2w3(0) Bu,(0)(1I,8)
If we now use (II,5) we conclude that

@
8% (k cot ) + 2w5(0) 8(w,(0)) + 2 j { } dp = O (11,9)
o
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Now since
w,(0) = - & sin (BH)x , (11,10)
we have
w5(0) & wy(0) = 0 (1I,1)
Thus

(<3}
A28(k cot ) = -2 5 { } dp (11,12)

(o)

But Eq. (II1,1) implies that

oo}
2
2 - du u"+k2u- £$£iél +Vul| +58w, | wi + kK w --£L£tll
2 i} 1 1 2
5 o P
(11,13)
+ 9 w5 + k2w dp =0
Yo | Y2 2 =
Consequently, for all A £ 0, 8(k cot 1) = 0: k cot 1 is a stationary
quantity 1if u, T and Vi satisfy the appropriate equations and
boundary conditions.
For convenience we now choose
A=1; ' (II,14)

and we set
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y=u+ W + W,
So
y(o) =0
y(0) = w,(0) : (I1,15)

y*(0) = wA(0)

vy is quadratically integrable. y may be regarded as that perturbation
term by which the exact solution, u, deviates from its asymptotic value.

From Eqs. (II,5) and (II1,6) we immediately have that

2 ‘ 2 2 2 2 2
- k cot ’1"'2(0) = (y'-wé-wi) vy g -k y(y-2wl-2w2)-2k LA
[+

2
+ £(4+1) l;l) (y—wg) (y-w2-2w1) -V( Y-W1°W2) (11,16)
p

1 - 1
+ k2w2w2 cot 1 k2wlwi tan 1 ) dp

After some algebraic manipulation and referrals to the boundary con-

ditions Eq. (II,16) reduces to

Q0

2 2

k cot 7 = f { (v) -5+ B (ew)) - vy-w-)® @ (11,17)
o P

We now replace LT and Wy by their known values
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Wy = cot q ¢t ~ cot 7 cos(kp - £§£ n
(11,18)
W, = sin(kp - L%& x

¢2 is the regular solution of the free particle wave equation and is

normelized to unit amplitude.
Equation (II,18) makes manifest the dependence of the integral of

(II,17) upon cot n. If we make the substitution
R = k cot 7, (11,19)

Egs. (I1I,19), (I1,18) and (IL,17) lead to an explicit gquadratic

dependence on R.

RA - 2BR + C = 0 (1I,20)

The coefficients A, B, and C arise from Eq. (II,17) and are given by

@
B=f+2 f (.y¢l+¢l sin(kr--%—l-u)} vdp (11,21)
(s} <
Q0 2 2
C=f (y') -k2y2+-l?(~£-§-)—(y-sin(kp—%iu]
e

- Vy® - V sin®(kp - %i:c) + 2yV sin(kp - “Tln)} do
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Now consequently,

R=kcotne 2t VB - AC (1I,22)

As might be expected, setting 3R = O, leads to the appropriate differential
equation for y. R, is stationary about small changes in y. Consequently
one can approximate y by some convenient function, which is dependent on
an undetermined parameter. Making R stationary with respect to that
parameter fixes on the best value of the parameter.

Now from Eq. (II,15), for £ =1

2 2
Lim u = 0(p”) = y(p) + sin(k;p) + 0(p") (11,23)
p—>0 p—0
Consequently,
Limy = - k;p + O(pz) (11,2%)
p—0

Furthermore, since

Limy =0

b3 (11,25)

an appropriate form for y is given by

- e
Y= = klpe al o (II}26)
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Then, if we let ¢l be the approximate I = 1 wave function, normalized

to unit amplitude, it follows that

- aiP

#'= cos n.f, + sin ny(sin kp - kpp e ) . (1II,27)

The condition on a, will be

aR/aal =0. (11,28)
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APPENDIX IIT
EVALUATION OF Bl AND Cl
We here propose to evaluate in detail
sin k p p
11 1 2 _-Hp !
B, =5+ ) ‘Ir ( 30 - cOS klp)(p e )(klpe - sin klp)dp , (II1,1)
0
and

p 2

-2 -2
C=/ zeal(l—al) -k1+2 a1p2(smkl-lpe-al)+

(111,2)
o e 2 "P%P 2 ¥ o
+ kle sin klp - 2klp 5 sin klp dp
Bl may be written as
~(oy#de ~(ay )
B = .]2 + ?— al P
172 kl

(111,3)

sin“k p L gin 2k p

To evaluate the first integral in Eq. (III,3) we start with the standard

form.

I(r, k) = ‘)’ e sin kp dp = 5 (III,k)
k+k
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Consequently,
@
-*p
J, ep sin kp dp = I(t, k) dt = % - tan™t ]-);- (1I11,5)
o
From Eq. (III,5) the first and fourth integrals of (III,3) may be found
immediately.
(111,6)
The second integral of (III,3) is a standard form, and is given by
00
~(o+1)p 0+
e cos kyp dp = gy (111,7)
A K+ (o)
To evaluate the third integral of (III,3) we remark that if
sinzklp e.)"p dp
I3(7~) =2 = , (111,8)
o o]
© 00

I
—3 a0 f sinzklp e-a'p dp = [ (1-cos QIL.Lp) e dp (111,9)
A' f
[s] 0

al e
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From Eq. (III,7)
d213 =z A (II1,10)
=5 - "—‘_'§ H
o L2+(2kl)
Integrating once,
a1 sin’k.p
3..2 L M g = log e, (III,11)
“a p 5 >
° A +(2k1)
axg o
o
L = QO
Integrating, again,
I.(A) = A Log ——mmtm— 4 (2k,) | % - tan™t 2| , (III,12)
3 Ny 1 |2 2k,
N, +(2kl)

13(00) =0

All the terms of Eq. (III,3) can now be evaluated. We can therefore

write that
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-1 +
1 2 e -1 tan 1] -1 Qi
B, = =+ — + tan™" (=) - 22— () - tan™ =
1787k i 2k; 2 2k, k]
(111,13)
e " k) (ag+1)

g -
2k 2 2
1 ’p2+l+k?_ kl+(al+u)

A term by term expansion of Eq. (IIIL,2) leads either to standard forms,
or to integrals of the type which have just been evaluated. For such a

terumwise expansion it follows that

T 1% k)2

3
c, = % k, () - £ (ai) + wky - Moy (g - tan™" =) - % (

(II1,1%)
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