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SUMMARY

Suppose that there are a number of observed quantities, the values of
which would, in the absence of observation error, be determined by the ob-
servation times plus a finite number of quantities called elements. The
observations are to be smoothed in such-a way as to obtain estimates of the
elements. The immediate motivation for this arises in the study of esti-
mations of satellite orbits, in which case the elements might be the position
and velocity components at a particular time instant, or alternatively the
semi-major axis, eccentricity, inclination, etc.; the applicability of the
results is, however, not limited just to satellite tracking.

The smoothing methods considered are variations of the method, often
used in astronomy, of minimizing a quadratic form in the residuals; in some
contexts, these smoothing methods may be considered to be maximum likeli-
hood estimation methods.

Among the methods considered are certain stagewise methods in which
new observations are smoothed with "current" element estimates to give im-
proved estimates., These stagewise methods are advantageous in some réspects
in that they require the storage, at any time, of only & fixed number of
quantities depending on the number of elements and not on the total number
of observations to be processed.

A complete first-order error enalysis is given for all the smoothing
nmethods considered; that is, the dependence of the errors in the element
estimates on the observation errors is established, for sufficiently small
values of the latter. It is shown that the stagewise methods may be defined

in such a way as to yield estimates having the same first-order dependence
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on observation errors as the estimates resulting from simultaneous smoothing
of all available observations.

The aforementioned results are used to establish certain properties
of the error statistics of element estimates as functions of the observation
error statistics.

The elements are at first considered to be constants; later, they are
considered to be slowly varying functions of time.

The present report deals mainly with the theory of first-order error
propagation in the smocothing methods considered. Later reports are planned
in which the results will be applied to specific cases--particularly, to

the evaluation of various satellite tracking networks.
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I. INTRODUCTION

The subject to be discussed is that of smoothing of observational data
in cases where the observations, in the absence of observational error,
would all be determined by the time of observation plus a finite number of
parameters, called elements, The objective is to estimate the elements,

The immediate motivation for this arises in studies of estimation of
earth-satellite orbits from observational data., In this case, if, for
example, the force field were known exactly, one could regard the elements
as the position and velocity components at s particular instant to ; if
the field were a central inverse square field, the elements could alter-
natively be the six elements of a Keplerian elliptic orbit., (It should be
mentioned, however, that satellite orbit prédiction is only one of the
possible applications of the results.)

In satellite tracking and prediction, it is desired to produce ephemer-
ides~--i.e., predictions of the future position as a function of time;-as
well as to make various other types of decisions end predictions. As new
observations become available, one can improve the accuracy of these pre-
dictions., Ideally, one would like to store all previous observations of
the object, and combine these in some optimum way to yield the desired
predictions or decisions. The optimum method for processing the aveilable
date would be based on anelysis of the error statistics for the individual
observations, and on the functional dependence of future predicted quantities
on the previous observations,

In satellite tracking one is dealing with & situation in which there
may be & large number of ocbservations of varying degrees of accuracy, as well

as large numbers of tracked objects, Also, methods of orbit prediction
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(even in the sbsence of observation errors) are subject to various sources
of error, such as

() uncertainty in the forces acting on the body (earth's

gravitational and megnetic fields, atmospheric resistance);

(b) cumulative errors in solving the equations of motion.

Two features would be desireble in a tracking and prediction method:

(1) The data processing load‘perrtracked obJect should not exceed a
certain maximum, regardless of how many observations are available to be
processed, On the other hand, the prediction methoed should not throw
available observations away.

(2) The method should be adaptable to situations in which the under-
lying prediction functions are subject to the above-mentioned uncertainties,

The stagewise procedures described below are motivated by these con-
siderations,

The particular methods of data smoothing to be discussed are variations
of the classical method of minimizing & quadratic form in the residusls (in

‘ practiée this is usually a weighted sum of squares of residuals), After
defining this method, the first-order dependence of the errors in the
resulting element estimates on the observation errors is established.

We then go on to describe a stagewise procedure for processing the
observational data, in which the element estimates at each stage are smoothed
in a particular way with some additional observations. This is in essence
a type of differential correction procedure., It is shown that the errors
in the resulting element estimates, after stagewise smoothing of a given
set of observations, have the same first-order dependence on the observetion
errors as would the errors in the estimates obtained by simultaneous pro-

cessing of the same total set of observations.
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Some statistical properties of errors in the element estimates are
derived for the case in which the observation errors are regarded as statis-
tical variables and in which the matrix of the quadratic form to be minimized
is the inverse covariance matrix of the observation errors, (For Gaussian
error statistics, this would result in a maximum-likelihoed method of esti-
mation. )

The elements are at first regarded as constants, and later the treat-
ment is extended to the case in which the elements are regarded as time-
dependent. |

We suppose there are N observed quantities F“, g =1, «+», N, each e
being a real scalar, Also we assume that n real constants Xy i=1, +ee, n
exist such that in the absence of observation error, all N observed quantities

would satisfy the relations

Boa g, e, x5 @)

The vector x = (x,, -, xn) will be called the 'element veétor,‘ and its
components the 'elements;' tp is the time at which the pth observation is
taken,

When observation errors are present, the ™ are given by

Pos ! (xg, cee, % )+ E¥. (2)

For purposes of illustration, consider the observation of a satellite
following a Keplerian orbit. The elements might then be taken to be the

eccentricity, semi-major axis, inclination, etc; the quantities F might be
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observations of such things as range, azimuth, elevation, or range rate from
particular observation sites; the #* would be the functions describing the
dependence of these observed quantities on the elements and time; and the
E“ would be the observation errors.

Many of the formulas below will involve the functions * and their
partial derivatives gﬁ; . Practical application of these formulas would be
possible both for cases where analytic expressions are known for the t* and
their paertial derivatives and for cases where these functions must be evaluated
by numerical integration, as well as for cases where some of the functions
have known analytic expreésions and others must be determined by numerical
methods,

Henceforth it will be supposed that N 2 n, The problem to be considered
is the estimation of the elements by means of smoothing, in some sense, of
the observations.

A classical smoothing method is as follows:
writing P = (Pl, see, Pn) for an estimate of the element vector, and
writing f£(x,t) for £(x,, *°-, X t), £(p,t) for f(Pl, ceey P, t),
~and so forth, the method consists of minimizing with respect to Pl’ ees P

n

the quadratic form

Q = z Ny [F“ - tH (P,tu)] [FV - £ (P,tv)] (3)

v =1

where (‘quv) is a symmetric, positive definite matrix, Thus, the method

consists in minimizing a positive definite quadratic form in the residuals,
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Differentiating Q with respeet to P, and setting the results equal to zero,

i
we find that the minimizing estimates Pi must satisfy

v
%ij— (B,t,) [F“ N (P,tu)] Ny = O (%)

M,Vﬂl (i'l’ ..o’n) .

It is clear that if &" = 0, all p, then P = x is a solution of (L),
The first question to be investigated is that of the first-order propagation
of errors--i,e,, the first-order dependence of P - x on the errors E“.
It will be assumed that the functions f" are sufficiently well-behaved for

the following operations to be valid. We may write

n
"
#(pt) = P (xt,) + jE 1%% (6,8,) (B) - x,) + o (5)

1

n
et s 3% e
Loy - Ty + JE Ea; (on) By xy) (6)

Neglecting all terms of higher order in P - x, and substituting (5) and

(6) into (4), we obtain

82 fV
3x; o,

oY
n!-lV g; (x,'bv) +

(x,tv) (Pj - xJ)] (cont. on next page)
p,v =1 J=1

(1)
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(7) Continued...

n
X[:F“-fu(x,tu) - E %i%(x’tu) (Pj-xjgl = 0
jJ=1

It is also clear that for sufficiently small E¥ and Pj - Xy, the

term involving second derivatives of £v may be neglected. The result may

conveniently be expressed as follows: let

n _ ot
ai (x)tu) = axi (x}tu)

p; (x) = E Ny &5 (%t)) [F“ - ¢ (x,tu)]

g,v =1

olx) = {"1 (x), *++, Py (x)}

Bij (x) = E Ny a.iv (x,tv) a; (x,tu)
BV =1

Bx) = {B;; (x)}

Then, assuming B(x) to be non-singular,

P=-x = [B(x)]'l p(x)

(8)

(9)

(10)

(11)

(12)

(13)
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Eq. (13) expresses thé first-order dependence of P - x on the

errors 6”. This can be expressed equivalently:

N
Py~ % = Z ri'u' (x) [F“ - £ (x,tu)] (1k)

po=1

: N -
I:“ (x) = i Z [B(X)-_li; My ajv (x,8,) (15)

J=lv=1

A special case of this is as follows: suppose one has already an
estimated element vector p = (pl, LN pn) together with K new observations.
One can form a new sstimate vector P by smoothing the original estimate
vector p with the new observations in the following menner: P is determined

by minimizing, with respect to Pl’ RN Pn’ the quadratic form

Q = My (pul - Pu)(pv -P) (16)

u,v = 1

n+ K
* Z My [Fu - (P’tu):l [Fy -t (P’t")] ’

p,v=n+1

In this case,
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ol (x’tﬂ) = XU- y =1, seeyn (17)
ai“(x,tu) = 8y i=1, *+*, n
[$ - l, eso,
F!J - Pu T l’ o.', n .
Also
n
p;(x) = E Ny (p'j - xj) (18)
J =1
n + K
o oou v
+ E Ny I:F f (x,tu)] 8, (x,t)
g,v=n+1l
(i=1, ***, n)
and
n + K
= v H
Bij(x) nij + E 'qm/ 8, (x,tv) 8y (x,tp) (19)
w,ve=n+l
(i’j =1, **°, n) .
If we also define " (p,tu) for w=n+1, «es, n +K by
H (et = - (pt) (20)

w=n+1, *»+, n +K
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then pi(x) becomes, to first order,
n
J=1
n+ kXK
+ "’uv aj‘_, (X,tv) ru (P;tu) .
u,v=n+l
Consequently, (13) reduces to
P-x = p-x + [B(x):l-l p*(x) (22)
where
n+ X
* v
py (x) = Ny & (0F,) ?(pt,) (23)
u,v=n+l

Eq. (22) may be used as the basis for a first-order differential
correction to p, given the additional cbservations F“, pm=n+1, ee, n+K,

First rewrite (22) as

-1
P-p = [Bx)] ™o (x) . | (24)
Then, to first order, one cen also write

P-p = [B()] ™ o (2) (25)
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Since all the quantities on the right of (25) are known, (25) gives the

required first-order correction to p.
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*
Now define sequences of matrices B(s) and B(s)(x) as follows:

M

S
BS) ng-l) * ‘nf“f) ai" (P(s),tv) aj*‘ (P(s),tu) (29)
M,V =
M, +1
B_g) 0
MS
ng)(x) = ng'l)(x) + _ "q,_(:) aiv (x,tv) aju(x,tu)
g

B§3)(X) = 0

For s » 1, the st'h element estimates {Pi(s )} are obtained by minimizing,

with respect to P(B), the quadratic form

Q(s) - nZ Bi,gs‘l) E,gs—l) _ Pj(.S):l I:P'gs-l) - Pgsil (30)

f;3=1

u,v =
Ms-l +1

Let us also define pj(_s)(x), s =1,2, ***, S, by

*Alternative definitions for the matrices B(s) are possible; see the
remark st the end of this Section.



RM-2329
6-15-59
13

p§s)(x) Z 5(8-1) () [(s -1) ] (1)

:E::: ‘q(s a; (x,t ) [%u £ (x,t :]

s l

Then, using (13), (18), and (19), it can be shown that to first order

P(S) -X = [B(S)(x):]‘l p(S)(x)’ . (52)
It is also not hard to show by an inductive argument that
P8y o O] e®e) - )] e (53)

wh;re B(x) and p(x) are defined as in (9), (10), (11), and (12). This
®)x) = px).

Thus, the first-order dependence of the errors in the estimates

is proved by showing that B(S)(x) = B(x), and p

{Pgs)} is the same as that for the {Pé} obtained by processing all N
observations at once by minimizing Q as defined by (3). Another way of
stating this is to say that, to first order, the estimate obtained by pro-
cessing the N observatioﬁs by the stagewise procedure just described is
the same as that obtained by minimizing Q as defined by (3). (However,
the renge of magnitudes of {*‘ for which the first-order expressions

give good approximations to the estimation errors is not necessarily the
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same for the stagewise method as for the non-stagewise method.)
A stagewise smoothing procedure may be advantageous in certain situations.
For example, suppose that observations are coming in at some average rate;
in the stagewise procedure, it is not necessary to store all previous obser-
vations and N x N matrices (‘nuv) with N increasing., It is at any
time necessary to store only the 'current' element estimates {Pj(_s )} and
the matrix B(s), that is, %(n + 3) quantities (taking into account the
symmetry of B(s)).
It can be seen that the matrices B(s) play the role of estimates of the
matrices B(s) (x). Thus , the particular method of defining the sequence {B(s)}

above is not the only one possible, For example, one could define

3s) - p(8) oo

1j iy’
MS
%ﬁg'“ * ’)fj) o) (pls1) ¢ ) a;,“(P(s'l’,t“), s>1 (29')
K,y =
Ms-l +1

and define the stagewlise process using the matrices ’ﬁl(s) instead of B(s).
Comparing with (29), we see that the main difference is that ABJ(’) can be com-
puted, for s >1, before one computes P(S) .

This lends itself conveniently to first-order determination, for sd>»1,
or p{8) _ P(s*l) by means of Eqs. (20), (723), and (24). One would write

P = P(S'l); P = P(s); and P(s) - P(S-l) = [’g(s)]'l p*(a)(P(s-l)). (The

vector p*(s) would be defined by obvious modifications of (20) and (23).)
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ITI, APPLICATION WHEN THE ELEMENTS ARE FUNCTIONS OF TIME

Suppose the elements X5 ***, X, are functions of time: X, = xi(t).

Also suppose that error-free observations are given by

o= x(t,), tu__J ] (34)

Suppose the manner in which =x(t) depends on its values at some to is

known:

x(6) = Fy [xle,)s o ¥ (35)

Then we mey obtain the case considered in Sections I and II by defining
the elements x; in the formulas of those Sections to be X = xi(to) and

by defining
fu[x,tu] = g {g,z’l E{,to,tu] , (36)

e, gn [x,to,tpj,tu}

(vhere x = x(to))-
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IV. MODIFICATION WHEN THE FUNCTIONS f" ARE IMPERFECTLY KNOWN

Suppose the observations are given by

™ = ot [x,t;_l + E¥ (37)

(where gM are observation errors),
but that the estimated elements {Pi} are obteined by minimizing Q es
defined by (3) , with the functions £ (which differ from hp').
So long as F* - f* are sufficiently small, Egs. (9)-(13) still
describe the dependence of P - x on ™ - ", This dependence was

expressed

N B
= Z I? (x) [F“' - fu(x,tu):] (14)
we=1l

where:

=]

[~]=

1 (X) EB(x 15 My %y [ (x,t)) (15)

j=1 v=

et

The observation errors € K are now given by
¢t o= - h“(x,tu). (38)

Therefore

-t xt,) = €8+ ii(xt) - xt) (39)



RM-2329
6-15-59
18

Thus, (14) becomes

n N n
P, - x; = Z l:' (x) € + Z ,—1—' (x) Elu(x’tu) - f“(x,tuﬂ. (ko)

w=1 =1l



RM-2329
6-15-59
19

V. STATISTICS OF PROPAGATED ERRORS

Equation (13) may be used in an obvious manner to determine the means and
covartance matrix of {Pi - xi} as functions of the means and covariance ,
matrix of {éu} .

We shall deal here with a special case, namely, one in which the
ensenble means and covariance matrix of {5“} are known and in which the
matrix {"’uv} of the quadratic form @ has a special relation to the co-
variance matrix of {E ”} .

Since the ensemble means of {C“} are assumed known, it is no loss of
generality to assume they are zero. In this case the covariance matrix is

(denoting ensemble means by E{ ))

$, = E(EE), (1)

It will now be assumed that the matrix ('r,uv) in (3) is
-1
(nuv) = (¢uv) (matrix inverse) (¥2)

It {E“} were to have a Gaussian probsbility distribution (and if
M o=t , 811 u) then the resulting method of obtaining P would be the
maximum likelihood method.

The covariance matrix of {Pi - xi} agsumes & particularly simple
form in this case. For generality, we will deal with the case described in
Section IV, in which £ ; the functions used in the quadratic form Q, may

differ from H" .
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The means of {Pi - xi} are

N

BB, - x,) = Z Ep (x) [(x,8,) - Hxt,)] (43)

n=1l
The covariance matrix of {Pi - xi} is readily established to be

E {Pi - x; - E(Pi - xi)} {PJ.- Xy - E(P'j - xj)} = [?(xi];; (k)

This holds whether the observations are processed all together or by
a stagewise procedure as described in Section II, In the latter case, of
course, it must be assumed that the covariance matrix of {f"} can be
broken up into a diagonal array of covaeriance matrices corresponding to the
different stages. It is, in fact, quite easy to establish that B(s)(x)

is the inverse covariance matrix of {%§s) - x;} :

E {P_,(Ls) -x - E(Pgs) - xi)} {Pgs) - %y - E(Pgs) - xj)} - [B(s)(x)]ﬁ
(45)

This throws some further light on the stagewise method of Section II.
(S—l) - Q(s)

The matrices B occurring in the quadratic forms are seen to be

estimates of the inverse covariance matrices B(s°l)(x) of the element

estimates P(s-l).

Thus, if the error statistics were Gaussian, this pro-
cedure would consist at each stage of a maximum likelihood smoothing of the

previous element estimates with the new observetions.
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The above formulas may be used to determine the rate at which the co-
variance matrix of the errors Pgs) - X decreases as additional observations
are processed, In fact, this information is contained in (4k) and (45).
As a special case, consider the case where all observation errors are
mutuslly uncorrelated. (If this is not true originally, it cen be made true

by means of linear transformations.) In this case, the matrices ¢ and 7
are diasgonal.
If we now regerd P(s) as the element estimate vector resulting from

the processing of the first s observations, we bave the inverse covariance

matrix for {P§s) - xi} given by
( 8
s) K 1
330 = ) Ty, al Gt ¥ Gty (46)
p=1l

(This holds whether the s observations were processed all together or
stagewise.)

It is also quite easy to verify that, for s 2 n,
)3 = eV} - e oo (47)

where

n
Vo 2 o tory) Bl

n
14 E I:B(s_l)(x) Si aks (x,t,) ajs (x,t,)
J)k=1

(48)

d',(LS)(x) =
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vI. MODIFIED STAGEWISE PROCEDURE FOR TIME-VARYING ELEMENTS

In this section the elements will be considered functions of time,
X = xi(t). It will be assumed that the elements vary much more slowly
with respect to time than do the functions describing observations.

We suppose that the matrix ('nuv) can be written (as in Section II,
Eq. (26)) as a diagonal array of matrices n(s) 8 =1, 2, **+; the
further assumption is made that the times tu’ = Ms-l + 1, ee-, Ms’ are
sufficiently close together that they may be regarded as equal insofar as

variation of the elements is concerned. This will be expressed

xi(tu) = xi(Ts) (49)

Henceforth, the time parameter occurring in the argument of an element
or element estimate will be written T.

It will be supposed that error-free observations are given by

Bo= g [x(r), g (50)

and that the variation of the elements with respect to time is given by

% (1) = Fy [x(1,), T, 1] (52)
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Now consider the following stagewise procedure for processing the obser-
vations (the main reason for which is its adaptability to cases in which the
prediction functions ™ or 9:1 are imperfectly known):

The element estimate vector P+(Tll is obtained by minimizing with
respect to P+(Tl) the quadratic form

N

o) . SO R Ll [P+(T1)’tu]} {F" - ¢ [P+(Tl)’tv]} . (52)

W,v=l

For TS € T« T

= 8 = 1,2,¢,

s+l 7

P(T) = 2%, I:P+(TS), T, T:| (53)

Also,

Pi- (Ts+l) = % [P+(Ts)’ Ts’ Ts+JJ . (5k)

The quentities P+(Ts) will be defined for s > 1 below. To do this,

we define sequences of metrices B(s), B_Ss), W(s)’ vf_s) as follows:

N

1

B+:%) = 'np(ti) v’ [PH(ry), )] o) [P+(Tl)’ A (53)
v =1l

o [ot)] = &[] (56)
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W.g.S) = I:BS.S)]—:L: s =1,2,°°" (57)

n

W(Sﬂ') - Z alk [P (T ),T ’Ts_,_];l 0/31[1’ ('1‘ )'1‘ Ts+.ﬂ Vo (s) (58)
k, =1

a‘i,j x,TS,T:I ij x,Tg T:I (59)
S) = O’ s =l (60)

Elr(s)]"l, s>1

+§3) - (s) Z ")(S) v l:P+(Ts)’tv:| bju E:+(TS)’t“_-.I (61)

u,v =
s-l +1

Then P+(TS) is obtained for s > 1 by minimizing, with respect to

P+(Ts), the quadratic form

n

ofs) . ;ltBS){p; (r,) - P;(%?}{PJ.’ (Ts)r- P;(Ts).} (62)
M
S
AW Feag (¢ e
M 41

s-1
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Serutiny of Egs. (52) - (62) reveals that a stagewise smoothing pro-
cedure has been completely defined., Now, in order to give the first-order

error equations for the resulting estimates, define the following matrices:

N

B,y [Tl] - Z S) ;[x(Tl),tv] bS‘E:(Tl),tu] (63)

p,v=1

(where biv (x,tv) is defined as in (56));

NSRS @

<
for TS< T "Ts+l s

n

Wij [T] = Z a’ik x("l‘s)"Ts"r a',jl E{(Ts)’Ts’T] ¢+k&[Ts] (65)

KL =1
(vwhere a’ij(x’Ts’T) is defined as in (59));

B[T] = {w[w]}'l, T.<TET . (66)

and

By [Ts] = B, [’1‘ z q)(s) b x(Ts),tv bj“ [;:(Ts),tu] .

u:V =

Mgyt (67)
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Also define
n
AR REED RN LA NCREPACE] (€8)
J=1
Ms
+ 5_: 77;23) v [x(Ts),tv] {F"’ - [x('l‘s),tu]} .
s

Then, the first-order dependence of P+(Ts) - x(Ts) on the observation

errors is:

PH(T,) - x(T,) = {B+ [TS ]}'1 o [Ts] . (69)

Also, for Ts'c T < Ts+l’ the first-order dependence of P(T) - x(T) is
n
P (T) - x,(T) = E @y [x(1,)TeT] o) - xy(r)]  (10)
J=1

Further, suppose thst Cnnv) represents the inverse covariance matrix
of {%“ - x(tu),t;]}'. Then, B+'[Ts] is the inverse covariance
matrix of {Pi+(Ts) - %, (‘1's )} , and B [T] is the inverse covariance
matrix of {Pi('r) - xi(T)} » T<TCT ..

In Section III, an alternative method was described for dealing with
time-varying elements., That method involved a reduction to the case of con-

stant elements.
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Choose any time T, ’I'S $€ T« Ts+1 , and regard T as now fixed.
Define a constant element vector x by: x = x(T). IlLet P*(T) represent
the estimate of x = x(T) obtained by the method described in Section III,
based on the first Ms observations.

Then, it can be verified that, to first order, P*(T) = P(T), where
P(T) is defined by (53). That is, the stagewise procedure described in
(52) - (62) yields an estimate P(T) for x(T) having the same first-order
dependence on F* T gt [?(tu)’té] ;u =1, ==+, M, as the estimate derived
by the method of Section III.

The stagewise procedure described above actually goes through the
following steps: P+(TS) represents an estimate of x(Ts), based on the

first M observations; for T < T < T P(T) is obtained by (53),

s+l ’
that is, simply by prediction from P+(Ts) according to the functional
relation by which the elements are known to vary; P‘(Ts+l) represents the

estimate of x(T Just before the observations Fu, n o= MS +1, ***, M

s+l) 8+l

are processed,

The particular method chosen above to define the matrices Bis) ~--i.e,,
by (61)--is not the only one possible, One could, for example, define matrices
“ﬁs_s) for s »1 by using (61) with P'(Ts) instead of P+(Ts) in the arguments
of bgl and bj*. Then one could computelg;(s), for 8 > 1, before computing
PH(z,).

This would be convenient for purposes of using (20), (23), and (24) for
a first-order determination of P+(Ts) - P-(Ts): one would put p = P-(Ts);

P = P(7,); PM(T,) - P7(T,) = [“éﬁ"’]'l p*(s)[}'(Ts) , with p*(5) gerinea

by the appropriate modification of (20) and (23).
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In practical applications, for example, in satellite observations
where perturbation forces are imperfectly known, the functions %1 may not
be known exactly. Furthermore, the inaccuracy in knowledge of yl [x(T ),T,T']
will depend on the time difference T' - T -- i.e., on how far ashead you are
predicting the elements.
Suppose, for example, that the prediction functions used in the stage-
wise procedure are gp‘, 91 , but that the cérrect functions should be

*
hu, % . Let Ep’ still represent the observation errors--i.e., £u L

and let, for T 2 tu,

s'(r) = {951* [x(T),T,tp] o, G [x(T),T,tJ,‘cJ (71)

-t (% I}(T)’T’tg , eee, % Ec(T),T,t;',t.u}

*
Suppose that, in the case gp’ = h“, % = % , the first-order error

in P(T), T, £ T« T,,;> could be expressed
L J

M
p,(1) - x;(1) = Zsl @ e (12)

Then, in the case g # bV, 9‘; # 9; , one would have
M
s i b
P -xy(m) = ST @ [€"+ s%] (73)
M=l

provided 8*(T) and EM are sufficiently small.
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The errors SM(T) would, in general, grow as T increases. In such cases,
it would be desirable to modify the smoothing procedure so as to give more
recent observations greater weight, and to continucusly diminish the weight
given to past observations. There are a number of possibilities for accom-
(s)

plishing this; one way, for instance, would be to define the matrices B

in (60) - (62) vy

-1
53 - [v(s)]ij 1)) (60°)

where lgs) and kgs) are ¢ 1.

This would mean that the effective smoothing matrix for the observations
would not be the matrix (% ) appearing in (52) - (62); in fact, there would
really be no fixed smoothing matrix. Also, the first-order error equations
(63) - (70) would have to be modified appropriately.

There is an analogy between this class of smoothing procedures and the
process of filtering of signals., One might regard the smoothing procedures
as filters with input x(T) and output P(T). The case where the ' and
gﬁ. are perfectly known is equivalent to & constant signal input to the
filter, in which case the filter should have infinite memory to provide
maximum smoothing of observation errors. If say'éyi are not exactly known,
this corresponds to the existence of an unpredictable time-varying component
of the filter input; in this case the filter memory must be reduced (its
‘bandwidth' increased); the best 'time constant' is related to the rate of
variation of the unpredictable part of x(T). One could also, in effect,

meke the time constant different for the different elements,
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