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PREFACE

A previous study done for the Assistant Secretary of Defense,
International Security Affairs,* indicated that future work would be
devoted to examining the effect of aerial interdiction and sabotage
on transportation networks. One aspect of the problem concerns the
probability that a track or bridge can be cut by using various types
of munitions and aircraft. Work in this area is substantially com-
plete and will be published in the future.

The present Memorandum applies and extends available network theory
to the problem of interdicting railroads. Although it is a theoretical
study developed as an analytical tool for use in future RAND work
relating to logistics support capability it appears to have enough
general interest to merit release at this time. It should interest
people engaged in estimating the effects of interdiction campaigns
upon support capability, and also those planning and analysis staffs
concerned with the use of aircraft and missiles for interdiction.

The author of the Memorandum was one of a group of graduate

students employed as consultants to RAND during the summer of 1962.

*

Mary E. Anderson, R. B. Rainey, Leonard Rapping, J. W.
Summerfield, Support Capabilities for Limited War in Laos and
South Viet Nam (U), The RAND Corporation, RM-321L-1GA, June, 1962.
(Secret).
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I. TINTRODUCTIOL

force very often depends heavily on

its railrozds for shipping supplies and lending othcor suppors.

<

v

an attack on its reilwzsy system could reduce its effectiveness.

track is egually vuinerable, the interdiclion

policy selected wculd dependi on the resources of the opposing force.

If the enemy had an unlimited number of trains available, the inter-

dicting force would attack that section of track whose destruction

would most severely curtail the number of these trains the roilwsy
could transport. If the enemy had a limited nurmber of irains, the
interdiction poliicy would be to attack that section whose destruction

woula force trzins to take the longest routes.

A railway sysitem mey be abstractly represented by a network
consisting of nodes and links. Each section of track would be charac-
terized by a link and each place where two or more sections of track
meet would be characterized by a node. To each link is assigned a
capacity equzl to the maximum number of trains per day that may pass
over the corresponding section of track, and a length representing
the total miles of that section.

A

There are several methods for finding the maximum {low possible

=3
)

'

through a neitwork Trom an origin to a terminal. he one mosti commonly
labeling process. Another method

(1)
(

useful for hznd computation is that of Boldyreff. ) this paper

used is the Ford and Fulkerson

ny

il

the labeling process will be extended to find the 1link, which i

[aa¥}

removed, would reduce the capacity of the network the most. In

connection with this, the reader may want tc consult Fulkerson's

"Out-of-Kilter" algorithm which can also be adupied to find thic Link.
Busacker and Gowen have devised a method for sending a given amount

of flow through a network and at the same time minimizing the totzl

(&)

the link whose removal from the network would increase this distance

the most.

distance traveled. This algorithm will also be extended to fingd

*
We assume that our forces are doing the interdicting, so we

refer to the enemy as the “opposing force" and to ourselves as the
"interdicting force."
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o 1o roe beern reduced the Ilowv tryour
! "' oal lesst ko= 7o~ ¢ throusy . More-
over there .g an optimul Ilow Uhroush I where th: flow thron
is exactily k.

ProoT: If k = 0, the preol is trivial. If k> 0, suppose ther.

is an optimel Tlow througn I where the flow through link 1 is k £ &.

From this Tlow deleicz chains (or trzins) that use link 1. This

vields a flow of T -~ k> ¢ where the Tlow through 1link 1 is 0,
o

contradicting the assumption thai the maximal flow is c wren the

capacity of link 1 is 0. That there is a maximal flow where the flow



through: 1 is k moy be verified by assigning 1 & capacity of 0. All

cuts not containing 1 have values greater than or equal to [ by the

. + } YT ;T - - T PN O oy > - .
r=Tlow-min-cut theorem since the maximsl flow throuzh N ois ©. Tre

allest cut conteining link 1 has val

through this network is ¢ and ¢ < ©. low increase the capacity of

4 .

ue ¢ since the maximel Tlow

te k. Thile ingcreasecs the value of zll L oy k,
the minimer value oF all cuts containing 1, and hence the minimu.

velue of all cuts in the network, egual to f. Consider any maximal
gh

m

value

through this last network. By the max-flow-min-cut theorem it

na

iy
-

o

Lo

s therelore a meximel flow Through N in which the
through link 1 does not exceed k. Since the flow throuch link 1
be lezs than k in any optimal patiern, it must be exactly k,
ng the theoren.

The above theorem reduces the problem to one of finding that

link whose minimel flow among all maximal flow patterns is grectest.

following algorithm 1s z systematic search for that link in neiwork

a

II, and makes uvse of a table of leazst flow values. A link's least

{low value indicates that among all maximal flow patiterns encountered,

this is the value of the minirmm flow through that link.

Ll

1. Find a maximal flow pattern through K and call its value f.
Set the least flow of each link eguel to the values of its
"

fiow ir this pattern. Set v(1) = C and let m be that link

wnose least flow is greatest.

and v{1) unchanced.

L. Set the capacity of m te k and Tind a maximal flow (whose
value will be 7). Compare the Tlow of each link with its
least flow value. If the flow in a given link is less than
its lezst flow value, let the value of its flow become itc

least flow value. I7 the Tlow in a given link is not less

than its least flow value, leave its least Tlow value unchanged.
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N

Replace m by the link whose least flow value is greatest.

N
.

If the least Tlow value of m is greater thzn v(1), go back
to step 2. If the least flow vazlue of m is not gresier iran
v(1), terminate tre algorithm as 1 is the desired link.

Removing it from the network would reducc the network

from ¥ to £ - v(1).

The velidity of the algorithm is immedistely aprarent from the
theorem proved earlier in this section. The least flow value of a
link indicates that at lezs® one maximal flow has been found where
the link has a flow equal to this velue. In any maximal flow patiern
v(1) is the minimurn value <hst the link 1 flow may asswune. Sinco the
desired link is the one for which this minimum flow is grectest, eithow
or some link whose leas®t flow value is greater then v(
iink. If no link has its least flow greater than v(1), then 1 is
the desired link and the algorithm terminates. Immediately after a
link is tested (becomes m) its leect flow value becames either v{1)
or less. Since v(1) is non-decreasing and the table of leasi valucs
is non-increasing, no link mzy be tested more than once. Since there
are a finite number of links, the algorithm is finite.

If the link most vital to track capacity happens to be artificizl,

~

then the corresponding yerd is more vital than any section of track.

A NUMERICAL EXAMPLE

Y - s~ <+ - 1. - = - = Lo T LN
In oraer to illustrate the algorithn, the sin

PR e~y
CeYTIIins L

tted line. Teble 1 gives numerical tebulations of this pattern.

Since 1link 2 has the grestcst least Tlow, it becomes link m and hes
its capacity reduced to O for iteration 2. Table 2 and Fig. 3 show
the results of the second iterztion. Meximum flow ¢, with no flow

allowed acrosc link 2, is 25 trains per day. Hence any maximsl

pattern must send at least (31 - 28 = 3) 3 trains across link 2.



Link 2 capacity is increased to 3 and the flow mzde maximzl with

respect to the original network. The individuzl flows in the linke

are reccrded in Table 2. Fraom this angd the leas’ flow values of

from 31 to 21 trzins per day.

lthough the link most vital to capacity in this example was
rart of the min-cul, this is not always the case. In fact, if link
9 had been assigned a very large capacity, it would no longer be
part of the min-cut, but would still be the most vital link. However,
the reader will note that removing any link in the min-cut will

reduce the netwerk's capzcity.
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28 trains per doy forward, k = 32 -

1)
I
(OS]

If tlere 1s & second number following b, it represerte Ilow
wnen capacity of m is increased from O to k. Broken lines inticats
added flow when capacity of m is increased to k.

Fige 3 —— Optimal Flow Pebtern:
Second Iteration (m - 2)
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MIN-CUT

L/10

LEGERD
2,3

®= 1link number

2 = flow in optimal l
, pattern 2/2

'3 = link capacity

21 trains per day forward, k = 31 - 21 = 10

A second number next to b represents adjusted flow when capacity

:of m is increased from O to k. Broken lines indicate added flow when
capacity of m is increased to k.

Fige L ~- Optimal Flow Pattern:
Third Iteration

Table 3

RESUITS OF THIRD ITERATION

Link least || Link least
Fo. Flow | Flow {| No. Flow | Flow
Link 1
1 I 4 13 2 2
9 2 18 3 14 0 0
ol 21 2121 o] o
v(1l 4 4 4 1
10 5 2 2 17 0 0
6 2 2 18 5 0
7 3 3 19 0 0
8 5 5 20 5 5
9 10 10 21 14 9
10 2 2 22 10 10
11 3 3 23 2 2
- 12 2 2 v
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11T. UsILG TEE BUSACKER-GOWEL
T PEFPICIENT ROUTEZ TO MZET

Sometimes an oprosing force may have more than enouzh track

to meet survly requirements, bul m2y be hampsred by ihe lack o
available trains. 5o it must make the most efficient use of the trains
it has. One wvay is to minimize the total number of miles the trains
must travel. It is the Jjob of the interdicting force to attack that
section of track which would maximize the total distance the opposing
force must go to receive and deliver itis supplies.

As before, the railway system may be represented by & network

by ~

whose nodes are Junclions and whose links are sections of irack

C

oining two Junctions. Each link has a capacity and 2 length represent-
ing the maximum number of trains per day that may pass over the
corresponding section of track, and aieo represeniing the lengih in
miles of that section of track. An artificial node O is added to

the network with artificial links conneciing O to the origins. Another
artificial node T is added along with artificial links connecting T

to the terminals. Each artificial linrk is assign=d a length of zero

and = cepacity egual to thet of the corresponding yard.

several ways. Consider the simple network and Ilow pattern of Fig. 5.
h

Either one of the train routinzs in Fig. 6 realizes this paticrn.

One haes trazine traveling in opposite directions on the same link, while
the other has no link used for trains traveling in both directionc.

One importznt network vproperty is thzt any flow pzttern has a realiza-

tion in whizhk no link is used for travel in both directions. Of course






this typz of a realization is the most efficient (less miles will
be used ir a link has 5 trains traveling in one direction and O trains
in the other rather then € trains in one direction and 1 in the othar).
Given a Tlow pattern F, let its distance V(F) represent the total

numper of miles traveled by the most efficient re-zlization of flow

¢

pattern F. Then V(F) is merely the sum of the link lensths times
their net flows (i.e., the positive difference betwcern the flows in
the two directicns).

KNow consider our network agzin after adding capacities and lengths
to the links and using the flow pattern in Fig. 7. Consider the
effect the addition of chain ObaT has upon the flow pattern distance.
Adding a unit of flow from O to b increases this distance by 2 miles.
Acding a unit of low from b to a actually decreases the distance by
1 mile, since the net flow along the link joining a and bt is reduced
Trom to 0. Addinz a unit of flow fram a to T increases the flow
patliern distance by 2. The net effect of adding the chain ObaT is
to increase V(F) by 2 - 1 + 2 = 3 miles. Hence the effective length
of the chain ObaT with respect to the flow pattern in Fig. 7 is 3.

This differs from its true length of 5.

Figure 8 shows the resulting pattern when this chain is added
to the patiern of Fig. 7. A quick check shows the distance of the flow
pettern in Fig. 7 to be 3, while that of Fig. € is 6, verifying that

the effective length of 0baT relative to the flow in Fig. 7 is 3.

inat the effective length of ObaT relative to the flow in Fig. £
is L. Hernce effective lengin depends on the giver Tlow pzitern while

ed more precisely, if link 1 joins poinis 2 and b, hee

capscity ¢, length 4, and flow £ in a given flow pattern F, then thg

el 288

effective length of 1 with respect to F and in the direction from o

1o b is:
&+ =0 i ¥ > 0 and the net flow f is in a direction from b ico e
b, a4 i 0 < 4 ¢ and net flow ¥ is directed from a to b;
c. & if f = ¢ and the net flow is directed from a %o b.
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1k

e sum of the effective lengihs

of its directed links. (The

7, note that
b

{ Ford and Fulkerson's labeling process will fing
the chzln of smallest effective length relative to certain given
flow patterns. Let e(a,b; F) denote the effective lenzth of the
directed link 5:5 with respect to flow pattern F and in the directicn
from & to b, and let D(a) be a label associated with node a. Then
the chain of shortest effective length from O to T with respect to F
mey be determined by the following process.
1. Assign the origin the label D(0) = O and assign all other
nodes the label D(N) =00
2. Consider each link in turn. Suppose the link under consider-
ation Joins nodes a and b. Then:
a. If D(b) > D(a) + e(7,b; F), replace D(b) by the quantity
D(z) + e(a,b; F) and record node a as the approach node
to node b.
b. If D{a) > D(b) + e(b,az; F), replace D(a) by the quantity

D(v) + e(b,a2; F) and record node b as the epproach node

c. If neither of the above connitions hoids make no chancen.

3. Repeat ster 2 until no more labsls cen be chanoed,

At this point then the lebel at T is the o Tective lengtih of zhe
minimal chain. The chein itself mzy be found by finding the approszch
node to T, then finding the approach node to this approach node ani
continuing this process until zpprosch node 0 is found. The set of
approach nodes so determined traces the chain of minirum effective

length in reverse order.



Tre Busacker-Gowen technique for finding the most

0
H

=

o}

pJ e
=

o
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ct

o

routing froem O to T in & given network consists first o
cheln of minimum effective length from O to T. Then they add unitc
of this chain to tre Tlov pattern until: (1) they mest supply regulire-
mente, (2) they reach the capacity of a crhain link (in which case the
paclity would be exceeded by adding more chuln uniis), or (3
they reduce the [low in e link of that chain to zero (in which case
the link's effective length changes from negative to positive causing
a change in the effective length of the whole chazin). They then
repeat the process until supvly requirements are med.
More formally, the Busacker-Gowen algorithm with slight varisticns

is as follows -- given a supply requirement that utilizcs n trains

J

¢

per degy arriving at T from point O in the network and startzi

flow F that consists of zers flow through each link, then use the

following procedure:

b
™
®
-

!

n.
2. Find the chzin of minimum effective lenzth relative to F
which runs from O to T, and call it c.
3. Let 2, be the minimum number of units of chain ¢ greater than
Zero thet must be added to F in order that at lesst one

link of chain c have its flow equal to its capacity.

L, et a3 be the minimum number of units of che
zero that must be added to F in order that at least one

link of chain ¢ has ites Tlow equal to zerc (a3 may be infiniic)

5. Let a = nin (31; Gy B ).
“ c 2
-
il o - ' ~ . ‘ o - - 3 - - R
6. Add a units of chain c to the ilow pattern F. Iet the resaiiir:
flow nattern replace W,
T. Reduce " Ly ow. I S 0. Pois ire BRe)

pattern. If not, go back to step 2 and rep=al the process.

It hzs been assumed in this section that there was enocugh treck-
age available to accommodate suvpplies and therelore there will always
be at least one chain from O to T whose effective length is not infinite.
Each iteration results in an increase of at least one train per day
in the flow pattern F. Hence supply requirements will be met on or

t
before the n b iteration, and the algorithm will eventuzlly terminate.
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A NUMERICAT EXAMPLE ILLUSTRATING THE BU SACKER-GOWEN TECHNIQUE

In order to illustrate the algorithm, consider the network in

Fig. 9. Two traing per day are reguired to pass from O to T.

Consider the links in the fellowing order -- 0,1; 0, 2; 1,2;
1, T: 2, T Initielly node O is labeled zero and all others ars
lebeled oo . Considering link 0,1, note that e(0,1; F) = 2 where
F 1s the patiern of zero flow in each link. D(1) =c0> 2 = p(0) + e(T,1

Hence the label of node 1, D(1) is changed to 2 and its approsch node
is node 0. Now, considering node 0, 2 results in changing D(2) to
5 and its approazch node is node 0. Considering link 1,2 yields
D(2) = 3 and node 1 is the approach node to node 2. Congidering link
1,T yields D{(T) = 7 and node 1 is the approach to node T. Finally,
consldering link 2,T yields D(T) = 6 and the approach node to T is
node 2. Considering the links again ylelds no change in the labels.
Hence D(T) = 6 is the length of the path of minimum effective length
and the path itself is tracegd by nodes O, 1, 2, T since node 2 is
the approach node to node T, node 1 is the approach to node 2, and
node O is the approach node to node 1.

Two trains mey use this rath without viols ating any capzcity
restrictions, thereby meeting supply requirements mos< efficiently.
The total d:istance traveled is 12 miles. Figure 10 shows this optimun

attern and Table L shows a tabulation of the calculations describes

here.

ITE T FIND TER LICK MOST VITAL ™0 EFTICIRI

,_\“

ker-Gowen algorithm mav be extended to Cind the link
gt i

Ll Bussc

most vitel to efficient use of trains. In order to spare the reader

some of the mathematical det ails, the principles behing the algorithm's
extension will be stated without proef in this section. They will,
however be justified in the appendix.

Suppose a minimum distance Tlow pattern F has been found for
routing trains and it is desired to find the effect on efficiency of
reroving link a,b from the network. Suppose the flow on this link is

k in the pattern F and in the direction of a to b, Let an a/b cycle

Y
35 F).
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Table L

A SUMAARY OF Tir
TWO TRATLRED

CALCULATION FOR QPIIM4L ROUTING CF
THERCUGH THE FIG. WORK

Link ID Length Direction

NP OO
s
3N e
WA = D
[eNeoNoNoNe]

Nodes Labels (1) Labels (2) Appr. Link (2)
0 0 0
1 co 2 0
2 oo 5,3 0,1
T S 7,6 1.2
Kodes Labels (3) Appr. Link (3)
0 0
1 2 0
2 3 1
T 6 2
O=—1=—2—nm
Link ID Length Fiow Total Distance
0,1 = 7 2 k
0,2 5
1,2 1 2 2
1,7
2.7 3 0 &
iz = v(r)

+, then net Tlow is directed
-, Lhen net flow is directed

O, then net flow zero in F.
A circle around a + or - orieniation means flow on
link a,b is equal to its capacity.

NOTE:  If link ID is a,b and di
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be any circuler pveth (i.e., = path through the network which begins
and erds at the szme node) where the Tlow on link a,b is one ani :ig
directed Tror 2 to b. Any Tlow pzitern ju
mente thot doce not use link a,b muy be obtazined by adding to ¥ &

-

%o After link z,b is removesd,

L e [T T
routing IOor Tho neuvorh

vhizh con e obisined

b/a cycles. I

. - e n s A . 5 - .
desired to find thosc k b/a cycles which, when added to F, will

the volue of the {low paliern the lesst. This is equivalent to reducing
to zero, reducing the capacity of link &,b

most efficilent routing of k trains from a .

This routing may be found by reapplying the Busacker-Goven
technique. In looking for the most effective link to interdict, one
need only consider those links which have non-zero flow in the flow
pattern ¥. It would do no good to interdict a link that is not used.
I7 during the process of applying the Busacker-Gowen technigue to fingd
the effect of interdicting link a,b, the flow through link c,d is
reduced to zero, then the effect of interdicting link ¢,d can be no

greater than the effect of interdicting link a,b. Therefore link c,d

need not be considered. These principles form the basis of the algoriihnm
now discussed.
Giver a network N in which each link has & capacity and a length,

and given a requirement ol n items wrich must pass from O to T i: is

n

maxlimize ths ool

ol

vossibie to find thet 1ink whien, iF removed, woul

ance. The link to be removed mxy be founs in this mannes

nce [low paltern F for meeting the supoly

0

1. Find a minimum disz
n

)

s

Cra
b

o}

reguirement of £ per day by the method deseribed in
Sec. IIT. Let all links whose flow is zero in this pattern
be considered out. Set v(1) = 0.

2. Let a,b be that link wrose flow is greatest in the pattern
F among those links that are not out and let k be this flow.
Reduce the Tlow through link a,b to zero, and let F' be the
resulting flow pattern. Reduce the capacity of link a,b to

zerc angd set al = k.
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)

3. Find the chzin of minimun eifective length
wniich runs from a to b and call 1t C.

L. Le* e, be the minimwn number of chain C units greater than
o
zerv thet must be added to F' in order that at least one

link of chzin C have its Tlow equal to its capacity.

5. Lei a, be the minimuwn numbar of chain C units grecier thon

zero thet must be added to F' in order that a
link of chain C have its flow equal to zerc (a. mzy be infinite).

let a = min (= a

o ag).

l!
. Add a uniis of chain C to F' and let the resulting flow

—~ o

pattern replace F'. Let all links of chain C whose flows ars
reduced to zero be considered out. Reduce =, Ly .
> 0, g0 back to ste

. IT (P )2 v(1), replace V(1) by V(D’) arnd replzce link 1 by

2. If a = 0, go to step G.

O Co
)
3
{
J
Le]

link a,b. Otherwise leave 1 and V(1) unchanged. 1In either
case consider link =2,b out.

10. 1If all links are out, terminate as 1 is the desired link andé
V(1) is the leasti number of total miles that must be traveled
tCc meet supply requirements if 1 is interdicted. If at leazst
one link is not out, go back to step 2.

Notice that after each iteration at least one link goes out. E£o

eveniuszlly all links will be out and the alpgorithz is finite.

A NUMERTICAL EXAMPLE TC ILLUS RA‘F THE ALGORITEM FOR FINDING
: TEIC Y

T e 1. =z ~ S 2 S 47 4 . Tiin
Ihe networs of Fig. @ is used to illusirzie the meiiol. The o
~ + 2 e - - £ o - - o~
reqguire ig zgerin 2 trains per dzy. The first sten, no t PR

irz

Sec. the results summed up in Fig. 10 and Table L. Linke C.2

A9}

1,T ere out since they have flow zero. Therefore only links 0,1; 1,

2

and 2,T need be considered. Link 0,1 is considered firet. The pail

of minimum effective length Trow O to 1 is found 4o be 0 - 2 - 1,

& = k immediniely, and only one iteration is necessary. The celculs-
tions are almost identical to thosc in Sec. III and are summed up in

Table 5. Figure 11 shows the most efficient flow that doec not use
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4

link C,1. Thie flow velue is 16. Hence 0,1 becomes link 1 and V(1)
is 16. The flow along link 1,2 is reduced to zero and link 1,2 goes
cuv, slong with link O,1. Link 2,7 is the only link not out and so
its effect is now tested. Table 6 and Fig. 12 sum up these results.
Since interdicting link 2,7 only increcsce total miles necessary to

Now a1l links are oui, and the

d
1k, 1 ard V(1) rezmzin unchan
algorithm terminstes. Link G,1 is the most vital, and interdictingz

it increases the total milesge reguired to route two traing from 12

Note it is possible that no link is really vital to efficient
truck usage. Suppose each link in the Fig. 9 network had length 1,
and it was desired to pass one train from O to T. The shortest route
would still be 2 miles whether or not any one of the network links

were interdicted.
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IV. SOME POSSIBLE VARIATIONS OF THE TWC APEROACHES

Both approaches have looked at interdiction only from the siand-
point of costs Lo the opposing force. OF course, interdiction policice
skhould alsc be influenced by their costs to the attacking force. So

i1t would be desireble to know the effects upon the opposing foree of

interdaicting any ong of several imporiant lirks and to weigh These
effects with other factors.
Faled - T4 o . . . - st I’Id_
The first algorithm can easily be modified to find the 177, 2 ,
th *
evey . mosty vital links to capacity. The method would be to fird

the link most vital to capacity, and set its least flow value equal

to zero, then continue the algorithm to find the network's second most

vital link. The leest flow vslue of the second most vital link is

now set egual to zero. The process is repeated until the n mosti vital

links are found. It may even be decided beforehand that certain secticrs

of track or yards should not even be considered for interdiction. By

initially seiting the least flow values of the corresponding links to

zero, the algorithm will choose only from the links under consideration.
The second algorithm could also be modified to find the n most

vital links with respect to efficiency. However, use of this method

to find several vital links would be quite time consuming. If certein

links are not to be considered for interdiction, then immediately

131

considering those links "out" will force the algorithm to choose from
the remezining links

I the total number of miles the trains of the oprosing ‘orce
cen travel ver day is known, then the second aleorizhm may be

to terminate when these miles are used up. This vsv one con

how much interdiction may eflect the opposing lorcc's

its troops.
The length of a link may be considered as the time required for
a train to cross it; the artificial links mey be assigned lengths egual

to the turnaround times of trains in the corresponding yards. The

*.
This should not be confused with the problem of interdicting n
links, a problem discussed at the end of this section.



incurred by the opposing

<Tigh

even be modif

ied to include other cosis that would be
force if interdiction took place, and possibiy

cos incurred by the attacking feorces.

Both algorithms may be modified to find the most effective no-e
to interdici. The first algorithm may be modified by replacinzg the
table of least Tlow Llirk valuss by least flow node values and Would
repregent Ilow into nodes. OF course the flow into a node is one-
half the sum of the flows of the 1lin that are Jjoined to thzi node.
The effect upon efficient train usage of interdicting a node may be
fourd by removing the appropriate links fror the network one at a
time and examining the results.

It would also be des

several links.

Howsver,

deserited here.

methods require a list of
to interdict, then, would
list wl

hich becomes enormously lar

irable to investigate policies of interdiciing

it would be impractical to use the meihods

This becomes apparent when one observes thati both

all links. To find the best set of n links

reguire a list of all sets of n links, s



Busacker and Gowen's publication gives a rigorous procf of iie

cation. In order to lay the background, some gefi
Definition: If C ari T are distinct network nodes, an O/” o=t

is any finite sei of nodes N, vee, Nm vwhere Nl =0, ¥ =17, ang

), i=1, ..., m-1, is a link of the network.

i
Definition: An O/T chain is an O/T path such that the nod

Definition: A cycle is & set of nodes Nl, «++, N such that the

nodes N,, ..., § are all distinet and N = N. (i.e., essentially
1 m-1 m 1
and 0/0 chain). 4an &,b cycle is one where 2z and b are two consecutive

members of this set of nodes ang appear in that order.

An O/T path, chein, or cycle m2y also be expressed in terms of

its directed links. For example, the chzin Moy v, N omay
—_— dis
g Mo, N., W S e, N I whors W I s 1% the direntes
e e s Toe-l? T Y AR )
Iink from node i Lo neds i+ 1.
Defiriticon: I¥ the retwork I cLed Lo

in such a way kot whe totel {low

flow into node 0 is D, the total flow intc node T rinus the toisl Ifiow

awvay from node T ig D, and for any other node, N, the total Tlo

2
I
<
5,

K

from N equals the total flow into N, then this assigment, F, ic an
0/T flow pattern of valus p. The Tlow along link z,b from node a to

node b in flow pattern F is revrecented by £(a,b), and £(z,b) = -1(b,a).



Delinition: A zero flow pattern is an O/T flow pattern of value G.

Defirnition: If Fl, cey Fn are O/T flow paiterns and £ (M,5)Y,
4

fe(m)) ceey fn(M?.

K) represent the flow from M to N along link M, N,

then the patterns zre said to be conformal if, and onlvy if, either
X b oY b

[on

0, i=1, ..., n, or fi(ﬁji) ¢ 0, i1, ..., n. Exvresse
differently the patierns are conformel if, and only if, the direction
of flow through any particular link is the same for all of the patterns.
Lemmas 1 and 2 are proven in Buszcker-Gowen's peper and will be
stated here without proof.
Lemma 1: If F is an O/T flow pattern of value k> O, then
F = ch)cz@ NG Ck@z
where the Ci’s are O/T chains, z is a zero flow pattern, and the Ci'S
and z are all conformal.
Let V(F) represent the sum of the products of the network I linke
multiplied by the abvsolute value of their flows in flow pattern F.
V(F), then, represents the total distance used in the most efficient
rezlization of flow pattern F.
Lemma 2: If F, G and H are G/T Tiow patterne arnd G ani H are
conformal, then
vE@ @) -virQo) 2 v(r (O E) - v(F),
Lemsa 3: If F and G are G/T Tlow patterns of value n such that
the flow on the directed link a,b is f for the former and g for the

latter, and £ < g, then
F = G Zl@zg@ "'®Zg _ fQ)z

where the zi's are b,a cycles, z is a zero flow pattern, and the z's

re all conformal.



Procf: F‘()G is a zerc flow pattern with {low g -~ T on the
directed link b,a. Reduce the flow on link a,b to zero to get an

a/v flow paitern H of value g - f. By lemms 1,
= C. oo C + oz
1 C) () T -g

wnere the Ci's are a/b chaing, z is a zero flow paltern, and the ¢ ':
i
and z are all conformal. Lex z, be the cycle obtzined from the chain

Ci by increasing the directed flow on link b,a to 1. Then
= G@zl@... ®Zf - g@z
ana the proof is canplete.
Lemma L4: Let F be a minimum distance O/T flow pattern of value
n. Suppose that (a,5) = k > O in this pattern. Let F, be a fiow
ratiern ol minimum distance anong those O/T flow patterns o value
n where £(a,b) = i < k. Then

V(F V(F ) V(F ) - V(F

i-l) + 1)'

Proor:
i1 :Fi+l®zl®ze@z

winere the z%'s are b/a cycles, z is a zero flow pattern, and the z's

are conformal by lemms 3.

HE) - vE 0202 29,002,002 - v, L O,

(7,0 Ozz M z) - v(z~f~iv_:_1® 2) 2 v(}a'i_:_l@ 22) - V(Fi:l)

by lemmz 2, and therefore

- V(F () () z) 2 V(b () 22) - V<Fi+l)

v(F, ;)
However Fi i1 O 2 @ z and Fi N l. z, are O/T flow patterns where

the directed flow on link a,b dis i. It follows by definition that:



-30-

<

v(ry) € V(R ©2),

V(Fi) = v(Fg; @ 2, O 2),

and thereforea

V(Fy ) = V(E) 2 V() - v(F ).

[¢]
by
iy
4]
o
ct
1=
<
0

Lenriz 5: Let F. be the seme as in lemmz 4. Then the
length of any cycle that does not contain link a,b is at least zero.

Proof: Suppose there is a cycle z whose effective lenzth is

negztive. Then F, * 2z is an O/T flow pattern of value n and
i

V(Fi@z) = V(Fi) + e(z; Fi) < V(Fi),

whicn is impossible since

v(F) % v(F, O z)

Theorem 1: Let Fi be as before and let zl be any b,z cycle of shoriest

effective length relative to Fi- Then F_() zl is a minimum distance
i

ilow pattern among those flow patterns of value n where £(e,b) = i - 1.

Proofl: Let Fi be as before. Then

1
S NOFROF
i=-1 i 2
viere Z, is = b/a cycle, z is 2 zero flow putiors, ocnl z_ and z are
s

conformal.

l;



V(Fi zl) S V(Fi® 22) < V(Fi-l)'

e . . e . Py -
Since F, 1 has minimum teotal distance among all 0/7 flow patterns of
1—

£

value n and withk f(a,b) = i - 1, it Follows that ¥, (3 z. is also such

i 1
g minimum distance flow pattern.

0T course a b/a cyele may be represented by ¢ + (ETE) wnere c
is an a/b chain that does not contain link a,b and (b,a) is the b/a
chain consisting only of link a,b. Furthermore any c + (ETE) represenis
a b/a cycle where ¢ and (b,2) are as described before. Hence the prot-

lem of finding the b/a cycle of minimum effective length with respect

to a flow pattern F reduces to finding the a/b chain of minimum

|

[o3

efl and

+

fective length that does not contain link &,b. Assigning a,
E?; elTective lengths of co instead of their true effective lengths
reduces the problem to one of finding the a/b chain of minimum efiec-
tive length since all chains containing link a,b will be of infinite
effective length.

Busacker and Gowen give in detail a discussion of the validity of

the lebeling technique for finding the shortest a/b chzin relative to

)

z cerivain flow pattern F. The essential results are that the method

I

is valid provided thzt no cycle has negstive effective length relative

to F. I any cycle does have negative effective length, however, then

the labels of the nodes of that cycle will decrease indefinitely.

Given a pattern F., where F, is as before, then by assigring link a,b
i i

infinite effective length, the labeling technique may be used to fini

the a/b chain of minimum eflfective length since all cycles containing

link a,b are of infinite effective length and all other cycles are of

non-negative effective length by lemma 5.
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et ¥, ., F,, F, . be as belfore and supposs that z  is the b/a
i-1 i i+l 1

cycle of minimum effective lensth relative to Fi+l' Then

Then

V(Fi+1,<) 21>C) Zl) )5

and of course, by delinition,
V{F. z z
(5,02 Oz)

Assgume \;<Fi+l Zl® Zl) 7 V(Fi_1).

V(F,) + e(zy5 Fo g

[V

).

v

Then

v(F, ) - VEN <vE, O 2) ¥ 2) = V(R) = ez FLL),

3
PR &

V(F,) - V(F,, ) = elz; F),

V(P 4) - V(F) V(R - v(F,,).

This contradicts lemmz k. Therefore V(Fi*l tzgt ZE) = V(F

=]
~—

Fooy 7 2, %z ds z minimun distance Flow pattern of velus n )

cortaing & flow of i-1 on the directed lirk (2,t). Hence oncc

cycle is found for one iteration, it mzy be used for succeeding iter-
ations until its effective length changes. This happens when the flow
through one of its links is decreased to zero, in which case the
effective length of that link changes from negative to positive. It
also hapvens when the flow through one of its links is increased to

its capacity, in which case the effective length of that link becames

infinite.



Note that V(F,) cannot decrease if i decreases and i ¢ k due to
i
lemms 4 and the fact that Fk is a minimum distance flow pattern for
the whole network. Of course V(FO) is a minimum distance pattern

ey

obtained afier link a,b has been removed. If, during the process of
finding the effect of interdicting lirk &a,b, an intermediale state
¥ is reached where the flow through link c¢,d is zero, then
the minimum distance pattern with link c,d removed cannot have total
distance greater than V(Fi) and hence not greater than V(FO). Thus
the erfect of interdicting link c¢,d can be no greater than the eflect
of interdicting link a,b, so link ¢,d need not be consider=d. Hence

the process for finding the link most vital to efficiency has been
(=}

Justified.
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