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PREFACE

~ This report discusses the effects of gravity and of the
atmosphere'!s nonuniform density on sound propagation. It is
part of RAND's continuing study of the atmospheric waves
generated by nuclear explosions.
This report should be of interest to agencies and contractors
concerned with the detection of nuclear explosions. It should
also be of interest to other research workers who are studying

low frequency sound propagation in the atmosphere.






SUMMARY

A theoretical discussion is presented of the influence of gravity
on sound propagation from a small source in an isothermal atmosphere
where ambient pressure and deneity decrease exponentially with height.
A solution for the free-space cage is derived which indicates that
waves with angular frequency w between (7-1)1/23/c and (7/2)g/c will
not be propagated, while those with w between O and (7-1)l g(g/c) cos 9
will not be propegated in a direction meking an angle of 6 vith‘
the vertical axis. A formal solution 1hcorporating appropriate
boundary conditions at the ground 1s derived and discussed. The
field along the vertical line passing through the source is found
explicitly. A consideration of the energy intensity shows that no
energy is propagated within a cone above and below the source if
w < (y-1) 2g/c. A calculation of the intensity for the case when
(7-1)1/23/c < w < (7/2)g/c indicates that the energy flowing from the
source tends to concentrate in the lowest layers of the atmosphere.
The field for large horizontal distances appears as a sum of a direct
wave, a reflected wave, and a surface wave. Reflection coefficients
are derived and the criteria for the surface wave to be dominant are

discussed.
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I. INTRODUCTION

The effects of the earth's gravitational force on the propagstion
of infrasonic waves to great distances has been extensively studied by
& number of workers.(l'lo) Interest in this subject dates back to 1883,
when the eruption of the Krakatoa volcano generated & pressure pllse
which was detected in widely spaced regions of the world. The detection
of waves from the great Siberian meteorite in 1908 and, in recent years,
from the detonation of hydrogen bombs created additional interest.

Early theoretical studies(l'5) shoved that one of the principal
effects of the earth's gravitational attraction was that it permitted
the existence of horizontally propegating modes trapped in the lower
etmosphere. These modes were found to exist when the asssumed temperature-
height profile of the atmosphere had no temperature minimim, and when
the conventional acoustic theories (i.e., those neglecting the influence
of gravity) precluded the existence of such modes.

In this paper we shall study the manner in which these trapped
modes (or gravity modes) evolve from a small source located above the
ground. In particular, we shall derive expressions for the acoustic
field in regions reletively close to the source and shall study the
effects of the ground on this field.

The model we shall study is thaf of an isothermal atmosphere
bounded by a flst earth. Although this model is an oversimplification
of the resl atmosphere and, as i{s well known, it does not lead to =
correct prediction of the form of the pressure pulse which would be
observed at large distances, we feel that & study of this model may
lead to a better understanding of the origin of the phenomena predicted
at great distances by more sophisticated models. In particular, the
theory developed here gshould complement the recent asymptotic theories
of Hunt, Palmer, and Penney(7) 8)

The subject of weve propagation in an isothermal atmosphere has
(1) by Pekeris,(h) and by Sretenskii.

and of Weston.(

been considered previously by Lamb, (11)

Lemd discussed the problem of the vertical and horizontal propagation
of plane waves and Pekeris extended the discussion of horizontal
propagation to illustrate his theory of the excitation of gravity



modes by a small source on the ground in an atmosphere having a
constant lapse rate in the troposphere. Sretenskil considered the
propagation of waves from a point scurce in an isothermal atmosphere
with the influence of the earth's surface neglected (i.e., the source
was sufficiently far above the earth that reflections could be dis-
regarded). It appears, however, that Sretenskii's theory is in error.
His initial equation,

2
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LA 02720 - glgg ’ (11:1)
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for the velocity potential is inconsistent with the equations of
hydrodynsmics for eir. Lamb(l) has shown that a velocity potential
does not exist for the isothermal atmosphere unless y = 1. If
Sretenekii's theory were to have any application to the real atmosphere,
he would have to take y = l.4k. PFurthermore, Sretenskii imposed the
requirement that

g{ = 0 (1.2)

everywhere in the horizontsel plane of the source except at the
source. The only Jjustification given by Sretenskil for this require-
ment 18 that it is applicable when gravity is neglected. The early
portion (Sec. III) of this paper will be concerned with the presenta-
tion of the correct solution of this problem.
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I. MATHEMATICAL FORMULATION OF THE PROBLEM

For an isothermal atmosphere, the characteristic length is the
scale height,

B = /() | (2.1)

vhere ¢ is the (constant) speed of sound, g is the acceleration of
gravity, and y is the specific heat ratio, which for air may be taken
8s 1.40. The charscteristic time is H/c. We shall accordingly
develop our theory in a system of units in which distance is in units
of H and time 1s in units of H/c. (Typical values of H and H/c for
the real atmosphere are 8 km and 24 sec.)

Let the pressure and density at a point L at time t be represented
by P, + p and P, + p, where po and P are their ambient values. For
an isothermal atmosphere, P, and Po are given by the expressions

p, - czpo/r - pooe'z ’ (2.2)
vhere poo 18 the pressure at the ground and z denctes the height
above the ground (in units of H). The quantities p, p, and the
particle velocity y, are presumed to obey the linearized equations

of hydrodynamics. For an isothermal atmosphere, with distances in
units of H and times in units of H/c, these have the form:

ca(aox,)/at + 70 +~gzc20/7 - - {ecpdx} (2.38)

cdp/a3t +2(py) =0 (2.3b)

2 2
dp/at -c ap/at + che (po‘\:) a 0 (2.3c)



-

wherc'gz denotes the unit vector in the z-direction and

22 . (7 -1)/72 s 204 . (2.4)

These equations may be derived in the manner outlined by Pridmore-
Brown.(lz) The term in braces in (2.3a) 18 included in order that
we may qualitatively take frictional forces into account. The
parameter ¢ 1s a positive constant which we shall assume to be very
emall. The inclusion of this term 18 a well known device(lj)
is generally attributed to Rayleigh.

A
The Fourier transforms s 3, and v of p, p, andAx, where
~~

Bo) = (207 [ale) e e, (2.5)
o]

etc., will satisfy three simultaneous difrferential equations which

may be formally obtained by replacing 3/3t by -iw in equations (2. 3).
(Here w represents the angular frequency in units of c/H )} From '
these eqpations one may derive a single differential equation for

the Fourier transform of any one of a number of quantities assocliated
with the acoustic field. (Lamb,( ) for example, derived a differential
equation for the vorticity.) We choose to concentrate on the preasure.

If we define

P - P2, (2.6)
then this quantity P will satisfy the following differential equation
‘A

2:(3R) + (NS = 0 (2.7)

where

8« a® - %, (2.8)

2oL a? - A8 (2.9)



and

0° - w(w + 1e) . : (2.10)

The operatorﬁhas component s (1/02)a/ax, (1/02)a/ay, (l/u2)a/az in
Cartesian coordinates. Thus

2 2 2
o l /3 d 1 3
77 = = (..3 + Z=) o+ S . (2.11)
- a° ax Bya u2 ?2

The quantity P plays the role of a potential. Once it is known,
'E andjr: may be obtained by use of the following formulas:

Fp = P L /2 APfe)} B, (2a2)
i(w + ig)cpoﬁ = e-z/E{OEEP + (Qe/ue)ngeP} , (2.13)

where
B . (1) - (1/2) . (2.14)

Since the vertical component of the particle velocity must
vanish at the ground, P must satisfy the boundary condition

dP/3z + P = 0 (2.15)

at z=0. This followse directly from (2.13).

In addition, P must conform to causality. In conventional
ac‘oustic theories, this would be interpreted as requiring that P
behave as an outgoing wave in regions remote from the source
(radiation condition). A general formulation of this requirement
is that, for all r such that z > 0, the quantity Pe'iwto, vhere t_
corresponds to any time before the source is initially excited,
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should be analytic everywhere in the upper half of the complex
w-plane and should vanish as Im(w) tends to infinity. This implies,
in particular, that P should have no poles or branch lines in the
region for which Im(w) > O. That this requirement guarantees

causality is clear, since the inverse transform

P(r, t) = e'z/2 I“ ng,m)e-iwtdu (2.16)

will then vaenish for all t < to .
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III. THE FREE-SPACE SOLUTION FOR A SMALL SOURCE

To examine the nature of the field close to the source, we shall
solve the free-space problem. The presence of the ground is neglected
and the boundary condition (2.15) 1s discarded. The causality condition
is required for all x, rather than for just those for which z > 0.

A Green's function GQE?So’w) may readily be found which is finite
everywhere except at a pointﬁgo (assuming ¢ > 0), and which conforms
to causality in the sense described above. We may choose the normaliza-
tion of the Green's function such that it satisfies the éqnation.

790+ (PP = -bed(z-r )/(0%). (5.1)

It is clear that this equation is formally equivalent to that for the
Green's function eikR/R for the scalar Helmhltz equation. One need
only replace (x, Qy, and pz by x', y', and z' to cast it in a fom

identical to that given by Morse and FEuhbao;}(lh) Thus we may write

o(r-r ,w) = R'T H(B/wR' (3.2)

sl o}

where

R [Pex)® ¢ 0%rey,)° ¢ u,e(z-zo)z]é . (3.3)

The requirement of causality may be satisfied by a suitable
definition of the phases of B, p, and R' in the complex w-plane.
The branch lines for these quantities are taken as extending vertically
downwards from their respective branch points--all of which lie slightly
below the real axis. One requires that the phases of B, p,vand R' be
continuous everywhere except at their branch lines and thaé, for
Im(w) > O, their phases approach the phase of w as |w| approaches
infinity. Thus, in the limit of ¢ = O, the phase of B, u, or R' is
0 for w lying on the real axis to the right of the branch point lying
on the positive reel axis. Between the two branch pointe the phase
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is n/2 and, to the left of the branch point on the negative real
axis, the phase 18 x. Thus the phase of the expression BR'/
which appears in the exponent in (3.2) has the following behavior

on the real axis:

: ' - w 3.4
ea(eR /u)’ 2/2 A :?mi‘; §5.1&b
=0 Alcos Bl w < A 3.he

- x/2 jw) < A |cos 8} (3.4a

= x -A < w < -Alcos 8] (3.ke

- x/2 $ <w<-A (3.5¢2

- x w<-# (3.4g

where

cos 8 = (z—zo)/]r-rol . (3.5)

That the Green's function G r-ro,w) may be considered as
describing the spaetial dependence of P for & small source located
at r, may be readily seen 1f one mskes use of Green's theorem.
One may show in general that

2 ~
Mro) = 8o [T ((x) 7, o(zg,)
(x-x.) 7, B(z,))" B, 98, (3.6)

where the integration is carried over the surface of a small sphere
enclosing the source (3:0 denoting the position vector of points on
the surface and B, denoting the outward-pointing normal) and I is
_outside the surface. Then one may ghow, in a manner similar to that
‘outlined by Weston,(l5) that if the radius of the source 1s
“gufficiently small, the expression (3.6) becomes approximately

2 A
P(E;w) = - % G(,&",}:o) ‘”.30 P(»Eo'w).»z-lo dSo - (3.7)
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The approximation (3.7) 1s invalid if either R' or u is zero.

In the limit of ¢ = O this will be the case if w = Aorw = A cos 8.
However, we expect that the deviation of the actusl pressure field
p(;bt) from the spproximate field which would be calculated by taking
the inverse transform of (3.7) should be small if the source is small
and if its spectrum is not sharply pesked at these frequencles. With
these reservations, we shall accept the product G(Ehxo,w)e‘z 2 s
describing the spatial dependence of the Fourier transform of the
pressure field.

The acceptance of {3.7) makes it possible to describe the field
if the gradient of the pressure 18 known over the surface of a small
sphere enclosing the source. If one were instead to consider his
input data as consisting of the recording pl(t) of the pressure vs.
time at some point r, close to the source, the quantity P&a,w) would

1
be given by
G(r-r ,w) z./2
N * ] A l
P(r,w) = W) ‘Pl(w) e ; (3.8)

where ’ﬁl(w) is the transform of pl(t).

The Green's function G(S:;b;w) has some interesting features
which should be noted. As indicated in equations (3.4), it corresponds
to a propagating wave only if |w]| > # or A|cos 8|<|w|< A. Thus there
are two distinct pess bands, the width of the lower band depending
on the angle 8., If one is directly above or below the source, 8 will
be zero or x and the lower band will have zero width--in accordance
with the results derived by Lamb(l) for the vertical propagation of
plane waves in the atmosphere.

One may derive a phase velocity and a group velocity for
frequencies lying in the two pass bands. Thesevvelocities (in units
of ¢ and letting ¢ = O) are given by

v o= /(B0 (3.9)
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and

vg - [EL%%L&I]-l = ( ﬂCﬂﬁ/m ’ (3.10)

uh+A2(%—A2)sin29]
wvhere

g = R'/l£;50| - [02 - A2c0129]é . (3.11)

Thus the phase and group velocities will depend on the angle 6 in
addition to the frequency w. The phase velocity represents the
apparent direction with which wave crests move in the redial
direction from the source, while the group velocity corresponds to
the average velocity with which a signal of frequency w will have
apparently traveled from the source to an observer along & radial
line from the source. One mey readily ehow from (3.9) that the
phase velocity decreeses monotonically from = to O as w increases
from Alcos 8] to A and that it decreases monotonicslly from @ to 1
a8 w increases from % to »., Similarly, one may show that the group
velocity 18 zero at w = Alcos 6| and at w = A and that it is positive
and less than 1 for intermediste frequencies. The group velocity
increases monotonically from O to 1 as the frequency increases from
3 to ». In Fig. 1 we plot A and v_vs. w for 68 = 60°.

In the frequency bands for which Q <|w| <A|cos 8| or A <|w| < &,
there is no propegation and the Green's function decreases exponentially
with increasing radial distance. The coefficient of attenuation may
be taken as

a = -18C/u - (3.12)

The parameter a 18 (#)|cos 8| at w = O and decreases monotonically
to zero as w increases from O to Alcos 8|. As w increases from A to

3, a decreases monotonically from » to 0. In Fig. 2 we plot @ vs. w
for 6 = 60°.
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The factor of 1/R' in the Green's function (3.2) will cause the
Green's function to be singular in the limit of ¢ = O if |w| < A and
|cos 8] = |w|/A. It 1s et such angles, however, that the approximation
(3.7) ceases to be valid. Nevertheless, we may expect that the
Fourier transform of the pressure field computed via (3.6) for a
small source will be large at such frequencies, if not singular.
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IV. FORMAL SOLUTION WHEN SOURCE IS ABOVE A FIAT GROUND

Let us assume that the source 1s located at a distance h (in units
of H) sbove the ground. The coordinate system is chosen such that the
origin lies on the ground directly below the source.

To f£ind the spatial dependence of the fi{eld corresponding to a
given frequency, one looks for a Green's function Gth,w) which
satisfies (3.1) withiao - '3zh’ which satisfies the boundary condition
(2.15) at z = O, and vhich satisfies the causality requirement for all
5Lfor which z > Q.

The method of finding such a Green's function is well-known.

One expresses Gh ag a Fourier-Bessel transform,

-]

o, (Row) = f H (kr) 2(k,w,z) kdk , (4.1)

-t

where Ho(kr) 18 the Hankel function of the first kind (defined such
that its branch line extends vertically downwards in the complex
k-plane), and r represents the radial distance in cylindrical coor-
dinates. A differential equation for the quantity Z(k,w,z) together
with sufficient boundary conditions may be obtained from the required
properties of Gh' In this manner, one msy obtain the following
expression for z(k,w,z):

2

2(k,w,z) = gﬁ [eiﬂz-hl . Jtlzen| _ 2B

eivlﬂhl] , (4.2)
B +i¢

where

b [ - ] (+:3)
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The phase of ¢ is chosen such that, if k 18 real, ¥ has no branch
line in the upper half of the complex w-plane and such that the phase
of ¢ approaches the phase of w as Iwi approaches infinity if Im(w) > O.
(This will insure that G, conforms to causality in the sense previously
described.)
The phase requirements on ¢ in the w-plane enable one to derive
the phase of ¢ for all real k for any given real w. In general, for
e not identically zero, one may specify the phase of § uniquely for
all real k and real w by requiring the phase of § to be between O and
n. The specification may be extended to include complex values of k
by placing branch lines in the k-plane and requiring that the phase
of ¥ be continuous everywhere except at these branch lines. For ¢ > O,
the placing of these branch lines is restricted by the fact that no
branch line may cross the real axis, since, in this case, the phase
must be continuous along the real axis. The simplest placing is to
take the branch lines as extending vertically upwards from branch
points lying above the reel axis and vertically downwards from those
lying below the real axis. One may readily show that the branch
points of ¢ in the k-plane lie in the first and third quadrants if
w> 0 end in the second and fourth quadrants if w < O. Thus, in the
limit of ¢ = O, branch lines extend upwards from branch points lying
on the positive real axis and downwards from branch points lying on
the negative real axis if w > 0, while the converse is true if w < 0.
The specification of the phase of ¢ as outlined above reduces
to the following for ¢ = O and real k:

1. ror |u] >¥,

Pa(y) = Ph(w) x| < |Bw/u (b.ka)
- /2 x| > pu/ul (4-kb)
2. For'd > |u| >4, |
Ph(Y) = n/2 8ll k (4.5)

3. For |w| <A,
Ph(y) = x/2 x| < |Bw/ul (4.68)

= x + Ph(w) |k| > [pw/n] (4.6v)
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The relation given by (4.6b) should particularly be noted. More
naive considerastions might lead one to believe that the phase of ¥
18 either equal to the phase of w or to x/2 for reel k.

For ¢ > O, the integration in (L4.1) may be taken as proceeding
along the real axis. The poles of Z(k,w,z) will lie off the axis--
specifically, at the points

kX = t (w+ 1e/2) ) (&.7)

for sufficiently small e¢. If ¢ = O, the poles will lie on the real
axis, and the contour must pess below the pole on the positive real
axis and sbove that on the negative real axis if w > O. If w <0,
the converse is true.

let us now note that the free-space Greents function G(grgzﬁ,u)
given by (3.2) may also be expanded in the form (%.1). The appropriate
expression for Z(k,w,z) may be readily shown to be

TS (4.8)

O |

4n a msnner similar to that outlined above. Thus, with the decompo-
sition of Z indicated by (4.2), our Green's function G, appears as a

sum of three terms:

thgbu) = Gggszh,w) + G(ﬁﬂzzh’w) + I(r,z+h,w). (4.9)

The first term represents the free-space Green's function for a
source located atnfo = ‘gzh, while the second term represents the
free-space Green's function for the image source. The third term
is given by the integral

14(z+h)

I(r,z¢h,w) = —5—— H (xr) kdk .
L 1(3°+14) ) ° :
(4.10)
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This term is present as a direct result of the fact that ap/az is not
identically zero at the surface of the earth.
We may regard the product

ez/2 Gh(SUW)

as describing the spatial dependence of the pressure field from a
harmonic source or as describing the spatial dependence of the
Fourier transform of the field. This follows from Eqn. (3.8).
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V. THE FIELD BELOW THE SOURCE

The fictional parameter ¢ 18 of no further use to us and will
henceforth be set to zero. Also, since

6z 0) = - op(xw) (5:2)

for real w, we shall limit ourselves to positive w.
Since ¥ 18 even in k, the integral in (4.10) may also be taken

in the form

o o2 1y(z+h)
-ip 2B
I(r,z+h,w) = e J (xr) kdk (5.2)
’ 2 o y(8%1y) °

with the contour passing below the pole at k # w. This form 18 most
convenient for studying the field et small r. If we take r = O, the
Bessel function becomes 1 and the variable of integration may be
changed to

s = - (B°+1y)(z+h)

to glve

2 oo
1(0,24h,u) = (28%/u) ¢ (B [ (e7%/6) as,  (5.3)
-8

o

with

s, = (5% +18)(zm) , (5.4)

and the contour pessing below the pole at s = 0. The integral in
(5.3) 1s the exponential integral of complex argument and has been
tabulated by the National Bureau of Standards.(ls) It |ao] is very
large, the integral is very nearly —exp(so)/so and we have
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’232 eiB(Z‘(‘h) . (5.5)

1(0,z+h,u) =~ D
w(B“+18) (z+h)

If, on the other hand, \sol is small,
op2 -Bg(z+h) o 5772
1(0,z+h,w) = = e log, {-(B +18)(z+h)e’ } ,
(5.6)

with the branch cut for the logarithm on the positive imaginary axis.
We note that when (5.4) is applicable the ratic of I to ’

G(stgzh,w) at r = O 18

28 O (5.7)

B + 1B

This ratio is venishingly small for large frequencies, but may be
very large 1f w 1s close to A. If (5.6) is applicable, the ratio
is

25°(24n) 1og, {-(B°+1p)(2en)e 711"} (5:8)

which is singular for w = A.
Let us now consider (5.2) wvhen r is not identically zero. If

w < A and

r < (z+h)tan 8, (5.9)

wvhere

tan @ = [(A/w)2 - 1]%., (5.10)
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the contour in (5.2) may be deformed to the negative imaginary axis.
With an appropriete change of variable, (5.2) then becomes

_ ® -lt](z+h)
r,oenye) = Sl [2(g) 1 (20) e eae  (5.11)
w 0 °

where Io(gr) 1s the Bessel function of imaginary argument,

Wl o= [18® » (Wu,z]f ,

£7(g) = __2_13_2_T
lel(]¥{-B)

and

is a positive real function of €. It is immediately clear that the
magnitude of (5.11) increases with increasing r and decreasing z+h.
It is also clear that the phase of I will not depend on I or Z.

Let us note that the latter property is shared by o(p;gzh)
4f w < A and (5.9) is satisfied, and that it also holds for GQanszh)
if r < |z-h|tan 0, We my accordingly conclude that

~

~
5 = ue, 1oy - ag 76,) (5.12)

{s zero everywhere above and below the source within a cone of apex
angle 9c with the apex at the source.

The qnantityigkintrodnced sboye gives the spatial dependence of
the scoustic intensity for a harmonic source. (This may be seen by
taking the product of the pressure, es given by (2.16), and the
complex conjugate of the perticle velocity, whose transform is given
by (2.13), and then integrating over time.) Thus we may conclude that,
for w < A, there is no energy propagation in the cone of apex angle ec.

Let us now consider (5.2) in the case where w is between A andd.
In this case we may consider the 4{ntegrel as being a sum of its
principal value plus an integral around a small semicircle passing
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below the pole. The latter may be evaluated by the method of residues.
The contribution to I from the principal value of the integral will be
a real number as ¢ has a phase of x/2 along the real axis. Thus the
imaginary part of I will be given by the contribution from the pole:

2
2 -B(z+h)
mn) = 2 T ). (5.13)

This also gives the imaginary pert of tha,w) .
The quantity I(r,z+h,w) is related to the Green's function

G(;ﬁgih,u) by the equation

(3/3z + 32) I = - 2320 (5.14)

as may be seen from an examination of (4.10). This equation is useful
if one seeks to derive an expression for the acoustic intensity~§:
The z-component ofl§~nay be found directly from (5.12) 1f one uses
the above relation and the fact that the two Green's functions are

real. In this manner, one obtains

s, = ~(2/w%) m(1) {& - BVa(ree,pi0) + (55 + Bho(zeg bow)) -
(5.15)

The r-component may be found if one uses the fact that the divergence

of S is zero. Thus
A

r
5. = -(1/r) f (asz/az) rdr. (5.16)
(o]

After some algebraic menipulations and an integration by parts, this

becomes
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s, = ~(2/u®) {m(1) & [a(zve,n) + o(z-g,b]

- [oleem) + o(ze,w] §; min}

X
+(48%%/x) jo m(1) (8% - L)a(peg,h) rar . (5.17)

From (5.15) and (5.17) 1t 18 clear that the intensity near the

source 1s of the form
2

-2B'h
u“BE Q£1gzh) e

S =% E"?r2+u2(z-n)2]’/2

which represents a flow of energy radially outward from the source.
However, since 92 < we, the flow is not sphericelly symmetric.

More energy flows out vertically than horizontally. We also note
that as much energy flows out in the upwerd direction as flows out

(5.18)

in the downward direction.

One interesting feature of our expressions for‘§~1s that Sz
is proportional to the Bessel function Jo(wr). Whenever r is such
that wr is & root of the Bessel function, Sz will be zero and the
energy flow will be horizontal for all points on the cylinder of
radius r.

In the 1imit of large r the intensity is entirely in the
horizontal direction and is given by the last term of (5.17):

2 ®
§ = (Gth/u5) e B (z+h)r'lf Jo(wr)(B2 - a/az)G(ﬁfgzh,w) rdr .

r
o
(5.19)

This indicates that the intensity decreases inversely with r at
large distances.
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The nature of the transition from (5.18) to (5.19) is best
{1lustrated by means of a numerieal example. We choose w = .18
end h = 5.0. (In conventional units h would be approximately 40 km. )
The results of the calculation are given in Pig. 3. There we shov
the typical paths along which energy would flow away from the source.
(These lines may be considered as being the sound reys.) The figure
also shows the variation of the magnitude of the intensity with
distance. The downward bending of the rays in the region above the
source is reminiscent of a water fountain and reminds us that ve are
considering a problem in which the earth's gravity is important.
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V1. APPLICATION OF THE METHOD OF STEEPEST DESCENTS

The case when wr is large is best studied within the context
of the method of steepest descents. If one follows the rationale of
this method, the Hankel function in (4.10) is replaced by its asymp-
totic expression and the contour is deformed to one which pesses
through the saddle point of .

JLkr+ie(zeh) (6.1)

and which goes along the path for which this quantity decreases most
rapidly with increasing distence from the saddle point.
The saddle point is located at

K = k= §§9 sin © (6.2)

vhere
tan & = r/(z+h) , (6.3)
¢ = (8 - A2cos?e)? (6.4)

and 8 is between O and x/2. The path of steepest descents is given by

(xp-kp)(kp-lx,|) |
= W, 9 K} w 60 a T
kI ( /“) [(kR-ks)? A QZJ' tan 9; >_i’ (6.5 )

- A+ @R, E> > (6.50)

- (u/]u]) (g - Neg o) 8, A>w> A cos 8 (6.5¢)
(kg Ry kR
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and
kR- 0, O<w<Acos 8 , (6.54)

where
kg = |8C¢/(s sine)|, (6.6a)
Q = |(up cos 8)/c|, (6.60)
ke = |50 -a, (6.6¢)
b, - k1 +Q, (6.64)

and kg and ky denote the real and imeginary parts of k, and, in (6.5¢),
kR is understood to be between kN and ku. If we let

ky = |w/ul

represent the distance of the branch points from the origin, them it
is readily verified that k2> xB>‘lks| for w >4, |k | > X, for
$>w>A, end Xk, > |xs| >ky >k, >k >0 for A>w>Acos 8.
In Fig. 4 we shov sketches of the path of steepest descents for the
various ranges of w.

The deformstion of the contour in (4.10) to the path of steepest
descents 1s valid for w > * only if &> w, and is valid for
A cos 0 < w< A only if kj‘ w. If this is not true, one must add
the residue from the pole at k = w to the integral ISD along the
path of steepest descents to obtain (4.10). This residue is
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2
Tpey = 257 N g ur) (6.7a)
2
o a2 o/ (ur) & (2B 1T (6

The condition kE > w for w> §# 4s equivalent to w > wl(e),
while the condition kE< w for A cos 8 < w < A is equivalent to
w < Wy (8), where

2
(2 coaee)wl 2(9) = %+ A2c0328 b4 K& - A2)2 + Ae(i - A2)sin229]b .
b4
(6.8)
(It 1s readily seen that Wy increases monotonically from # to ®
wvhile W, decreases monotonically from A to O as @ goes from O to x/2:)

The integral (4.10) is thus
I(r,z + h,w) = I+ U(w,0) I o (6.9)

where U(w,8) 18 1 for ml(e) > w > wa(e) and is otherwise zero.
The integral along the path of steepest descents may be evaluated
approximately in thn_usual manner, giving

I =~ [f(w,e) - 1] o(zre b,o) (6.10)

where

2 .
1(0,8) = 3129152_222_2_:25 . (6.11)

1(uB/C) cos 8 +B

It 18 clear that |v| 48 1 4f w > % or A cos 8 < w < A and that r 1s
real and less than -1 if # > w > A. Also, 7 1s real and greater than
141f w < A cos §. In Fig. 5, we plot the phase and magnitude of T

versus w for seversl representative values of 6.
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With the approximation (6.10), the field Gh(r,z,u) becomes

Gh(r,z,w) = ngjgzh,w) + TG(Ezszh,w) *UI (6.12)

The three terms in this equation may be conveniently labelled as a
direct wave, a reflected wave, and a surface wave, respectively.
The parameter v thus corresponds to a reflection coefficient.

Let us now study the behavior of (6.12) for given w and h vs.
r for z = O. In this event the two Green's functions are equal.
Also, 1f w > % or w < A, the presence of the factor U in (6.12)
implies that the surface wave will not be present unless

r>r = |ﬁp/(82w)|h . (6.13)

It need scarcely be pointed cut that this parameter ro has no
physical significance. It is unlikely that the field should change
abruptly at r = T Furthermore, at this value of r, the surface
wave may be of insignificant value compared to the sum of the direct
and reflected waves if the conditions for the validity of the .
approximation (6.10) are satisfied. NKevertheless, the theory does
give us a natural small distance cut-off for the surface wave.

This indicates that Eqn. (6.12) will be qualitatively correct for
all r for frequencies in these two bands if the height of the source
is sufficiently large.

As r increasgs from ro, the relative contribution of the surface
wave to Gh will increase. This follows for two reasons. First, the
surface wave fells off more slowly with r than the direct and reflected
waves. Secondly, the direct and reflected waves will tend to cancel
each other at large r.

A characteristic distance r

for which

| BaY be defined as that value of r

B 11+ 7] lo(ree b0 -

Res'
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For values of r greater than r) the surface wave will be dominent,
wvhile the converse will be true if r <r;. Forw > # or w < A this
parsmeter may be shown to be approximately

2 4 2 _1/3
A Bu_ h2 Zh ) 6.14
S Lo (6.28)

provided this expression is much greater than [u!eh/(Bzw)

or |u/h/w. (These criteria will be met if h is large.) In the high
frequency limit, rl is proportiinal to w, while, in the low frequency
limit, it is proportional to w ~.

If A<w<$, Bqn. (6.12) gives no small distance cut-off to the
surface wave. Although the expression is not valid for r identically
zero, we expect it to be approximately valid for any r for which
wr > 1, assuming h 15 large. This is confirmed by Fig. 4, wvhich
shows a surface wave present for almost all points on the ground
except directly below the source. For r = 0, the field may be found
by use of (5.3). In the limit of large h, (5.5) is applicable and
we find

wo,0m = g2lel <P 6.1
0(0:01 ) ;{- lﬂ' uh ( 5)

It is interesting that this has sign opposite to that of the free
space Green's function.
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VII. DISCUSSION AND CONCLUSIONS

The explicit solution, Eqn. (3.2), for the case when the
presence of the ground 1is ignored, represents the correct solution
of the problem originally considered by sretenskii.(1}) The method
of deriving this solution (4.e., of proceeding from the equations of
hydrodynamics in a linearized form, then seeking a Green's function
conforming to causality, and finally using Green's theorem to find
the field in the limit of an infinitesimal source) appears to be
the most consistent approach, and it is gratifying that our solution
has such & relatively simple form. The prediction of the two non-
propagating frequency bends is perhaps the most interesting consequence
of our theory. It appears difficult to give a simple qualitative
explanation for the presence of these bands. We may mention, however,
that the frequency w = A is Brunt's(l7) resonant frequency for the
{sothermal atmosphere. The frequency w = # is also a characteristic
frequency for the isothermal atmosphere and appears in Lamb's(l)
theory aa'the dividing point between propagation and attenuation of
vertically propagating plane waves.

When the presence of the ground was incorporated into the theory,
the solution to the problem became more complicated. Although it

.

could be given in integral form, the term I(r,z+h,w) could not be
evaluated exactly. We were sble, however, to derive an explicit
expression for the case r = O, enabling one to compute the field
anywhere on the vertical line passing through the source. We were
also able to give the solution in the limit when the method of
steepest descents was applicable. This led to a representation of
the solution as a sum of a direct wave, a reflected wave (with
reflection coefficient (6.11)), and & surface wave. The surface wave
is, of course, the counterpart of the gravity modes discovered in
other models of the atmosphere.

For an understanding of the nature of the field when w < §, the
study of the acoustic intensityﬁg_vas useful. We found thatﬁg‘was
zero 1f w < A everywhere above and below the source within a cone of
apex anéle Bc. This was Just what might have been expected after
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considering the free-space problem.

The field for frequencies in the band A < w < § has some
interesting properties which were brought out by our theory.

In the free-space problem, no propegation would take place and
jLwould be everywhere zero. However, the presence of the ground
permitted the existence of a propagating surface wave. We were
able to derive relatively simple expressions for the intensity
sbove the ground. A numerical exsmple (Fig. 3) showed that the
energy flowing out of the source had an overvhelming tendency to
concentrate in the lower layers of the atmosphere.

For arbitrary frequencies and at sufficiently large distances,
the field near the ground would be entirely given by the surface
wave. However, for high frequencies or very low frequencies, the
surface wave would not predominate unless the distance were very

large.



Group and phase velocities

0.5
Angular frequency in units of .C/H

FMg. 1. -- Phage velocity vp'mid group velocity V, (units of C)
 versus w (units of C/H)for free-space propagation
from a point source along a l;ne making en angle of
60° with the vertical. "



Attenuation a

0.1

0.5

Angular frequency w in units of C/H

Fig. 2. -- Attenuation coetficiont a (units of !’1) versus
w (units of C/H) for free-space propagation from
a point source along & line making an angle of
60° with the vertical.
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rig. 4. -~ Sketches of the complex K-plane showing relative location
of dbranch lines, polei, and path of steepest descents for
various ranges of the angular frequency w. (The saddle
point is denoted by xs.)
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Fig. 5. -- Magnitude and phase of the reflection coefficient T versus
frequency for 8 = 0°, 30°, 60°, and 90°.
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