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PREFACE

The lifetime of an Earth satellite is affected significantly by
changes in the altitude, the orientation of the orbital plane, and the
orbital elements.

In studies of satellite lifetimes, especially in analytic studies,
simplifying assumptions concerning the gravitational attraction of the
Earth and the nature of the atmosphere are usually made. This is neces-
sary in order to make the problem tractable.

Several studies showing the effect of various individual pertur-
bing forces on the orbital elements and on lifetime itself have been
made. This Memorandum shows how the computed satellite lifetime varies
with different models of the Earth's atmosphere and in the presence of

the gravitational attraction of the Moon and Sun.
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SUMMARY AND CONCLUSIONS

This Memorandum investigates the effects on Earth-satellite life-
times of altitude, orbit-plane inclination, and perturbation forces
for close-in, nearly circular orbits. The lifetimes of two large, heavy
satellites were studied.

Studies of orbits with initial altitudes of from 75 to 150 n mi
show that satellite lifetime increases significantly as the orbit-plane
inclination increases toward 90 deg, and that the ratio of change in
lifetime to change in orbit-plane inclination increases as the orbital
altitude increases.

Satellite lifetimes based on an oblate atmosphere model are sig-
nificantly greater than those based on a spherical atmosphere model
for nonequatorial satellites. The models use the 1962 ARDC Standard
Atmosphere and the COSPAR International Reference Atmosphere of 1961.
The lifetimes for both satellites starting at 150-n mi altitude are
approximately 20 per cent longer for an orbit-plane inclination of 90
deg. This is because the satellite spends more time at higher alti-
tudes above the oblate Earth and therefore more time in less dense at-
mosphere as the orbit-plane inclination increases to 90 deg. The dif-
ference in lifetimes caused by using the above atmospheres in an oblate
atmosphere model is about 2 per cent.

The combined gravitational attractions of the Moon and Sun cause
only negligible variations in the lifetimes of the satellites studied.
The Earth's gravitational field does not directly affect lifetimes but
produces orbital motions which, when combined with the atmospheric drag

forces, can produce considerable changes in satellite lifetimes.
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LIST OF SYMBOLS

A2,A3,A4,A5 = constants associated with Earth's oblateness
A,m = cross-sectional area and mass, respectively, of
the satellite
a = semimajor axis
a; = acceleration caused by atmospheric drag
a2 = acceleration vector of the satellite relative to
r
Earth
a, ,a = acceleration of vectors of the satellite and Earth,
sb’ eb . .
respectively, caused by the perturbing body
Cd = drag coefficient
= eccentric anomaly
e = eccentricity
i = inclination of the satellite orbit plane
n = mean orbital angular rate
p = semilatus rectum
R,5,W = components of the disturbing acceleration in the

radial direction, in the orbit plane perpendicular
to the radial direction, and in the direction of
increasing v, and perpendicular to the orbit plane
and in the direction of the cross product of unit
vectors in the directions of increasing R and S,
respectively

R(u),S(u),W(u) = cosines of the angles between T , and the directions
. eb
of R, S, and W, respectively

R(w) ,S(w) ,W(w) = components of a unit vector along an Earth radius
to perigee and along a line perpendicular to the
Earth radius to perigee in the direction of in-

creasing v and perpendicular to the satellite or-

bit plane, respectively
r = distance between satellite and Earth's center
= distance between the attracting body and the satel-

lite and the attracting body and Earth's center,
respectively

sb’Feb
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Earth's potential
argument of the latitude of the satellite

vector velocities of the satellite and atmosphere,
respectively, in inertial space

velocity of the satellite relative to the atmosphere

velocity along T and perpendicular to T in the di-
rection of increasing v, respectively

true anomaly

satellite weight-to-volume ratio

angle between Earth radii to the satellite and to
the perturbing body

elevation angle of V relative to the local horizontal
defined by Eq. (11)
geocentric latitude

product of the gravitational constant and the
Earth's mass

product of the gravitational constant and the mass
of the perturbing body

atmospheric density

a measure of the change in the time of perigee
passage

argument of the ascending node relative to the
vernal-equinox direction

argument of perigee
rotational rate of Earth

gradient of Earth's potential

b refers quantities to the perturbing body

d refers quantity to atmospheric drag



I, INTRODUCTION

Satellite-lifetime studies usually employ a simplified model of
the Earth and its atmosphere. In general, the analytical studies as-
sume a spherical Earth model, i.e., an Earth with a purely inverse-
square gravitational-force field, and a spherical nonrotating atmos-
phere. Lifetime studies of an empirical nature usually use a more re-
alistic model and require a computer. Such a model may include an ob-
late Earth gravitational field and a spherical nonrotating atmosphere.
Except for nearly equatorial orbits the lifetimes obtained are only
approximate. For either type of study the perturbations of the satel-
lite orbit caused by the gravitational fields of the Moon and Sun are
usually omitted. These results indicate that this omission is justi-
fied for low, nearly circular, satellite orbits.

The reference model of the Earth and atmosphere used for this in-
vestigation of satellite lifetimes is somewhat more realistic than
either of the above because it consists of an oblate, nonrotating at-
mosphere. Also, the perturbations caused by the Moon and Sun are in-
cluded. The results show that significant errors will be made in pre-
dicting satellite lifetimes if either of the simplified models above
is used.

7 The atmosphere model used is the COSPAR International Reference
Atmosphere of 1961, This atmosphere model was accepted at the COSPAR
meeting in Florence in April 1961 and gives average values of the at-
mospheric properties for altitudes between 0 and 800 km. Near the end
of this study the 1962 ARDC Standard Atmosphere became available, and
in addition, the computer program was modified to include rotation of
the atmosphere, The 1962 ARDC Atmosphere and the COSPAR Atmosphere
agree very closely (see p. 16).

In order to observe the effect on satellite lifetime caused by
the various perturbations and the use of different atmosphere models,
some of the lifetimes were recomputed. The results appear on p. 23.

The lifetimes for two vehicles having a mass-to-volume ratio of
20 1b/ft3 were considered, One vehicle weighed 10,000 1b, and the other,

200,000 1b. Both were assumed to be spherical. The vehicles were



started on nearly circular initial orbits (e = 0.0001) at perigee al-
titudes of 75, 100, 125, and 150 n mi above the equator. Orbit-plane
inclinations of 0.0001, 45, and 90 deg were used. (Nonzero initial
values for the eccentricity and the inclination are necessary to avoid
a temporary discontinuity in seme of the computer equations.) FErrors
introduced in the lifetimes if either or both quantities start at or
pass through zero are negligible because both quantities are time vary-
ing and therefore induced discontinuities are transient.

In order to assess the effect of the individual perturbations on:
lifetimes, several orbits with initial perigees of 150 n mi were re-
computed. The separate effects of the gravitational attractions of

the Moon and the Sun and variations of the atmosphere model are shown.
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where R, S, and W are components of the disturbing acceleration in the
radial direction, in the orbit plane perpendicular to the radial di-
rection and in the direction of increasing v, and perpendicular to the
orbit plane and in the direction of the cross product of unit vectors
in the directions of increasing R and S, respectively. The letter p
denotes the semilatus rectum, v is the true anomaly, and u is the ar-

gument of the latitude of the vehicle and is given by
u = v+ 7)

where ® is the argument of perigee. The mean orbital angular rate of

the satellite, n, is given by

o

n = (8)
a3/2

where p, is the product of the gravitational constant and the mass of
the Earth.
The variable g in Eq. (6) is a measure of the change in the time

of perigee passage and is given by

c = nt - (E - e sin E) “



where E is the eccentric anomaly. Because the long-term change in the
orbital elements determines fairly accurately the lifetime of a satel-
lite, the actual position of the satellite in the orbit is not computed.
Thus, Eq. (6) is used only in the derivation of an expression for the
time rate of change of the true anomaly.
From Egs. (1), (2), and (6), the time derivative of Eq. (9) and

the well-known equations (see Ref. 1, p. 164 or 392) that express the
true anomaly as a function of the eccentric anomaly and the eccentric-

ity, the time rate of change of the true anomaly can be found to be

2
%% = ig {1 + i;'[R cos v - (1 + %) S sin V] } (10)

where the W component of acceleration comes from the last term on the
right side of Eq. (3).
If we set

2 -1
y = {1 + &g [R cos v - (1 + ?) S sin.v] } iy

and use the relation

d() - dO) dv (12

dt dv dt

then Egs. (1) through (5) can be rewritten with v as the independent

variable.
da 2a2r2
da _ =221y [Re sin v + S(1 + e cos v)] (13)
dv wP
de _ rzx . T 2
o = {R sin v+ S = |2 cos v + e(l + cos"v) } (14)
v V) p
2
do _ ryf. Ly s ]_d_n ;
v Te R cos v + S(1 + p)51n v ay cos 1 (15)



3 .
a4 _ wiyY sinu (16)
dv wp sin 1
’ di r3x
w - W " cos u a7n

In the presence of atmospheric drag, the orbital element a may
change significantly during one period of the satellite. Since the
method assumes that the orbital elements are constants during the com-
putation interval, i.e., during any specified integral number of orbi-
tal periods, it is desirable to use p instead of a as one of the orbi-
tal elements because its change during the computation interval is less
than that of a for small eccentricities. This is demonstrated in the
Appendix. The orbital element a is replaced by p as follows: From

the equation p = a(l ~ e2) we get

de

dv (18)

dp _ - o2y da _
(1 -¢e) v 2ae

After substituting for da/dv and de/dv from Eqs. (13) and (14) and sim-
plifying we get

dp _ 2r’¥
- " s (19)

Equations (11) and (13) through (17) are a closed set of first-
order nonlinear differential equations. TIf the perturbing accelerations
are obtained as functions of the orbital elements and the independent
variable v, then the elements can be determined using the initial wvalues
of the orbital elements and the computed changes in the elements dur-
ing the integration period,

Except for orbits with very small eccentricities and low altitudes,
the R and S components of Eq. (l1) will be approximately zero, and Y
will be approximately equal to one for the nonrotating-atmosphere case.
Thus, except for the model containing a rotating atmosfhere, lifetimes

were computed with v = 1.



ITI., PERTURBATIONS CAUSED BY THE MOON AND SUN

The gravitational perturbations included in the lifetime computa-
tions are caused by the attractions of the Moon and Sun on the vehicle.
The computer program will compute the perturbation caused by solar-ra-
diation pressure; however, for close-in, heavy satellites like the omnes
considered in this study, this perturbation has a negligible effect on
satellite lifetime and therefore is not included.

The equations for the components of the perturbing accelerations
are obtained subject to the assumption that the solar system is geo-
centric, i.e., that the Sun as well as the Moon rotates around the
Earth. —The perturbations are computed explicitly by making use of the
known orbits of the Moon and Earth (or in this case the Sun).

In order to determine the acceleration of the satellite relative
to the Earth we must first determine the acceleration of the Earth and
satellite relative to the attracting body. In vector form the acceler-

ation of the satellite relative to the Earth is

a, = a4 -2, (20)

where Esb and Eéb are the acceleration vectors of the satellite and
Earth, respectively, caused by the perturbing body. The vector rela-
tionships are shown in Fig. 1.

By using the standard equation for the acceleration of a point

mass in an inverse-square gravitational-force field, i.e.

T

where T is the derivative with respect to time and B is the product
of the gravitational constant and the mass of the perturbing body, and

some trigonometric relations, the equation for E} becomes

T = —ub {f \:1 + 3<_r >cos oz] - } @cn
r 3 sb r eb
reb eb
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Satellite

Attracting

body
Fig. 1—Typical orientation of Earth, satellite,
and attracting body
Then, using the equation
Tab = Ten " T
we get
- My x 3j¥ 2 2 - —
a, = — { [3 (r )cos o + E(;——> (5 cos"a - 1) + ...] T
r eb eb
eb
(22)
r 3fr ) 2
- [1 + 3 <£—>cos cl+—(—) (5 cos"@ - 1) + ]?
r 2\t
eb eb

The acceleration vector E; can be resolved into the orthogonal
components R, S, and W by using the elements of the orbits of the sat-
ellite and the perturbing body and the instantaneous relative orienta-
tion of the bodies. Ignoring second- and higher-order terms in (r/reb),

the components of acceleration are

B
Rb = —g—'[3r R(u) cos @ - r] (23)
Teb



bp

Sb = 3 [Br S(u) cos a] 24)
t
eb

and

H

WB = 3~ [3r W(u) cos a] (25)
r
eb

where R(u), S(u), and W(u) are the cosines of the angles between Eéb

and the directions R, S, and W, respectively, and are given by
R(@) = [cos u sin (Q - Qb) + sin u cos (Q - Qb) cos i] cos wt

+ [cos u sin (Q - Q%) + sin u cos () ~ Qb) cos i] sin wbt cos ib

o L. ..
Fsin u sin i sin @t sin i, (26)

S(u) = [—sin u cos (Q - Qb) - cos u sin (Q - Qb) cos i] cos w.t
+ [—sin u sin (Q - Qb) + cos u cos (Q - Qb) cos i] sin wbt cos ib
+ cos u sin i sin u%t sin ib 27)
and
W) = sin (Q - Qb) sin i cos wbt
(28)

-cos (Q - Qb) sin 1 sin Wt cos ib + cos i sin Wt sin ib

The quantities Q, i, and w are the ascending node, the inclination of
the orbit plane to the equatorial plane, and the orbital angular ve-
locity of the bodies, respectively. The equations for R(u), S(u), and
W(u) can be derived by starting with a rectangular-coordinate system
with the x~-axis along the vernal equinox direction, the x,y plane in

the equatorial plane, and the z-axis along the polar axis. By rotating
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an angle () about the z-axis, then an angle i about the new x-axis, and
finally the angle u about the new z-axis for both the satellite and the
perturbing body, the acceleration caused by the perturbing body can be
resolved into components along R, S, and W. 1In the above equations uy
has been replaced by wbt where W is the mean orbital angular rate of
the perturbing body during the time interval from the last nodal cross-
ing to the time t.

Because the changes in the orbital elements are computed using
constant orbital elements during the computation period which is an
integral number of revolutions, it is convenient to carry out the inte-
grations with respect to the true anomaly v. Therefore, it is neces-

sary to perform a separation of variables in Egqs. (26) and (28). By :

using the relation u = v + ®w we can write

R(uw) = R(w) cos v + S(w) sin v (29)
S(u) = S(w) cos v - R(w) sin v (30)

and
W) = W(w (31)

where R(w), S(w), and W(w) are held constant during the computation
interval and are updated as are the orbital elements.

Equations (23) through (25) can now be written in their final

form as
3y, T
Rb = -32—'[R2(w)coszv + 2R(w)S{w)sin v cos v + Sz(w)sinzv - %
reb (32)
3@ r
Sb = 3b {R(m)s(w)coszv + [Sz(w) - Rz(m)]sin v cos v - R(w)S(w)sinzf}
r

eb (33)
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IV, PERTURBATIONS OF THE ORBITAL ELEMENTS CAUSED BY THE EARTH'S BULGE

The gravitational potential of the Earth is a scalar function of
position. In this case the position is given in polar coordinates r

and §, where r is the radius to the satellite and § is the geocentric

latitude of the satellite. The potential, including the fifth harmonic,

is
A A
U = %.{1 + —% (% - sin’s) + —% (% sin’s - % sin 8)

r r

Ay o3 1 2. 1 L2

+ 'r—4 (3—5 + 7 sin"§ - % sin"26) (35)

AS 15 35 2 63 4

- (5— - 5 sin"§ + g™ sin 8) sin & + -'°}

r

where the constants are

W = 3.9863 x 10° km>/sec’
A, = 6.604085 x 107 km’
_ 5.3
A, = 5.890588 x 10° kn
A, = 1.522760 x 109
Ay = 2.744909 x 10'? km’

The gravitational acceleration of the Earth is equal to the gra-

dient of the gravitational potential U and is of the form

. U U
7 T 1r + ryd lé (36)

where 1r and 1, are unit vectors along the radius to the satellite and

&
along a perpendicular to the radius vector in the meridian plane, re-
spectively,

The component of acceleration dU/dr is already in the desired di-

rection; therefore, only 3U/rd$ need be transformed to components in



-13-

the directions of S and W, The details of the transformation are
omitted, but they can be readily obtained by starting with a rectangu-
lar set of axes with origin at the Earth's center, the x-axis along
the line of nodes of the satellite orbit plane and the equatorial plane,
and the x,y axes defining the equatorial plane. By first rotating the
angle i about the x-axis and then the angle u about the axis perpendic-
ular to the orbital plane, the position of the radius vector to the
satellite is established. This vadius vector is established in the
Earth latitude-longitude system by first rotating an incremented longi-
tude angle, determined by u and i, about the Earth's polar axis and
then by rotating § about the offset y-axis. The transformation yields
cos u sin i cos i

15 = cos § ls + cos § 1W (37

where sin § = sin i sin u.

Using Eq. (37), Eq. (36) becomes

(38)

U = au 1 _+‘aU <cos u sin 1 1 cos i 1 )

?dr T rad cos § s + cos § w
The first term on the right side of Eq. (36) is the potential for
a spherical homogeneous Earth and therefore is not a part of the per-

turbing acceleration. The components of acceleration are found to be

_ W3
R = Jr ar,(r)
2 Ay 2
= - {ZSA (1 - 3 sin“8) + 56 == (5 sin" 6 ~ 3) sin 6
28r4 2 r
A
+ -éi (12 + 20 sin’s - 35 sin’28)
T

Ag 2 4
+3 =2 (105 - 490 sin" + 441 sin*s) sin 5} (39)
r
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cos u sin i 1 3U

5 = cos § r 38
cos u sin i 84 AB 2
= oW {+112Asina- (4 - 5 sin6)
4 2
56r
32 A A
+ 24 3 -7 Sin26) sin § + 105 —%'(1 - 14 Sin26 + 21 Sin46)}
r T
(40)
and
w o= &os i 1lau
cos r 38
- os i 84 A3 2
= —M——{HZAsins- (4 - 5 sin’8)
4 2 T
56r
32 A
+ 5 4 (3 -7 sinzé) sin §
r
A5 2 4
+105 =2 (1 - 14 sin®6 + 21 sin 5)} (41)
r

These components of acceleration can be substituted into the standard

perturbation equations, i.e., Egqs. (13)

through (17) and (19), which

are integrated analytically using constant orbital elements in order

to obtain the changes in the orbital elements.,

tion are v = o to v = 2.

The limits of integra-

If the integration period is k'revolutions,

i.e., if orbital elements are updated every k revolutions, then the

changes in the elements for one revolution are multiplied by k to find

the total change for k revolutions.
\
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V. ATMOSPHERIC-DRAG PERTURBATIONS

As mentioned earlier, the 1961 COSPAR model of the atmosphere was
used. It and the 1962 ARDC atmosphere model are in close agreement,
as can be seen in Fig. 2. 1In order to compare lifetimes using the two
different atmospheres, some of the longest runs were recomputed using
the ARDC atmosphere. These results are given in Table 1.

The formulas for the R, S, and W projections of the perturbing ac-
celeration caused by a nonrotating atmosphere are given below.

The perturbing acceleration caused by drag is

A 2
m

pVrel (42)

- 1
a = 3 G

d d

where Vr is the velocity of the satellite relative to the atmosphere,

el

Cd is the drag coefficient, A is the cross-sectional area of the vehi-

cle perpendicular to the direction of V

rel? and p is the atmospheric
density. The velocity vector of the vehicle relative to the atmosphere
is

rel V- va

where V and V; are the vector velocities of the vehicle and the atmos-

phere in inertial space, respectively; their magnitudes are given by

and

Here, a is the semimajor axis of the satellite orbit, w, is the rota-
tional rate of the atmosphere (assumed to be equal to the Earth rota-
tional rate), and § is the geocentric latitude of the satellite. Since

a nonrotating model of the atmosphere is used, w, = 0 and Vrel =V.
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Fig. 2 — Average atmospheric densities versus altitude
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The components of V are in the orbital plane, and the radial and

transverse components are

V sin B =«J/rg-e sin v
T P
= /i
S V cos B “V/:;-(l + e cos v)

where B is the elevation of V relative to the perpendicular to the ra-

<
1}

<
]

dius vector, p and e are the semilatus rectums and eccentricity of the

orbit, respectively, and v is the true anomaly of the satellie. Clearly

and the components of the perturbing acceleration q are
R, = -%Cd%pvzsine = -L2c, 2w
5¢ ~ —%Cd%pVZCOSB - _%Cdmpws
Wd = 0

These are the perturbation acceleration components required for the
integration of Eqs. (13) through (17) and (19). Because p is a func-

tion of v, the equations are integrated numerically for v = 0 to v = 2m.
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VI. RESULTS

The lifetimes of two satellites with a mass-to-volume ratio of
20 1b/ft3, which is comparable to the Mercury capsule, were studied.
One vehicle weighed 10,000 1b, and the other, 200,000 1b; both were
assumed to be spherical. The drag force is directly proportional to
the cross-sectional area, which, for a sphere, is

A = nrz = o[3vol 2/3
s T 4m

For the two satellites we get for the cross-sectional areas

A 76.1619 ft°

1

and

>
I

561.1656 ft2

where the subscripts 1 and 2 denote the 10,000- and 200,000-1b satel-
lites, respectively. Table 1 is a summary of the initial conditioms
and the resulting lifetimes for the two satellites.

The satellites were started at perigee and on the line of nodes
on nearly circular orbits (e = 0.0001) for initial altitudes of 75,
85, 100, 125, and 150 n mi. Orbit-plane inclimations of 0.0001, 45,
and 90 deg were used in order to observe the effect of orbit-plane in-
clination on lifetime.

We see from Table 1 (and more clearly from Fig. 3) that the life-
time of a given satellite increases with inclination angle. Because
of the Earth's oblateness, the altitude will increase as the satellite
moves to higher latitudes even if the radial distance remains constant.
This increase in the altitude is accompanied by a decrease in atmos-
pheric density and, consequently, by an increase in the lifetime of
the satellite. The ratio of the change in lifetime to the change in

inclination angle gives an estimate of the derivative of lifetime with
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altitude of the satellite and, consequently, variations in the drag
acceleration. These effects vary with the inclination of the orbit
plane and therefore may account for the change in lifetime with incli-
nation angle, as indicated in Table 2.

3. Satellite lifetimes are increased when the 1961 COSPAR atmos-
phere is replaced by the 1962 ARDC atmosphere. This is caused by the
fact that the latter atmosphere is less dense at low altitudes (see
Fig. 2).

4., Because of a preference for the 1962 ARDC atmosphere model,
this model, instead of the 1961 COSPAR atmosphere; was used to intro-
duce the effect of atmosphere rotation., The efféct of rotation on
lifetimes using either model would be very nearly identical. The great-
est change in lifetime occurs for equatorial orbits and is about 14
per cent for the direct orbits studied; this difference in lifetime
appears to vary approximately with the cosine of the orbit-plane in-
clination angle. For polar orbits, the change in lifetime is negligible.

5. For all of the Earth-atmosphere models using an oblate Earth
and oblate atmosphere, satellite lifetime increases significantly as

the orbit-plane inclination increases.
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VIi, CONCLUSTIONS

Satellite lifetime increases significantly as the orbit-plane in-
clination increases toward 90 deg (see Fig. 3).

The ratio of change in satellite lifetime to change in the orbit-
plane inclination increases as the orbital altitude increases (see
Fig. 4).

Satellite lifetimes based on oblate atmosphere models are signifi-
cantly longer than those based on spherical atmosphere models for non-
equatorial satellites. Table 2 shows that the lifetimes for both sat-
ellites starting at 150-n mi altitude are approximately 20 per cent
longer for an orbit-plane inclination of 90 deg. This is caused by
the fact that the satellite spends more time at higher altitudes above
the oblate Earth and therefore more time in less dense atmosphere as
the orbit-plane inclination increases to 90 deg.

The difference in lifetimes caused by using two different current
models of the atmosphere (see Fig. 2) is about 2 per cent for both sat-
ellites if they are started at an altitude of 150 n mi (see Table 1).

The combined gravitational attractions of the Moon and Sun cause
only negligible variations in the lifetimes of the satellites studied.
The Earth's gravitational field does not directly affect lifetimes but
produces orbital motions which, when combined with the atmospheric drag

forces, can produce considerable changes in satellite lifetimes.






-27-

APPENDIX

In the presence of atmospheric drag, the change of the semilatus
rectum, p, during the computation interval of 2kt is less than that of

the semimajor axis a. This can be demonstrated as follows:

2.2
da _ Z—a-r—l[e sinv R + (L + e cos v)s:\ (43)
dv Bp
d 2 33
ap = r g (44)
dv [V

Is
an

IO (%) dv>Iikn<%3> dv (45)

for all R and S and for small values of e?

For atmospheric drag caused by a nonrotating atmosphere

2

1/2 ¢ + 2e cos v

o
)|

= g

amP % e sin v ‘J 1+ e

wn
il

A W \/_.2
1/2 Cd gl (L + e cos v) 1T+ e + 2e cos v

Substituting for R and S in Egs. (43) and (44) and rewriting

Eq. (45) gives

e
2kt 9 2.2 9 5
2Ly (1 + & + 2e cos v) \/ 14+ e + 2e cos v dv
wp

0

ZQﬁ 3
> f gﬁ_l (1 + e cos v) Vl +e? + 2 cos v dv

(e}

(46)
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Replace r with

= ——
t 1+ e cosv
and simplify Eq. (46) to get
2tert 2 3/2 2k 2 1/2
a2 j (1L +e” + 2e cos v) dv > p2 f (L + e~ + 2e cos v% v
o (1 + e cos v) o (1 + e cos v)
(47)

By expanding the integrands of Eq. (47) in series and neglecting terms of
order e3 and higher, Eq. (47) becomes
2k
2 3 2 15 2
a IO [(l + 5 e )+ e cosv 5 e

coszv] dv >
(48)

2kt
> p2 I [(1 + % e2) - e(l + 2e) cos v - % ezcoszv] dv
o

For k an integer

2kT

I cos vdv = 0
o
and
2k 2 Fa
I cos'v dv = kmu
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and Eq. (48) becomes

az[(l + % e2)2kn - %é-ezkn] > p2 [(1 + % e2)2kﬂ - % ezkﬁ]

Now

2
p? = a’(1 - %) N al(1 - 269

Substituting for p2 in Eq. (49) and simplifying we get

3 2 15 2 | 2 1 2 7 2
2(1 + 5 e ) - 5o e > (1 - 2e%) [2(1 + 5 e ) - 7 e ]

or

4 - 0e?) > 4 - l3e2)

(49)

which is true for all e > o, and therefore the inequality of Expres-

sion (45) is correct.
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