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PREFACE

Part of the Project RAND research program consists of
bagic supporting studies in mathematics. This Memorandunm
ls concerned wilth almost automorphic or almost periodic
coefficients. Equations of this type are important in

many problems of mathematical analysis.
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SUMMARY

In the present Memorandum the author discusses systems
of differential equations in Hilbert space with almost
automorphic or almost periodic coefficients. Coalescing
the techniques of Favard and Bochner, he extends certain
of thelr results for finite—dimensional systems to the
context above, and determines sufficient conditions for

almost automorphic or almost periodic solutions to exist.
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ALMOST AUTOMORPHIC AND ALMOST PERIODIC SOLUTIONS
OF DIFFERENTIAL EQUATIONS

1. INTRODUCTION

In 1924 Bohr proved the following remarkable theorem:

Theorem. (Bohr) Let g(t) be an almost periodic

function of the real variable t. Then if

t
£(t) = [ e(s)as
0]
is bounded, £(t) is almost periodic.

Thus was the first statement made asserting the
almost periodicity of solutions to systems

ar

(1.1) & = A(6)E +&(t) ,

where A(t) is an almost periodic n X n matrix—valued
function, g(t) is an almost periocdic n—vector—valued
function, and f£(t) is an n-vector—valued function. (For
Bohr's theorem, n = 1 and A(t) = 0.)

One particularly novel extension of Bohr's result
was made by Favard [5]. Typical of the several Favard

theorems is the following:

Theorem. (Favard) Let ||f(t)] be the Euclidean

norm of a vector—valued function f(t). If for any non—

trivial bounded solution to the homogeneous equations

(1.2) & = Ae)r,
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le(t)l| remains bounded away from zero, and if the non—
trivial bounded solutions to the "translated" equations

(1.3) I - ax(6)r (A*(t) = Lim A(t + T))
no>o

also remain bounded away from zero, then whenever a bounded

solution to (1.1) exists, there will also exist an almost

periodic solution to (1.1).

Favard's method of proof was to establish the existence
of a unique solution to (1.1) of minimum supremum norm.
For the uniqueness 1t was necessary to invoke the property
required of (1.2). He then proved that the minimum solu~—
tion is almost periodic by showing that from any sequence
{tﬁ}, there can be selected a subsequence {t } such that

lim £(t + t ) = £*(t)
T->w

exists uniformly. To establish uniformity it was necessary
for him to use the property of (1.3).
In [2], S. Bochner proved the following result by an

essentially different technique.

Theorem. (Bochner) Suppose the bounded solutions

to (1.2) and (1.3) are almost periodic. Then any bounded

solution to (1.1) is almost periodic.

Bochner's proof proceeds in two steps. First he
establishes the "almost automorphy" of a solution £(t)
to (1.1), assuming only the properties of (1.2). (Almost
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automorphy is a property weaker than almost periodicity
[6,7] and will be defined in Sec. 2.) Then applying this
first result to a translated solution f£*(t) of (1.3), he
establishes the "strict almost automorphy" of £(t), and
proves that this property is equivalent to almost periodicity.

In the present paper we attempt to coalesce the ideas
of Favard and Bochner and then obtain extensions of their
results for operator differential equations in Hilbert
space, where the operators A(t) are not necessarily bounded.
The natural bridge between the two approaches seems to be
Theorem 2.1, which characterizes the almost periodic
functions in terms of their almost automorphic properties.
(Although Theorem 2.1 is not proved here, it will appear
later along with the results of [6].)

We wish to acknowledge the influence of the Favard
and Bochner papers on the present paper. A glance at
elther of these will suffice to show our indebtedness to

the ideas contained therein.

2. ALMOST AUTOMORPHY

In what follows, H will denote a separable Hilbert
space and X a linear space of functions from R (= reals)
to H. We assume throughout that the elements £(t) € x
are weakly uniformly continuous and bounded. That is,
for each 9 € H, the complex—valued function (f(t), o)
must be uniformly bounded and uniformly continuous. The

effect of this assumption is as follows: glven a sequence
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{tﬂ} we may select a subsequence {tn} using the familiar

diagonal procedure such that

(2.1) f(r + tn) > £*(r)

weakly for each rational number r and some H—valued function
f#*(r). The use of sequences in (2.1) is justified because
the weak topology for a separable Hilbert space is sequential
on bounded sets. Since,for fixed ¢ € H, the functions
(f(t+tn), @) are uniformly equicontinuous, the convergence

in (2.1) extends to the whole real line. Furthermore, the
extended function £*(t) is again weakly uniformly continuous,
as is easily verified. Thus we may assume the sequence

{t!} has also been refined, so that

(2.2) im £#(t — ) = £**(t)
n->«

exists in the weak topology. Throughout the present paper
we shall use the notation f*, f** as generic symbols for
functions arising from a given function f(t) in the manner

of (2.1) and (2.2).

Definition 2.1. A function f£(t) e X shall be called

weakly almost sutomorphic if whenever (2.1) and (2.2) hold,

f = f**, 1If, in addition, the convergence in (2.1) and
(2.2) is strong, and both f(t) and £*(t) are strongly

continuous, we say f(t) is strongly almost automorphic.
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Remark. Lemma 8.2 of [6] shows that if we assume
(£x(t), ®) 1s always continuous, then (f(t), o) will be
uniformly continuous, i.e., £(t) € ¥x.

The proof of the following theorem will appear else—
where, as will the results of [6], [T7].

Theorem 2.1. A complex—valued function f£(t) on R

is almost periodic if, and only if, £(t) is almost auto—

morphic and any limit function £*(t) is almost automorphic.

We now introduce a norm |[||.]|| on x by
liglll = suwp N£(e)] ,
—ol El®m

observing that |||f]|]| is finite by the Banach—Steinhaus

theorem. ¥y will be complete for |||.[||, since the uniform
1limit of uniformly continuous functions is uniformly

continuous.

3. ALMOST AUTOMORPHIC PROPERTIES

Let P be a property enjoyed by a convex set K of elements
of Y.
Definition 3.1. The property P is almost automorphic

1f £** enjoys P whenever f enjoys P. Note that K**CK, so
that we might also say K is almost automorphic.

We now state a proposition which is impliclit in the
work of Favard [5].

Proposition 3.1. Let the set K corresponding to P

have a unique element fo(t) of minimum {||.|l| norm. Then

fo(t) is weakly a.a.
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Proof. Clearly |Hf6*|” S.IHfOIH, but since HIfOHI

is a minimum, and P is almost automorphic, |||£g*||l = IHfOH

Now since f, 1s the unique element with norm IHfOH],

f=f%% and f

0 5 0 is weakly almost automorphic.

4; WEAK AND STRONG ALMOST AUTOMORPHY

Because Hilbert space possesses the property of "uniform
convexity," we can often pass from weak to strong almost

automorphy if the function ||f(t)|| possesses nice properties.

Proposition 4#.1. Suppose f(t) is weakly almost auto—

morphic and that in addition ||f(t)]] is almost automorphic.

Then for fixed t e R and e > O, there exists a set B_ = Be(t)
such that

@) B, is relatively dense,

@) T eB=>[f(t +7) - £(t)l| < e,
@) 71, T, e B=/> |If(t + T — T,) — £(t)]] < 2e.
Proof: Consider the almost automorphic functions

L(s) = I£(s))|® and g(s) = (£(t+s), £(t)). We write

F(1) = [l£(6+7) — £(8)]12 = e(6+7))12 + [£(¢)]1® = 2Re(£(t+7), £(t))

]

L(t+t) + L(t) — 2Re g(7) .

Then F(T) 1is almost automorphic and F(0) = 0. Therefore
there exists a set Be(o),as is shown in [6],such that
@), @), (3) above hold,with F substituted for f and O for ¢.
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Proposition 4.2. I f£(t) is weakly almost automorphic

and [|£(t)]l is_almost automorphic, and if |£*(t)| = |[£(t)ll* ,

then f(t) is strongly almost automorphic.

Proof. The convergence of [If(t + tn)H to |l£*(t)||
coupled with the weak convergence of f£(t + tn) to £*(t)
implies strong convergence. The convergence of £*(t —-tn)
to £(t) 1s strong, since it is weak and since in addition

we have
Ie(e)ll < iif lex (=t )l = iif £ (e=t MI* = lle(e)l

in view of the almost automorphy of ||£(t)]l.

5. UNIQUENESS

" for

We introduce here an assumption of "uniqueness
a property P. Let V€ X be a subspace such that £(0) = 0
(resp. £%(0) = 0) implies f(t) = O for all t(resp. £*(t) = 0).
Then if fl, f2 enjoys P, we assume fl — f2 e V. The following
iemma and its corollary will be useful in the applications
of Sec. T.

Lemma 5.1. Let £(t) € K have minimum norm. Then

for each € > 0, the set

{&] el > el = &3

is relatively dense.

Proof. Suppose that for some € > O the assertion of
our lemma 1is false. We will show that this contradicts

the fact that |||[f]|| is 2 minimum.
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For each L > O let IL be an interval of length 2L

centered at an appropriate tL such that

(5.1) sup  le(e)ll < [lIE)]l — € «
teIL

We now choose inductively sequences Lh of lengths and

n
L1>Oandt

I = ILn of intervals centered at points tn = th. Let

1 first be chosen so that (5.1) holds with

Having chosen ti, Li; té,
max |t!| and then an interval I!
1<j<n J n+1

1 y - 3 —
centered at t) , so that (5.1) holds with I, =TI,

Now refine the sequence {tgl} so that f* and f£** exist

L= L Lé; .co" tr'l’ L' r we

1° n

choose L5+1 >n +

as In (2.1) and (2.2); we may then coalesce the limits

(2.1) and (2.2) as

(£x*(t), ®) = lim lim (£(t+t~t;), @) .
m>e n-oo

For fixed t and n > m sufficiently large, we have

t + tn - tm € In; hence

[ (£xx(t), o) < (lIEl] = €) flell -
But then ||[£**(t)| < |l|£]]] — € for all ¢, and so [||£**|||
< I£Hll — €. Since P is almost automorphic, f** enjoys P,

but £ was assumed to have minimum norm among the elements

of K enjoying P. Thus our lemma holds.
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Corollary 5.1l. Suppose there exist n elements

fl, crey fn € K of minimum norm satisfying P. Then for

any € > 0, the set
(5.2) {t] |le, (&) = £(6)| < & 1, 3 =1, ooy m}

is relatively dense.

Proof. Since K is convex,

Sl
IIM::S

£, (%)
1

h(t) =
i

is in K and clearly also has minimum norm. From the

relation
(5-3) lefwm2+zu———iﬂg 22 5% < Ninfi?
and the fact proved in lLemma 5.1 that the set

] ) > linll® - 6

2,2
is relatively dense for any & > O, we see that for & < ¢ /n<,

(5.2) is relatively dense.

6. OPERATOR EQUATIONS

Let A(t) be a family of linear operators on H about
which we make the following assumptions:
(1) A(t) is closed and densely defined for each t,
and lﬁ(A(t)) H) 1s independent of t. Denoting the adjoint
of A(t) for each t by A'(t), we assume that ijA'(t)) =
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is independent of £. A'(%t) is of course closed and densely
defined, and (A'(t))' = A(t).

(i1) A(t) is "almost automorphic." By thils we mean
that for each ¢ ¢ Hy, the function A(t)y is strongly almost

automorphic. A'(t) is also assumed strongly almost auto—

morphic.
(iii) The equation

(6.1) %% = A(t)f

has the unique solution £(t)

n

O for £(0) = O. Differentlia—
tion in (6.1) is interpreted in the weak sense.

Remark. We will occasionally want to require that
the translated operators A*(t), A*(t)' satisfy some or all
of conditions (i) — (iii), but no such assumption is yet
made.

Let g(t) be weakly almost automorphic, and consider

the inhomogeneous equation

(6.2) L -at)r+e,

where differentiation is again taken in the weak sense.
Following Bochner, we will say a function f£(t) satisfying
(6.2) is C'-~bounded if f,-%% € X. We define a norm for

such a function by

(6.3) el = el + WSEN .
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In this section K will be the convex set of solutions

.

to (6.2) with norm |

[|' given in (6.3), and P will be

the property f € K.

Proposition 6.1. The property P is almost automorphic.

Proof. ILet f e K and {t!} € R be given. Choose
{gn}cz {tﬁ} so that f£*, £** of (2.1) and (2.2) exist along
with (A(t)f)* and (A(t)f)**. These exist because A(t)f =
%% — g € X. We must show now that (A(t)f)** = A(t)f**,
for then clearly f** ¢ K. For o ¢ lj(A'(t)), we have

((a(£)r)*, o)

lim (£(t+t,), A'(t+t)o)
n>e

lim (£(t+t,), A*'(t)o) + o(1)
n->e

(£*, Ax'(t)o),

and so

B

((A(6)£)*, ) = 1im (£x(=t_), A*'(t-t,)p)

(£**(t), A'(t)o)

(A(t)r**, o) .

]

For the last equation we need to observe that

[(£x*(t), A'(t)p)] < Mol ,

so that £%* ¢ L(A1)1) = LI(A). Thus (A(L)F)** = A(t)E**

and our proposition is proved.
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Lemma 6.1. If £ e K, [I£(t) — £(s)|l < lIelll* [t = s] .
Proof. We write

t
le(e)-£()? = [ (G £(6)=(s))aw < lISEI IE(E)—£()l] |t—s]

< el fe=-s| e (e)-£(s) |,

and dividing through by ||f(t) — £(s)|| when it is not zero,

we obfain

le(e) — £l < el 1e ~ s]

In what follows, for ¢ ¢/ (A'(t)) we write

wy(ts8) = [(A1(t) — A'(s))e| and M, = sup [|A'(t)o] .
t
Lemma 6.2. If f ¢ K and 9 € JJ(A' (%)), then
[(£1(8) = £1(s), o] < N (wy(ts8) + M lt—s]
+ | (g(t) — g(s), @) .

Thus the modulus of uniform continuity of (%%, ) depends

only on |||£]||* .

Proof. We have

[(£r(t)—L'(s), @) | = [(A(L)L(t)-A(s)E(s), @) + (&(t)-e(s), )]
= [(A(£)E(5)-A(s)L(t), o) + (A(s)E(t)-A(s)f(s), @)
+ (g(t)-8(s), ®)]
< NE@IN wy(t58) + HlILllY e-siM, + [((g(t) — &(s)), ®) [,
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using Lemma 6.1 for the middle summand in the last inequality.
Replacing ||f(t)|| by the possibly larger quantity |||£][]®

our lemma obtains.

lemma 6.3. Let A be a closed densely defined operator

on H and let {fn}‘ be a sequence of elements in Jﬁ(A) con—

verging weakly to f. If the sequence {Afn} is bounded,

then £ ¢ J(a) and 1im Af_ = af.
- T D
Proof. For o ¢ LJ(&') (which is dense), we have

1lim (Afn, m) lim (fn, A'm)
n->w n->o

(f: A'm) .

Since {Afn} is bounded,(Afn, §) converges for all § e H.
Also f € Jy(A), which follows from the fact that

(£, Ale)]| = lim [(Af,, o)] < sup [IAf ]| floll < = .
n-e

Thus f € dj(A" = A) and our lemma is proved.

Theorem 6.1. Suppose that the set K of C'—bounded

solutions to (6.2) is nonempty. Then there exists at

least one element £(t) € K of minimum |||+ ]l|]' norm.

Proof. Set w = inf[l|f]||', and let {f } € K be a
sequence of elements g&ﬁL that 1im HlntH' = w. By
Lemmas 6.1 and 6.2 the modulus g;wstrong and weak uniform
continuity for fn and dfn/dt, respectively, depends only

on [J|£ l]|'. Thus, in the manner of Sec. 2 we may select a



—14—

subsequence {f } such that fét)->f(t) and af, /dt > df/at
Ny k k
for each t. Clearly f(t), df/dt are weakly uniformly

continuous, and since

arf

At), = —F_g(t),
k dt

the sequence {A(t)fnk} is bounded. By Lemma 5.3, A(t)f, - A(t)f
K
weakly and

L -a) +g s

so that £ e K. Obviously [|[f]||' < w, and since w is a

minimum, |[|£]]|* = w,;which proves our theorem.

7. APPLICATIONS

In this section we apply the results of Secs. 2 —~ 6
to establish the existence of solutions to (6.2) possessing
properties in the direction of almost automorphy. We will
assume throughout the present section that condition (iii)
of Sec. 6 holds for the translated operators A*(t), A'*(t).
If we let V be the linear subspace of solutions to the
homogeneous equation (6.1), then V plays the role of the
subspace V of Sec. 5. For if fl, f2 € K, then fl — f2 eV,
and if fl(O) = f2(0), then f; = f,. Similarly, if ff(o) = fg(o),
then ff = £%. With a further assumption of separability,
we can state the followlng result.
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Theorem 7.1. Suppose the set K of solutions to (6.2)
|+

exists a solution f(t) to (6.2) and a fixed sequence {tn}

I|* norm. Then there

is nonempty and separable in the |

such that if we denote

1im 1im h(t + t, — t.) = n(t)
m>e n-e

by Bn, when that limit exists (weakly), then

BE** = f

holds.

Proof. Let Ko be the convex set of elements K of
minimum [[|«|{|' norm. K, 1s nonempty by Theorem 6.1.

Select an fo € KO’ and write any element £ ¢ K0 as
f(t) = fo(t) + ho(t) »

where h (t) satisfies (6.1). Let f(n)(t) = £5(t) + hén)(t)
run through a dense subset of Ko. By Lemma 5.1 we can

select a sequence {t_} such that
1
I e <E, m=1, .y n .
Clearly
1im o™ (£ ) = o
tm Ing™" (s ) s

and since {f(n)} is a dense set,



(7.1) Lim g ()l = 0

for any f € Ky, £ = £y + hy. Equation (7.1), in the light
of the uniqueness assumption made at the start of this
section, implies that already

lim h (t +t ) = O
o> 0 n

weakly for all t. Otherwise there would exist for some t
a nonzero element in the closure of the set {ho(t+tn)},
contradicting the fact that h*(0) = O for any refinement
of the sequence {tn}. Assume {tn} has been refined so

that Bfo exists, and let Bfo = f. Then for any f** = fL + hg* s

B

Bf** = B(f5 + hg*)

since Bha* = 0.
As an extension of results of Favard, Bochner, and

others, we can state the following theorem.

Theorem 7.2. Suppose any of the following conditions

hold:
(a) The C'—bounded solutions to (6.1) are weakly

almost automorphic.

(b) Any C'-bounded solution to (6.1) which is not

identically zero remains bounded in norm away from O.

(¢) To any C'—bounded solution ho(t) of (6.1) which

is not identically zero, there corresponds an € > O such

that
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(] o)l < ¢ 3

is not relatively dense.

(d) There are no C'-bounded solutions to (6.1).

Then if a C'—bounded solution to (6.2) exists, any

C'—bounded solution f to (6.2) may be written £(t) =

fo(t) + ho(t), where fo(t) is weakly almost automorphic

and ho(t) satisfies (6.1) and is C'—bounded.

Proof. If there exists a C'-bounded solution to (6.2),

let fo(t) be one of minimum |||+ |||’ norm guaranteed by
Theorem 6.1. We claim in each of the cases (a) — (d)
above that fo(t) is unique and hence weakly almost auto—
morphic by Proposition 3.1. The difference of two such
solutions fo(t) —-fl(t) is a C'—bounded solution to (6.1),

and by Lemma 5.1, the set
{t] Ieg(e) — £.(8)1l < €3

must be relatively dense for each ¢ > 0. This is impossible

in cases (a) — (c¢), while in (d), fo— T O since O is

1
the only C'—bounded solution to (6.1).

Theorem 7.3. We suppose that conditions (i) — (iii)

of Sec. 6 hold for the translated operators A*(t), A*(t)!'.

The function g(t) of equation (6.2) 1s now required to be

weakly almost periodic. Then if for each operator A*(t) at

least one of the conditions (a) — (d) of Theorem 7.2 holds,

the existence of a C'—bounded solution to (6.2) implies the

existence of a weakly almost perilodic solution to (6.2).
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Proof. If f is a C'-bounded solution to (6.2), then
f* is a C'-bounded solution to the translated equation

(6.2%), where A*(t) and g*(t) are substituted for A(t)

|| norm of

and g(t) in (6.2). If £(t) has minimum |
the solutions to (6.2), then we claim £* has minimum norm
of the solutions to (6.2). For if a solution £* to (6.2%)

l|' norm strictly less than [[|£*]||, and

exists with ||
hence than [|[f]||', we can obtailn from f¥ a solution f; to
(6.2) with [l|£4[]I' < HI£]ll' merely by translating (6.2%)
back to (6.2). This last statement contradicts the assump—
tion that f was chosen to minimize [[{f]|['. Both £(t) and
£*(t) are weakly almost automorphic. This 1s because the
nontrivial solutions to the homogeneous equations assoclated
with (6.2) and (6.2%) satisfy at least one of the conditions
(2) — (d), and hence Theorem 7.2 applies. Applying Theorem
2.1 now gives us the desired result that f(t) is weakly

almost periodic.

8. REMARKS

If we denote the mapping £ - f#** by Cf, then the
condition that f be almost automorphic is Cf = f. If we
say £ is almost automorphic of degree 2 when Cgf = Cf,
i1t is quite possible that Theorem 7.1 could be strengthened
in certain cases to assert the existence of almost automorphic
solutions of degree two. If this i1s so, then an analysis of
such functions corresponding to [6] for almost automorphic

functions would be of interest.
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