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PREFACE

One of Project RAND's activities is the gaming of
complex group decision—making situations in order to learn
how groups come to a rational consensus. This Memorandum
proposes an axiom of rationality for a particular group
decision—making situation and investigates the consequences
of this axiom. The main finding is that group consensus

procedures obeying this axiom may lead to dictatorship.
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SUMMARY

Suppose that a group of individuals, each of whom is
a Bayesian, is required to make a joint decision, and that
although the individuals all agree on the utility function
for the problem, they disagree on the prior distribution
of the relevant states of nature. An axiom of group ration—
ality is introduced—mnamely, that to an outsider the decisions
of the group appear 1ike-the decision of a Bayesian—
and its implications are explored when the group decision—

making procedure either can or cannot be amended.
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EXTERNALLY BAYESIAN GROUPS

1. _EXTERNALLY BAYESIAN GROUPS

Suppose that a group of n individuals is required to
make a joint decision, and that although the individuals
all agree on the utility function for the problem, they
disagree on the prior distribution of the relevant states
of nature. To introduce some notation, let 6 denote the
state of nature, A the sAet of actions, with Ae@ denoting
an action, u(A,0) the utility of action A when 8 is the
state of nature, and pg(e) the prior probability density
function of 8 with respect to some measure w(g8) for the
i—th member of the group, i =1, ..., n.

Suppose further that each individual is a Bayesian, so
that after observing a random variable X from a probability
distribution with parameter 9§, he redetermines his prob—
ability density function of §, using Bayes' theorem. Let
all the individuals agree that £(x[8) is the probability
density function of x, given 6. Then pi(e), the probability
density function of p after X = x has been observed, is given

by

) f(xle)pg(e)
Pi<e)

Jeeel9)p2 () du (o)

let AE maximize EEu(A,e), where

E;a(A,0) = [ u(A,8)ps(0)du(s)



for i =1, ..., n, t =0, 1.
Let A" be the group decision at time t, and suppose
that there exists a prior density function nt(e) such that

AY maximizes Etu(A,e), where

EYa(A,8) = [ u(A,8) mo(8)du(e)

There may in fact be many densities nt(a) for which Af
maximizes Etu(A,e).

Let t =] be any two points in time. Suppose that

OJ
in the time interval (to, tl) the random variable X has been

independently observed n times, as Xqys --05 X
n

Let fn(x(e) = I f(x;[:). We will say that the group is
i=1

externally Bayesian if, for every ty: 15 T and observations

n

Xq 5 ., xn,there exists a pair of probability densities
%o 1 o 1 o
m (3), m “(8) for which A “(8), A ~(9) maximize E ~ u(A.8),

t
E 1 u(A,8), respectively and which satisfy
o
ty £ x19)m (o)
(8) =

T

b

t
P £ xlen Q(e)du(e)

€
i.e., for which m 1(9) is also the result of applying Bayes

!
o
theorem to m = (8).
Clearly there exist group decision rules such that the
group is externally Bayesian, since in a dictatorship where

the i—th individual's decision is the group's decision, we

have At = A;

and 7"(8) = py ().
If there is unanimity among indivuduals in the pg(e)

or in the AE, then we assume that in this case the group
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decision i1s the common AE- We shall exclude this situation
from consideration in the following.

Now consider a sequence of three group decisions,

o 1 ,f2

A7, A, A On the surface all we can infer from the

statement that the group is externally Bayesian is that
t

(o
there exist four prior densities = 0(6), m 1(6), T 1(6),
t t
2

—

“2 o 0
and m “(0) such that: (1) A~ maximizes E “u(A,8), A
t t
maximizes E zu(A,e): and A 1 maximizes both

t
E Luca,e)

I

£
[ s )m L(e)die)

and .

~

E lu(A,e)

It

1
[u(A8)m “(8)du(e) ;

e
and (2) 1(e) is the result of applying Bayes' theorem to
t

m O(e) and,ntz(e) is the result of applying Bayes' theorem
to Ftl(e). But this is not enough to capture the spirit of
the externally Bayesian assumption, namely, that any sequence
of group decisions can be come to by some individual who is
a Bayesian, who starts with a particular prior density, and
who observes the sequence of x's observed by the group.

We shall now show that the above definition of "external

' involving only two decisions, implies that,for

Bayesian,'
any sequence of data and decisions, there is a sequence of
prior densities such that the t—th decision is optimal for
the t—th density and that the (t+l)—st density is obtainable
from the t—th density by Bayes' theorem, for all t. Since
only the details, and not the method of proof, change from

the three—time—period case to the t—time—period case, we

present the proof only for the three—time—period case.
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Moreover, we present the proof only for the case in which

there is only one observation on X in (toj tl) and in (tl, tz).

For ease of notation we replace =) by O, tl by 1, and tsy by 2.
Theorem. Let
£(x,[9)m(8)
~-2(e = 2
[ £y e)mt(8)du(e)
and let the group be externally Bavesian. Suppose X, is
observed at time €, t = .1, 2, and that the x, are inde—

t
pendent.- Then there exists a no(e) such that

£y [0)n° ()
[ £Geq o (e)du(a)

11(9) =
Proof. Suppose there exists no such no(g). Then for
any-n0<8)

£(xy10)n7 (0) £(xp 1) £ (g [9)7 (8)
) f(x2|e>n1(e)du(e) ' I f(x2|9>f(xlle)n0(e)du(e)

ﬂz(e) =

Now redefine time intervals so that decisions are only made
at time 0 and at time 2, at the latter time with data x = (Xl’x2>'
But by the external Bayesian assumption, as this is only a

two—time-period problem, there must exist a ﬁo(o) such that

) ) fZ(XIB)TTO(F})
17(9) = 0
f fz(xl e)r (8)du(n)
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But fz(xle) = f(xl[e)f(xzfe), by independence of the x's.

This contradiction establishes the proof.

2. GROUPS WITH FIXED CONSTITUTIONS

Let ¢ denote the process whereby the group comes to a
decision, and suppose that ¢ depends on t only through the
dependence of the individuals' prior probability densities
on t, i.e., the nature of the decision process is time

independent. Thus we write

A% = o(LAT, (pi(9)))
One heuristic way of describing this assumption is to think
of the group of individuals as being bound by a fixed
constitutional procedure in coming to a group decision,
and that this immutable constitutional procedure p calls
only for the individuals' current prior probability density
functions of § {pz(e)} and their current suggested actiomns
(aly.

What we shall do in this section is examine four group—
decision rules discussed in the literature on the subject,
and show by example that when there is a fixed constitution,
these rules either will not lead to externally Bayesian
groups or, if they do, they may of necessity lead to dic—
tatorship. In the next section we shall consider the case
of an amendable constitution and show that there is only
one externally Bayesian group—decision rule, and that

given certain conditions, this rule will lead to a dictatorship.



RULE 1 (the opinion pool): This rule, due to Stone

[6], takes nt(e) = IZl Ay pti:(e), where Ay o2 0 and = Ny = 1,
and A is the actio;=éhich maximizes Etu(Ade) forl:iis nt(e).
Note that although no(e) and-nl(e) so defined need not satisfy
(1), there may still be other group prior proBability densities

for which the AY are also optimal and which satisfy (1).

RULE 2 (compromise): We assume that @ is a convex set

n
and that the group chooses At = 2 viAE, where vy 2 0 and

n i=1
> ov; = 1.
i=1 *
Suppose § can take on only two values, 0 and By and
let u(A,8) = —(A — 8)2- Then maximizing Egu(A,e) is equiv—

alent to minimizing
t 2 t 2
Pi(A“ 91) + (1 — Pi)(A‘— 92) P

where pE = pE(el). This is accomplished by taking

t _ _t I R
. : t t t
i.e., A = EJ6, the expected value of § under pi(e).

Since the distribution of § is a two—point distribution,

it is completely determined by its mean. Thus if 55 = Eze s



then

-t
6, — 8B
. i 2

LT e,

For this problem, then, there is a one—to—one correspondence
between decision and prior distribution, so that ﬁt(e) is

unique.

In the compromise situation, then,

-t
t n v.8, — 8
m (el) =t = 3 _i_l:___z
i=1 91 7 &
and
£ £ t o t
AT =meq + (L —m )92 = ii vi8s -
Note that
n
£ _ £
T= Z\)ipi’
i=1

so that for group—decision problems with two-point distribu—
tions and this utility function, compromise and the opinion
pool are equivalent.
Now
1_ 21

eipeLE]

=
I

ViPy

11
f(xleq) = >
Vig [£(xloy) — f(xlez)]pg + £(x{8,)

]



and

£(xoy)m”

£xlo om0 + £(x[8,) (1 ~ n°)

& 0
£(x181)4%) v4Pq

| TEGelop) - £Gelap)] 2 vgpy + £xloy)
l:

Thus the group is externally Bayesian if and only if

0
n n V.P.s
1 i=1 i=1 ap; + £(x]e,)

0
where A = f(xlel) - f(Xlaz). Let a; = Ap; + f(xfez). Then

this equation is

0

n n Vjpj

Py Zoviagl 2 g
1t i=1 i=1 %

Let n = 2. Then this is equivalent to

0 0\ 0
0 0 0 Py P P
vi(Pp = Pp) Py = Ivy(ay = ay) + aZ][Vl<a_l S

s
<
o
I

i

2] 4y
¥ P

_ _ 12 0

= vilay — ay) <a1 a2> + Py




or
0 0
1 2 1'\71 2 al a2
0 0
a,p a;p
LT
Then
0 0
a,p; . a;p
pg + pg g ! i : asa,( + O) - a2 O _ a2 0
_ 1 2 94192'P1 T Py 2P 1P2
V1 0 0 =
P Py (a1— ay)(ayp] — 21P))
(a; —ap) a7~ 32
1 2
0 2.0 2.0
a1a,(py + py) — agpy — arp,

=1
Thus only a dictatorship is extermnally Bayesian in either
the compromise or opinion pool for a group of size 2 for this

problem.

To show that this is true for an n—person group, we

proceed by induction, noting that

t
1  v.,p.
n t _ 171 . t
s ViPi T jil 1= v, (L= vp) + Py
i=1

so that if dictatorship is the only externally Bayesian pro—

cedure for the (mw1) person group, then some v., i =1, ..., o1,



must equal 1 — v and we are left with a 2—person group,

in which again only a dictatorship is externally Bayesian.

RULE 3 (group mipimax): Savage [5, Chapt. 10] suggests

that the group choose the decision A which minimizes

_max Eiu(Ai,e) - Eiu(A,e),
i=1,...,n

where Eiu(Ai,e) - Eiu(A,e) is the expected ''regret"

associated with A for individual i. Since in our example

_ _ 2
+ (1= py)Ipyeq + (I7py)e, — 5,17
i/ tPi%1 Pi/¥ — 92
= p, (1 - p)(8; — 87
i i 1 2 g
we see that the expected regret for individual i associated

with A is

p; (A~ 61)2 + (1 - py)(A- 92)2 —py (1~ py) (8 ~ 92)2 )

Il

Thus the group minimax procedure for n 2 chooses A

which minimizes

— 2Apy(81 T 8,) — Zpl(eg 840, p%(e1 - 92)2 + (A = 92)2
= R(A, Pl)

~ 24 - - 2 _ 2,0 — 4 32 2
p,(87 ~ 8,) = 2p,(65 ~ 078,) +p5(8y T 8,07 + (A~ 6y)

= R(4, py)

max <




Let 8, > 9, and Py > Pye Then R(A’pl) > R(A,pz) for given
A if and only if

- 2 ~ _ 20 -
2py (8, = A) + p(8y ~ 85) > 2py(8, = A) + p5(8y ~ 8,)
This is 'so if and only if

(pq +p,y) _ _
A<, + (87 = 0y —-l—z ASE pe; + (1 — ple, ,

where p = (pl + p2)/2.
Now R(A,pi) is minimized by A; = p;6; + (1 - pi)ez,

and since

Pydy t (L= pyle, < poy T (1= p)s, < pyog + (1 = pypleg
we see that the maximum expected regret is minimized by

A =ps; + (1= Dpo, ,

corresponding to an opinion pool with weights vy = 1/2.

Thus  the group minimax rule is not externally Bayesian.

RULE 4 (pari—mutuel method): Eisenberg and Gale [2]

have suggested a method of obtaining a consensus of sub—
jective probabilities, but they begin with an assumption
about each individual's behavior which is different from our
assumption that each individual will make the decision that

maximizes his expected utility. They assume that each



individual maximizes his expected utility, subject to the
constraint that the actual group expected utility function

will be

J uase)m(e)du(s)

Thus if n(8) were announced before decision—making, the
individuals' decisions would be affected, and the i—th
individual would choose whatever A was optimal for the 8
for which pi(e)/n(e) is greatest. For this procedure,
then, each individual's announced decision is not one that
he thinks is best for the group, but rather one which may
influence the group consensus to coincide with what he
thinks is best for the group.

As pointed out in [2], this consensus procedure has

the property that when n = 2, when the distribution of ¢

is a two—point distribution, and when u(A,p) = GAe (i.e.,

1 if A =5 and 0 otherwise), if py(87) = py(8,) = 1/2. then
regardless of what pz(el) is, we have n(el) = ﬂ(92)= 1/2.
Now let pg(el) =a + 1/2, pg(el) = 1/2, and let f(xlel)
[(1=e)/alf(x]8,). Then py(8;) = 1/2, and so n°(s;)

= ﬂl(el) = 1/2; yet

Il
il

£(x[o1)m0(87)

0 ) =l-0o-
f(xlel)ﬂ (61) + f(xlez)ﬂ (62)

Thus this consensus procedure is not externally Bayesian.



3. _GROUPS WITH AMENDABIE CONSTITUTIONS

Though each member of the group has the same utility
function u(A,8), each member has at time t a different
expected utility function: EEu(A,e) = uE(A), say. Thus
our group decision—making problem is the same as the group
decisionmaking problem with different utility functions
among the individuals. Using the device of Luce and Raiffa
[4, p. 343] of associating '"individuals' with ''states of

'"" the group decision—making problem corresponds

nature,
with the problem of finding a principle for decision—making
under uncertainty. Let us impose the three conditions on

a preference—ordering among actions given by Blackwell and
Girshick [1, p. 116], namely: (Ll) independence of irrelevant
alternatives, (Lz) Pareto optimality, and (L3) positive
association of individual values. Then by Theorem 4.4.1 of
[1], it follows that in our situation either all acts are
indifferent or there is a probability distribution {Xi} on

the individuals such that A1 is preferred to A2 whenever

o t o t
Z xiui(Al) > 2 xiui(AZ); i.e., whenever
i=1 i=1

n n
[ u(ag.8) iilxipz(wdu(e) > [ u(Ay,0) iilxip:E(e)du(e)

These conditions thus imply the existence of an opinion
pool which, insofar as it is capable of doing so, mimics

the group's preference—ordering of actions.



n n
) t a t

Note that if iilxiui(Al) = iilxiui(AZ), then the
opinion pool whose existence is implied by the above three
conditions gives us no information about the group preference
between Ay and A2. The group need not be indifferent between
Aq and AZ' Thus this opinion pool only induces a partial
order among n—vectors [ul(A), e, un(A)] = u(A).

If in addition one assumes (La) linearity and (LS)
continuity (i.e., if u(Ak) is preferred or indifferent
to u(B) for all k, and lim_u.(Ak) = u,(A) for all i, then

kow T i
u(A) is preferred or indifferent to u(B)), then one can
n n
. t B t

conclude [1, p. 120] that if iilxiui(Al) = iilxiui(Az),
then moreover Al is indifferent to A2.

Now the opinion pool implied by these five conditions
induces a chain order among n—vectors [ul(A), e, un(A)] = u(A),
so that the vector space of u(A)'s is an ordered vector space

[3]. By Theorem 5.6 of [3], there exists a basis for this

space such that relative to this basis the ordering of acts

is lexicographic. Since a change of basis is a linear trans—
formation, this implies that there are n n—vectors, {bll’ c e, bln]
= by, -, [bnl’ C bnn] = b_, such that A is preferred

to A, if blu'(Al) > blu'(Az)J or blu'(Al) = blu'(AZ) and

bzu'(Al) > bzu'(AZ), or ... or biu'(Al) = biu'(AZ), i=1, ..., n1,
and bnu'(A]) = bnu'(Az). We can think of these vectors

bl’ RN bn as vectors of weights (not necessarily nonnegative),
such that the preference—ordering of actions is determined

by a serial dictatorship of groups of people compromising

with weights given by the b vectors.



If instead of L, and Lg one adds to Ly, L,, Ly 4 dif-
ferent condition on the preference—ordering among actions,
namely, that order—equivalent arrays (arrays in which any
column is changed by a strictly monotonic trans formation)
induce identical orderings, then one can show (as pointed
out in [4]) that only a lexicographical ordering is possible.
This implies that the group choice is determined by a serial
dictatorship.

We have seen earlier that in case the group constitution
is not amendable, then an externally Bayesian opinion pool
may lead to dictatorship, i.e., some Ny T 0 for j + i.

If we were to relax our rule as to how the group comes
to a decision by allowing the constitution to be "amended"
at every t, so that at each time t the weights x; are allowed
to change, then one can always find a sequence of weights

t

Ay such that the group is externally Bayesian, as follows.

Take

- xz_l f f(xle)pti:_l(e)did(e)
MT o
P

EAN £x]8)pS T (0)du (o)
J

Then



3

t t_t
mo(8) = I ap;(8)

T 9P (AR (e)

'—l-
nMginMg
=

-t

TP Eele)pl () due)

(SN

25 HEGxlo)pf t(e)

i=1

n — —
| £(xle) ,lejt BT @A)
J:

) f(Xle)nt_lﬁe)
f £(x8)m " T(e)du(e)

Conversely, letting mg(x) = | f(x{e)pg(e)de, the

external Bayes axiom says that

n
N .§1X§P§(9)
s APy /mb(x) = 12
=1 4 J J 2ot t
J 2 xm.(x)
j=1JJ



t+1
Let by the n—vector of x§+1's, pt be the n—vector

of pg(e)'s, n® be the m—vector of mg(x)'s, and xt+1/mt

t

be the n—vector of xj+1/m§(x)'s. This can be rewritten

as

<Xt+l>' St ( t:' t

t £ty ! t
m (") m

This must hold for all pt, and this implies that

<xt+1>= XIt ,
ot 0.5 mt

xt+l _ Aam, (%)

J Dot ¢
Zoa.ms(x)

j=1 J ]

We see then that this is the only opinion-pool amendment
procedure which is externally Bayesian. Since the opinion
pool is the only rule which satisfies conditions L, — L5,
this amendment procedure is the only rule which satisfies

Ly = Lg and the external Bayesian condition.
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