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PREFACE

A problem in analyzing the detection performance of radars in the
presence of noise and clutter is thé treatment of cases where the
signal processing is designed to be optimal for a given physical
situation, but where the.actual situation may differ from that for
which optimal performance would be obtained. This Memorandum presents
an analytically convenient framework for analysis of radar performance
in a broad range of applications for physically realistic situations
where it may not be practical to implement a truly optimal signal
processing recelver.

The study was undertaken as part of RAND's continuing program of
research in the theory of radar signal processing. It should be use-

ful in facilitating performance analyses of detection radars in many

realistic situations.






SUMMARY

The analysis of radar detection probability inm the presence of
unknown parameters, given by Kelly, Reed, and Root for maximum-
likelihood detection procedures, is extended in this Memorandum to
cases where the detection procedures still belong to the class of
maximum-likelihood procedures but the actual waveform, or noise
covariance, or both, may differ from those for which the detection
procedure would be maximum likelihood.

The analysis covers detection procedures ranging from fully
coherent, through partially coherent, to pulse-to-pulse incoherent
cases. These cases are distinguished by changing the list of para-
meters treated as unknown by the detection procedure. The resulting
formulas for the characteristic function of the detection test
variable lead to probability distributipn functions which are in-
complete Toronto functions or generalizations of them; this is
convenient for performance analysis since these functions have been
extensively studied.

The analysis is further extended to the case of signals having
fluctuating amplitudes and phases, for cases ranging from pulse-to-
pulse fluctuations, through partially correlated fluctuations, to the
case of complete correlation for the duration of the received waveform
on a single scan.

In the case of partially correlated fluctuations ct amplitude
and phase, the situation is considered where such fluctuations impose
the l1imit on the amount of coherent integration which can be accom-

plished. The analysis is brought within the Kelly, Reed, Root
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framework by modifying the maximum-likelihood procedure to take
account of a-priori knowledge of the correlation properties of the
signal amplitude and phase fluctuations, so that the resulting
detection procedure becomes a maximum a-posteriori procedure.

A classification of special cases is given with attention
focused on the question cf when it is still true (as in the case
considered by Kelly, Reed, and Root) that the detection probability
is given by an incomplete Toronto function, and when generalizations
of these must be used. Also, a classification is given of the
appropriate definition of "signal-to-noise ratio" for various
special cases.

The choice of appropriate analytical model to apply in various

practical situations and other aspects of the methodology for apply-

ing the results are discussed.
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1, INTRODUCTION

Kelly, Reed, and Root(l) analyzed the detection of radar echoes
in noise in the case where the radar signal depends on a set of un-
known parameters. They also gave formulas for the accuracy of esti-
mating the unknéwn parameters.

The detection procedure postulated by them can be called a
maximm-~likelihoed precedure, 'involving the following steps:

a. Estimating the unknown parameters by maiimizing the

likelihood function with respect to these parameters.

b. Subjecting the likelihood ratie thus maximized with respect

to the parameters to a threshold test.

This procedure, while deacribed by Kelly, Reed, and Root in
mathematical terms, is in many cases equivalent to and can be imple-
mented by more familiar procedures such as matched (or correlation)
filters, prewhitening followed by matched filters, etc.* A further
discussion of the manner in which the detection procedures postulated
by Kelly, Reed, and Root, and the extensions of these procedures
investigated in this paper, are related to models of the physical
processes which actually occur in typical radars, will be presented
in Section V.

One of the most striking results obtained by Kelly, Reed, and
Root, and one of the most useful for performance analysis, is their
formula for probability of detection, i.e., for the probability that
the test variable resulting from their test procedure exceeds a given
threshold. This formula has two useful features:

As pointed vcut by Kelly, Reed, and Root, the resulting procedure

is not necessarily optimum in the Neyman-Prarson sensc, al thongh theve
are cases where i+ is.
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a. It depends only on the threshold level, the number of unknown
parameters, and a single other parameter which can be inter-
preted as a aisnal-to-noisé ratio.

b. The detection probability is an incomplete Toronto function;(z)
that is, the detection probability formula is identical in
form to the probability of detection of the sum of N samples
from a square-law detector analyzed by Marcun-(z) The speci-
fic intexpretations of the parameters occurring in the
incomplete Toronto function differ, of course.

This is useful for purposes of performance analysis because the
incomplete Toronto function has been extensively studied and
tabulated.(z) Also, the formulas resulting from 1ntegr$cion of these
functions with respect to fluetuations of the signal-to-noise ratio
have been detarmined in many ca:es,(z) and this facilitates the ex-

tension of the Kelly, Read, Root formulas to fluctuating signals, as

will be seen below.

However, the Kelly, Reed, Root analysis suffers from the draw-
back that it applies only to cases where the postulated detecticn
procedure is actually a maximum-likelihood one; that is, where the
actual noise statistics and the actual signal waveform against which
the detectioﬁ test is operating are those for which this test is in
fact a maximum-likelihood test.

In most practical situations, there will inevitably be a degree
of what we will call mismatching between the detection procedure and

the waveform, the noise statistics, or both; i.e., the actual



received signal waveform and noise autocovariance will in general
differ from those for which the detection procedure would be maximum
likelihood. This may arise because it is too complicated to implement
a true "optimum" filter (in the presence of clutter, for example);

or because the clutter plus thermal noise spectrum changes, i.e.,
because there is no single noise spectrum, as is true in most
practical cases; or for many other reasomns.

One of the two main purposes of this Memorandum is to extend the
Kelly, Reed, Root analysis to the case of mismatched detection pro-
cedures, defined as those which belong to the general class of maximum-
likelihood procedures but for cases where the actual received wave-
form, noise autocovariance, or both, differ from those for which the
procedure would be maximum likelihood.

Section II 18 devoted to an extensive analysis of such mis-
matched detection procedures. The characteristic function of the
probability density function of the test variable is derived 1in the
general case. We find that the detection probability no longer
necessarily has the form of an incomplete Toronto function; however,
there are a number of special cases, important for performance analysis,
where the detection probability still is given by an incomplete Toronto
functioh. Moreover, in the general case, the characteristic function
can be regarded as a generalization of that for a Toronto function
(more precisely, for the corresponding density function), and can be

used to determine moments for use in series expansions.



MATCHED VERSUS MISMATCHED DETECTION PROCEDURES

We will use the terms ''matched" and ''mismatched" procedures in
a way which differs somewhat from the usage often employed with
respect to filters. We will say a detection procedure is mismatched
if it belongs to the class of maximum-likelihood procedures but if
either the received signal wavefbnn, or the noise autocovariance, Or
both, differ from those for which the procedure would be maximum
likelihood. In general, we will speak of procedures which are
waveform mismatchéd, or noise mismatched, or both; the case in which
both are mismatched will be spoken of as the fully mismatched case
(or the general case). (This differs from the commonly employed
usage where a “matched" filter means one which is matched to a
signal waveform and white noise.) wé will also distiﬁguish between

two types of waveform mismatching, as described immediately below.

KNOWN VERSUS UNKNOWN PARAMETERS

Because we will be analyzing mismatched cases, it is necessary
to distinguish between parameters which are “regarded' as unknown by
the detection procedure, and those which are really unknown in a
particular case.

If the detection procedure is based on an assumed received
signal of the (noise-free) form f£(t, s s an), and 1f the likeli-
hood function is maximized with respect to these parameters
%> c o appearing in the argument of f, the procedure will be

said to regard the parameters Wps s X as unknown.



In actual cases, the set of parameters regarded as unknown
may be either a subset or a superset of those which are really
unknown; this leads to our distinction between waveform mismatching
of type I and type II.

We will say that waveform mismatching of type I occurs when the
actual received signal waveform (free of additive noise) is not a
member of the family f£(t, Ay v ah) generated by the possible
values of the parameters Oy coes A treated as unknown by the detec-
tion procedure.

In some ceses, the true signal waveform may have a somewhat
different functional dependence on the same set of unknown parameters,
e.8., éf the fomm fo(t, ¥y cees an) where f £ £.

In general, suppose that the actual received waveform is of the
form fe(t, Qys =eer G Bl, veeg Bn’ .+e) where Bl' ceey Bm, ce. are
additional parameters. One way for waveform mismatching to occur is
for the detection procedure to treat the parameters Bi as 1f they

were known, even though they are not, i.e.,

i

y een) (1)

£(t, ’-Yl: LRI CYn) = fo(t, Q'l» ooy X s Blt

where Bi are some fixed assumed values.

Cases involving fixed gates or resolution cells afford examples

of this, as discussed in Section V. 1If the assumed values Si do
not happen to coincide with the true values, this affords an example

of the case where the parameters treated as unknown by the detecticn

procedure are a subset of those which are actually unknown.



On the other hand, waveform mismatching of type I1 is sal

d to

occur when:

the detection procedure is based on an ascsumed functiovnal

dependence f(t, Ay s gn), with the likeliheod function

maximized with respect to all of the arguments oy, - --» 2

the true waveform actually is a member of the assumed

family; but

the values of some of the parameters o, are really known

although the detection procedure fails to make use of this

knowledge.

Examples of this type are given by cases involving pulsed waveforms,

where the detection procedures are pulse-to-pulse incoherent even

though it would be possible to implement a coherent detection pro-

cedure.

Such examples are analyzed in Section IIL.

In practice, it is possible to have both types of waveform

mismatching present simultaneously.

COHERENT VERSUS NONCOHERENT DETECTION

As used here, the term 'coherent" has no implication that

initial RF phase is known a-priori, in contradistinction to some

authors'

use of the term. Actually, we assume only that the internal

phase structure of the received waveform is known up to a finite set

of parameters.

The degree of coherence is a function of the set of unknown

parameters. We will discuss cases ranging from pulse~to-pulse

incoherent procedures, through partially ccherent procedures, to

fully coherent procedurcs. However, in our usage, "fully coherent”



means only that the internal phase structure of the signal over its
whole duration is known and made use of, not necessarily that initial
RF phase is known a-priori.

Section I11 extends the formulas derived in Section I1 to two

fluctuating signal cases:

a. The case of "slow fluctuations,'" where no unknown fluctuation
of signal amplitude or phase occurs within the duration of
the entire signal waveform.

b. The case of pulse-to-pulse incoherent detection procedures,
where the signal fluctuation statistics can be arbitrary,
subject to the assumption that no fluctuation of amplitude
or phase occurs within a single pulse. (The analysis of
this case leads to results which are already well known.)

Section IV is devoted to the second mainipurpose of this

Memorandum: the treatment of detection procedures which make optimum
(or near-coptimum) use of a-priori statistical knowledge concerning

the unknown parameters, and the treatment of partially correlated
signal amplitude and phase fluctuations and partially coherent
detection procedures. These subjects are analyzed in the same section
since they are closely related. We are interested in analyzing cases
of partially coherent detection procedures in which the limits to the
coherent processing are imposed by signal amplitude and phase fluc-
tuations which have varying degrees of correlation throughout the
duration of the signal waveform.

Two objectives of the analysis are:

a. to describe the properties of detection tests specifically

.Here "optimum'' means optimum within the class of maximumelikelihood

or maximum a-pcsteriori procedures, not necessarily optimum in the
Neyman-Pearson sense.



modified to make optimum use of a-priori statistical infor-
mation concerning the signal fluctuationas; and

b. to bring the analysis of such cases within the same analyti-
cally convenient framework described in Section II,
involving incemplete Toronto funetions and their generali-

satioms.

The conventional model of a partially coherent detection pro-
cedure is ome involving a predetection filter whose time constant
may extend over several pulses, followed by an envelope detector
and further post-detection filtering. The resulting probability
distributions are very complicated, although reasonably simple
expressions for the moments are known.(B) Such procedures make
use of a-priori knowledge of the properties of signal fluctuation,
this being reflected in the choice of filter bandwidths.

The detection procedures analyzed in Section IV are of the
general class of maximum-likelihood procedures of Kelly, Reed, and
Root, modified to account for a-priori statistical knowledge
of some of the unknown parameters; a more appropriate term would be
maximum a-posteriori probability procedures. These procedures are
not identical to the conventional predetection filter, detector,
post-detection filter model; yet there are good heuristic reasons for
thinking that the performance curves of these maximum a-posteriori pro-
cedures should approximate those of the conventional partially coherent
model if the filter bandwidths of the latter are optimally chosen.

The extent to which this is true requires further study; if

it is true, it would be very convenient since the lest variable



distributions resulting from the procedures described in Section IV
belong to the class of incomplete Toronto functions and their
generalizations.

Finally, Section V contains a further discussion of the practical
situations in which various forms of mismatching can be expected to
arise, as well as when certain parameters are in effect regarded as
known or unknown in practical cases; a brief discussion of the
methodology of relating detection threshelds to false-alamm rates in
this claas of detection procedures; and mention of some further

problems of interest.
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I1. EXTENSION OF KELLY, REED, ROOT FORMULAS
TO MISMATCHED DETECTION

MISMATCHED PARAMETER ESTIMATION AND DETECTION

Sverling(a) treats the parameter estimation accuracy fonoulas
for cages where the noise is mismatched, and also gives an example
where both noise and waveform are mismatched. While the fully mis-
matched situation is not treated in general, the manner of extending
the given example to a general treatment is obvious.

Swerling(a) also defines a "signal-to-noige ratio" in terms of
the accuracy with which signal amplitude can be estimated. In either
the fully matched case, or the case where only the noise but not the
wvaveform is mismatched, this definition in terms of amplitude esti-
mation accuracy is the same as that appropriate for detection analysis.
However, when the waveform is mismatched, this amplitude accuracy
definition can be (and will be) shown to be different from that
appropriate to the detection problem.

As stated above, the detection probability formula of Kelly,
Reed, and Root for the fully matched case depends only on the detec-
tion threshold, the number of unknown parameters, and a single other
parameter which is the signal-to-noise ratio for the fully matcged
cagse. (Their formula is a valid approximation only in the so-called
strong output signal-to-noise case; it is assumed throughout this
paper that we are dealing with this case, except where otherwise stated.)

In extending the Kelly, Reed, Root formula to mismatched cases,

one can ask the following questions:
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a. In the mismatched case, does detection probability still
depend only on the detection threshold, the number of unknown
parameters, and a single other parameter interpretable as a
(mismatched) signal-to-noise ratio?

b. If the answer to question (a) is yes, does this dependence
gtill have the form of an incomplete Toronto functiom?

c. If the anewers to (a) and (b) are both yes, is the appropriate
signal-to-noise ratio parameter equivalent to that defined by
Swerling(A) in terms of amplitude estimation accuracy?

We find that these questions are answered as follovsz*

Both Waveform and Noise Mismatched

In general, the answer to question (a) is no. TIn the special
case where the only unknown parameters are amplitude and initial RF

phase, the answers to (a) and (b) are yes, but the answer to (c) is no.

Waveform Matched, Noise Mismatched

In general, the answer to (a) is no. If amplitude and initial

RF phase are the only unknown parameters, all three answers are yes.

Waveform Mismatched, Noise Matched

In general, the answers to (a) and (b) are yes, but the answer
to (¢) is no. If the mismatching is of type II omnly, all three

answers are yes.

*
In the fully matched case, the answer to (c) is yes, allowing
for differences of definition described in more detail below.
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(These answers are not nccessarily applicable if signal fluctua-
tions are taken into account; the necessary extensions are discussed
in Sections III and IV.)

NOTATIONS AND DEFINITIONS

The notations and definitions to be followed here are more
. ()
similar to those of Swerling than to those of Kelly, Reed, and
Root,(l) primarily because real waveform notation will be used

throughout. However, there are also some deviations from Swerling's

(4)

notation.

Thus, it is worthwhile to give a precise translation from

Swerling's definitions to these of Kelly, Reed, and Reot. 1f proper

1,4
translations are made, the results of these authors( »4) are con-

sistent.

Swerling denotes the Fourler transform of the real signal wave-

form by F (W, aps -oos o)

. -1
Fw, ags woos 2= E(E ap, ey ) e ® ¢ )

o

-0

He denotes the two-sided noise spectrum (in cases where the noise is

stationary) by G(w):

G = 1 op(-y oM ar (3)



where p(T) is the un-normalized noise autocorrelation function. Kelly,
Reed, and Root use U(w) for the Fourier transform of the real signal
waveform and G(w) for the spectrum of noise in the stationary case;
however, becausge of differences in the precise way these functions

are defined, we would have, for the same real waveform and the same

noise autocorrelation funetion

Kelly, Reed, Root's U(w) = é% [Swerling's J(w)] (4)

[Swerling's G{(w)) (5

¥~

Kelly, Reed, Root's G{w) =

Also, let

a2 = Kelly, Reed, Root's signal-to-noise ratio in the fully

matched case

B = Swerling's signal-to-noisge ratio in the fully matched case.

Then

8 = a’ (6)

In Swerling's notation

2

T, o, .., @)
& 1 nldw (7)

- 11
g=a 2 "2 G(w)

where Oyy eeep @ are the true values,

Also, Kelly, Reed, Root use k to denote the numbaer of unknown
parameters other than signal amplitude and initial RF phase, while
Swerling uses n to denote the number of unknown parameters, including

amplitude and initial phase. Thus
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2 + Kelly, Reed, Root's k = Swerling's u

P
[s2]
e

In terms of Swerling's notation, the probability of detection

as derived by Kelly, Reed, and Root in the fully matched case can be

expressed as

Probability that the maximum-likelihood test variable exceeds

a threshold T

= P(T: B» n)
= e-s 5-%(n-2) j e In-2 (Z\JEC )v%(n-Z) dv
T 2

(9)

where we have also defined the variable of integration as the square

of that used by Kelly, Reed, and Root.

One final notational convention to be used throughout this

Memorandum (and differing from that used by Swerling)(a) concerns the

distinction, where necessary, between the "true”

or "actual"

signal

waveform or noise covariance, and those "assumed" by the detection

procedure, i.e., those for which the detection procedure would be

maximum-likelihood; and between the "true" values of parameters, the

assumed values (if any), and the estimated values.

To get an entirely satisfactory notation is perhaps an inscluble

problem; the following is the most convenient to the author:

Waveform; Noise Statistics

In describing the signa! wavetorm and the noise statist

various functions, vectors, and matrvices will be emploved.

necessary or desirable to Jistinguish the "actual’ from the

ivs,

When

13 1
dssumed,

bt
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the "actual" will be denoted by a subscript zero, while the "assumed"

will not have any special notation,

Thus, for examble, the true form of a vector f with components
}fuj will be denoted f0 with components {fou}. The true form of a
matrix d with elements {dn‘} will be denoted do with elements {doul}.

The fact that subscripts are used to denote vector components
or matrix elements, as well as to denote the '"true" forms of these
vectors or matrices, will cause no ambiguity because the component
or element indice# never take on the value zero.

Thus, a symbol such as Yoo where y has been defined as a vector,
is also a vector. The symbol y, or yu would denote the i-th or u-th
component of the assumed form of y; while Yoi ©F you denotes the i-th

or p-th component of the "actual" y. Similarly, this holds true for matrices.

Parameter Values

The parameter vector 18 o = (al, eresy dn). The vector of the
true parameter values i8 a_ = (o_,, -.-., @ ). Thus, o 18 a vector,
o ol on > ——
not a component of a vector. The vector of estimated values is
A
5 = (&1, ceey an). In some cases, a subset of the parameter vector

components will have a-priori estimated values which are denoted by ;i'

DERIVATION OF MISMATCHED DETECTION PROBABILITY

The class of detection procedures postulated here is equiva-
lent to those of Kelly, Reed, and Root.(l) Our method will differ from
theirs in three respects:

a. Real waveform notation will be used throughout.

b. The results will be derived first by assuming observations

at a finite number N of time points, then going to the limit
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as the observation times become dense in the observation
interval (rather than via Karhunen-Lere expangions).

c. Signal amplitude and initial RF phase will be treated on the
same footing as other a-priori unknown parameters.

Thus, we assume that the received signal in the presence of

additive noigse ig treated by the detection procedure as if it were

s(t) = £(t, o . cyn) + &(t) (10)

1’

where Tl s t s Tz; (Tl' Tz) is the observation interval; (al, ve s an)
are the parameters regarded as unknown; {8(£)j is a Gaussian,
continuous- in- the-mean random process over (Tl' Tz) but otherwise
need satisfy no particular conditions; and f 1s a function which
satisfies the required regularity conditions with respect to the
covariance function of {€(t)}.

The N-dimensional approximation to the logarithm of the likeli-
hood function, formed by assuming the observation times belong to a

finite set of points 't }, w =1, ..., N, all within (T,, T,), is
" 1 2

(except for known additive and multiplicative constants)

N
B - Z TLL” !S(t“) - f(tu. Q’lb R | al'l)‘ (11)
Wy oml

| -
X LS(tU) f(tva Qys =res Q’n)

and the logarithm of the likelihood ratio is



N

(N) _ N
L Q + Lo S() s(e) (12)

L.
vl

Here and in the following, we will make use of the fact, without
always specifically referring to it, that the values of Qpy rees O
which maximize a given funetion V of the parameters and the obser-
vations are the same as those which maximize any other function of
the form avV + b (a > 0)., Also, a threshold detection test on aV + b
has the same performance (relation between false-alarmm and detection
probabilities) as does a threshold teat on V itself. For that matter,
the same statements can be made for any monotonic functions of V.

In Eqs. (11) and (12), (Thu) is a positive definite matrix. 1In

fact, we will assume that

-1
by = % a3

where
_¢w = o, t) (14)
and @(t, 8) is a covariance function in (Tl' Tz). ¢ is the assumed
covariance function of (E(t)j, that is, the function such that the
procedure we are describing would be maximum likelihood if {E€(t);
really had covariance function 9.
Now (in the N-dimensional approximation, and assuming N > n),

(N)

let parameter estimates &1, oy &n be obtained by maximizing Q
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with respect to o, ..., ¥ for the given cbservation values S(t“).
~ ~ (N)

It will be assumed that @ys -es O aTE A statfonary point of L™ 7.

We will suppose that the detection test is formed by inserting

these values of &1,< Pony &n into L(B) and subjecting the result to a

threshold test.

Let
v L1 e s e max L™ e, o, S8, el S(EY]
1 n [a ] 1 n L N
i (15)
Then, the N-th approximstien to the detection test is
V(N) > T (16)

T being a threshold.

Actually, the dctection test will be defined as a threshold test
on V, where

17>
V = lim V(N) 17

the limit being understeod in the sense that the points {tul become
dense in (TI' TZ).
Now, define a matrix d(y) = [diu(a)]' {=1, ..., n;u=1, ...,

N, as follows

- 2f

(Here and in the following, o 18 the vector whose components are
@y 1=1, ..., n.)

Let the vector f(m), with components fu (%), be defined by

fu(nf) = f(tu’ ¥) (19)
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Let L(N) (o, €) be the value of L(N) for any given set of values
o= (al, RN qn) and any given set of errors Eu = S(tu) - f(tu' qo)
vhere o, - (aol, ey don) are the ''true' values of @y eres O

n

Then, taking account Qf the fact that by definition

(N) »
ﬁk——a;m'—f’l -0, allti (20)
1

it is easy to show that through second order in the errors €u
N N ~ -~ ~
1@, 0 =1MG, e - G-a)’ Be) G-a) @D

wvhere the prime symbol indicates a transpose, and B(ao) i8 an xn
matrix defined
B(er ) = [d ()] nTd (@)1 (22)

The N-th order approximation to the detection test is equivalent

to

L™ G o> (23)

It is also easy to show that
1™, &) = 1™ @, 0 + 22 t@) (26)

where f(ao) 1s the column vector whose components are f(tu’ ao) and
€’ {s the transpose of the columm vector whese components are Eu.

Now, it is also well known(a) that to first order in (Bu}
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& - oy = [Bla)] ™ d@) ne (25)

vhers, as usual & {s the vector of estimates and o  1is the vector of
true parameter values.
Combining this, we find that through second order in {ﬂ“},

and neglecting the additive constant L(') (ao. 0)

: (26)
- (£ )] Me)] + L@ )]’ ne + [y’ 1) [viy)]
where y(ao) is an n-component vector defined
via) = [d(a',)] neé (27)

Prom now on we will no longer state in the notation that the
vectors f and vy, and the matrices B and 4, are evaluated at o, but
merely understand this to be true.

Now, to first order, in the strong-signal case, the parameters
a can be redefined im such a way that

£@) = [d (@) (28)
In order to make this true, we may have to redefine the parameters.
Also, it is necessary to assume that signal amplitude is an unknown
parameter, as will always be assumed for detection problems. The
necessary redefinition of parameters consists simply of adding given
constants to them, and involves no nomlinear transformations. This
redefinition will not affect the eventual result. In fact, this is
just an intermediate step; eventually, all of the results will be re-

expressed in terms of the function f ard the original set of parameters.



Then, let the n-~component vector y be defined

y = Bao - d(cvo) M f(ofo)
-Combining Eqs. (26), (28), and (29) we arrive at

v® gy’ Bl oy o+

where V(K) is the N-th order approximation to the detection test

(29)

(30)

vaerisble (neglecting possible additive or multiplicative sconstants).

To recapitulate the notatien:

£ 1s the N-gomponent colusn vector with components f(tu’ ao)

¢ is the N-component column vector with components Bu

d is an n x N matrix with elements

- QL
dm aai (tu! aﬂ)

oy is an n-cemponent vector with components @y 1i=1,

B is an n x n matrix with

B = [d(o,)] n [dle)]’

y is an n-compenent veetor defined by Eq. {29).

Waveform Matched, Noise Mismatched

Suppose that

(31)
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where 60 is the "true'' covariance matrix of the additive errors
[Eu}. (The bar represents ensemble averaging.)

Then

7 /\_U (4, 3=1, ..., n) (32)

vhare

A-dnaond' (33)

(and d 1s evaluated at "o)'

To determine the detection probability, we need to determine the
probability distributien function of the quadratic form given by
Eq. (30), subject to the facts that the random variables y, + vy, are
normally distributed, with means Yy and covariance matrix /\13, and
where the matrix B of the quadratic form may differ from /\.

The probability density functions for this kiﬁd of random vartable
have been determined in the literature; for example, Grenander and
Rnoanblntt(s) give the result for Y " 0. The result for arbitrary
y, can be determined in a straightforward way which is quite analogous
to coupleting the square.

The result will be expressed in terms of the characteriatic
funetion. For non-negative randem variables, we will define this
simply as the Laplace-3tieltjes transform of the probability distri-

bution function. That is, if V is a random variable having probabilicy

+ 1

distribution function H(V), which vanishes for V . 0, then the

characteristic function will be defined
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cp) = | &P anm (34)
-]

The resulting form for C(p) if V is our N-th-order detection

test variable given by Eq. (30), is

c™ () - | (35)

{dot | T+ 2pA8°" |}-

27 -1, M
x exp {- 2Xp + 2p rao B(2pI + BA ) oo S
where
det l ' represents the determinant of a matrix and
L g
Xw 2 % B a =5 £f°n € (36)

However, it would be preferable to represent these results
directly in terms of quadratic forms involving f, rather than in 2
since in this way we can revert to the original definitions of f and
o and dispense with the form given by Eq. (28), although we must still
assume the result to held only in the strong-signal case.

At the ll!; time, we can go to the limit as N — = and the obser-
vation points become dense in the obaervation {nterval (Tl’ TZ)' The

overall result of this can be expressed
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c(p)

-{dft | 1+ 2pAB-1 ] }J!

X exp {- 2Xp + Zsz}

vhere
x-%lmf'ﬂf

N
- ‘} lim \_, T}uv f(tu. oro) t(:v, °’o)
bh , ]

Y=g'(6(p)]s

n
1,3=1

lim(@ 7 f)i' lim ¥

N
= 1im 2 dm(ao) TLV f(tv’ oro)
b, vl

and G(p) 1s an n x n matrix

-1

e = ABL (1 + 2pa8°h !

(37)

(38)

(39)

(40)

(41)



In Bq. (41), the matrices /A and B are evaluated at @y, and,

mereover, are the limits as .t . becomes dense, of the expressions
——— =

given in Eqs. (22) and (33).

Mathods of evaluating limits of quadratic forms of the kind
appearing in the definitions of X and Y are discussed at length by
Sworling,(ﬁ) Kelly, Read, and Root,(l) and in other literature.
Shortly, more explicit formulas for these quantities will be stated

for many situations of interast.

Both Waveform and Noise Mismatched (Gemeral Case)

We will now consider the general case vwhere the waveform and
noise may beth be mismatched.

The waveform mismatching to be considered will be of the kind
described in the Introduction as type I. The resulting formulas will
automatically be applicable alao to type II mismatching, since the
latter does not change the form of the characteristic functions but
merely has the effect of making the dimensionality of the matrices
B and /A greater than would be the case if the detection test made use
of the fact that certain of the parameters which are treated as
unknown are really knewn.

Type I mismatching has the precise effect of introducing
additional equivalent errors. We will suppose that the real received

waveform can be expressed (in the addi{tive noise-free case) as

real wvaveform = fo(t, Qys oees an) (42)
This may arise from a function of the form, say, g(t, Uy eeen O,
Bl' iy Bm’ ...) depending on the assumed set of unknown parameters



and many others as well. In such a case,

fe(t’ @y, s an) = o(t, Ty s ¥ 601, vees eom’ o) (43)

where Bot’ ... are the true values of Bi'

If the detection procedure assumes the functional dependence to
ba f£(t, @ys eees an). then the effect on the resulting estimates &i
and on the detection test variable ie¢ just as {f an additional equi-

valent error Cu were added to the error 8p at each observation time

tu , where

Cu - fo(tu.' ao) - f(tu’ ozo) (44)

A linearized analysis of the type Qsed above can still be used
provided we assume that the equivalent errors gu are sufficiently
small. This is assumed in the following.

Now, we may subdivide the errors Cu into two categories: random

and deterministic.

Random (
—_—k

Randem Cu may arise if the difference between f and fo is due to
certain types of effects such as phase or pulse envelepe jitter,
random propagation phenowena, or other sources of waveform distortion
which ecan bg considered random.

If these may also be represented as zero-mean Gaussian random
processes, then their only effect on the formulas, Egs. (37)-(41), for the
characteristic function C(p) is to change the matrix ! ; referring to

Eq. (33) which defines A , the requisite change is to modify 00 80

that now



o ™ (45”L + gu) €, +c) (45)

While such a change does not alter Eqe. (37)-(41) in any other
manner, it doea have a definite effect on our ability to evaluate the
quadratic form limits occurring in Eqs. (38) and (40). As seen later in
this sectlon, these limits assume relatively simple forms if the
errors are stationary random processes and the observation interval
is aufficien;ly large. However, random errors due to the sources
which produce CM result generally in nonstationarv evrors (e.g.,
such errors would tend to Qanilh in any region where the assumed and
real waveforms vanish); while this does not preclude evaluation of

the quantities X and Y, it mekes it more difficult.

Nonrandom E

Now consider the case whcré gome part of {Qu} is considered to
be nonrandos. (We will auppose that the random part, if any, has
been lumped in with {Cn} and the requisite modification made in ﬁo.)

Then, fer nonrandom Cu, the quadratic form Eq. (30) for the test

vaxiable is replaced by
LAEI UL Sl ) (46)

vhere y 18 still defined by Eq. (27), with € now considered to include
any random error arising from waveform mismatching; and where d in
Eq. (27) 1s still defined in terms of the assumed waveform f. In the

notation empleyed here, asterisks do not denote complex conjugates.
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However, y* is defined, not by Eq. (29), but by
w -
y Ba + [d@)l n¢
my+dng 47)

=dnd ‘o =dnf

Here, d° {8 a n x N matrix whose elements are

2 £ (e, o)
dom - -——1—'&-——'9—6 o (48)

Pinally, this leads to a formula for C(p) given by Eq. (37), but

with the expressions for X and Y medified as follows

-1

1 ' ’
x=dimg na’ 8t ang,

(49)

1

n

~1 ’ -

-1 ) e ie e
1

g5 = lin@d R £) = lim y¥
. |
-lim ) IRCRIE R RS

paw]

(50)
H,uml
and
Y= [g*]’ [6(p)] g* (51)

with G(p) given by Eq. (41).



Estimation Accuracy in the General Case

It is also of interest to reproduce the formulas for estimation
accuracy of the parameters in the general case where noise and wave-
form are both mismatched. As before, we assume that {€(t)]} contains
all contributions which may be due to random waveform mismatching.

The formulas are

E[Gy - o) G -]
(52)

-1

-ty Fh et ano a0

3

These quantities are to be interpreted as the limiting values

as [t.“'} becomes dense.

VARIOUS SPECIAL CASES

Stationary Noise
Suppose the noise process {e(t)] is stationary with assumed two-
sided spectrum G(m) defined by Eq. (3), and with real spectrum Go(w) .
Also suppose that either
a. the observation interval is (=, =)} or
b, f(t, ) and fO(t, ~) vanish outside an interval

5 - 5y, 9 » 0 for all o under consideration, and

(T1 + 46, T
G(w) is a rational function.

If (b) is the case, then it can be shown that the vesults obtained
will be the same as would be obtained if the chservation interval were
extended to (-®, »). In the doubly infinite interval, however, Fourier
transform methods car be used to evaluate the quantities Bii’ iy
(L

ete. Also, Relly, Re-d, anc Root have shown rigrrouslty that as
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the observation interval approaches (-=, =), the expressions to be
stated below are approached as limits. (This argument was somewhat
carelessly stated by Swerlin;(“) in the derivation of Eq. (28) of
his paper.)

In cases satisfying these conditions, the following formulas

are obtained (in the general case where both waveform and noise
are mismatched)

" mfi \‘}‘o(m) Q'O) 33(‘”1 O’o)

1
gi 2m ! G(w) Doy

-0

dw (53)

i

(the bar in Eq. (53) denotes a complex conjugate)

2 3T, o) 3F(w, o)
- -L 1 o o
Bij G I ) aai aaj dus (54)
g o (74
A - 1 Gi(tn) dh(w, “9_)_ 3 & (w, org_)_ @ 55)
1y 2 [G(w)]z dar aozJ

with X and Y given by Eqs. (49) and (51) respectively.

Also, in the astimation accuracy formula, Eq. (52), the vector d 7 7

takes the form

< 3G, o)
"
CHl C)i.- .211; J G(ta) Mi n [é;o(w' O(cs\) - S(u, c)‘0)] dw  (56)

-l
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Waveform Mismatched, Nolse Matched

In this case (not necessarily assuming stationarity any longer),

we have
A =B (57)
<1 -1
@(p) = (1 + 2p) " B (58)
xedipy plgvadasromy (59)
and therefore the characteristic function 1is
- -n/2 =2pX )
C(p) = [1 + 2p] exp 1T+ 2p) (60)

This is precisely the characteristic function which leads to a
detection probability of the form given by Eq. (9), with X replacing
3, If the waveform is matched as well as the noise, then clearly
X= 8,

In fact, suppose we define a detection variable vV o= % Vv, where
V has characteristie function given by Eq. (60). Then, the proba-

bility density function p(v) of V 1is

p(v) = &” V) gk (n=2) Iy (n-gy 2 V') vr(2) (61)

In this case, then, the probability of detection is of precisely
the same form as that given by Kelly, Reed, and Root, except that the

.
signal-to-noise ratio is X defined by Eq. (59) where g is given by

Eq. (50).
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If n is even, this is the same as the probability of the sum of
% pulses from a square-law envelope detector with total signal-to-
nolse ratio X, {.e., with signal-to-noise ratio per pulse equal to
'%g. The characteristic function (60), with 2p replaced by p, is of
exactly the same form as that given by Marcun.(l)
It {s to be noted that (in general) X is not the same as that
defined by Swtrling(a) in terms of amplitude estimation accuracy in

the waveform-mismatched case.

Waveform Matched, Moise Mismatched

In this case, f = fo and
X = % lim £/ 7 £ (62)

However, the detection probability is (in general) no longer
an incomplete Toronto function and no longer depends only on X.

In the case vhere amplitude and initial RF phase are the only
paramsters treated as unknown, we shall see that in the noise-mis-
matched case, the detection probability takes the same form ;s that
given by Kelly, Reed, and Roet; but X no longer plays the role of

signal-to-noise ratio appropriate to this case.

by d as U le)

Suppose our assumed waveform is given by

£(t, a, £) = a {E(l) (t) cos ;rmct + EJ
: (63)

+ E(z)(t) sin rwct + gJ?
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where R {s a carrier frequency (radians/sec), § i3 an unknown RF
phase parameter, and "a" {s an unknown amplitude parameter.

We will also suppose that E(l) and E(z) have Fourier transforms
which vanish or are negligible outside of frequency intervals which
are smaller than w, and that this also appliee to the "true" wavefcorm.

Also let us assume we are dealing with the stationary case with

doubly infinite observation interval.

Then
(1742 0]
Bm U (64)
o 1
'I/a?' 0
Nmw (65)
| o 1]
ved f&"&ﬁ | Fw, o) |® dw (66)
2 6 (w)
W--zlﬂ- Jr-—-q-——-;:-!Q(w,ao) [zdw (67)
o [Gw]
and a = (no, §°).
Thus
1 0
-1 W
AB 'TJ[O 1] | (68)
w8 2N \.ly‘ (69)
VRN v P/
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and

I
cp) =1+ %5 p)

(70)

1+ 7 P

Now, let p' = % p; this correaponds to multiplying the test
variable by a factor % The characteristic function of this new

variable ia

14+ 2p

cp’) = (1 + 2p")"" exp [———'-32-7 (—‘?})] an

It is therefore clear that the quantity %l plays the role of
signal-to-noise ratio in this case. Here, X is given by Eqa. (49)
and (30).

Now, it can be easily shown that

2
XU _ 1 p 2 ’ ofN
T (£,°n )" + Cfo N 36/

(72)

1 Max [, 21
7w Mim e, & D7

where lﬂ?x represents the maximum over all values of Eo. In fact, it
o

can be shown that the value of % given by Eq. (72) is independent

of ;e, the tres value of £.

The quantity lim fo’ n £ 18 given under the appropriate conditions by



T R, @) F (e, a) du (73)

’ - 1
lim fo m £ o G(@)

dena

vhers the bar represents complex conjugation.

These results for the special case where amplitude and
initial RF phase are the only parameters treated as unknown, where
both actual and assumed noise are stationary, and where the obser-
vatien interval {s infinite, are actually well known and can be
derived on the following more conventional basis:

In the stationary noise case with infinite observation interval,

the optimam filter has transfer function

o

rw = A (74)

where m is the complex conjugate of the Pourier transform of the
waveform for which the filter is cptimized, and G{(w) is the twou-sided
noise spectrum for which the filter {s optimized.

Suppose the actual waveform input has Fourier transform

go(m) and the actual noise has spectrum Go(w). Then the signal-to-

noisse ratis, as conventionally defined, is

o

. o - 2 »
ng I ‘ _le ,j:(mﬁ ;:ZmS de -
) 4

. 21"\' . G I}

{é’;?(;u.‘z du
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which equals %? as given by Eqs. (6/), (72), and (73).

If both noise and waveform are mismatched, this is not the same
as the formula given by Sw‘rlin‘(a) for SNR as defined in terms of
amplitude estimation accuracy. However, if the waveform i3 matched
but the noise {s mismatched, Eq. (73) does agree with the amplitude-

accuracy definition.

PULSE-TO-PULSE INCOHERENT DETECTION

Suppose the waveform consists of a number K of nonoverlapping
pulses. We also assume that the noise at one pulse epoch is statis-
tically independent of that at other pulse epochs.

Let each pulse be given by
k‘h Pulse shape = B(k)(:. A) cos {wct + G(k) (t, X)] (76)

vhers A = (Xl, seny LM) are parameters, {s the carrier frequency,
and E(k) and e(k) are envelope amplitude and phase functions which
vary slowly compared with w, -

Now we will bring detection systems which are pulse-to-pulse

incoherent into the same analytical framework as above by making one

of two alternative assumptions regarding the overall waveform:

a, Pirst we assume that

K
f(t, o) = a !(k)(: - tk. \) cos rwct + e(k)(t - tk, A + gkj (17>
kwl )
vhere o = (a, 51, vens gK, 11, veey LM); a {s an amplitude factor

treated as unknown, and (gk} are phase factors for each pulse, treated

as unknown.



The times £ are assumed to be kneown. Hoewever, s van contain
time delay - (or several such) which are treated as unknewn. Thus,

we could have

E(k) L * ) (78)

E(k)(t, ) = (t =7y &)

8@ e,y = e e -, )

Also, we could incorporate the effects of a scanning beam and have

one of the unknown parameters be target angular location
*
£®) (e, 2y = bee - B X, D) 79)

where b is the beamshape function, 5k i{s the (known) beam axis
position at the kth pulse, and ﬁT is the unknown target angular
position. In Eqs. (78) and (79), k* represents the remainder of
the components of &.

We do not require that the pulse shapes all be the same or that

the spatings t, ., - tk all be equal.

b, Our second altermative assumption vil‘l be

X
o K
te, 0 = ) a 8- g, (80)
k=1
X cos iwct + e(k>(t -t )+ fk}

The only difference from Eq. (77) is that a separate unknown
amplitude factor a, is associated with each pulse. In this case,

Y= (al' R 'S g]: ERE IS E I RM)-
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In either case, the fact that the phases ?k are treated as
unknown results in a pulse-to-pulse incoherent detection system.
1f these phases are in fact not really unknown (i.e., if the detection
is pulse-to-pulse incoherent when it could be pulse-to-pulse coherent)
then this affords an example of type II waveform mismatching.

(In the above formulation, the maximum- likelihood solutions for
ay and §i would not be unique; however, we can assume that the local

maximum of the likelihood function is required to occur at positive

values of ai.)

The question arises &8 to the range of applicability of the strong-
signal analysis we have been using. This has not been rigorously
determined except in some special cases. |

In case (a), for K > 1, it is probable that the strong-signal
assumption requires the signal-to-noise ratio for each pulse to be
of the order of unity or greater. In fact, we will interpret the
strong-signal assumption in this case to mean that, for detection
probabilities of interest, K is limited to about 10.

In case (b), for M = 0 (i.e., no parameters treated as unknown
other than amplitudes and phases), the analysis to be applied is
exact without any strong-signal assumption. The reason for this is
that the parameters a s Ek, k =1, ..., K, can be replaced in the
initial formulation of the problem by the equivalent set of parameters
e = ak cos §k; vy = a sin ik' The waveform ig a linear combination
of the parameters Uy and Vi» SO the analysis is exact without a strong-
signal assumption. (In case (a), for K > 1, there is no set of K + 1
independent parameters, eaui\alenr ta “a'" and iik}, on which £ is

lincarly dependent.)
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In case (b) for M > 0, the strong-signal assumption may range
from the requirement that the total sum of the slgnal-to-noise ratics
for the individual pulses be large, to the requirement that each
individual signal-to-noise ratio be large, depending on the functional
dependence of f on ll, ceey KM in each specific cagse.

One further comment on the nature of the equivalence of the
formulation, in terms of W vy to that in terms of a s Ek’ is in ovde:.

Clearly, the maximum -likelihood estimates Gk’ Gk are related to

a Ek by W = a cos §k; vy = a, sin gk.

variables are identical.

Thus, the detection test

1f M = 0, the detection and parameter estimation analysis in
terms of W Vi is exact without any strong-signal assumption.
Therefore, the detection amalysis for the formulaticn in terms of
a, §k is also exact--with no strong-signal requirement for M = 0.

However, the first-order parameter estimation accuracy formulas
for a §k are, even for M = 0, not exact, and are good approximations
only with a strong-signal assumption.

In general, the detection probabilities and parameter accuracies
for both cases ¢(a) and (b) can be determined simply by inserting the
waveform (Eq. (80)) in the genmeral equation given above for the
characteristic functions.

It is instructive to elucidate further the special case where
noise is matched; the waveform may be either matched or mismatched.

In this case, C(p) is given by Eq. (60), with X given by Eq. (59),

*

and g by Eq. (50), or Eq. (53) in the stationary case with sufficiently

large observation interval.



Now, because of our assumptiom that the individual pulses
(both "actual" and "assumed') are nonoverlapping, and the noises

at the pulse epochs are independent, X can be expressed

K
X = % (81)
k=1
where X, is the signal-to-noise ratio of the kth pulse, obtained by
inserting the kth “actual" and the kth "assumed" pulses only into

Eqs. (59) and (50).

Now, in either case (a) or case (b), the resulting characteristic

function is given by

K
-K -2 o (% ,
C(p) = (1 + 2p) P exp (‘1—2—2*'\ ; (-) (82)
P/ & \p
‘ k=1
where
K+ M+ 1 ) }
p = 7K s Case (a) (83)
2K + M .
P ="k s Case (b) (84)

This (aside from the factor 2 multiplying p, which just amounts
to defining the detection variable with a multiplicative factor 2)
is exactly the same as the characteristic function given by Marcum
for the integration of K signal-plus-noise pulses from a square-law
detector with a "collapsing loss'" characterized by collapsing ratio
p. (Marcum considers all X, to be equal, but it is trivial to
extend his derivation to the case where they all may differ.)

In case (b), the collapsing ratio must be unity or greater;
in case (a), however, it is possible for the collapsing ratic to be

less than unity, or, phrased another way, for the integration of



pulses from a square-law detector, with individual signal-to-ncise
ratios Xy s to have greatcr than unity collapsing loss with respect
to the maximum-likelihood rtest.

Marcum(z) has defined the best possible detector law, given
that the detection process includes envelope detection of the
individual pulses, as log IU(VJE;L) for the kth pulse, where v is
the pulse envelope. There is no a-priori reason to believe that
the performance of the maximum-likelihood test be precisely that of
Marcum's ideal detector law test, since the tests are defined under
somewhat different assumptions. However, it can be shown that,
within the strong-signal range applicability of our analysis, Marcum's
ideal detector law test and the maximum-likelihood test in case (a)
must be within at most a tenth of a db of each other for moderate
values of M. (The case (b) maximum-likelihood test amounts to squarc-
law detection with a small collapsing loss depending on the value of
M, and therefore always performs slightly less well than the ideal
detector law of Marcum.)

To demonstrate the assertion about case (a), assume that K is
limited to about 10. If K = 1, M = 0, then of course the tests all
become equivalent.

If K>1, M= 0, 5, in case (a) is somewhat less than unity.

That is, the maximum-likelihcod test is slightly better than the
square-law integration of K pulses with individual signal-tu-noise
ratios X For K less than about 10, the difference is frow about
10 db to .4 db (increasing with increasing K). On the other hand,

in this same ranse of K, the linear law envelepe detection is abot
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zero to .1 db better than the square-law detector; while the ideal
detector 1s somewhat better than the linear detector. The linear
detector is an approximation to the ideal detecter in the strong-
signal case; for K = 1, it gives the same performance, while for
K > 1, the ideal detector gives better performance, the superiority
increasing as K increases.

What we are really interested in is the superiority of the
ideal detector law over the square-law detector in the range
1<K = 10. For K = 1, the two are equivalent. Although the author
is not aware of any exact calculations for K > 1; based on

comparisons between the square law and the linear law in this
region 2) and on the fact that the ideal detector is always some-
what better than the linear law and its superiority over the lincar
law increases as K 1increases, it is reasonable to estimatelthat the
{deal detector has a superiority over the square-law detector which
is within the same range of .1 to .4 db, increasing as K increases,
provided K is restricted to about 10 or less.

Thus, the ideal detector law and the maximum- l1ikelihood
detector should be within about .1 db of each other over this range
of K, for M =0.- If M> 0 but is not too large, the conclusion is
not altered.

For large M, the collapsing ratio even in case (a) would become
greater than unity, while the collapsing ratio is always greater
than unity in case (b). This does not mean, however, that if there

1 G

are additional unknown parameters, ordinary square-law detection is

better than the maximum- likelihood procedure. The rcason is that if

there really are additional unknown paraueters (i.¢., we are not
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merely dealing with type II waveform mismatching)}, then ordinavy
square-law integration of K pulses will necessarily involve type T
waveform mismatching; this will decrease the signal-to-noise ratio X
below that which would be achieved by the maximum-likelihood detector

which treats the unknown parameters as unknown, by a factor exceeding

the collapsing ratio. This point is further discussed in Section V.
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II1. FLUCTUATING SIGNALS - SPECIAL CASES

The analysis can be extended to cases where the signal has
statistical fluctuations in both amplitude and phase. Iun many cases
this results in analytically convenient methods, since the signal-
plus-noise distributions resulting from integration of incomplete
Toronto functions with respect to signal fluctuations have been the

subject of considerable study.(2’6’7)

In this section, we will start by considering the extension of
the foregoing results to fluctuating signals in two special cases:

1. Slow Fluctuations

In this case, it is assumed that there is no statistical
fluctuation of either amplitude or phase throughout the entire dura-
tion of the signal waveform on any single "look", i.e., on any single
trial of our statistical hypothesis test. However, it is assumed
that the fluctuations are independent from look to look. This is
what Swerling(z) calls scan-to-scan fluctuation.

2. Pulse-to-Pulse Incoherent Detection

In this case, the detection procedure is assumed to be pulse-to-
pulse incoherent following assumption (b) in Section II, i.e.,
with an unknown phase and amplitude associated with each pulse (and
possibly additional unknown parameters).

The joint a-priori probability distribution of the amplitudes
and phases for each pulse can be arbitrary, subject to the assumption

that there is no amplitude or phase fluctuation within a single pulse.
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Also, in this case, we will deal with the ncise-matched vase
(i.e., where the detection procedure 1is matched to the additive
observation noise {£(t)]).

In either of these special cases, omnly the probability distribution

of the signal amplitudes affects the final result.

SLOW FLUCTUATIONS

The general form, Eq. (37), of the characteristic function Cfp) can

be expressed

C(p) = L(p) exp {H(p)] (85)
, -1 -3
where L(p) = ‘{det |I +2p & B "1* (86)
* ot 2 -1 * oo
H(p) = (8 ) :2p G(p) - pPB '8 (87

and exp is the expomential function.
A dimensional analysis shows that H(p) is proportional to the

square of the amplitude of the true signal waveform. We can express

H(p) as

H(p) = Z H(p) (88)

where E?;j represents the mean of H(p) over the signal fluctuaticns;
and Z is a fixed random variable, representing the signal power
fluctuations normalized to unity mean. L(p) is independent of the
signal strength.

It is convenient, bul not necessary, Lo use the mean of

H(p) for norma ization; une could just as well use the median
b



or any of the percentiles. The essential fact is that the signal
power, and hence H(p), can be expressed as a fixed random variable Z
multiplied by a scale factor.

Suppose Z has probability distribution function w(z). Also,

suppose Cw(p) is the characteristic function of w

® .
r -
c(p) = o P auiz) (89)
'!O
C(p) as given by Eq. (85) can be reinterpreted as the

conditional characteristic function of the test variable given that

2 has some definite value
C(plz) = L(p) exp | Z H(p) . (90

Thus, if C(p) now represents the unconditional chavacteristic

function of the test variable, then

e ]

C(p) = L(p) C_ |- H(p)} (91)

PULSE-TO-PULSE INCOHERENT DETECTION

We assume here that the waveform is given by Eq. (80). We will
also assume that the amplitudes and phases, ay and §k, have in
reality some a-priorl joint probability distribution function which
can be arbitrary, subject to the assumpticn that there is no
fluctuation within a single pulse.

It is important at this point to draw a distinction between

our present discussicn and that tc follow in Secticn IV.



Here it is assumed that the amplitudes and phascs of the pulsces have
some a-priori joint distribution function which we, the analysts, know
about. The detection test, however, is defined simply as the maximum-
likelihood test as defined previocusly, with assumed waveform given by
Eq. (80). We will take the detection test variable resulting from
the detection test as so defined and derive its characteristic
function under the assumption that the amplitudes and phases have the
joint distribution function that we know about (but which the detection
test itself makes no use of). Actually, the result in such a case is
affected only by the joint distribution function of the amplitudes.

In Section IV, we will analyze the performance of detection
tests which are modified to make use of a-priori statistical knowledge
of the amplitude and phase fluctuations.

In the noise-matched case, the characteristic function tor the
pulsed waveform takes the form given by Eq. (60); if we insert in

this the pulsed waveform given by Eq. (80), we get

- —n/z o 4"-——-—‘?——-2
C(p\xl, sy Kl\) = (1 + 2p) exp 1+2p X

. . t
where X = signal-to-noise ratio of k h pulse

n=2K +M
The individual signal-to-noise ratios x, are obtained by insevt-
ing each individual pulse above into the formula for X in the noise-

matched case. Thus

(92

(93)



4h

Now, suppose X has a-priori probability distyibution wixi, with
characteristic function Cw(p). Then, the unconditional chavactevistic

function of the test variable is

‘ - -n/2 2p
C(p) (1 + 2p) Cw(1+2p>



IV. FLUCTUATING SIGNALS - PARTIAL COHERENCE

Suppose the true waveform is a pulsed one of the form given by
Eq. (80). Suppose the phases [ik} and amplitudes iak} have some
joint a-priori probability distribution which is (possibly)
characterized by partial correlation over the duration of the total
waveform.

If the detection process is defined in such a way as to be
coherent over the duration of the signal, that is, if the assumed
waveform does not have unknown phase constants associated with each
pulse, then we would have type I waveform mismatching. This could
be analyzed by the formulas given in previous sections.

On the cother hand, if unknown phases are associated with each
pulse (in the assumed waveform), the resulting detection process is
pulse-to-pulse incoherent.

However, the partial correlation of the phases Lik; enables a
partially coherent detection process to take place. The only way
to analyze such a situation within the framework of maximum-1ikeliho~d
detection procedures is to modify these procedures in such a way as to
take explicit account of the a-priori knowledge that the phases are
partially correlated, and to do so in such a way that the resulting
detection procedures remain within the same general category. The
manner of doing this can be based on methods described by

(8)

Swerling.
The maximum~-likelihood detection procedurc described previously

consists of two stages: an estimation stage, in which max imum-iikeli-



hood estimates are made of the unknown parametérs; and a detection
stage, Iin which the resulting estimates are inserted inte che likelihood
ratio and the resulting quantity subjected to a threshold test.

The necessary modification to take account of a-priori information
(within the same analytical framework) is to add a term to the likeli-
hood function in the estimation stage, which counverts the parameter
estimates into maximum a-posteriori probability estimates; or, more

e

precisely, would do so if the a-priori parameter statistics wer

Gaussian.
To make this explicit, recall the definition of our previous

detection process:
The parameter estimates oy are obtained by maximizing L (ux

equivalently, — Q) where these quantities are given by Eq. (12) and

(We will dispense with the superscript N notation.)
the state-

w

Eq. (11).
The modified parameter estimation stage is defined by

ment that the estimates &i are found by maximizing

1,j=1
where Wi' is a nonnegative, symmetric matrix.
Thus, the resulting estimates would be maximum a-posteriori if

the parameters {ai} had a-priori Gaussian statistics with a-priori

means ;i and inverse covariance matrix (wij)-
None of the following, however, will require that the a-priord

statistics of the parameters really be Gaussian; we will continue to

draw the distinction between what the detection procedure "assumes"

about the statistics and what is really the case.



In many cases we will desire to analyze procedures in whivh
o o i

a-priori statistics are associated with some but not all of the
parameters. In particular, we will want to associate a-priori
statistics with the amplitudes and phases but not necessarily with
all or any of the additional parameters Apr s Ay

For notational uniformity, it is comvenient to write the addi-
tional term as in Eq. (95) but assuming that vij is extremely small,
though nonzero, if either i or j corresponds to a parameter with
which no a-priori statistics are to be associated. (In terms of
writing Eq. (95), we could actually assume éij = ( for such cases;
however, in the later analysis, this would necessitate clrcumlocutions
at various points which are desirable to avoid.)

So far we have defined the modified estimation stage. The

detection stage will be defined as follows: the parameter estimates

~

oy are to be inserted in the ummodified likelihood ratio L (not into

*
L ), in order to form the detection test variable.
This is exactly equivalent to inserting the estimates o, into

*
L but increasing the false-alarm threshold by the quantity

Reflection will show that this is the "correct" formulation of a

detection test which is designed to detect the presence of the

signal waveform.



CHOICE OF PARAMETERS

Even though our analysis will not reguire that the true a-plion
statistics of the components of » be those which the detection
proceés treats them as having, it is desirable that the parameters h
chosen in such a way that there is a possibility that they
could have a-priori Gaussian statistics in physically realisrtic
situations.

In real physical situations, the amplitudes {ak} and phases
i?k} seldom if ever can be assumed to have Gaussian statistics; but
the parameters

T = : £
Lk ak ces 5L

v, = a sin %
k k “k
can be assumed te have Gaussian statistics in a great many physically

realistic situations. Accordingly, we define
y o= (ul’ cees U Vir crs Vk’ Kl’ Ceay kM)

The waveform f in Eq. (80), in terms of this choice of para-

meters, 1is

K
f(t,o) = -y E(k)(t-rwm cos v t * Q(k)(t—rk,‘)
k=1
K
- )
- v E(k)(t-r;, ,h) sin ow t ot Q\k’(t-t s i)
STk Kk Lc k o
k=1

Also, n = 2K + M as usual.

We do not require at this point that Uy, ar v,oin Eg. (9%) he ozes

5
or that their distributions he circular. However, il the marginal
a-priori distributions of (HP\TF) are not circular with zerc mean,
the detection tost treats the .nitial phase os haviog an a-pii )

nonvaoiform digtvibution,

€
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o= N b Ly - componen’ o Ve Lo
CoEpoTents are & L=,

~

last n components are tN+:

d=n <« (N+ n) matrix with

1 1.

TNe (N+n) » (N+ n) matrix with
Y , = ..., N
Nom Tupr 0V 1, R

~
T

- Y
NN+ i

other elements = 0

i,j=1, ..., n

We may also write

Y - a= (& - + _
§oa=Goa) o -0

~ ] L ) ’ _ -—
B Ld TE + v(a - ’o) (re

The detection test variable is

~

~ """-1 o~ —~ ~ —_—i., " -
V= (y+yv) B (y+y)- (a- ) ¥l - a)

<)
#

where B « R(B+U’)Q’=y+"v’a=dﬁ,f+'
O 0 o]

V“dﬂﬁ“dﬂ&+u’r(a—wo)="»+'¢~'<w -



Apart from known additive constants, this way be written

i T )
1 - BD iy + ) Lo

Ve(y+v) Dly +-)+ 24

wherc -1
D=3 B B = B "I - v B ‘ {108

Tt is clear that if ¥ = 0, then this detection variable is
identical to that previously defined for the case where no a-priori

statistics are associated with ¢.

Now, we will impose the assumption that

Ei e 0 (109

Actually, this causes no loss of generality, since it amounts to simply
a redefinition of the parameters. Alsc, the most natural a-priori
values of the parameters ;k’ ;k are zero.
Then
Va (G +v' Dy +y) (110)
Equation (110) represents the waveform~matched éase; fer the
general case, substitute y* for y where y* is given by Eq. (47).
From this point, all formulas will be presented for the general

case where the waveform may be mismatched.

The parameter estimation mean square €rroys are now given by

Eloy - o 1% " %o (i
1~ -1 ~el T el T
- (3 ¢ g
B A B )lj + (B d T‘l ‘)i(B d “)j

o~ ~ ~
with B, A, and & evaluated at the mean values - { the actual statistics
¢ +

aof v (see further disc ission of the valldiry o this at end of

section); and



where
¢ =g L= 1, , N (112
CQ &u' u
‘3 - . N
S nonstatistical component of T %y
(1f any), i=1, ..., n
and
Am A+ YNy (113

X, = “true" covariance matrix of random

1 .
L .
component of {¥, - o | (114)

The mean square error formula Eq. (111) reflects the assumption

that the quantities o, - a have some '‘true' a-priori covariance

i

matrix X which is included in the definition of the statistical

ensemble with respect to which the expected values are calculated.
If it is desired to determine the error covariances for the

estimates 2y with respect just to the statistical ensemble of the

actual observation errors, this would be accomplished by letting

A =4, X= 0, and comnsidering ;i -y to be entirely nonrandom;
i.e., QN+1 would equal o, - a ;- Also, A and B would be evaluated af « .

The characteristic function of the detection test variable of

Eq. (110), conditional on the parameters having true values ay is
C(p!ao) N

= qdet|I + 2p A D|; (115)

£ exp i-Zp X + 2p2 Yj
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where now, in the general case

*_, * .-

X=%(g ) Dg (1ian

* .

g = lim ¢ 7 £ (1179
* 7 - * .

Y = (g) .G(p), 8 {(118)

G(p) = ADA +2p 4 D)'l D (119)

and the matrices A, D, d are evaluated at @
The conditional characteristic function C(p%ao) is defined with
respect to the statistical ensemble of the actual noise {E(t)} only.
In considering fluctuating targets, we may consider the

(unconditional) characteristic function to be

c(p) = | Clpla) dPla ) (120)

where dP(x) 18 an a-priori statistical distribution for .

This may or may not be the same as that which the modified
detection test treats g as having. In general, it will not
be the same.

For the parameters 11. vy AM’ we may or may not want to

associate a-priori statistics. If we do not, then we set $ij = (

for indices i, j where either i or j corresponds to kl’ ceey kM.
The actual a-priori statistics associated with Xl, veey lM must

be such as not to disturb the validity of the linearized analysis.
In other words, we may often be considering detection pro-

cedures where the elements ¥ of % corresponding to the parameters

1]

kl, ceey KM are set equal to zero, l.e., the detection test treats
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these parameters as having a-priori infinite variances; but wherve

the actual a-priori statistics of kl, ey xM are chosen ta be

A with probability one.

"k =X\

ko

Likewise, the detection test may treat elements Qij corresponding
to ., v as having certain values (including zero, for pulse-to-pulse
incoherent tests); while the actual covariances may be assumed to be
different. Here, a test which associates infinite variance with the
parameters u , v, is a pulse-to-pulse incoherent test; however, the
actual variances of s vk would never be assumed to be infinite,
since this would correspond to the assumption (in many cases) of
infinite signal-to-noise ratio.

Also, dP(x) need not be considered to be Gaussian.

To illustrate the results obtained from this type of formulatiou,
consider the following special case:

a. no a-priori statistics associated (by the test) with

)\1, R | )\M; i'e')

s = 0 if i or j corresponds to lk’ k=1, ..., M

13

b. actual a-priori statistics of Kl’ ceny AM are

A Xko with probability one.

actual a-priori statistics of U Vi k=1, ..., K are

Gausgian with marginal circular distributions with mean zevo

2 7

W= Vi k=1, ..., K (1219
WV = 0 k=1, ..., K (1229
ik==\7k=o k=1, ..., K (123)



d. real pulse shapes (see Eq. (76) equal assumed pulse shapes.
Let us further suppose that the individual pulses in Eq. (98)
are not only narrow band and nonoverlapping but that, for
1Sk SR
m B8 - g, W) cos ERE TR ) (124)
Py U

*) v (k) :
X E (tu -t \) cos met + 9 (tD -t A)

= lim z Uw E(k>(tp‘ - o A\) sin ant + e(k)(tu. - e >\) 

By
. (k) ) [ (k) . oy
3 ARG A) sio w t +8 (t, = & A)J:
= unity,
and
. k) SR (k) ) (125)
lim Z T\w E (tLL - tk, ) cos Lwct + 8 (tp) -t ))J (125)
ey
- (k) r (k) V
x E (tU - s ) sin iLth + @ (tv -t ‘a)_}
= 0.

These will hold if, for example, the noise is stationary and
the observation interval sufficiently large. The normalization to
unity in Eq. (124) is simply a matter of definition, if the

first equality holds.
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Then, in Eq. (110), y is itself a random variable and

r —i
E L(y + y)i(y + V)jj = A, + ‘ij

where

an

T
13 iy

1A

< <
1SR R+1=5=2K
(127)

< <
= v,V K+1=1,) =2K

= O either i or j > 2K

Here, ui uj, ui vj, and vi vj are the actual a-priori covariances of
these random variables; the elements of [ for 1 or j > 2K are zero

by assumption (b) above.

The detection test variable V has characteristic function
. w‘%
C(p) = {decxz +2p(h + 1) D} _ (128)

where D= (B + ¢)—1 B(B + W)-l. Here, A, ', and D are n " n
matrices, n=2K+M, and B, A, D are evaluated at :, ;, XO (see
further discussion at end of this section).

The manner of extending this result to cases where the assump-
tions (a) - (d) above and those expressed in Eqgs. (124) and (125)

are relaxed is strafightforward.

In particular, it would be of interest to eliminate assumption
(d), that the real and assumed pulse shapes are the same, and the
assumptions embodied in Eqs. (124) and (125). In Eq. (126), v is

*
replaced by y = d T £,
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The rvesulting characteristic function is exactly the same as

in Eq. (128), but the components of I are different.

A

A

) -
A21 lim

k) _ v om (k) (k) N
A22 1im L v E (tu - tk, A) sin LJ,,-Ct + 8 (t - £y ,\)'
My U
. (k) Y (k) W0
% EO (t;'L - tk, \) sin met + eo (t - tk, ),)!
Then, [ has elements
<. . < @ Q) — 1)y ()
- - 4 T o= ‘
L=1i,j=k Pig =800 A17 vy TAR AR Yy

<., <
In fact , suppose for 1 =k =K

(k) _ T, (k) o k), ,
11 1im /) T‘tw E (tu - e A) cos Lot + 8 (t -t X
SRV
k : k g
X Eo( )(tu‘ - tk’ \) cos met + O(E )(t - tk, IR

Outim ) on E® e - g, 0 con (w8800 - g, 0]

Wy ¥

X chk)(tg - tk’ A) sin Lwct + Q(Ek)(t - tk, f)J

-
») sin ;L_'.uct' + e(k)(t -t 1)

E(k)(t" - tk,

‘.\ Eat
/ [RieRE}

My V

X Eék)(tu - tk’ A) cos Lwct + ka)(t - s X)J

i) . (1) ,(j)
AppT AT U vy T AR AT VY

(130

{131)

(132)

{133)



<< L) D) IRCOINET
1=i=K Dip = oA M0 up vyt AR R Ve Yy

K+1%35=2K: (1), (§) =——— , (1) (D
HAY AT uy vy AL Ay Y Yy

D N S N D el COR €D
K+1=1,j = 2K: lij A21 A21 uy uj + A22 A22 vy vj
COINGY. (COINGD!
- Ay Byt vy vyt Ay A Y Yy
2K < 1 or j: r,, = 0.

1)

(We have alsc relaxed the first two points of assumption (c),
i.e., Eqs. (121) and (122).)

The characteristic function Eq. (128) is of the type familiar
from the analysis of fluctuating targets. It 1is in fact the
characteristic function of a random variable which is the sum of
(possibly unequally weighted) squares of independent, identically
distributed Gaussian variables with mean O.

In fact, let

{ui}, {=1, ..., n, be the eigenvalues of (A + )D (134)
Then
o -k
clp) = 11 L1 + 2p ui} (135)
1=1 .

and this is the characteristic function of a random variable =z of

the form

.

where {vi} are normal, mean zero, varlance one, and independent.
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This is precisely the form taken by the probability distribution
of the signal-plus-noise output post-detection integrator, after
square-law envelope detection, when the input signal-to-noise ratics
are partially correlated and their marginal distributions belong to

the chi-squared family.

It is possible to see heuristically how the test behaves for

various assumptions concerning the relation between "real" and "assumed"

a-priori statistics.

For example, suppose ¢ # 0. This is equivalent to the assumption
that the detection test is pulse-to-pulse incoherent. In that case,
D= B-l, and we obtain the characteristic function for pulse-to-pulse
incoherent detection with fluctuating targets. Also, if, for example,
we assume we are dealing with the noise-matched case, then A = B
and 4y 4 1, all i. This can be interpreted as reflecting the fact
that all K pulses are incoherently integrated.

On the other hand, suppose we are dealing with a case of partially
correlated phases and amplitudes ;nd one in which the detection test
makes use of this information.

| Suppose that the correlation properties of the u's and v's are
such that the matrix ' is close to a matrix of rank 2r. This state-
ment means that all but 2r of the eigenvalues of I are nearly zerc.
The physical interpretation is that the u's are strongly correlated
over groups of size K/r, and similarly for the v's. (The u's are
assumed to be uncorrelated with the v's.)
For purpose of illustration, suppose that the assumptions hold

guch that I is given by Eq. (127).
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* %k * - N
Let B, I, ¥ be the restrictions of B, -, and v to the firs:
** -
2K indices; let B be the restriction of B to the last M indices.
We will define a detection test which is matched to the

correlation properties of the u's and v's by

* * -1
v = Al ) (137)

where A is a constant of proportiomality. (This enables the detection
test to match the correlation properties of the amplitudes and phases,
without necessarily matching the a-priori statistics of the received
signal power.)

*
Now, if [ is very close to a matrix of rank 2r, then so also

will be the matrix

(B* + V*)-l . (**)-1 LI* + B*(v*)”l?_l
This implies that (B + ?)-1 will be close to a matrix of rank
2r + M. Also, A + T will be in general of full rank n = ZK + M.

(The statement that a matrix is close to one of rank 2r means
that all but 2r of its eigenvalues are close to zero.)

Thus, finally, (A + T')D is of rank close to 2r + M.

Consequently, the characteristic function given by Eq. (128)
corresponds to a detection test where only r waveforms are incoherently
integrated.

Suppose (V*)-l is of rank 2r < 2r, that is, suppose there is
more coherent integration than is warranted by the correlation
properties of the signal. The matrix (A + [)D will be of rank 2!
in that case. However, the etfective signal-to-noise ratie of the

test will be degraded.
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Another way of looking at this is that we are essentially
requiring the u's and the v's to satisfy, or almost satisfy, a set.
of linear constraints. That is, we are maximizing the likelihood
function subject to a set of linear constraints and then using the
resulting maximized-likelihood functien as the detection test
variable.

1f it is desired to comstruct a test in which use 1is made of
a-priori knowledge of the phase and amplitude correlations but not
of any a-priori information concerning average received signal
power, this can be accomplished by using Eq. (137) but with small A.

Finally, further discussion is needed regarding at what
parameter values to evaluate B, A, d, and D in Eq. (111) and
Eq. (128). The validity of these equations is predicated on the
assumption that the variation of B, A, d, and D with & can be
ignored in determining the uncondifional characteristic function of
Eq. (128) or the unconditional parameter estimation accuracies of
Eq. (111).

A general rule for evaluation of B, A, d, and D could be as
follows. Suppose that ;i are the means of the actual a-priori
Then, B, A, d, and D could be evaluated at :

statistics of -

provided that the variation of B, A, d, and D with o can be ignored.

This is true if either

a. The actual statistics of a given component a, are such that the

w
values of oy cluster very closely around age A gpecial case

would be if the actual density function of ay consists of a

delta function at o, = 2 ,, in which case o, = v .-
i ol i i



b.

06

B, A, d, and D are Independent of, or very weakly dependent on,

those components of x for which condition (a) does not hold.

This is true in many practical cases.

As an example, suppose a-priori statistics are associated

only with the parameters s Vi and not with Xl’ cey kM' Then,

we would have Xi - Kio' Also, in many cases, B, A, d, and D

would be weakly dependent om (u, v). I1f M= 0, then B, A, d and D

would be rigorously independent of (u, v), and no problem would

arise as to what values to use in evaluating them.
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V. METHODOLOGY OF APPLYING THE ANALYSIS

This section is devoted to some brief remarks on the methodelogy
of using the foregoing results.

The detection procedures postulated as the basis ot the fore-
going analysis have the virtue not only of leading to analytically
tractable results, based on incomplete Toromto functions or generaiiza-
tions thereof, and of being in some cases optimum or near-optimum
procedures, but also of being realistic models of actual detection
procedures.

1t has already been noted that the maximum-likelihood class of

procedures can be implemented by familiar things such as correlation

filters; matched filters; filters which are "optimized" for a given
waveform and noise spectrum and the special cases of those such as
prewhitening filters followed by (white-noise) matched filters,
inverse filters or Urkowitz filters, etc.; or banks of filters ot
these kinds.

However, even if the actual realization belongs to this general
category, it will almost mever be true that the actual signal wave-
form or noise covariance will be those feor which the detection pro-
cedure is “optimized' (i.e., for which it is a maximum-likelihood
procedure).

In choosing the proper mathematical model to apply to any given

physical situation, several related problems arise. These may be

summarized:
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a. What are the parameters which are treated as unknown?
b. What are the sources of wavetorm mismatching?
¢. How do you compute false alarm probability and false atarm
rate {or, how de you set the threshold)?
Ordinarily, a radar recelver does not maximize any function ot
the recéived signal with respect to all of the unknown parameters.
In almost all cases, signals arve examined in "resolution cells" or
"f{lter banks" corresponding to smaller regions of the parameter
space, and tests are carried out separately for the different
“"regolution cells'; the fact that a signal is found in one cell does
not preclude another cell from being occupied by a different signal.
The process occurring in any given coordinate (unknown
parameter) may or may not correspond to a maximization of some pre-
sumed likelihood function with respect to that parameter. Parameters
which are really unknown are mot necessarily treated as unknown.
For purposes of making the discussion concrete, suppose we have
‘a doppler radar scanning in one angular coordinate. Suppose the
parameters which are “really' unknown, in addition to amplitude and
initial phase, are target range, range rate, and azimuth.
Ordinarily, the range is estimated by a process which can
be represented as observing a filter output as a continuous function
of time and subjecting the peaks of this function to a threshold test.
Thus, the range is, in such cases, not only really unknown, but the
detection procedure treats range as unknown in the sense defined in
previous sections. That is, the actual detection procedure maximizes

gomething with respect to a range pavameter, and subjects the maximum
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to a threshold test; and the maximized quantity can be interprefed
as being a likelihood ratio (mot necessarily the "true' likelihood
ratio).

Even if the range coordinate is divided into fixed, non-
overlapping range gates, the detection procedure still treats range
as unknown in the sense we have been considering, if it is the
maximum output in the gate which is subjected to a threshold test
(to fit in with our analysis, we must assume this is also a stationary
point).

1f, however, the range gate output is sampled at a single pre-
determined time, then the procedure is not treating range as unknown.
However, in such a case, waveform mismatching would generally occur
as a result (even if the receiver were otherwise matched to the
waveform) .

In the doppler coordinate, there is in almost all cases no
maximization with respect to range rate. Usually, doppler filtering
is implemented by using a bank of fixed filters and subjecting the
output of each filter to a threshold test. The filters are not
jiggled around to see where the maximum output will occur. Thus,
in general, range rate should not be considered as a parameter which
is treated as unknown, in the sense we have been usiug.

Ordinarily, the fixed doppler filter bank will be a source of
waveform mismatching. The degree of such mismatching depends on the

aumber of filters and the range rate the target happens to have.
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For example, if one is dealing with an ordinary pulse-cancellaticn
MTI receiver, this is equivalent to a single fixed filter; the curve
of clutter cancellation ratio versus target radial speed reflects
varying degrees of waveform mismatching.

In the azimuthal coordinate, ordimarily the detection procedure
can be represented as observing the receiver output as a continuous
function of angle, and subjecting the maxima of this function to a
thrgshold test. Thus, azimuth would be treated as unknown.

(The questlon of whether amplitudes and phases are or are not
treated as unknown, and the relation of this to the degree of co-
herence or incoherence in the detection procedure, has already been
extensively discussed.) |

In an extreme case, we might consider a continuum of filters in
parallel, ﬁatched to every possible value of all unknown parameters
other than signal amplitude. In such a case, the number of unknown
parameters in our sense, other than amplitude, would be reduced to
zero, and the degree of waveform mismatching would also be zero for
some one filter.

Thus, parameters which are really unknown may or may not be
treated as unknown (in our sense) in an actual detection procedure;
but, in general, if not, a concomitant waveform mismatching is
introduced.

Obviously, there are many other ways in which wavefoxm or noise
mismatching may come about, but these will not be digcussed since
they involve no particular theoretical questions on the choice of the
basic analytical model (although, of course, it may be very difficult

to derive the actual forms of G(w), etc.).



Another problem is that of relatinyg the detectionn threshold to
false-alarm probability or, yet more difficult, to false-alarm rate.

Consider first the false-alarm probability. If the only pava-
meters treated as unknown are the amplitudes and phases (i.e., the
guantities U and vy of previous sections), the false-alarm
probability for any particular test can be determined by setting
the true values Yo and Vio equal to zero in the characteristic
function (or, for fluctuating targets, setting the actual mean
square values of these quantities equal to zero); this will determine
the probability distribution of the test variable in the absence of
signal. This is the case denoted M = 0 in previous sections.

1f other parameters are treated as unknown, the characteristic
function is in general correct omnly with a strong-signal assumption.

In order to set a reasonable detection threshold, it probably
is adequate to determine that threshold which would result in a low
false-alarm probability (or alternatively low probability demnsity of
noise at the threshold level), assuming the probability distribution
of noise only, determined by C(p) with actual signal set equal to
zero, to be correct. |

The desired value of false-alarm probability (or alternatively
of noise probability density at the threshold) is in turn related
to the desired false-alarm rate, i.e., the average rate of occurrence
of false alarms in all resolution cells.

One standard technique that has been used to estimate the relation
between false-alarm probability in a singie cell and composite false-
alarm rate is (following Marcum(z)) to assume the tests in different

cells are statistically independent.



Another is to model the occurrerce 1 false alarms as an axis-

(9

crossing problen.

The former method results in a direct relation between estimated
false-alarm rate and single-cell false-alarm probability (or cumulative
probability of exceeding the threshold).

The latter method results in a direct relation between estimated
false-alarm rate and the probability density of noise exceeding the
threshold (and thus, only an indirect relat}on between false-alarm
rate and false-alarm probability).

In many practical cases, these methods of relating detecticn
threshold to false-alarm rate do not lead to very different results,
since for many nolse-only distributions the cumulative probability,
particularly at high thresholds, is proportional, or very nearly
proportional, to the probability demsity.

For example, the cumulative probability for a single noise pulse
from a square-law envelope detector is exactly equal, at all
thresholds, to the probability density.

One feature which ameliorates the problem is the very small
sensitivity of radar performance analyses to the precise value of
false-alarm rate (put another way, the extreme sensitivity of false-
a]afm rate to the detection threshold).

In most cases of interest, a very small threshold change will
suffice to change false-alarm rate by many orders of magnitude.

The result is that, typically, an uncertainty of (say) two
orders of magnitude im the relation between detection threshold

and false-alarm rate, Is eguivalent tc an uncertainty of, typically,
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one-half to one db in the signal-to-neisy ratin required to achjeve
any given detection probability subject to the given false-alarm
rate.

Thus, in most cases, a satiafactory performance analysis can
proceed as follows. First, a relation between detection threshold
and false-alarm rate can be crudely estimated, say, by dividing the
parameter space into roughly “{ndependent' cells; estimating the
relation of false-alarm probability to threshold level in each cell
by using the characteristic function resulting from setting actual
signal equal to zero in each cell; and then estimating the relation
of false-alarm probability to false-alarm rate by assuming
statistical independence between cells.

From that point on, the performance analysis can be carried out
entirely with respect to a given value, or set of values, of the
detection threshold.

Even if the relation between detection threshold and false-
alarm rate is uncertain by several orders of magnitude, the predicted
values of signal-to-noise ratio required to achieve given detection
probabilities at given false-&larm rates will only be uncertain by

about one db.

L T

The foregoing sections suggest further problems which would
be of interest to pursue. Among these are:
a. Further elucidation of the propertics of the functions whose
Laplace transforms are given by formulas of the type shown in
Eq. (37) or Eq. (128), i.e., of gencralizations of the

incomplete Toronto funcrion.
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Further investigation of the application of constrained maxinun-
likelihood procedures, or more generally of maximum a-posteriovi

probability procedures, to radar detection and signal processing.
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