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PREFACE

This is a summary of work done on a class of mathematical problems
related to the theory of the transfer of solar radiation in a planetary
atmosphere. The techniques summarized are being used both in atmos~-
pheric studies and in neutron transport theory. This report was pre-
pared for presentation at the Second Interdisciplinary Conference on
Electromagnetic Scattering, University of Massachusetts, Amherst,

Massachusetts, June 28--30, 1965.
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ABSTRACT

Steady-state multiple-scattering problems for homogeneous plane-
parallel atmospheres have been extensively studied by means of the
principles of invariance of Ambartsumian and Chandrasekhar. These non-
linear integral equations have been used for computing intensities of
radiation on the faces of the atmosphere, Using linear integral-equation
theory, we show how to compute the source function interior to an atmos-
phere with optical depth entering the computation only parametrically.
Intensities, throughout the atmosphere, are expressed by nonlinear
combinations of the computed source function, giving, on the faces,
the familiar scattering and transmission functions. By a reduction
developed by Sekera, this analysis is applied to Rayleigh scattering

including the effects of polarizatiom.
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I, INTRODUCTION

We consider that portion of the theory of radiative transfer which
is concerned with a plane-parallel atmosphere that scatters and absorbs
radiation but does not reemit absorbed radiation. We consider the
multiple-scattering problem in the steady state for monochromatic radi-
ation. At least three stages are evident in the development of the
mathematical theory of this subject.

The first stage deals with the formulation and study of linear
equations.* The equations are linear integrodifferential equations of
Boltzmann type and linear integral equations of Fredholm type. The
theory of the existence and uniqueness of solutions to these mathematical
equations is thoroughly discussed in the book of Hopfﬁa)

The second stage deals with nonlinear integral and integrodiffer-

ential equations introduced by Ambartsumian(s) and extensively developed
by him, by Chandrasekhar(6) and by Sobolevf7) This work can be viewed

as an attempt to translate existence and uniqueness results into feas-

ible computational formulations, The derivations of these equations

is often heuristic, use being made of certain principles of invariance.
The th}rd stage is one in which a rigorous study is made of the

connection between the linear and the nonlinear formulations. There is,

for example, the work of Sobolev57) Kourganofffs) and Busbridgegg)

The Laplace transform provides the means for passing from linear to

nonlinear equations. That this should be so is clear from the Wiener--

Hopf method for solving the Milne problem for the semi-infinite atmosphere,

*
See Refs., 1, 2, 3, and 4,

o
S
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I, ISOTROPIC SCATTERING

We first illustrate various methods for the simple case of iso-
tropic scattering ina finite homogeneous atmosphere. This will also
serve as a vehicle for reporting on the stage of development of the
program of study outlined in our presentationxlz) at the first Inter-
disciplinary Conference on Electromagnetic Scattering (ICES) at Potsdam,
New York in 1962, We use isgotropic scattering solely for simplicity
of formulas, since everything we say has been extended to anisotropic
scattering and to Rayleigh polarization scattering.

We begin with the steady-state transfer equation in slab geometry:
31 _
(o) -é—X- (X,L.b,\)) + I(XJU':V) - J(X:V) 2 (2-1)

for -1 = <1and 0 £ x =7, where x measures optical depth in the
atmosphere of thickness T, and W is the cosine of an angle made with
the x-axis. This is an equation for the intensity of diffuse radiation
due to a steady flux of incident radiation on the face, x = 0, of the

atmosphere from a direction v. The boundary conditions are
I(0,p,v) = I(T,-W,v) = 0 s (2.2)

for 0 £ 4 £ 1, The source function, J, is given by the sum of the
reduced incident radiation field and of radiation scattered from other

directions:

1
J(x,v) = %J’ . I(x,s,v)ds + exp(-x/v) . (2.3)

o~
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The constant w for radiation transfer satisfies 0 < w £ 1 and is the
albedo of single scattering.
Now the function‘I(x,u,v)'is given in terms of the function J by

the expressions

X
I(x,u,v) = &'fo J(y,v) exp[ (y-x)/uldy
and (2.4)

.
I(x,-u,v) = & [ 3G,v) expl (x-y) /uldy )
X

for 0 < u < 1, Then from Eq. (2.3) we see that the function J satisifes

(4)

the familiar integral equation,

J(x,v) = exp(-x/v) + Q(J) (x) s (2.5)

where

1
AN =5 [ [ empl-lx - y| 4] 36y &L @e

The equation for J has a unique bounded solution(A) for O0<sw<1l

and 0 = T € ®, This solution can be computed by iteration so that

Il = exp(-x/v) + Q(Jn) 2.7)
determines a sequence of functions which converges to the solution of
Eq. (2.5). As a numerical procedure, this gives J(x,n) for each u for

a set of values X, of x, 0 < X < 7 chosen in the numerical work. This



method is not practical for w near 1 and v large. The rate of conver-

gence is determined by the largest eigen value A of the integral operator

Q, This is estimated very accurately by the following upper boundgl3)

m
A< o[l - cos?a + 7/2 (In EE'+ [ €OS € 41y ;
a t
2a
2a tan a = T (0 < 2a<m)

It should also be noted that a change of the parameter v requires a
complete new computation of the function J, It is desirable for some
applications to have a computational procedure for computing J(x,v) in
which the variable x can be treated as a parameter, We shall give one
such later.

Now for special values of x, namely x = 0 and x = T, there are

the nonlinear equations of Ambartsumian and Chandrasekhargs)(6) We
define scattering and transmission functions by
S(u,v) = wI(0,~u,v) s
T(u,v) = pI(T,u,v), 0<u=l) . (2.8)
Then it is easily shown(G)(g) that S and T are given by
v
S(u,v) = =0 [X(@) X&) - Y@ YO, (2.9)

(VI V)

—E— Ty ) X) - X@) Y()] ,

T (w,v) Y

(9)

where X and Y are given in terms of the function J by



J(0,u) s

X(uw)
(2.10)

J(T,m) .

H

Y ()

The functions X and Y, so defined, also can be shown to satisfy

the following nonlinear integral equationsg5’6’9)

D RG) X)) Y@ YO

- bW
X(u)-1+2f0 e ,
(2.11)

1
Y () = exp(-T/u) + %9'f0 ¥ () X(vﬁLEQX(u) YO 4

These equations have been extensively used for computation by itera-
tion$14)(15) The above representation of the functions S and T is, of
course, very desirable since it effectively separates the variables
and v,

(10)

We have shown that the Eqs. (2.11) never have a unique solution

for isotropic scattering. For the special case w = 1, this is shown

by Chandrasekhar? We give in Ref. 10 necessary and sufficient conditions

on the characteristic function VY for general X and Y equations to have

a unique solution. Additional constraints must be added in case of non-
(11) (12)

uniqueness. For isotropic scattering these constraints are for

w< 1, given by

1 1
2/w=j' M"‘,EXP(ﬂ: k'l')f M

0 1+ kv 0 1+ kv (2.12)

for k, the root of the equation

%*
See Ref. 6, Chap. 8.



1+ k
2k = w 1n Tk (0<sk <1) .
For w = 1 they are given by
1 1
1= 3 I [X(v) + Y (v)Jdv ;
0

(2.13)

1 1
[ ¥y = [ [XE) - Y(v)Ivav
0 0

These constraints serve to determine arbitrary constants in the repre-

(11)

sentation of all solutions to the Eqs. (2.11),

We have also treated the general scalar transfer equations for

anisotropic scattering in three papersgl6’17’18) We have shown that
Chandrasekhar's wz and @2 equations often have a multiplicity of solu-
tionsgls) Correct constraints have been given in cases of nonuniqueness.

In addition, we have derived singular linear integral equations for
anisotropic scattering analogous to those given in Sections III and IV

, . . *
below for isotropic scattering.

%
See Ref. 17; also 5 and 7.
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IIT, X- AND Y-FUNCTIONS

We outlined, in our 1962 ICES paper, an alternative procedure to

both of the above computational methods. The theoretical work has been

11

completed and an operational computer program now exists at The

RAND Corporation, Santa Monica, California for computing X and Y func-

tions for any characteristic function and any optical thickness. This

19

work is summarized in a paper to appear in the Astrophysical Journal

Supplement Series, which will also contain tables of X and Y functions

for the case of isotropic scattering.

(7) (20) (21)

Our method extends some work of Sobolev and Busbridge

in the application of singular integral equation theory to the follow-

(9)

ing equations:?

1 1
1_%&J‘ Mdv-&exp('r/u)fmd\)

Alp) X(u) = ~
oM -V 2 op.-!-\)
(3.1)
1 1
L) = - D bw et X(V) Jbw et XOV)
M) Y(W) = exp(-T/u) [1 -5 fop.wd” zfou-vd”
The function A is given by
2 ! dv
Ap) =1 - u f 5 3 . (3.2)

Op™ =-wv

All singular integrals are computed as Cauchy principal values, These

(9)

equations can be obtained from the nonlinear X and Y equations or,
in more genmeral form, from the integralEq. (2.5). We will return

to this in the next section and show the connection with the Wiener--

Hopf method for solving semi-infinite problems.



We simply give the final form of the solution to the Eq. (3.1)
and constraints (2.12). We first take the case T = ©® where Y = 0 and

X is customarily denoted by H. We have

H{uw) = 1—;—% expl f t—(_t_%lfﬁ dt] (3.3)

where the function 6 is given by

1 -1 T
O(u) = = tan [ —] (08 <1) .
m 2+ 4w ln %—;—5

The constant k satisfies the equation
k (O <k ) s ( 04)

and its values are given in Table 1.

This representation of the H function is obviously equivalent to
the solution obtained from Eq. (2.5) by Wiener--Hopf method of Fourier
transforms?; The advantage of this form of the solution over that given

)

by Sobolev, say, is that our representation, obtained from such a
representation by analytic continuation methods, does not contain any
Cauchy principal value integrals; all integrals are simple quadratures.
This makes computation extremely simple,.

This method of solution gives results for finite T as corrections

(11) (19)

to the solution for T = », We have the result

%*
See Refs, 4, 7, 9, and 22,
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KU (E@) - £(1/K))
1 - w N(1/k)(1 - k)

X(w) = H(w) [1+ £() +

(3.5)

1
*7 “ro H(tg%)(t;(f(%)u) de]

and a similar expression for Y(u) containing a function g(u) in place
of f(u). The functions f and g satisfy certain integral equatioms.
We do not give the details here but refer to our papersfll)(lg)

One can ask whether the mathematical gymnastics required to go
from the integral Eq.&(2.5) or Eq. (2.11) to another set of
equations for the functions f and g is worth the effort. For three
reasons this seems worthwhile, Most important is the fact that the
integral equations for f and g can be solved by iteration with rapid

(11)

convergence, since the convergence is geometric with ratio less than
exp(- 7). The kernel function is a positive continuous function, which
is nice compared to the kernel of the operator in Eq. (2.5), which has
a logarithmic singularity along the diagonal. Finally, the above
computation is for a range of values of yu with x as a parameter; the
reverse of the situation in Eq. (2.5).

The rapid convergence of the equations for the functions f and g
also provides a means for obtaining very good asymptoticiformulas(lg)

for X and Y functions for large values of 7. For conservative scatter-

ing (W = 1) we get

K@) = H@) [1 - —E=]+ o¢re™)
(3.6)

2
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where
1
A=2(1 -] 8(t)dt)
0 (3.7)
= 1.42089
Sobolev(23)(24) has obtained similar results as well as van de Hulstgzs)

For nonconservative scattering the results are more complicated
since they change in character from 1/7 to exp(-kr). The simplest such

estimates are

2ok - M2 exp(- T/u) - cQ+ ) HEW

X(w) = H(W) +
8% - c1r1 - )
Y = £ [XG) - BT (3.8)
+ kulk(1 - W Y2 exp(- /) - 20H@w)]
B(l - ki) ’
where

1
- .k poo8()
B T exp[k Jo T r de]
(3.9
1
_ k 8(t)
C= T3 % expl~kT - k IO T dt]

Values of B and C exp(kT) are given in Table 2. Less complete results
are given by Sobolev526) which are poor when k is near 1.

To give some idea of the rate at which these asymptotic formulas
take over, we have computed, for isotropic scattering, exact X and Y
values for T ranging from O to the value at which differences from the

asymptotic formulas are less than 10_6. We give in Table 3 these values

of T.
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Table 1

w k w k

.3 .997414 .8 .710412

4 .985624 .525429

.5 .957504 .95 .379485

6 .907332 .99 .172511

.7 .828635 1.00 0.000000

Table 2 Table 3
W -B C exp (kT) w |T asymp.
.3 76.6795 .528923 .3 3.5
4 19.6089 .537221 i 4.0
.5 8.51623 .539418 .5 4.5
.6 4.63077 .532150 .6 4.5
.7 2.76239 .511143 . 5.0
.8 1.65677 468454 .8 5.5
.9 .877357 .382675 .9 6.0
.95 .528204 .299425 .95 6.5
.99 .197025 .153812 .99 7.5
1.00 0 0 1.00 3.5
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IV. TINTERIOR COMPUTATIONS

All of the results about singular integral equations for X and Y
functions can be obtained in an easier and more direct manner from
Eq; (2;5). At the same time this can be generalized to give com-
putations interior to the atmosphere.

We take Eq. (2.5) and apply the integral operator £ to both sides.
When Q exp[-x/4] is computed, we obtain an integral equation for the
function (J) whose solution can be expressed in terms of integrals on
the function J. We simply give the result and refer to our papers for
details$27) When Q(J), so expressed, is combined with Eq., (2.5), we

see that the unique solution J to Eq. (2.5) also satisfies

the equation

1
N 30 = expConts) - 48] HEE 0
o* 4.1)

and a similar one with x replaced by 17 - x,

(9)

Since the function J is analytic in the complex variable u for
[u] > 0, we obtain in addition to the above equations the two constraints,

for w < 1,

1 1
W J(x,t)dt w J(r - x,t)
exp(E kx) = 5 Io —{—i—%;—-+ 3 exp(+ kT) fo T+ ki . (4.2)

For w = 1 there are constants analogous to Ed. (2.13)
The study of this system of singular integral equations differs
from that for the X and Y equations only in the fact that X is now a

free parameter rather than being fixed at x = 0 and x = 7. The X and
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Y Egqs. (3.1) are the special case of the abové equation for x = 0
and x = T.
Any computer program for X and Y functions can be trivially modi-
fied to compute J(x,Wk) and J(T - x,u) for any x, 0 2 x 2 T and any
|[u] > 0. We obtain results similar to those for X and Y functions:

for w<1

k2
F(x,u) - F(x,1/k)

-wB 1 - ky

J(x,u) = HW)[F(x,p) 7

4.3)

1
po po F(x,t) - F(x,p)
R N TGRaE S

The function F is determined(lg) from rapidly convergent iteration of
a linear Fredholm equation which differs from that for the function f
of last section by containing the terms exp(-x/4) in place of 1 and
expl-(T - x)/u] in place of exp(- T/u).

With this reduction of the computation of the J function it is
possible to give a representation of the Green's functions for homo-

(24,26,28) o

geneous plane-parallel and spherical atmospheres.
simplicity we give only the result for » < 1, For the plane parallel

atmosphere

2
_ko@@ - k™) expl- klx - y|] ., 1 expl- |x - y|/t]
R(x,y) = + 5 dt
*,¥ o - 14 K2 zf A(e)
= Ro(x)y) 'Ro(T =X, T - y) )
where

1 | ,
1 k(1-k) exp(-ky) xp(y/s) 4.}
RoGey) = 35 Io I, 0) f[w_sz Trie 2 r o L) (s o) ] .
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and
2 2
_ ws 1+ s m™ Wws
bs) = [1 - 32 In 03] + [5]
For the sphere of radius T/2 we have, for 0 £ x, y < 7/2, the

Green's function for the sphere expressed in terms of the Green's

function for the slab by
R (x,y) =L [R(x+1/2, y+ 1/2) -R&x+ 1/2, 7/2 - y)] .

As an application, we find that the flux due to a point source of unit
strength at the origin of a sphere of radius 7/2 for w = 1, say, is

given by

1 1
px) = 5 {£+%J‘0%§-§§’Q%+-§-J‘O (3G + 7/2, t)

1
- a(r/2 - =012 + %Io SERCT/Z8). 49 4]

We can also directly use the results for the source function J
for the purpose of computing intensities I(x,u,v) interior to the
atmosphere, The main point to be observed in the discussion below is
the fact that in the final result the variable x enters solely as a
parameter. Thus, interior intensities can be computed utilizing the
dependence of functions on variations of angular variables rather than
on variations of the position variable. This is in the spirit of the

(5)(6)

principles of invariance. However, we do not simply state these

principles, which are in themselves expressed as integral equations,
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but we give results which are in effect the solutions of these integral

equations.

A formal statement of the result is the following. The intensi-

ties are given for 0 < u < 1 by
IGx,u,v) = ULJ(T - x)] () T(w,v)

- 5 136v) - 36w {1 - UE W XE)

+ UM () YOI

and 4.4)

WLCx,-p,v) = ULTG) (W) s @,v)

+ B L0GY) - J( - xu) (D) W)
+ 1 - @IYMIT,
where we have introduced the notation, for brevity,
1
- J(x,t)

U)W = gﬁjo P a

(4.5)

1
UCSNOES o el

*
A proof of this is based on a use of the following well known result

*
See page 91 of Ref. 9.



]G

1
3J 1 d
g(mw+;J&N)=MM%IOM&ﬂ;£

(4.6)

1
- Y ) -‘gfo I - x,e) &

We change x to y, multiply by exp[-(T - x - y)/u] and integrate on y

over 0 <y < T - x to obtain

J(r - x,v) - XO) exp[-(T - x)/u] + “w—\’ WI(T - X,H,v) =

4.7)
B(x,1) X(v) - A(x,u) Y(v)
The functions A and B are defined by
w l dt
A(x,p) = E‘r RI(x,-u,t) T »
0
(4.8)
) ! d
B(x,u) = 'z'_r MI(T - x,W,t) t
0

If we change x to y in Eq. (4.6) multiply by exp[-(y-x)/u] and inte-

grate on y over x <y = T, we find

YO) expl-(r - )] - J(x,v) + H;%—ﬁ W (x, -, V) =
(4.9)
A(x, i) X(v) = B(x,u) Y(V) .

We have simultaneous equations for A and B which we proceed to solve.

We now fix the variables x and . For the moment we assume that

W

W is outside the interval [-1, 1]. We multiply Eq. (4.7) by G - V)
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and Eq. (4.9) by Ezag%ﬁcy change v to t and integrate on t over

0<t < 1. We obtain the equations

A[1 - U(X)] + BUEY) = UQI(x)) - UQ) exp[- (1 - x)/u]

AVQE) + B[l -VE)] =VX) exp[~- (T - x)/u] - VEI(T - x))
Now from the Egs. (2.11) for X and Y and from the known identity(g)
A=[1 -0 -vE)] - UE) vE)

we obtain the solution

A=T0J&)X - J(T - x) UQ)

B=UW@&E)Y + J(1 - x)[1 - UEK)] - exp[~(T - x)/u]

When these expressions are substituted into Egs. (4.7) and (4.9) we

obtain Eqs. (4.4).



V. RAYLEIGH POLARIZATION SCATTERING

The mathematical model for polarization scattering introduced by

(6)

Chandrasekhar is a vector integro-differential equation for the four
Stokes parameters. The basic ideas presented in previous sections for
isotropic scalar transfer equations carry over to this problem. The
primary difficulty is in the profusion of details rather than in any
requirement of new ideas.

The difficult part of the analysis of the transfer equation for
Stokes parameters is in dealing with the azimuthly independent terms.
We discuss this briefly. By making use of a matrix factorization first
observed by Sekerafzg) we can reduce the problem for the azimuthly

independent terms to a study of the matrix equation for a 2 x 2 source

matrix J

3= Lexp(-x/v) + Q) (5.1)
where I is the 2 x 2 identity matrix and the operator Q’is de fined by
1 T dy
Qe = [ gw [ I6) expl- [x-y| /] dy . (5.2)
0 0

The matrix § is given by

1+t wla - ud

W =3 (5.3)

2 2 2.2
RO - 21 - W)
This is the analogue of Eq. (2.5).

One. can show that this matrix equation can be solved by iteration,

This computational procedure has been used for this equation
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%*
recently. It becomes difficult for large values of 7. In analogy with

Eq. (4.1) we can also show that

1 J(x,0)4(t) !
I(x,0) AW) = T exp(-x/h) - u Io e :

-t 7 g
(5.3)
1 J(r - x,t)§(t)
- W exp(~T/W) fo TF T dt 5
with
1 ¢(t)dt
A =1 - 2w [ ,\1‘,_______2 5 - (5.4)
Ou” -t
We obtain constraints
& 3j’1[< ) + 3¢ )] L
== J(x,t) + J(r - x,t)] | dt ’
S ~ \1 -2/
(5.5)
2
T 2, _ 3 L L+
G- =3 fo (c + 1/2)[ICx,t) - J(T - x,t)] L2 ac .

The solution to equations for Rayleigh polarization scattering

can be expressed in terms of solutions to scalar equatioms.

@) 000D )ae
o~ t

. . 1
A @ ® 0y = explx/u) - [ 2
0

(5.6)

1 J(i)(T - x,t)w(i)(t)dt .
0 W+t ’

- oexp(- 7/w) [

i=1,2,3,4,5, where

* <
Private communication; to appear in Vol. 22, J, Atmos. Sci., 1965..
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y D 2 2a- W2y ) @ - % a-ud
§P =+ uhH? y =2 a-uh (5.7)
NONEIN :

The computation of solutions to the scalar equations follows the method

outlined for isotropic scattering, Except for the characteristic func-

(6)

tion ¢(4) (wr in Chandrasekhar's notation), additional constraints

have to be added to the above equations, namely for i = 1,2,3

(i) (1) 7®) e
exp(E k;x) = f & i){]i.t (1 + expe 1) f T i, e
1
(5.8)
where
1=2 fl oL )
01 - (kit)z

For the special value x = 0, these constraints were omitted by
Chandrasekhar* in his reduction of Rayleigh polarization scattering
and transmission matrices to X and Y functions. They are required for
the nonlinear X and Y equations also to specify the uniquely desired
solution.

For the special case of characteristic function ¢( ) (¢2
Chandrasekhar's notation) we expresslsolutlons in terms of functlons
which are analytic in @ for [ul > 0. These solutions are obtained by

adding the constraints

%
See Chap. 10 of Ref. 6.
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1
-] 076w 196 - 2w 1P wa

/2 - x = j(l) /2 + Wil e - 3106 - L wa
The general solution then to Eq. (5.6) for i = 5 is
J(S)(X,u) = J(()S) (x,u) + a(x)u [X(S)(u) +y® )]
Fpeow [y - v @)+ wx® @ + v w3
where y is a ratio of certain moments of the X¢* and Y¢®) functions 1)

The arbitrary functions a(x) and b(x) are eventually evaluated by means

of the constraints (5.5).

*
In the special case of x = 0, Chandrasekhar selects standard

solutions to the X and Y equations for i = 5 by adding the constraints

1
= [ PO @t @) + v Jas

* *
His standard solutions X and Y are related to our X(S) and Y(S)

functions by

X*(u) = X(S)us + % [Xg(s)(u) + Y(S) 1]
¥ = v @ - 5 rx @) + 13wy

*
See Chap. 8 of Ref, 6,
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The entire computation‘of gsource matrices is reduced then to the
computing of solutions to scalar equations and to the computation of
various moments of these solutions. 1In all of these computations the
optical depth can be considered as a mere parameter,

To obtain Stokes parameters interior to an atmosphere we need the
analogue of Eq. (4.4). Since we are dealing with matrices, the deri-
vation of this result is a little more subtle than that given for
gscalar equations. We have obtained results, which we give here for
the azimuthly independent terms only. Expressions for Stokes parameters
interior to an atmosphere follow from formulas which are obtained from
Eqs. (4.4) if the scalar functions there are replaced by 2 x 2 matrices
with the order of matrix products correctly indicated in Eq. (4.4).

The operators U and V of Eq. (4.5) are replaced by matrix integral
operators with the matrix § of Eq. (5.3) replacing the constant w/2
but written to the right of the matrix J. The scalar functions X and

Y are replaced by matrices defined by

1]

X(w) = J(0,u) s

J(TJp‘) .

1

Y (W)
The scalar functions S and T are replaced by matrices

56, = 25 1 XTI X0 - xF T 1]

T = s rfert ze - et el
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where
/2 0

= 01 p)
and the superscript "t'" denotes matrix transposition. For the special
values of x, x = 0 and x = T, our representation for Stokes parameters
interior to an atmosphere can be shown to reduce to that given by
Chandrasekhar* for scattering and transmission matrices.

Thus the Stokes' parameters for Rayleigh polarization can be com-
puted for any position within an atmosphere by simple extension of the
existing computer program for scalar equations. This is similar in
spirit to Chandrasekhar's reduction for scattering and transmission
matrices, but by the use of linear equations for the source matrices
we have been able to do interior computations as easily as those on

(20) concerning

the bounding faces. With the recent results of Sekera
the matrix factorizations of general phase matrices, the same procedure
can be applied to any type of polarization scattering, not just the
Rayleigh. As is well known, however, the number of scalar equations

and the complexity of algebraic manipulations increase rapidly as the

number of terms in the expansion of the phase matrix increases.

*
See Chap. 10 of Ref. 6.
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In this third stage, come existence theorems(g) for the solutions
to the nonlinear X and Y equations of Chandrasekhar. The uniqueness
equations for these equations were not completely answered until recent
yearsglo) We show(lo) that, in most cases, these equations are not a
complete set that determine the desired functions; rather, certain
equations must be added. This had been overlooked in the heuristic
derivations of the nonlinear equations. In the special case of conserv-
ative scattering, Chandrasekhar had recognized nonuniqueness of solutions*
but even then he only partially determined the multiplicity of solutionsgll)
The purpose of the present paper is to report on the results
obtained from a fruitful combination of the linear and nonlinear theories,
This combination of the two methods gives a way of reducing the complex-
ity of numerical computations for homogeneous atmospheres. Even for
Rayleigh polarization scattering, we have a relatively simple computa-
tional procedure for computing Stokes parameters at any position within

a finite or semifinite atmosphere. These solutions are exact for any

atmospheric thickness and yield asymptotic formulas for thick atmospheres.

*
See Ref. 6, Chap. 8.
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