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PREFACE

This Memorandum is primarily the result of research being conducted
in the Cost Analysis Department and the Mathematics Department of The
RAND Corporation on the general use of statistics in the field of cost
analysis, Cost analysis work involves many types of estimating relation-
ships that are derived from historical data and that functionally relate
resources to one or more system parameters, However, a relationship
is not very meaningful unless one can indicate how well if will predict
future resource requirements, To accomplish this, appropriate statis-
tical measures must be determined, and the statistical assumptions
implicit in the derivation of the estimating relationship must be clearly
understood and satisfied,

The authors wish to acknowledge the generous help of Dr, Albert
Madansky (now of Market Planning Corporation, New York) whose overall
guidance and careful review, comments, and additions to the manuscript
contributed greatly to this study, Dr, Madansky also assisted in the
development of the computer program by devising special techniques that
eliminated problems inherent in some of the matrix operations.

Although the mathematical models contained in this Memorandum were
completed in January 1965, this publication was delayed because of sev=
eral programming problems, The most serious of these involved a RAND
auxiliary subroutine that generates eigenvalues and eigenvectors, Some
-of the matrices used in one of the models discussed in this Memorandum
were too degenerate for that subroutine to handle, As a result, Mr,
John Derr, of the RAND Computer Sciences Department, modified the sub-

routine so that it would generate satisfactory eigenvalues and eigenvectors



oiye

in the computer program, Mr. Derr's efforts contributed greatly to the
success of the development of the computer program and are deeply ap-
preciated by the authors,

Thanks are also due to Mr, Charles H, Bush of the RAND Computer
Sciences Department for his development of the variable format procedure

used in the computer program,
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SUMMARY

This Memorandum presents a statistical study of a regression func-

tion of the form

By W U B
v=elx 2 . xP,
172 D

The study is concerned primarily with (1) how to pick the '"best' values
for the unknown parameters (uo, Hys Hos eoes up) given a set of histor-
ical data (Yi’ Xli’ X2i’ oo Xpi’ i=1,2, ..., n), and (2) how to
describe the predictive capability of the choice in (1). In order to
study problems (1) and (2) above, the error assumption on Y must be
described explicitly,

For this study, two basic types of error assumptions are considered--
multiplicative and additive, In the multiplicative model, the error term
is assumed to have a log-normal distribution and acts as a multiplier
to the hypothetical regression function, This assumption is shown to
lead to the usual treatment of problem (1)--taking natural logarithms
of the regression relationship and then using linear least-squares esti-
mators for estimates of the parameters,

Two forms of the multiplicative model are treated, In one form,
the hypothetical regression function is assumed to be equal to the median
of Y, whereas in the other form, the function is assumed to be equal to
the expected value (mean) of Y. The study shows, however, that the
usual logarithmic treatment actually represénts the median form., Tt is
also shown that the choice of the above forms of the multiplicative model
affects only the estimate of Ko and its distribution, and does not af-
fect the estimate of the other parameters (pl, Wps ees Mp)’ their

distributions, or the prediction interval of Y,



For the additive model, the error is assumed to be normally dis-
tributed and additive to the hypothetical regression fumction. This
assumption leads toc the problem of least-squares estimation of a
nonlinear form. The solution of the estimators for the additive
model is not exact and may not be unique., It is shown, however, that
for the type of regression function under consideration in this study,

fe s 2
an absolute minimum of i=1 (Yi - £.)7 can be found for those values

of [uo, s eees up] that satisfy

2f, - Y. > 0,
1 1

where

My Mg Wb M
f. = e OX }X ? ... X P
i 1i724i pi

and Yi = observed value at each point for i = 1, 2, ..., n,

For both models, methods of obtaining the estimators, distributions
of the estimators, and prediction intervals for the dependent variable,
Y, are given, Also, methods of comparing the two models are discussed,

A computer program was developed to calculate the estimators, dis-
tributions of the estimators, and prediction intervals, as described in
this Memorandum, A discussion of the computer program, presented in
Section V, deals with program restrictions, sequence of operations, input
procedures, and program outputs,

One of the significant findings of this study is that care must
always be taken in comparing different types of estimating relationships.
Since the derivations of these estimating relationships may be based on
different principles or error assumptions, the same statistical measures
may not be applicable in all cases, and, if used, may lead to misleading

conclusions,
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I. INTRODUCTION

Given a set of historical data that includes observations on a
dependent variable and independent variables of interest, and having
!already decided on the form of the relationship involved, the analyst
is usually confronted with the following closely related problems:

1., Picking the "best" values for the unknown parameters in the

chosen relationship,

2. Describing the predictive capability of the choice in 1.

In this Memorandum these problems are analyzed for the following

relationship:

Ho My b
Ymex 2 ... xP
172 P

The quantity on the right of the symbol g is called the "hypothetical
regression function.," It consists of independent variables (Xl, X2,
cees Xp), the values of which are given to the analyst and are assumed
to be positive and have no associated error, and parameters (uo, B> vee
up), which are unknown., The symbol Y is the dependent variable of
interest, and it is assumed that the symbol ~ would be replaced by an
equality sign if there were no error associated with the observation
of Y.

The assumption of error associated with the observation of Y is
the reason for problems 1 and 2, For if this assumption were dropped,
then all that the analyst would need is p + 1 data sets (observations)
of the form (Yi’ Xli’ X2i’ e, X ), 1i=1, ..., pt 1, to determine
the p + 1 parameters bgs Hys eoes up exactly, Then, of coué#é, the

analyst could calculate (predict with no error) the Y value associated



with any values of (Xl’ Xos vens Xp). The "best" choice of the param-

9>
eters would obviously have been made and the predictive capability
would be perfect. However, with the error assumption on Y included

in the model, the analyst must not only determine the "best" estimates
of the unknown parameters (problem 1), but even if he were given the
true values of these parameters, his predicted value of Y would in
general still be different from the observed value of Y, and hence
problem 2 would still exist, It is therefore apparent that the error
assumption on Y is of great importance.

In order to study problems 1 and 2, the analyst must explicitly
describe the error assumption on Y, Two forms of the error assumption
will be discussed in this study, In the section entitled "The Multi-
plicative Model," the error is assumed to have a log-normal distribution
and acts as a multiplier to the hypothetical regression function., This
assumption will lead to the usual treatment of problem 1, i.e., taking
natural logarithms of the regression relationship and then using the
linear least-squares estimators for estimates of the parameters. Two
explicit types of this model are discussed. In one type it is assumed
that the hypothetical regression function is equal to the expected value
of Y, and in the other it is assumed that the hypothetical regression
function is equal to the median of Y., In the next section, entitled
""The Additive Model," it is assumed that the error is normally distrib-
uted and is added to the hypothetical regression function., This leads

to the problem of least-squares estimation of a nonlinear form.-r In

TIn this Memorandum, the two models are also referred to as
"logarithmic" (multiplicative error assumed) and "exponential' (additive
error assumed).



these two sections, methods of obtaining the estimators, distributions
of the estimators, and prediction intervals for the dependent variable,
Y, are given. Section IV consists of a practical comparison of the two
models, and Section V presents a discussion of the computer program
relating to the two models,

Considerable use of matrix notation has been made in the following
sections, Hence, familiarity with the ordinary operatioms of matrix
algebra will prove beneficial to the reader. A short discussion of
these operations has been included in Appendix A for those who are not
familiar with them,

Similarly, some of the statistical facts and relationships that
have been assumed in this study are recorded in Appendix B. No attempt
has been made to cover all of the statistical ideas assumed in the
study, but an attempt has been made to include those necessary ideas
that are most easily forgotten, It is suggested that the reader glance
through this appendix before proceeding to the main part of the text.

Finally, it should be noticed that euﬂ0 has been used for the con-
stant multiplier of the regression function instead of an ordinary
multiplier, say, Eb. This form has been used purely for mathematical
convenience, It should be noted, however, that this imposes the restric-
tion of positivity on the constant multiplier. It has been anticipated
that this Memorandum will be used mainly by individuals interested in
positive dependent variables such as weight or cost. Hence it is felt
that this restriction is of no practical importance. For those who would
like a constant (positive) multiplier ;0 in the regression function,

Ho . i
instead of e ', a conversion procedure is given in Appendix C.



II, THE MULTIPLICATIVE MODEL

In the multiplicative model it is assumed that for any values of

the variables X., X cees Xp, the corresponding value of Y is given by

12 72’
Mo My Ho U*p
=e X X, XF
-‘-

where § is a log-normal random variable, i.e.,

In § = ¢,

and € is a normal random variable with mean and variance given by

Med € = E € = v,
2
Var C = O
The mean, variance, and median of § are then given byf*
2
VFOM/2
Eg§=e
2
2yt 2
Var § = e qﬁ(eGM -1)’
Med § = ev.

Notice that the median of § is not equal to the mean of §, even though
the mean and median of € are identical (since € is a normal random
variable and the normal distribution is symmetric).

From these assumptions and because the hypothetical regression

+The expression "In" in what follows stands for logarithm to the
base e, All logarithms in this Memorandum are taken to the base e,

TTFor further discussion of the log-normal distribution, see
[5, p. 89].



function is a constant for any given values of Xl’ X2, EERIR

follows that Y has a log-normal distribution with

2,0
o b b\ vtol/2
- (e 0,"1 ... pr>e Mo

E Y Xy 5
Ho M " 2\;'*”2 2
Var Y = (e OX L X p)2 - e uM(éOM - 1>,
1 P
and
¢ e M b »
I Med Y = (e Oxll xpp>ev.;;.

It also follows that 1n Y is a normal random variable with

E[lnY]=|J,0+ullnXl+"-+p,plnXp+v
and
Var [1n Y7 = cﬁ.

Two explicit forms of this model will be studied, The first
assumes that the hypothetical regression function is the median of
the distribution of Y, while the second assumes that the hypothetical
regressicn function is the mean of Y. The choice of which model to
use is up to the analyst. It will turn out that this choice affects
the estimate of kg and the distribution of this estimate, but fortu-
nately does not affect the other estimates, the distribution of these

estimates, or the prediction interval for Y.

ASSUMPTIONS AND IMPLICATIONS OF THE CASES

Median Case
In this case it is assumed that for any given value of the vari-

ables Xl’ Xz, ooy XP, the median of the associated Y is given by
B
Med Y = e Oxul oo X“P_
1 P



v

This implies that Med § = 1, i.,e.,, e = 1, and hence that v = 0,
It follows that
2
OM/Z
E§=c¢e ,
. O2 02
§Var 5 = e M<e M - 1> R
T2
By B b o,/2
EY=e Ok 1 «eo x P |
i p
and
2 2
By B K Ty G
VarY=(e Oxll ---XPP>2 eM<eM-1>

It also follows that ln Y is given by
= + o4 e
Iny Ko My In Xl up in Xp + €,

where € is normally distributed with mean zero and variance oﬁ. This

case has thus reduced to an ordinary linear regression model for 1n Y.

Mean Case

In this case it is assumed that for any given values of the variables

Xl’ X2, ooy Xp, the expected value of the associated Y is given by
Mo H K
Ey=e % oo xP,
1 P
v+o§/2 9
This implies that E § = 1, i.e,, e = 1, and therefore that v = -0,/2.
Notice that v is no longer assumed to be zero, For if v = 0 were
assumed, then, in order to have E & = 1, the assumption that oﬁ =0

would also have to be made, This would in turn imply that Var § = 0,
or, in other words, that there was no error, But, as mentioned in the
Introduction, a model with no error assumption is unrealistic. Hence

one cannot assume that v = 0,



Now from the assumptions of this model it follows that

Med §

n
0]

o B B
Med Y = <e % 1. x p)ev,

1 P
02
Var § = e Mo 1,
and
o Mg uy, 2 Oﬁ
Var Y = (e Xl e Xp ) (e - 1),

It also follows that
= + + +
In Y Bo * By In X1 up In Xp €,

where € is normally distributed with expected value equal to v and
variance equal to c;. However, since v # 0, this case does not reduce
to an ordinary linear regression model for In Y. The expected value
of In Y is no longer equal to the log of the hypothetical regression

function, but is given by

ElnY=p, + By In X, + .-- + by In Xp T oy

0 1

Fortunately, without changing the distribution of In Y, it is possible
to obtain the ordinary linear regression model for In Y by making a
change in one of the parameters, This is accomplished by letting

*
Ky = Ho + v in the model. Then,

* *
InY = Mo + iy In X, + e+ by in Xp + €,

* 2 .
where € is normally distributed with mean zero and variance Cy> which

is the ordinary linear regression model for 1n Y,



Since both cases reduce to essentially the same model, it is clear
that problems 1 and 2 posed in the Introduction are essentiaily the
same for the two cases, These cases really differ only in their treat-

ment of the intercept parameter, uo.

ESTIMATORS OF THE PARAMETERS

To be able to handle both cases at the same time, let

* *
Iny = Ko + Ky In Xy +oeee + o, In Xp + €,

s

x o . . . . 2
where € 1is normally distributed with mean zero and variance Oy Then

L

ua and E'¢ are related to the cases as follows:

Median Case Mean Case
* +
HO MO “0 v
€ = € € - v

Now taking n sets of historical data of the form (Yi’ Xli’ X2i’

vens Xpi)’ it follows that for i = 1, 2, ..., n,

ry

*
=+ +oeee + +
1n Yi by T My in X1i up 1n Xpi Ei,

o

«
where 61,

. . 2
random variables with zero mean and variance equal to Oy Hence the

* o
62, sees Elc are independent and identically distributed normal

random vector




has a multivariate normal distribution with mean vector given by

) .

+ + 4+ ... 4+

Ko by In Xll Ko In X21 pp In Xpl

%
+ + 4+ .. 4+

o by 1In X12 ko 1In X22 pp In sz

*+ In X + ’1 + + 1

Ho ™ Ky "0 App T g AR X2n LJ'p B Xpn

and covariance matrix given by oﬁ . I, where I is the identity matrix
of order n,

Now problem 1 in the Introduction was that of picking the "best"
estimators of the unknown parameters in the hypothetical regression
function, The first problem here, of course, is to define the word
"best," By applying the Gauss-Markov theorem to the above multivariate
model, it turns out that the maximum likelihood estimators of the
parameters are equivalent to the least-squares estimators of the param-
eters and that among the class of unbiased, linear estimates they have
the property that their variances are simultaneously smallest., Hence
the least-squares estimators seem to be reasonable candidates for the
definition of "best" estimators, and this definition will be adopted
in the present section.

Before solving for the least-squares estimators, it is desirable
to change the form of the equations slightly. The reason for this will
become apparent when the distribution of the estimators is discussed in
the next section. So for i =1, 2, ..., n, let

I 8
= + - + e 4+ - + €
in Yi Ko ul(ln Xli 1n Xl) up(ln Xpi In XP) €,
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where
2 In X.k
In X, = }:
i n
k=1
for 3 =1, 2, ..., p. The least-squares estimators of Hys oo up for

this form will be the same as those for the previous form. Of course
’
the least-squares estimator of Ho will be obtained instead of the least-

*
squares estimator of o However, the estimator for the latter can

be found by using the relationship

% /

Bo = Hg T My in X1 ) 1n X2 - eee - up 1n Xp'

Hence no restrictions have been imposed by this change.
The following notation will also prove helpful, Tet S be ap x p

symmetric matrix whose elements are given by

n
— .2 . .o .
.Ej (In Xik - 1n Xi) if i i,
k=1

S,, =
1]

1n Xi)(ln X,

- Tox , . .
ik n Xj) if i #j,

n
Z (In X
k=1

for 1 =1,2, ..., ps j=1,2, ..., p. Let T be the p-dimensional

column vector whose elements are given by
n
ti = 2: (1n Xik - 1n Xi)(ln Yk - 1ln7Y)
k=1
for i =1, 2, ..., p.

’
The least-squares estimators of Bos Hps coes up are those values

of these parameters that minimize

n
’ 7 —
Q(“’Oy p‘l’ LI | up) = z {].D Yk - [p’o + l-"]_(ln Xlk - 1n Xl)
k=1 ‘

+ eee + 1n X
up(n .

x - In Xp)]}z.
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!

By taking the partial derivatives, (aQ)/(apO) and (aQ)/(Bpi), i=1, 2,
..., P, and setting them equal to zero, the following p + 1 equations

are obtained:

n
’ (1> + +
By = Iny - =) [ E: pl(ln Xlk - 1n Xl) ce up (1ln ka - In Xp)]
k=1
= 1lnY
and s; 1M + s, toeee + p =t, for i =1, 2,

1 ®i2%2 Siphp ~ "

In matrix notation these equations are given by

}_1,0=1nY
and
M1
)
st . =1
pdp

The least-squares estimators of the parameters are then given by the
values of the parameters that satisfy the above equations., Hence

these estimators are given by

Hg = InY
and

iy

?2 - s,

:
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*
The least-squares estimator of Ho is then given by

uo = Ho — Mg 1In X1 - e - pp 1n XP.

All the estimators for the median case have thus been obtained,

5 ta

since p, = pg for this case and, therefore, ﬁo = ﬁa. But in the mean
*
case, Py T + vand v = —oﬁ/Z. To obtain an estimator of Ko » an:
estimator of v, and hence oi, must first be obtained.
The estimator of oﬁ that will be used is given by
e
n 2
2 z (lnYk—lnYk)
n-(pt1) °
k=1
A\ : —_ R
=" 4+ 9 . + ... + 4 -
where in Yk bo ul(ln Xlk In Xl) up(ln ka 1n XP)
T +o.e. + 0 =
Ko By 1n Xlk pp 1n ka for k 1, 2, ...,
There are three reasons for choosing this estimator:
(1) 6§ is the maximum likelihood estimate of ci.
(ii) 52 biased estimate of o2, i.e., E 82 = o
11 CIMIS an un a ima (o] O'M, 1L.e,, GM M’

iii 82 is independent of all the least-squares estimators of the
M p q

uw's, previously obtained in this section.

Now let the estimators of v and Mo be given by U = -8;/2 and

Ko = by - U, respectively. Notice that with these estimators it

A

follows that for k = (1, 2, ..., n), In Y the estimate of E 1n Y

k’ k’
is given by
A ﬁo + ﬁl In X, + -0 ﬁp 1n ka in the median case,
In Yk = )
ﬁo + ﬁl 1n X + o0+ ﬁp 1n ka + $ in the mean case.

Two other things should be noted before concluding this section.

First, it is obvious that the median case of the multiplicative model
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is the usual model that one uses to fit a multiple linear regression
function to a set of historical data, That is, when one takes logarithms
of the data and fits the parameters via least squares, one is implicitly
assuming the median case of the multiplicative model,

Second, the estimation of 8; indicates that the inequality n > p + 1
must be satisfied, or else 6; would be negative or undefined, which is
clearly not desirable, Another reason for this restriction can be found
by examining the S matrix., If the condition that n = p + 1 is not satis-
fied, then S will be singular and hence S—1 will not exist. Since this

restriction will also be necessary in the additive model, the assumption

that n > p T 1 will be made throughout,

DISTRIBUTION OF THE ESTIMATORS

Before solving problem 2 in the Introduction, it will be neces-
sary to find out some facts about the distributions of the estimators,
We will need the expected values, variances, covariances, and (at least

approximately) the distributions themselves of each of the estimators.

Looking first at the estimators ﬁl, ceey ﬁp, it is clear from the
equations
by
-1
: =85 T
p'P

that each of these estimators is a linear combination of the normal
random variables 1n Yi' Hence the estimators are also normally dis-
tributed. It has already been stated that the estimators are unbiased,

i.e.,
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Finally it can be shown that the covariance matrix of these estimators

is given by cbz{s_l.T Therefore we have that

~ - _ 2 1ij . . s = A

Cov (ui’ uj)—GMS ’ 1#.]’1_1’ 2, ..., P53 i=1,2, ..., P,
and
A o 2 1i .
Var by T 0 i=1, 2, ..., p,
ij | . -1 2 .

where s is the (i, j)-th element of S ~. Of course, o is unknown,

M

but for estimates of these variances and covariances one may replace

2 b a2
O °Y Oy

It should be noted that the simple form of the covariance matrix

was obtained as a consequence of the change in the intercept of the

* I'4
model from Ko to Ko, as discussed earlier, Indeed, the reason for that
change was to facilitate this nice form of the covariance matrix.

Next, consider the distribution of ﬁé. It also is normally dis-
tributed and unbiased for the same reasons that were given in the
previous argument, Furthermore, being the sample mean of the ln Yi's,
its variance is given by oﬁ/n. It also turns out that ﬁ; is independent

of the other least-squares estimators, a fact that can be proved by an

algebraic argument that uses orthogonal projections. Hence,

¢ ?
EU*O—H'O’
! 02
"
Var MO o

z
Cov(ao,ﬁi)=o for i=1,2, ..., p.

Again Gﬁ can be estimated by A;.

JrFor proof, see [1, pp. 245-2507.
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~

is independent of all of the estimators

=N

As mentioned earlier,

of the 's mentioned so far in this section. Thus the covariances of

2 ~ . .
3M with the ui's are zero, Looking at the equation for 32, one sees

that [n - (p + 1)]6; is equal to the sum of squares of independent normal

random variables that have zero mean and variance ci. Hence,
"2

- +
g ln - (p+ DT

O_2

M

has a chi-square distribution with n - (p + 1) degrees of freedom. The
loss of p + 1 degrees of freedom is due to the p + 1 linear relation-
ships already established between the random variables, 1ln Yi’ by the

least-squares equations

po Iny
and
Hy
S =T
Hp

Now since the expected value of a chi-square random variable is equal
to its degrees of freedom, and its variance is equal to twice its degrees

of freedom, it is easy to see that

E Ai = g
and ) 9
2 _ 2(0M) .
M [n- (p+ D]

&>

Var

- A* s * » ’
The distribution of o is, of course, normal, as ﬁo is a linear

combination of normally distributed variables, namely,
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=84 -f. InX, - +¢¢ =3 1InX.
Ho = Hg ~ ¥ 1 o o

The expected wvalue is given by

! I ——— -~ ~
Efl0=E}fLO—1nX1Ep,l-~-'-1nXpEL.Lp

! %
= Wo - In X1 Wy =ttt In Xp up = Ko

ot
Hence ﬁo is also unbiased. The variance and covariances are found by
the following:

, ————
Cov (ﬁo, ﬁi) In X,

e

¥
Var ﬁo = Var ﬁO -2

I P~

1
P P
+ ) (TX2varf, + ) X InX, Cov (i, §.))
/ g Varug to) i 3 2OV WHya Wy
i=1 j=1
j#i
p p
2 2 z (Z ij)
= +
GM/n Gy In Xi In Xj s
i=1 i=1 _
1n Xl
= Gz/n + 2(1n X 1n X )S—1
M Iy 12+ P
In X
P
Fori=1, 2, ..., p,
A* Py — E A*A E A* E ~
Cov (b, ;) = E g, - E iy E iy
1 "~ “~
= E (igh; - pyid; In Xy - - By in Xp)
, ——— ttg———
-E 5 6o- - - 1
E by E (uo by in Xl o In Xp)
z s
= -~ ~ - ~ E
Elghy - By Bl
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N
5=l
!
p
- Z 1]
Oy 1n Xj s .
5=1
Therefore,
— . —_ — —_—
Cov (ﬁo, ﬁl) In X,
A% . . 2_-1 -
Cov (uo, “2) = -9, In X,
_COV (iky » up)_ n Xp

The distributions of all the estimators for the median case have

~ *
now been obtained since bo = ﬁo in this case, In the mean case, however,

the distribution of ﬁo is still to be determined., For this case, ﬁo =

A% AaF

o - $ = bo - Bi/z.

The exact distribution of ﬁO is not really obtainable since it is
a linear combination of a normal and (essentially) a chi-square random
variable, For large n, however, it can be assumed that ﬁo is approx-

imately normal, An easier problem is that of determining the mean and

variance of ﬁo and the covariances of ﬁo and ﬁi fori =1, 2, ..., p.
Py 2 . . ~ ‘ [ A . h.}: . s
Since &M is independent of Hgs Hys «oe up and since Hy is a function

of only these random variables, it follows that 6; is independent of

.'J\‘
~

e Therefore,
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o % 1
= + =
Var Ho Var o T2 Var Qs
and

Cov (fiy, fip) = Cov (f, ;) for i=1,2, ..., p.

The distributions of all of the estimators of the mean case have
thus been obtained., We are now able to attack problem 2 of the

Introduction.

PREDICTION INTERVALS

One of the problems posed in the Introduction is that of providing
a measure of how well Y can be predicted by the estimated regression
function. A prediction interval will be used for this purpose. This

takes the form of

P‘EQ<Y<YU}=Y’

where 0 < vy <1, and Y, and Y are bounds that depend on y and the
values of the variables Xl’ X2, ey Xp.f The prediction interval
takes into account the variability of the predicted Y due to the random
nature of the estimates of the parameters of the regression function as
well as that due to the error assumption in the hypothetical regression

function. For a given v, the predictive ability is, of course, best for

those values of X

1’ . XP for which the interval is smallest, Notice

that the prediction interval also gives high and low estimates of Y for
each v.
To obtain the bounds, again examine the predicted value of E In Y

ras expressed by the following:

2N\ *
=" 3+~ 4+ e + 0
(D In Y o T Hp In Xy by 1n Xp

TThese values will not generally be from the sample.
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s
b+ 0 - + .o 4] -
g T 0y (1ln Xl In Xl) + up (1n Xp In Xp)

(2)

+ .00 + 3 i &)
1 by in Xp (median case)
(3) = -

-~

ko * i In X; + eee t ﬁp 1n Xp + % (mean case).

ﬁo + ﬁl In X

In these equations, ln X In Xp are the same quantities used in

12+
the estimation procedure, They are functions of the historical data

X or In X

only, On the other hand Xl’ rees Xy 19 +oes

In X are the
P

values of the independent variables for the Y that is being

predicted,

~
From Eq. (1) or (2) it is easy to see that In Y is normally distrib-

uted, being a linear combination of normals, with

E f/\ =y + +
nY MO My In X1 s pp In X

and

In X, - In X

InX - InX
P

AN\
(To derive Var In Y use (2) and the same reasoning as that used earlier to
obtain Var ﬁg.)
From the assumptions of this model, it was seen that Iln Y was normally

distributed with

3

ElnY-= Ho

+ InX,. + --- + In X
M1 1 “p P

7\

and Var In Y = o Furthermore, it is independent of ln Y since all the

M*

N
D=1nY - 1nY
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is normally distributed with

ED=0 and Var D = oiV,

where

In X, - In X

—_ —_— -1
= + - -
V=1+1/n+ [(In X1 1n Xl), ve.s (In Xp In Xp)]S

InX - 1lnX
P P

A prediction interval can now be set up using the standard normal

random variable

2

o)
Je
. 2 . 22
To get numerical bounds, however, Oy would have to be estimated by Sy
A more accurate prediction interval, which takes into account this estima-

tion, can be set up as follows., It has previously been shown that

[n - (p + DI
2

M

has a chi-square distribution with n - (p + 1) degrees of freedom. Further-
N
more it is independent of 1n Y and ln Y (seen from Eq. (2)) and D, and

therefore it is independent of

2
J%MV

Hence,

2
DAJ%OM D
A _AE
/[n -G+ D ]Gf{/ofl «/VOM
n-(pt+1)

has a t-distribution with n - (p + 1) degrees of freedom.
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To obtain the prediction interval then, choose the probability, v,
that is to be covered by the interval. Let o = (1 + )/2. Then find
the o(100)-th percentile of the t-distribution with n - zb'+'15'&égrees

of freedom. Call this ta' Since the t-distribution is symmetric about

zero, we have t = -t . Therefore,
l-o o
Plt <——D—<t = v
l-o 2 o
e
or

a2 2]
P{-toz \/VGM <D < toz JVG Y
or

VAN 2 AN A2
P{ln Y -t J&c <IlnyYy<lnY+tt J%OM} = Y.
o M o4

The latter is a prediction interval on ln Y. But since exponentiation
is a monotone function, it can be performed inside the brackets without
altering the probability content of the interval. Therefore the pre-

diction interval for Y is given by

PN 7\
1nv-t QA/v?;cf 10yt Ve
X M M

P <Y <e = .

Notice that this interval is the same for both cases., To describe
the interval in terms of the estimated regression function of the cases,
it follows from Eq. (3) that

i
eOX

i i

N “e P for the median case,
Jn Y _ 1 p

4 '(0 My .

S

v
R)e for the mean case,



-292-

Hence the prediction intervals are given by

" —tddb6i . thVoi
P)Ye

<Y < Ye =
for the median case and by
. &~ =t /VO' a "~ td\/VU‘
Plve’e Mo Y < veVe M) = Y

for the mean case, where Y is the predicted value of Y given by

o

by B
Y= e Oxll

H
cee X P
p

Again it should be noted that the prediction interval does not
depend on the particular case being used. The endpoints of the inter-
val look different because ﬁo, and therefore ;, is different for the
two cases (i.e., ﬁo (mean case) = ﬁo (median case) - V). It is the
positioning of the estimated regression function in the prediction

interval that is different, and not the prediction interval itself.

This concludes the discussion of the multiplicative model.
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III. THE ADDITIVE MODEL

GENERAL MODEL

In the additive model it is assumed that for any given values of

Xl’ XZ’ cees Xp’ the value of Y is given by
By M e
0,71 P
= T e +
Xl XP M,

where T is a normally distributed random variable, Since it is usually
considered desirable to have the distribution of Y centered on the
regression function, it is assumed that the mean of T is zero. The
variance of T will be dencted by 02 and is assumed to be unknown. Hence

A

Y itself is normally distributed with

(T B
0,1

EY=1Med Y=e oo x P
1 P
e Var Y = 2
O'A.
Notice that the variance of Y is independent of the value of Xl’ pees Xp.

Notice also that the median of Y is the same as the mean of Y; hence in
this model we only have to consider the one case.

The distribution of the historical data, which consists of n sets
of the form (Yi, Xli’ X2i’ eaes Xpi)’ where n > p + 1, is easily
obtainable from the above.

The random vector

-




YA

has a multivariate normal distribution with mean vector given by

[ o by by b ]
p
e X11%o1 ot X1
Mo b1 M2 b
12522 2
}-’-'0 I-L]_XH'Z . X!»’*p
In 2n pn

. . . 2 . . .
and covariance matrix given by Oy ° I, where I is the n-dimensional

identity matrix,

ESTIMATION
To tackle problem 1 of the Introduction, it is again necessary
to determine what is meant by "best'" estimators, Of course "best"
may be defined in many ways. One way that has some nice properties
is that of using the least-squares estimators as the 'best" estimators,
That is, choose as estimators of uo, “1’ e up those values that

minimize

n
AR )
Q(UJO: p‘l’ v ey Hp) - Yl - € Xll e Xpi .

Besides being the least-squares estimators, these estimators are the
maximum-likelihood estimators and are also approximately unbiased.
Because of these properties, '"best" estimators will be defined as least-
squares estimators in this section.

The problem of finding these estimators will be much more difficult
in this case than it was in the multiplicative case (where a linear

regression on In Y was assumed) since nonlinear least-squares estimators
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problem directly,

-95-

To see why problems arise let us first attack the

The usual way to minimize Q would be to take the

partial derivatives of Q with respect to Kos Hps eees up and set them
equal to zero, After doing this, the following least-squares equations

are obtained:

n
By K B M B
N -, }: (Y. - e Ox. Lt ... x Pye Ox ! x?=o0,
o 1i pi 11 i
0
i=1
T bRy B m
RN -, E: (Y. -eOx - -o xPyeOx T uio xPigx. . =0
Ol ; i 11 pi 11 pi ji
for j =1, 2, .s P

Having obtained these equations, one would try to solve them for
Hos wees up. But this leads to the following three problems:
(i) How does one solve the p + 1 nonlinear equétions for the
p ¥ 1 unknowns?
(ii)

(iii)

Having accomplished (i), is this solution unique?
Having accomplished (i), is this solution a minimum?
Problems (ii) and (iii) arise from a

generalization of the problem of

solving the equation

df(x) - 0
dx ?
for

where £(X) is a function of just one variable X. It is not true

every function f that there exists just one value of X for which the

derivative, [df(X)]/(dX), is equal to zero., Any such value is called

a critical point and can represent a relative or absolute maximum oT
minimum, or an inflection point of the function £(X). In like manner

the set of least-squares equations can have more than one solution.
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Each solution is a critical point of the equations and may represent

a relative minimum or maximum, an absolute minimum, or a saddle point
in the surface described by Q(uo, Bys ooes up). (From the nature of Q
itself it is fairly clear that no finite critical point will represent
an absolute maximum.) Hence care must be taken in the minimization
of Q.

It should be noted that these problems do not arise in the mul-
tiplicative model, since in that case we have p + 1 linear equations
in p + 1 unknowns and therefore there is a unique solution for the
parameters that minimizes Q (assuming that the equations are linearly
independent, i.e., that the detérminant of S is not equal to zero).

Hartley [3] has studied the problems posed in (i), (ii), and (iii)
for geﬁeral nonlinéar regression functions, -The,solutiéns to the
questions given in this section are a specialization of his results.
However, aislight modification of his convergence routine is used
hefe, so the following is not a direct specialization.

To find a solution for the least-squares equations, first make an

initial choice for the values of the parameters. Call these pg, pg,
0
o up.

Use these values to evaluate the following p + 1 equations:

n . 0,2 P .
“o ul bo
Z . xP) .+ z 1n X,.D
pi 0 ji
= j:l
= bo uo) be 1 B\
' =(Z(Y.-eox?»--x?eox}---xg),
i 1i 1i i

pi
i=1
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n 0 O 0\2 P
(uo "1 uP)( 1 + )1 In X D)
Z'_e Xpp o X5 /\Dg Im iy n X In X0y

i=1 j=1
<n< uo LLo pb0) U‘o LLo pJo
_ 071 .. xPleO0gl . xPinx
- zYi-e X4 X /e %4 Xoi *0 Mk
i=l
for k=1, 2, ..., p.

Notice that we now have p + 1 linear equations in p + 1 unknowns,

DO’ ..., D, These equations correspond to the equations given in (10)
P
of Hartley's paper. Solve the equations for DO’ Dl’ e Dp. Next,
1 1 1 d
new values for the parameters, say, R, Ky, - Ho, must be selected.

Hartley gives a method of doing this for which the following

relation holds:

0 0 0 1 1 1
Q(MO, His wees up> = Q(uo, Hys -ocs up>-

For computing purposes, Hartley's method has been altered, but the above
relationship still holds. In the computer method, the function Q is

calculated as a function of a single parameter £, namely,

Q{pg + LDO, p(l) + D5 -.ns ug + J&DP>,
for £ =0, 0.1, 0.2, ..., 1.0. Let £O equal the value of 4 for which
in is minimized among ¢ = 0, 0.1, ..., 1.0. 1If 10 = 0, calculate
Q, for £ =0, 0.01, ..., 0.1. Recalculate ﬂo reducing the values of

4 by a factor of 0.1 each iteration, until bo # 0 (or until the values

of 4 get smaller than some specified number T). If io is not equal to

t , .
In this case consider the iterative process finished.
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1
zero, calculate Hae by

’ 1’ cees P
Now use the set (ué, ui, oo ui) in place of (ug, ug, cers ug) in the

linear equations to calculate a new D., D .o

0> Pp» D . From this, cal-

“
2 2 . . .
culate a new set Hgs =-e>s up as above and continue this process until

the ui's differ from the pi—l

's for all k by less than some specific
. t t
value, Let the resulting values of the set Kos »vrs M be denoted by
p
(ﬁo, ﬁl, eer, ﬁp) and end the iterative process.
The resulting values of the parameters are (approximate) solutions
to the least-squares equations. Moreover, convergence is always obtained,
and the solution represents at least a relative minimum for Q. This is

because of the procedure used for picking the new values of Hos Hpo

up at each stage of the iteration. At each stage the inequality

t-1 t-1 t t t
G o ) 2 o, s )

holds; and therefore as (ug, e, u;> converges to (QO, ey ﬁp), Q con-
verges to a relative minimum.

The assertions that the solution for the least-squares equations
obtained is unique and is an absolute minimum for Q are harder to
establish. In his paper, Hartley discusses a sufficient condition for
these assertions. It is that the matrix of second partial derivatives
of Q, with respect to Ugs +ves u, be postive definite for all values
of the parameters, 1In general this will not be true, 1In fact for the
regression function discussed in this study, it has not been proved,

but it can be aserted that Q is minimized over the largest connected
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region of the parameter space containing (EO’ e ﬁp) and having the
property that the second partial derivative matrix is postive definite
when evaluated at any (uo, s up) in the region. It will be positive
definite when evaluated at (ﬁo, ey ﬁp), since this point represents
at least a relative minimum. Furthermore, (ﬁo, e ﬁp) will be the
only solution to the least-squares equations in this region.

For the case under comsideration, it can be shown that if

L |29
t*Loxl...xi.’—Yi>0 for 1=1,2, ..., n,

2e Xy pi

then the matrix of second partial derivatives of Q is postive definite.
Hence if this holds for (ﬁo, e ﬁp), then the estimators represent
an absolute minimum of Q and the only ecritical point for Q in the region
of the parameters (uo, cens up) that satisfy the above inequalities,
If the inequalities do not hold for (ﬁo, sees ﬁp), one should take
initial estimates of the parameters from the above region and obtain
the solution in the region, For solutions outside the region, :ino gen-
eral argument can be given at this time for proving uniqueness or
absolute minimum properties on some other region. (For further dis-
cussion of the sufficiency of a postive definite matrix of second
partials and for a proof of positive definiteness of the above region,
see Appendix D.)

It should be noted that it seems to be a reasonable assumption
that the hypothetical regression function lies in the region described
above, For it seems that if the relationship between Y and X1 ceey XP

being studied here is valid, then the historical data should satisfy

Mg Hq U'p
% X., -+ XY -Y., >0 fori=1, 2, ..., p. This should certainly
11 pi i >
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be true when Y is not too close to zero, Hence it seems reasonable to

establish the criterion

~

By i
2e OX 1

p
e XP_y. 50 fori=1,2,...,n
11 pi i ’ ’

as a necessary condition for a good fit.

DISTRIBUTION OF THE ESTIMATORS

As in the multiplicative model, before answering problem 2 of the
Introduction, the distribution of the estimators must be found. Just
as the solution for the estimators was more difficult for this case
than for the multiplicative case, so also will the finding of the dis-
tribution of the estimators be more difficult, and only approximations
can be obtained. Gabler and Madansky [27] have studied this problem
for the general least-squares regression model., The equations utilized
in this study represent a direct specialization of their model,

Because of the nature of the least-squares estimating procedure,
the estimators (QO, ﬁl’ ey ﬁp) are approximately normally distributed

and approximately unbiased, i.e

E ﬁk ~ By for k=0,1, 2, ..., P.

The word "approximate" must be used in two senses. First the estimates
represent only an approximate solution to the least-squares equations
due to the iterative solution for these estimators. Also, they are
only approximately unbiased because of the nonlinear form of the
regression equation,

By using the Gabler-Mandansky model [2], one can obtain estimates

of the variance-covariance matrix of (ﬁo, ﬁl, cens ﬁp). Since the
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application involves a great deal of matrix algebra, the discussion of
. it appears in Appendix E, The matrix derived is p+ 1 X p + 1 and is
labeled R, The estimated variance-covariance matrix is found by multi-
. 2
plying R by Op

To obtain actual numbers for variances or covariances one must

replace oﬁ by its estimate “z. The latter is given by
n
s (2
(v - ¥

where

[k
I
P
i
el

for 1 =1, 2, ..., n.

PREDICTION INTERVAL

As in the multiplicative case, a prediction interval for Y will

be used to offer a measure of the "goodness'" of the estimated regression

~ uo ul up

function ¥ = e X1 ce Xp as a predictor of Y. So take any new values
X ). Let
p)

of (Xl, XZ’ eees

Then D is a random variable, For large n it is approximately normally

distributed, The expected value and variance of D are given by

~ lJ'p “’1 p‘p -~
ED=EY-EY=c¢e¢ X1 ce Xp -EYX

and

~

~
Var D = Var Y+ Var Y = ci + Var Y.
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Note there is no covariance term in Var D since Y is independent of

A~

fBgs oees ﬁp and hence of Y,
The expected value and variance of Y can be approximately obtained
from the first order Taylor series expansion of Y around the theoretical

regression line. This is given by

A Ho b oy e . . .
Yae X oo X [+ (fy - pg) ©In X () -wp + o0

+ In X (4 - )
n p<gp up)]

Then
~ Mo H1 Mo 4w on + .
EYw~e X, XP [+ E (po - uo) 1n X1 E (ul - pl)
Hg By e
+ s+ 1InX E (i - ~e X0 ¢cr X P
o B (G by 1 .
since

P
5 <“o“‘1 %)2[ sor2 Y cov (i, f
Var Y ~ (& "X Xp var f, 2 ov (MO, uk) In X,
k=1
p P %
+ + In X
E: Var by 1n X, Cov (pk, uj) 1n Xk n ;
k=1 k=1 j=1
J#k 1
o H
2<e 0X 1

by 2
;X > [(1, In Xy5 eves InX ) R 2 T,

which can be approximated by

26
oAYzw,
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where

W = [(1, In X in XP) R : 1.

12t

We therefore have that D is approximately normally distributed

with
ED~O
and
Var D gsci[l + ;2W7.
Then

D

2 o2
+
JGAEI YW

is (approximately) a standard normal random variable. A prediction

: . , 2 2 ,
interval can now be set up by estimating A by Oy - However, as in the
multiplicative case, this would introduce an additional random variable
whose effect can be controlled by the construction of an appropriate

t-distributed random variable,

This is accomplished by noting again that

has a chi-square distribution with n - (p + 1) degrees of freedom and

is independent of

D

2 *2
+
JGA(l YW)
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Hence

D
.foi(l + Y2y

has (approximately) a t-distribution with n - (p + 1) degrees of
freedom,

Now to set up the prediction interval, choose the probability, v,
that is to be covered by the interval. Let

2

and ta be the ¢(100)-th percentile of the t-distribution with n - (p * 1)

degrees of freedom. As in the multiplicative case t) o = -t ; hence
- o

D -
<t - Y

I VT ST
\/8A(1 +yw ¢

or
~ n 2 22 " .2 a2
- + < + + =
P{Y t, JGA(I YW) Y <Y t, JoA(l Y w)} Ye

The latter is the prediction interval for Y. Thus a measure for the
"goodness'" of the predictive ability of Y has been provided for this

model.
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IV, COMPARISON OF THE MODELS

In the previous sections, problems 1 and 2 were discussed in
relation to each of the two models considered, For each model, "best"
estimators were defined, a method for finding them was given, and a
prediction interval for Y was found.

Consider now the problem of deciding which model is best. If the
analyst has some idea of how the error occurs in observing Y, i.e., is
it additive or multiplicative, the choice appears easy. He chooses the
model that corresponds to how the error occurs, But what if the analyst
has no idea of how the error occurs? He then is faced with the problem
of picking ""best'" estimators independent of what model is used. The
choice of a criterion of what is best then affects the choice of models.

One way of handling this problem is to look at how the '"best"
estimators were obtained for the two models. For this discussion let

_ Yo By p'p - .
fi(uo, cees up) e Xy e Xpi' In the additive model the estimators

were picked to minimize
93
2
(0 IR AR S h
i=1

and in the multiplicative model the estimators were picked to minimize
n
2 ¢t
(2) Y any, - 1n£)”
i=1
Now (2) is equivalent to

*
1-In this case, W, should be replaced by K, in order to explicitly

include both cases. Expression (2) really only represents the median
case,
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(3) z 1nf—l .

i=1

So in the additive model one is interested in controlling the size of
the actual deviations of Yi from fi’ while in the multiplicative model
one is essentially interested in controlling the relative deviations of
Yi from fi' The analyst therefore may wish to choose the model (define
"best") depending on what type of error he is most interested in con-
trolling, For observations and predictions in a small interval of Y
values (Y values of the same magnitude), the additive model might be
preferred, For observations and predictions in a wider interval of ¥
values, the multiplicative model might be preferred.

Other criteria are available for the choice of "best," but their
meaning as far as which model is more correct is hard to interpret. For
instance, one might use the model that gives the narrowest prediction
interval for the given values of Xl’ X2’ ey Xp. Another possibility
is to choose the model that has the smaller estimated variance for Y.
This is essentially the same as comparing the standard error of the esti-
mates, The theoretical variance and the estimated variance are given in

the table below,

VAR Y
Model Theoretical Estimated
. 2 2
Additive Sy A @
Multiplicative
02 02 a2 ,&Ii
Median Case Yze M(e M 1) §2e M(e - 1) (b)
02 a2
Mean Case Yz(e Mo 1> Y2<e M 1) )
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-~
In the table, Y is equal to the estimated regression function, and the

estimated variances are given by

in (&),

(Iny, - 1nY,)2
ny, - 1in Y,
g-) — ST in (B and (),

i=1

where the summations are over the historical data used for the solution
of the estimators and In Yi is defined as in the multiplicative model,
* N

N ~ "
i,e., 1In Y, T by + by in Xli +t oo + up in Xpi' Notice that (a) is

independent of the values of X

12+ Xp (except for the historical

data), while (b) and (c) depend on the value of these variables through
Y. So choice of the model with the smaller estimated variance will
depend in general on the values of Xl’ cens Xp' Nfge that (b) and (¢)
are really the same, as the % in (b) is equal to eg times the § in (c).
It should be noted that only one possible criterion of "best'" was
examined in each model. Many other possible criteria are available,

such as those parameters that minimize

n

Z |Yi - fil'

i=1

This definition might be appropriate for the additive model. Consider-
ing different criteria of '"best" might lead to new comparisons for the
two models.

It should be clear that the choice of which model is best is still
up to the analyst, and it is hoped that this section has helped to

clarify the issues involved in making that choice.



-38-

V. COMPUTER PROGRAM

INTRODUCTION

The computer program discussed in this section was developed
explicitly to reflect the basic concepts presented in Sections I
through IV of this Memorandum, Hence, a detailed description of the
underlying principles of the program will not be given here, since
such a discussion would essentially duplicate the preceding presenta-

tion, This section will consider mainly the program restrictions, the

sequence of operations in the program, the input procedures for the

program, and the outputs that result. However, for those readers who
may be concerned with the operating details of the program, a listing
of the FORTRAN-IV program is presented in Appendix F,

The reader will recall that the discussion in this Memorandum
has been concerned with a regression function f consisting of p

independent variables of the form

where e = base of natural logarithms ~ 2,71828, However, because of
storage considerations, the regression function in the computer program

is limited to a maximum of three independent variables:

The reason for this restriction is that the machine has a limitation
, 38 , . .
of approximately 10 for floating-point numbers, As was shown earlier,

not only f, but f2, must be calculated in the program, For more than
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three independent variables, the latter could easily exceed 1038 in

many cases, Hence, the decision was made to restrict the function
to a maximum of three independent variables,
1f three independent variables are entered in the input data,
the program has the flexibility of considering (a) all three taken
together,
Ko ' By - By ' XHB
1 2 3°7
or (b) all possible combinations (seven) of the independent variables

taken in the following order:

Mo By
Y = e . X1 , First pass through program
Mo M2
Y=e . X2 s Second pass through program
B B
- 0 3
Y = e . X3 ,
i b o
_ "0 1 2
Y = e Xl X2 ,
1
Mo M1, M3
Y =e X, X7,

Y=e -X, Xy
wg P11 M2 M3
Y =e g Xl . X2 . X3 . Seventh pass through the program

\ Similarly, if only two independent variables are entered, the
1
program has the flexibility of considering either the two taken

together,

o By P
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or all possible combinations (three) in the following order:

o M1
Y = e . Xl R First pass
b B
0 2
Y = e . X2 s Second pass
K b e
0 1 2
Y =e . Xl . X2 . Third pass

Lastly, if only one independent variable is used, then, of

course, only the one combination is considered by the program, i.e.,

For any run in which more than one independent variable is
entered in the input data, the program automatically considers all
combinations of the independent variables, taken one combination
at a time, unless a "flag" to the contrary is entered as an input
on the title card, In that case, only the combination of all in-

dependent variables is considered,

With regard to notation of the variables and exponents, the follow-

ing is used within the program:

However, since the W, X, Z notation might be somewhat confusing, or dif-

ficult to remember, the following has been adopted for output purposes:

vy = oxiB . ox2® - x3P,
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Tn the above notation B represents the exponent of the first
independent variable actually being used during a pass (regardless
of whether it was entered as the first independent variable), C repre-
sents the exponent of the second independent variable actually being
used, and D represents the exponent of the third independent variable,
Suppose that only the second independent variable (X) of three is being
considered during the second pass through the program. Then, internally
the X variables are changed to W variables, and the program uses the

relationship
Y=¢e W,

even though in this case W actually represents the second independent
variable entered on the input cards,
The method by which the independent variables are manipulated in

this way within the program is as follows. The values of the first

independent variable are entered as w1i, the second as Xli’ and the

third as Zli, where i represents each point, The Wi, Xi’ and Zi values
used in the computations are generated during each pass from the in-

put values (wli, Xli, Zli)’ depending on which combination of independent
variables is being considered for that pass, Fox example, suppose that
Y is being considered as a function of the second and third independent
variables (entered as Xli and Zli)’ In this case, the machine performs

the following operations within the program for each data point:

W, = X1.,
1 1
X. =121,,
1 1
z., =1,
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it then uses the following relationship for that pass through the

program:

Y, = eA . W? . XC cZ,,
i i i i
or, actually,
Y, = eA . WE . XC
i i i

(since all z; = 1.0).
Table 1 summarizes the operations for three independent variables

taken in all combinations.

RESTRICTILIONS

As indicated previously, the computer program makes use of several
auxiliary subroutines, one of which is the matrix inversion subroutine.
For the matrix inversion subroutine, the time required to invert an
n X n matrix is approximately proportional to n3. Therefore it can be
seen that the time required for inversion increases very rapidly as the
size of the matrix is increased., TFor a 50 X 50 matrix, the time re-
quired for inversion is about 1-1/3 minutes, and for a 75 X 75 matrix,
the time required is about 4-1/2 minutes. Since the program requires
the inversion of an [N - (p + 1)] X [N - (p + 1) ] matrix, where N is
the number of data points and p is the number of :independent
variables, the decision was made to limit the maximum allowable number
of data points in one set of data to 50 for the program, (A similar
situation also exists for the eigenvector and eigenvalue routine.)

The minimum number of data points entered must be two more than

the maximum number of independent variables being used, This
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Table 1

SUMMARY OF OPERATIONS FOR THREE SETS OF INDEPENDENT VARIABILES

TAKEN IN ALL COMBINATIONS

Pass
through
Input Program Internal Operations Output
Y,, wi,, X1,, 1 First independent
1 1 1 .
variable:
21y W, = Wi,

i i

X, =1,
i

Z, =1,
i

vy =t x¢ .20 . x18
i i i i i

2 Second independent

variable:

W, = X1,
T 1

X, =1,
i

zZ, =1,
L

T I v . x28
i i i i i

3 Third independent

variable:

W, = Z1,
i i

X, = 1.
i

zZ., =1,
1

v, =t .56 2P . x3b
1 h R 1 1

For note, see page 45,

[continued]
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Table 1 -- continued
Pass
through
Input Program Internal Operations Output
Yo Wli, Xli’ 4 First and second
independent variables:
Zli W, = W1,
1 1
X, = X1,
1 1
Z, =1,
1
¢ =h B  CL P - x1B . g€
P 1 1 1 1 1
5 First and third
independent variables:
W. = Wi,
i i
X, =271
i i
Z, =1,
i
vy, = Wl 8P - x1B L xs@
i i i i i i
6 Second and third
independent variables:
W, = X1,
i i
X, =171
i i
Z., = 1.
i
Y, = eA . W? « X, - ZD XZE . X39
i i i i i
For note, see page 45. [continued]



Table

1 -- continued

Pass
through
Input Program Internal Operations Qutput
52 wl., Xli, 7 All three independent
variables:
Zli W, = W1,
i i
X, =XI,
ER L
Z., =71,
i i
Y, = eA . . Xl? . XZG ‘ X3P
i i i
NOTE: i = N, N < 50,
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is because the degrees of freedom used in some of the statistical

calculations are

N - (number of parameters),

or

N - (number of independent variables + 1),

Therefore, in order for the degrees of freedom to be greater than zero,
N must be at least two greater than the number of sets of independent
variables being used.

The program is also restricted to values greater than zero for all
dependent and independent variable data points being considered, since
the logarithm of each such point is calculated. If any of these data
points were to have a zero or negative value, its logarithm would be

meaningless (i.e., could not be calculated), and the run would stop.

SEQUENCE OF OPERATIONS

As many runs as are desired, or as time permits, may be made by the
program, The machine reads in one set of data at a time, performs all
of the calculations and resulting printouts on that set of dgta (for up
to seven passes through the program), and then reads in a new set of
data, When there are no more sets of data to be read in, the run is
terminated automatically.

The program consists principally of a main routine, which in
turn calls most of the subroutines as required, The program is so

structured that the logarithmic model (multiplicative error assumed)
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is treated first.T The solutions that are obtained for the parameters
(A, B, C, D) in this case are then used as the starting points (initial
guesses) for the exponential model (additive error assumed) , It may

be recalled that the logarithmic model gives exact solutions, whereas
the exponential model is based on an jterative, correction-type operation.
In this operation, initial guesses are made for the parameters, and then
corrections, guaranteed to produce convergence to a solution, are made
to these initial guesses. This process is repeated over and over again
until the change in the value of each parameter from one iteration to
the next becomes equal to or less than some predetermined value (10_ in
the program)., At that point a solution is assumed.

The general flow of operations is depicted in Fig. 1. At the be-
ginning of the main program, an auxiliary subroutine SETSW (RAND WO037)
is called on to set the four control switches and trap limit counter.
This is done so that control of the machine will be retained by the
program if excessive floating-point traps are encountered., Next, all
of the variables listed in common are cleared (set equal to zero). The
program then calls on subroutine READ for reading in one set of data.

Tn subroutine ARRAY the data are ordered with respect to the dependent
variable (Yi) and are then transformed as required, depending on
which independent variables are being considered during that pass

through the program,

. +Throughout this section and also in Appendix F, the expressions
"model" and "case" are used somewhat interchangeably. It may also

be moted that the expression "logarithmic model” refers to the model

in which a multiplicative error is assumed (Sec. II), and "exponential
model" refers to the model in which an additive error is assumed (Sec. I11).

¢See Sec. IIIL..
see [37.
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SUBROUTINE ARRAY
(ORDERS INPUT DATA,
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SUBROUTINE I—':®

EXPO
(OBTAINS SOLUTIONS

FOR EXPONENTIAL CASE) __

ERRORS IN
SOLUTION
{IERR=1)7?

Yes

SUBROUTINE Sy o SUBROUTINE
STATIS EIGEN
(DETERMINES STATISTICS (OBTAINS EIGEN VALUES
FOR EXPONENTIAL CASE) [L-TZ--ZZ” "1 AND EIGEN VECTORS FOR

USE IN DETERMINING
VARIANCE-COVARIANCE
MATRIX)

O—— |

SET ERROR
DESIGNATOR TO ZERO.
IERR =0

HAVE ALL
PASSES BEEN
COMPLETED
‘M > 7)?

INCREASE PASS
COUNTER BY 1
M=M+1

Fig.1—Flow of operations (cont'd)
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Subroutine CAILC is next called on to obtain solutions for the
parameters (A, B, C, D) in the logarithmic model, However, it first
calls on subroutine PRINT to print a heading stating which
%independent variables are being considered, After solutions are
obtained for the parameters, subroutine CALC then initiates the deter-
mination of the Student's statistical t-value by calling on the auxiliary,
general-root-finder (GRT) subroutine (RAND WOOS).Jr Following this are
all of the statistical calculations relating to the logarithmic model,
Lastly in this subroutine, another subroutine, OUTPUT, is called on to
print, according to prescribed formats, all of the pertinent data re-
lating to the logarithmic model.

Using the solutions from the logarithmic model as the starting
points, subroutine EXPO is called on to obtain least-squares solutions
of the parameters for the exponential model. If for some reason no
solutions are obtained within the 50 iterations allowed, a message to
this effect is printed, and the machine continues on to the next pass.

Subroutine STATIS calculates the statistical measures required for
the exponential model and then calls on subroutine OUTPUT to print the
pertinent data relating to the exponential model,

The above sequence of operations may be repeated using another
combination of independent variables for the same set of data,

When all of the operations relating to the one set of data have been
completed, another set of data is read in, and the sequence of operations

starts over again.

TThe determination of the t-value is based on an approximation
method described in [6]. (It should be noted that the GRT subroutine
also calls on subroutine AUX to supply the approximation equation.)
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Tables 2 and 3 summarize the functional operations of the
program subroutines and the auxiliary subroutines required for the

program,

INPUT PROCEDURES

The input cards consist of the following in the order in which
they must be entered:
1. Title card

2. Order card Need only to be entered first time if data

for all runs are to be read in same format
3, Format card

4, Data cards

5. Blank card

Title Card

The title card, which must always be entered for each set of data,
performs two basic functions. It gives some initial instructions to
the machine, and it contains the title for the run. If the variable
format cards (the next two cards) are to be read in for this run, a RA
is entered in Col. 1; otherwise this column is left blank,

Column 2 is used to indicate whether all possible combinations
of the independent variables are to be considered (Col, 2 left blank)
or whether all of the independent variables are to be considered to-
gether ("'1" in Col, 2), For example, suppose that data for
three independent variables are entered, Then, a "1" in Col, 2 will

cause the machine to consider only the following relationship:

y =& xiB .ot xdP.
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Table 2

SUMMARY OF SUBROUTINES IN COMPUTER PROGRAM

Subroutines

Functions

MAIN ROUTINE

Controls entire program.

READ

Reads in data,

ARRAY

Orders data and selects independent
variable(s) to be used for each pass.

CALC (logarithmic model)
(multiplicative error
assumed)

Obtains solutions of parameters A, B, C, D
and calculates associated statistics, Calls
subroutine OUTPUT for printouts,

PRINT Prints headings stating which independent
variables are being used,
AUX Supplies approximation equation to general

root finder auxiliary subroutine for deter-
mining statistical t-value.

EXPO (exponential model)
(additive error assumed)

Obtains solutions of parameters A, B, C, D
by iterative method.

STATIS

Calculates statistics for exponential case,
Calls subroutine OUTPUT for printouts,

OUTPUT

Prints out results for each case,
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Table 3

SUMMARY OF AUXILIARY SUBROUTINES

Subroutines

Functions

General root finder (GRT)
(RAND WO008)

Determines the Student's statistical
t-value from the approximation equation
supplied by subroutine AUX.

Matrix inversion with
accompanying solution of
linear equation (MATINV)
(modified RAND WO19)

Solves the matrix equation AX = B, where
A is a square matrix_and B is a matrix of
constant vectors; A~ - is also obtained.

Eigenvalues and eigenvectors
of a real symmetric matrix
(EIGEN) (modified RAND W021)

Determines all scalar solutions A (includ-
ing proper multiplicity), and optionally the
associated unit vectors, X;, to the matrix
equation AX = AX, where A is a real, sym-
metric matrix.

FPT utility (SETSW)
(RAND W037)

Provides a means of setting the four con-
trol switches and the trap limit counter in
FPT. For this program, it is used to prevent
stoppage of the run if excessive floating-
point traps are encountered,

Image and Search (SEARCH)
(RAND W062)

Image--picks up a word from a Hollerith list
and stores it in a specified location.
Search--matches a word with the words in a
Hollerith list and stores the number of the
word from the list, Generally used in a
computed GO TO statement. W062 is used in
reading in the order of the data from the
order card,

FPTCTL

In conjunction with SETSW, provides a way
of retaining control of the machine if over-
flows occur,
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If Col, 2 is left blank, all seven possible combinations of the inde-
' pendent variables, taken one at a time, will be considered for this
! set of data,
If data for only one independent variable are entered, Col, Z may
be left blank,

Column 3 is used to indicate the level of significance to be used

in the program, Four choices are available as follows:

Value in Col., 3 Level of Significance
1 0.01
2 0.05
3 0.1
4 0.2

If Col. 3 is left blank, a level of significance of 0.05 is used
automatically,

Column 4 is not used. The next four sets of two columns each are
used for scaling the input dependent and independent variable data

when required., This is done as follows:

Column Location of

Variable Scaled Scale Designator
Y (dependent variable) 5-6
X1 (first independent variable) 7 -8
X2 (second independent variable) 9 - 10
X3 (third independent variable) 11 - 12

A fixed-point number is used to indicate the number of places that the
decimal is to be moved. A positive number indicates that the decimal
is to be moved to the right, and a negative number indicates that the

decimal is to be moved to the left, For example, suppose that a "3" is
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entered in Col. 6. Then each input Y value will have its decimal point
moved three places to the right, e, g., 50.123 — . 50123,, 0.6217
621.7, etc. Care must be taken to enter all positive factors

~in the right-hand column of the two-column set, Thus, in the above
example, if the "3" were entered in Col. 5 instead of Col, 6, the
machine would read this number as ''30" instead of "3." It should also
be noted that the scale factor so entered applies to the entire set of
the corresponding variable.T

Columns 13-14 are also not used., Columns 15-72 are reserved for
the title or other identifying remarks. Any keypunch symbols (alpha-
numeric) may be entered in these columns.

An example of a title card is shown in Fig. 2, and a summary of

the above information is given in Table 4,

Order Card

The next card (when used as indicated by a "1" in Col., 1 of the
title card) indicates the order (from left to right) in which the datea
sets are located on the data cards, The order (alphanumeric) is entered
in Cols, 1-2, 4-5, 7-8, 10-11, and 13-14 (Cols. 7-14 may not be required).

The symbols used to show the order are as follows:

Symbol Type of Data
ID Identifier (alphanumeric) (if used)
Y1 Dependent variable (required)
X1 First independent variable (required)
X2 Second independent variable (if used)
X3 Third independent variable (if used)

TPreferably, the range of values for each variable should be kept
approximately the same and reasonably low so that excessive overflows
are not encountered, Scaling does not affect the values of the exponents
of the independent variables,
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Table 4

SUMMARY OF INFORMATION ON TITLE CARD

Columns Remarks

1 A "1'" indicates that the order card and
format card are to be read following this
card, If blank, no such cards are to be
read,

2 A "1" indicates that all independent
variables taken together are to be
considered, 1If blank, all combinations
taken one at a time are to be con-
sidered,

3 Level of significance (LOS) designator.
"1M--L0S of 0.01; "2"--L0S of 0.05;
"3..LOS of 0.1; "4"--10S of 0.2. 1If
blank, LOS of 0.05 is used automatically.

4 Not used.

5-6 Scale factor for dependent variable (Y).
If positive, must be entered in Col. 6.

7-8 Scale factor for first independent vari-
able (X1). 1If positive, must be entered
in Col. 8.

9-10 Scale factor for second independent vari-
able (X2). 1If positive, must be entered
in Col. 10.

11-12 Scale factor for third independent vari-
able (X3). 1If positive, must be entered
in Col. 12,

13-14 Not used,

15-72 Title for run. May consist of any key-

punch symbols (alphanumeric).
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Suppose that a set of data is to be entered, in which the iden-
tifier, say, the date, is in Cols. 1-6; the dependent vaiiable is in
Cols, 10-19; and three independent variables are in Cols. 20-29, 30-39,
and 40-49, respectively. Then, "ID" would be entered in Cols. 1-2
(since the identifier would be the first item of data to be read on
the card); "Y1" would be entered in Cols, 4-5, and "X1," "X2," and
"X3" would be entered, respectively, in Cols, 7-8, 10-11, and 13-14,

This is shown in Fig. 3.

Format Card

The format card indicates where the data are located on the data
cards., Again, this card is used only if a "1" is entered in Col. 1
on the title card, This card must begin with a left-hand parenthesis
in Col. 1 and end with a right-hand parenthesis before Col. 73. For

the above example, the format card would read as shown in Fig. 4.

Data Cards

The data cards (< 50) contain the input data relating to the
dependent and independent variables and one identifier (if used) for
each data point., The location of the data on these cards must be in
exact agreement with the information entered on the format cards, or
else they will not be read in properly. The numerical data (dependent
and independent variables) must be entered as floating-point numbers,
and the identifiers (if used) are entered as alphanumeric data. As
stated previously, any set of numerical data being used must not contain
any zeros or negative values. An example of a data card, for the above
example, containing an identifier, a dependent variable, and the three

corresponding independent variables 1is shown in Fig, 5.
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Blank Card
A blank card is used to signify the end of each data set., Con-
sequently, this card must always be present at the end of each set

of data cards.

Summary of Input Cards

Figure 6 shows the order of data cards for two runs in which the

second set is to be read in the same format as the first set.

OQUTPUTS

Examples of the outputs that result from this program are shown
in Figs. 7-11, The particular data shown have no meaning whatsoever,
and are presented only for the purpose of displaying the outputs.
Since most of the headings are quite self-explanatory, no detailed
explanation will be given,

Figures 7-9 show the outputs relating to the logarithmic case.
The scale factors (if used) are printed beneath the main title, For
this problem the first set of independent variables entered (X1) were

scaled up by a factor of 10 (i.e., 101). The second set were scaled

down by a factor of 10 (i.e., 10‘1). Thus, "Base 10 Expoment 1," for
example, is read as 101, or 10, The scale factors are printed only
on the first page of the output (logarithmic case), but, of course,

they apply to the data for the exponential case as well,

The values under the last two headings on the third line:

EXP(A) EXP(A)
(MEDIAN) (MEAN)

A , :
are, respectively, e for the median and mean cases, (Values for A are
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. . A .
given on the top line.,) Each e wvalue thus represents the coefficient
or the intercept of the regression function (point at which values of

independent variables are 1),

The input data listed in Fig. 8 represent the actual data that

ek

are being used for that pass through the program., If more than one
pass is to occur, then this listing will change each time with regard
to the independent variable, For this problem, this output represents
the seventh pass through the program,

For the convenience of the reader, the calculated data shown
opposite the input data are listed for both the median and mean cases
of the logarithmic model (Figs. 8 and 9), The only differences in these
listings are the calculated Y values and the residual values (Y,

input B
Ycalc)'
As explained in Sec, IV on the comparison of the models, values
of the standard error of the estimate (and hence the coefficient of
variation) may be used to compare the additive and exponential models.T
For example, a comparison of these values in Fig. 8 with the standard
error of the estimate and the coefficient of variation in the exponential
model (Fig, 10) shows that for most of the points, the exponential model
gives lower values for this particular run,
Figures 10 and 11 show the outputs for the exponential case. In
Fig. 10, a "COEFF, OF CORRELATION (UNADJUSTED)" value is listed at the
i_;end of the top line, This value is not calculated for the logarithmic
; case, since it would have no real meaning. é

In Fig, 11 there is a heading labeled "2YCALC, - Y," the significance

1F]'.t may be noted that as explained in Sec, IV, the variance of Y
in the logarithmic case varies with each point, whereas it is constan
over the range of points in the exponential case,

%alc



-60 -

of which is explained in Appendix D. If all of the values under this
heading are positive for a given set of data, then the solutions of
the parameters for the exponential case represent solutions that give
an absolute minimum for the sum of the squares of the Y deviations in
the region of (A, B, C, D) defined by 2Yi - Y, > 0. If the values
| calce

are not all positive, a message noting this fact is printed,

The identifiers are listed in the left-hand column under the head-
ing "LABEL," As alphanumeric input data they are used to identify each
data point when so desired, However, as stated on page 58, they may be
omitted in the input data,

The only other major difference in the output formats for the
two cases is that a percent Y deviation is not given for the loga-
rithmic case, Because of space limitations, it was decided to print
the Y residuals for both the mean and median cases and to omit the
percent deviations.

Table 5 summarizes the statistical calculations used in the two

models,

FUTURE STUDIES

At the present time, attention is being given to one problem
inherent in the exponential model (additive case): how to search a
region of data points for the solution that gives the absolute minimum
for the sum of squares of Y deviations when a relative solution has
been reached. This problem would exist if any of the values under the
heading '"2YCALC - Y" (Fig. 11) were to be negative,

An example of such a problem is depicted in Fig. 12 for a one-
independent-variable case, Because of the grouping of the data, a

relative minimum could be found for either a straight line (ul =1,
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Table 5

SUMMARY OF STATISTICAL CALCULATIONS USED IN COMPUTER PROGRAM

Logarithmic Model® ; Exponential Modelb
Measurement (Multiplicative Error Assumed) (Additive Error Assumed)
SEY: Standard error{Median Case: N )
of estimate . T (Y, -Y, )
} ng 52 32 i=1 linput 1calc
: = . . - EY=
sevft; e (), S N-(p+1) ’
calc
. where
where ; R
N N = number of data points,
. = number of parameters,
by (lnYi —1nYi ‘ )2 P P
62”i=1 input cale
N-(pt1)
Mean Case:
~2
sm,=f1? e® -1),
i i
calce
where
N 2
v (1nY, -lnY:,L )
~2_i=1 input cale ,
° N-(p+D)
CV: Coefficient of SEY SEY
variation (percent) CVi=<Y = - 100, CV=(Y >-100,
mean mean
where where
N N
T Y. = Yi
y  =itl Tinput | _i=1 “input .,
mean N mean N
R: Coefficient of B N 9
correlation (un- by (Yi -Yi )
adJusted'for Not applicable. R= /1- i=1 input calc
sample size) N 9
(Y, - )
=1 linput eaninput
SDEVY: . Standard N 9
deviation of % (Y, - )
input Y i=1 1input aninput
put SDEVY= NI .

Significance test
of parameters
(ADB’C,D)

Value of parameter

If

Standard deviation of parameter

2 Student's t-value,

then the value of the parameter is considered to be significant.

8For the logarithmic model, SEY and CV vary with each data point i.

bFor the exponential model, SEY and CV are constant over the range of data points.
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X

Fig.12—Example of three fits through a set
of data using curve of form Y =e#o. x
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a curved line bowed upward (pl < 1), or a curved line bowed downward
(pl > 1), only one of which would be the absolute solution to:the
problem, i.e., the one with the minimum sum of squares of Y deviations,
As more independent variables are considered, the problem becomes more
complex, particularly for negative slopes,

The above problem illustrates the type of studies currently under
consideration, Hopefully, as such studies are completed, their results
can be incorporated into the computer program and documented. In this
way, it is believed that this computer program may continue to reflect
the latest methodologies relating to the general problem discussed in

this Memorandum,
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Appendix A

MATRIX DEFINITIONS AND OPERATIONS

This appendix gives definitions and operations of matrices that

MATRIX

An array of elements (usually real numbers) A with m rows and
n columns is called a matrix of order (size) m X n. The elements are
denoted by aij’ where i refers to the number of the row and j refers

to the number of the column in which the element appears. Thus

411 %12 . %1n
YY) e &on
A= : . : .
a a
ml m2 mn
L _

Any element aij with 1 = j is called a diagonal element of the matrix.

EQUALITY OF MATRICES

Equality of matrices is only defined for matrices of the same size.
So consider two m X n matrices A and B with elements aij and bij’ respec-

tively, Then A = B if and only if

That is, each element of A must be equal to the corresponding element

of B.
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MATRIX OPERATIONS

Addition
This operation is also only defined for matrices of the same size,
Then C will be said to be the sum of A

so let A and B be as above.

and B, written C = A+ B, if C is an m X n matrix of elements cij ob-

tained by
c1J = aij + le for i=1, 2, , Mm; i=1,2, ..., n,
Hence
F_ + + + ¥
291 7 Pyg 215 T by . 4, 7 b
+ + +
S B S EL LPP! e 30 T Pop
c = . .
+ + +
4 bml an2 bm2 e &nn bmn

Scalar Multiplication

Let A be an m X n matrix of elements aij and let o be any fixed

real number. Then the scalar multiplication of ¢ and A, written oA,

is given by multiplying each element of A by . Hence
— — -
11 %12 e #1n 811 %81 e “1n
... ' o ..
21 %o #on ¥1 399 @y,
oA T o . . . = .
4n1 ) %nn aaml ozam2 o0 C o
| —

Matrix Multiplication

Let A be an m X n matrix with elements aij’ B be an n X p matrix

with elements bij’ and C be an m X p matrix with elements Cij' Then
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C is said to be equal to A times B, written C = AB, if

n

E: aikbkj for i=1,2, ..., m i=1,2, ..., p.
k=1

c,, =
13

Hence to obtain Cij’ the i-th row of A and the j-th column of B are
multiplied together term by term and then added. Notice that the term-
by-term multiplication cannot be accomplished without elements being
left over unless the number of columns of A is equal to the number of
rows of B, If this is not the case, then the multiplication is not
defined. Notice also that the resulting matrix, C, has the same number
of rows as A and the same number of columns as B, a consequence of the
definition of multiplication. Finally it should be noted that AB # BA
in general, 1In fact, if p # m, then BA is not even defined. But even

if p = m, it is still likely that AB # BA,

SPECIAL MATRICES

Square Matrix

A square matrix has the same number of rows as columns,

Identity Matrix,

An identity matrix is a square matrix whose diagonal elements are
1 and off-diagonal elements are 0., It is usually denoted by I. So the

identity matrix of size 3 is given by
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Let I be the identity matrix of order n, Then it is the unique matrix

that has the following properties:

AT = A for all m X n matrices A,

IB = B for all n X m matrices B,

CI =1IC=¢C for all n X n matrices C.

Hence T is the matrix that corresponds to the number 1 in the real
numbers, i.e., I has the properties in matrix multiplication that 1 has

in real number multiplication,

Transpose Matrix

Let A be an m X n matrix with elements aij' Then the transpose
of A, denoted by A', is defined to be the n X m matrix whose elements

a! are iven b
i g y

Hence the j-th row of A becomes the j-th column of A,

Symmetric Matrix

A symmetric matrix is a square matrix that has the property that

it is equal to its transpose. Hence if A is a square matrix of order n,

then A is symmetric if and only if A = A', i.e., if and only if aij = aji

for i=1,2, ..., n; j=1,2, ..., n.

Inverse Matrix

An inverse matrix is defined only for square matrices, so let A

be a square matrix of order n. Then the inverse of A, denoted by A-l,



where I is the identity matrix of order n., Hence a square matrix is
to its inverse as a real number is to its reciprocal, However, just
as the reciprocal of zero is not defined (as a real number), so also
A_l is not always defined for every square matrix, If any row
(column) of A is a linear combination of the remaining rows (columns),
then the matrix is said to be singular, and its determinant is zero,
In this case the inverse is not defined,

The method for obtaining the inverse will not be discussed here,
as computer routines are usually available for this purpose, The
explicit methods can be found in any book on matrix algebra, such as

[47, for those who are interested,

Positive Definite Matrix

Let A be a square matrix of order n with real numbers for elements.

Let a be a row vector with n elements (real numbers), i.e.,

a-= (al, cery an).

Hence 2 is a 1 X n matrix and a’ is then defined as the n X 1 matrix

(column vector) given by
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Let the real valued function £(2) be defined by

~

£(@) =a A2

Now if A is such that f(z) > 0 for all nondegeneratelz, i.e.,
a# (0, 0, ..., 0), then A is said to be positive definite.
This concludes the matrix definitions and operations needed

for this Memorandum,
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Appendix B

STATISTICAL FACTS AND RELATIONSHIPS

This appendix is not meant to be a course in statistics but merely
a statement of some of the statistical facts and relationships that
have been used in this study and to which the reader might wish to refer,
For clarification of terms used but not defined in this appendix or for
further discussion of the ideas presented here, it is suggested that the
reader refer to any good elementary book on mathematical statistics,

such as Lindgren [57.

MEASURES OF CENTRAL TENDENCY

Two measures of central tendency have been used in this study,
They are the mean and the median. Since the median is difficult to
define uniquely for discrete distributions, a continuous random variable
X with density fX and cumulative distribution function FX will be used

to discuss the relationship between these two measures.

The Expected Value or Mean of X

The mean of X, denoted by E X, is defined by

(eo)

EX = J XfX(X) dx.

Hence it represents a weighted average of the values of the random

variable by the probability of those values (i.e., fX(X) dx).

Median of X

The median is obtained by finding the value, XO 55 of the random
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variable, X, that satisfies

X oo

0.5
j £,(X) dx = j £,(X) dx = 0.5.

e %.5

Hence it represents the middle of the distribution of X; i.e., the

probability that X < X is equal to 1/2 and the probability that

0.5
X > XO.S is equal to 1/2,
That the two are not equal for all distributions should be clear
from the definitions. The median depends on the value of the random
variable only through the way in which the probability mass is spread
over these values, while the mean depends on these values not only
through the spread of the probability mass but also through the weighted

average process. It is true, however, that these measures are equal

for symmetric distributions such as the normel.

PERCENTILES OF A CONTINUQUS RANDOM VARTABLE

It should be noted that the median is just a special case of the
more general concept of percentiles of a distribution. Using the
notation of the previous section the percentiles of the distribution
of X are defined as follows:

Choose any vy such that 0 <y < 1. Then the y(100)-th percentile of

X is that value XY that satisfies
X

'Y —
| e ax =y

-
The significance of the y(100)-th percentile is that the-proBability that
X < XY is equal to vy and the probability that X > XY is equal to 1 - v.
It is easy to see that the median is just the 50-th percentile of the

distribution.
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MEASURES OF VARIABILITY

Variance
The variance of a random variable X is denoted by Var X and /ig

given by

Var X = E (X - E X)2,

It is a measure of the dispersion of X about its expected value. A use-

ful relationship is given by

Var X = E X° - (E x]z.

Covariance
The covariance of two random variables X and Y is a measure of how

they vary together. It is denoted by Cov (X, Y) and given by
Cov (X, ¥) =E [(X -EX)(Y - ED].

If X - E X is large when Y - E Y is large, and small when Y - E Y
is small, then X and Y will have a large positive covariance. If X - E X
is small when Y - E Y is large, and large when Y - E Y is small, then
the covariance of X and Y will be a large negative number. If one seems
to have no effect on the other, then their covariance will be near zero.

A useful relationship is given by
Cov (X, ¥Y) =EXY - EXE Y.

From this it is easy to see that if X and Y are independent, then
Cov (X, Y) = 0, since independence implies that E XY = E X E Y, This

implication does not hold in the other direction, however,
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Covariance Matrix

The multivariate generalization of the variance of a single random

variable is given by the covariance matrix. If X ceny Xp have a

1’ X2’

multivariate distribution, then their covariance matrix is given by

Var Xl Cov (Xl, X2) ce Cov (Xl, kp)
Cov (XZ’ Xl) Var X2 co Cov (X2, Xp)
C X, X Cov (X_, X ves Var X

Cov (ps XD (X, X, :

LINEAR COMBINATIONS OF RANDOM VARTABLES

The following equalities will help in computing the expected value,
variance, and covariances of a linear combination of random variables,

Let X, Y, and Z be random variables and a and b be real numbers., Then

E (aX + b) aEX+hb and E(X+7Y) EX+EY;

a2 Var X and Var (X + Y)

Var (aX + b) Var X+ Var Y + 2 Cov (X, V);

Cov (aX + b, Z) a Cov (X, 2) and Cov (X + 7Y, Z) Cov (X, Z2) + Cov (Y, Z).

Furthermore, if the random variables in question are all normal, then

any linear combination of them is also normal.

DISTRIBUTIONS REIATED TO THE NORMAL

Chi-square Distribution

Let Xl’ X2, cey Xk be independent standard normal random variables

(i.e., E Xi = 0 and Var Xi =1 fori=1, 2, ..., k). Let Z be the random

variable defined by X
2= i
i

i=1
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Then Z is a chi-square random variable with k degrees of freedom and

EZ =k and Var Z = 2k.

The t-distribution

Let X be a standard normal random variable and Z be a chi-square
random variable with k degrees of freedom. Assume that X and Z are

independent, Then the random variable T defined by

has a t-distribution with k degrees of freedom, It should be noted
that the t-distribution is symmetric about the origin. Hence for any

v, 0 <y <1, it follows that

where tY and tl'Y are the v(100) -th percentile and the (1 - ) (100)-th

percentile of the t-distribution.
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Appendix C

H -
CONVERSION OF e ° TO Ko

As mentioned in the Introduction, it is often desirable to have a

regression function of the form
. - M Hp - o
( ) p‘oxl oo XP (p‘o > )3
instead of a regression function of the form studied in this Memorandum,

namely,

Ho My H
2 e X,  «eo X P,
(2) 1 >

This involves nothing more than making the transformation

in the original model. It seems only natural then to define the estimate

of ;O by

Furthermore, if this definition is adopted, then the values of the
estimators ﬁl, cees ﬁp, the distribution of these estimators, and the
prediction interval obtained in the body of this Memorandum will remain
valid for the new form of the regression function. So in adopting this
definition, the only problem that remains in the conversion is to deter-
mine the distribution of ﬁb.

This can be accomplished by looking at the first order Taylor series
expansion given by

~

g ko N
e e [1+ (uo - uo)].
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Then, by definition of Eo’ it follows that

~

p‘O %uo(l + LLO - MO),

which is a linear function of the random variable ﬁo since o and EO
are constants, But ﬁo was found to have a normal distribution (approx-
imate for the additive case), so Eb is approximately normal since it is
approximately a linear function of ﬁo. Furthermore,

E by ~ (LT E iy = py)

and
Ellg =

(approximately in the additive case)., Hence

~

E Bo =~ Hp-

Similarly,

-~

= — 2 - -2 IS
Var g R;(uo) Var by /e By Var b

and

~

) p‘o Cov (ﬁo, ﬁ>

COV (u‘os p"i) NLLO COV (p‘o’ p" i

1

for 1 =1, 2, ..., p.

~

Using these approximations for the distribution of EO’ the conver-

sion is complete,
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Appendix D

ABSOLUTE MINIMUM AND POSITIVE DEFINITENESS OF THE
MATRICES OF SECOND PARTIALS

GENERAL DISCUSSTION

Suppose we have a function, f, of one variable, say Z, and suppose

that we are interested in finding the value of Z, say Z that minimizes

O’
£(Z). With the usual continuity assumptions on f, the first thing that

would be done is to find the roots of the equation
£(z) =0,

where f£° is the first derivative of f with respect to Z, Each root of
this equation is called a critical point., As mentioned in the additive
model, a critical point may represent a relative or absolute maximum

or minimum or an inflection point. To find a critical point that repre-
sents a minimum, one finds the second derivative of f with respect to Z,
denoted by £°¢z). 1If this is positive when evaluated at the critical
point in question, then that particular critical point is a relative
minimum,

Take a relative minimum critical point and denote it by ZO' Then

f'(zo) =0 and f”(zo) > 0.

Now if £7(2Z) > O for all Z, then Z, is the only critical point for f
H 2

0

and ZO is therefore the absolute minimum of f. Similarly, for any

interval around Z say, 2, < 2, <Z Z will be the only critical

0’ 1 0 2270

point of f in this interval and will therefore be the absolute minimum

of f in this interval if £f”(Z) > 0 for all Z in the interval, i.e., for

2

all Z satisfying Z1 <Z < Zgy.
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The matrix of second partial derivatives is a generalization of
the second derivative, Any critical point that has a positive definite
matrixT of second partial derivatives, when evaluated at that critical
point, is a relative minimum for the surface., If the matrix of second
partials is positive definite for all points in a region including this
critical point, then this critical point is an absolute minimum in that

region and is the only critical point in that region,

SPECIFIC CASE

The matrix of second partials for Q is given below:

n n n n
}: £, - ¥) E: £, In X, (2F - ¥) }Z £, 10 X, 2F - ¥ . ZE g0 X Qf -1
i =1 i-1 1=1
ke n n n
.2 -
2 £, 1n X (26, - Y) Z £ ' X 2f - 1) z £, 1n X, In X, (26 = 1) 2 £, 1o Xy, In X (26, - ¥
2140 i=1 i=1 i=1
n s n n
}E £, 1o XL (2F, - Y,) 5: £ in \p1 In X, (2f - ¥)) 2 £,In X In X, (28 - Y) E; £ 1a" x (2 X.)
i=1 i=l i=1 i=1
Mo My Mp
In this matrix, £, = e X; 7 X" for i =1, 2, ..., n, and the element
i i

in the k-th row and the j-th column is

3%
Bukauj

It is assumed that this matrix is nonsingular, Now assume that

.1-

For definition, see Appendix A.
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2fi - Yi > 0 for all i; then it is possible to make the following

substitutions. For i =1, 2, ..., n, and j =1, 2, ..., p, let

2 _

nOi fi(Zfi"’ Yi)’

2 2

-, = f -

nJl : 1n xji(zfi Yi).

Then the matrix of second partials becomes

n n n n
Z n(zu Z To1M; Z ToiTys Z Tbinpi
i=1 i=1 i=1 i=1
n n n n
2 ﬂli“Oi z T‘il Z T]linZJ_ z nllnpl
C= li=1 i=1 i=1 i=1
. n n 12s
TiMos Z i Mg Z Tils .., Z “;2;1
i=1 i=1 i=1 i=1

Define vectors 'T]i = (Tbi, ﬂli’ coes T]p.) for i =1, 2, ..., n. Then

C can be expressed as

n

— '
¢ Z ninl’

i=1
where
o1
nli
’ =

h :
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the transpose of ﬂi. Now take any p + 1 dimensional row vector

3 = (aO’ 815 eees ap). Then

n
A ) GEIHMEY
i=1

where

8t

bi = Z a,mM,. = ZT]_’ = 1.32°.
j=1

Therefore, aCa’ = 0 for all @, since it is really the sum of squares.

Furthermore, equality holds only if bi =0 fori=1, 2, ..., n, This

can happen only if

(i) 2 is degenerate, i.e.,‘z =(0, ..., 0), or
(ii) the rows of C are linearly dependent, i.e., there exists

an a such that Eﬂ{ =0 for i =1, 2, ..., p.

But (ii) cannot happen, since this would imply that the matrix C
is singular, which in turn would imply that the matrix of second partial
derivatives is singular.

Therefore for any nondegenerate & we have that
~~,
aCa® > 0,

and hence C is positive definite, So if 2fi - Yi > 0 for all i, then

the matrix of second partial derivatives of Q is positive definite.
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Now take a given set of historical data. Then 2fi - Yi > 0 for
all i on a certain region R of the parameters uo, veas up. This region
then depends on the historical data, If (ﬁo, vees ﬁp) is in this re-
gion, then it corresponds to the critical point Zo in the one-variable
model, The region R corresponds to the interval given by (Zl, 22).
Therefore (GO, oo ﬁp) represents the only critical point in this

region, and it is the absolute minimum for Q in this region.
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Appendix E

VARIANCE -COVARIANCE MATRIX

The variance-covariance matrix of the estimates (ﬁo, ceuy ﬁp) is
obtained by a direct application of the Gabler-Madansky study [27.
To translate the notation of that paper into the notation of this

work the following comparative listing should be of value,

Graver-Boren Gabler-Madansky
n P
p+1 t
(Yl, e Yn) (Xl’ ey XP)
(kg ...,up) (hys veey B
oi Q

The first thing that must be done is to establish the p + 1

linear relations referred to in [27 by
fk(a, p) =0 for k=0, 1, ..., p.

As one can see, each f is a function of ¢ and p. The latter refers
to the parameters Bo» Hps e Mp’ while the former is defined by
Bo Mg B

=e "X,5 ... xP

o 1k ok for k=1, 2, ..., n,

Inherent in the model discussed in this Memorandum is the

relationship

By ,

IR
[
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where

1n oy

12
f

11 21

1 In X12 In X22 .

In 2n

This implies
B'o = B Bp
or
» "]-’ —
(3°B) "B’z =4,
provided B’B is nonsingular. Hence, we have

p- 3BT

1 In X In X et

1 In X In X o

B'g =0 .

In X
pn
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The last set of equations describes the p + 1 relationships referred
to above,
Gabler and Madansky also make use of n - (p + 1) relationships

referred to by
¢k(a) =0 for k=1, 2, ..., n-(p+ 1) .

Note that these relationships depend explicitly on only the ¢'s. Care
must be taken to use each of the n ¢'s equally in setting up these
relationships to avoid obtaining estimates of the variance-covariance
matrix that depend on the order of the sample, Equal consideration
of the ¢'s can be accomplished by making use of eigenvalues in the
reduction of a size n matrix to a size n - (p + 1) matrix. The use

of this technique can be seen in the following derivation of

¢k(a) =0, k=1, ..., n - (pt 1),

Two relationships have already been established, They are
o = By
and

(%8) '8’y .

1=
]

By substitution we have

I

B(B'B) "B’o

IR

or

0= (I - B(B'B)-lB')g ,
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where I is the n X n identity matrix.

Let M = (I - B(B'B)-l

B’) and E = B(B"B) "B’. Then My = 0 and
M=1- E, However, M and E are idempotent,Jr which implies that the
eigenvalues are either O or 1, Since B is ann X (p + 1) matrix, its
rank is at most p + 1 and is equal to p + 1 if B’B is nonsingular.

In this case the rank of E is p + 1. This implies that E has p + 1
eigenvalues equal to 1, and n - (p + 1) eigenvalues equal to O, This
in turn implies that M has n - (p + 1) eigenvalues equal to 1, and

*
p * 1 eigenvalues equal to O, Thus M = QI Q’, where Q is the n X n

orthogonalff matrix of eigenvectors, and

where I is the n - (p+ 1) X n - (p + 1) identity matrix, However,
0 =My = QI“Q'g implies that IKQ'g = 0. This result is analogous to
the one-dimensional statement that if (a)(b) = 0 and a # 0, then

* »

b = 0 since Q orthogonal is analogous to a # 0. Therefore, I Q'y =0

can be rewritten vectorially as

*

Qo =(Q, e =0,
where

TNote that a matrix A is idempotent if and only if A2 = A.

TTNote that Q being orthogonal implies that QQ’ = I, the n X n

identity matrix. Hence Q is of full rank,
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4 7
1 | % n- (p+ 1)
Q' = — —— _ —_— —_— ——
I4 l ’ +
Q, | Q, pt1
Now let wk(a) = Z§=1 qij 1n Qﬁ =0 fork=1,2, ,.., n-(p+ 1),

% *
where qkj is the element in the k-th row and j-th colummn of Q@ = (Q{, Qé).
Referring again to the Gabler-Madansky model, we find that the

variance-covariance matrix is given by

GZR = ozc'AC .

In the above, A = I - w;(wawé)_lwa with ¢a an n - (p+ 1) X n matrix of

elements

_ a\l'k(O!)
k j .
akj BaJ

5
C is the n X (p + 1) matrix given by
-1 »
= -(F'F
C (Fu Q) ,
where Fa is a p ¥ 1 X n matrix with elements given by

) of, (o, ¥)

ok j du, ?
J ]

£

and FM is the p+ 1 X p + 1 matrix whose elements are given by

) Bfk(a,u)

f .
pkj Buj



-96-

In our case,

*
‘b. =Ej.
ok j o,
J
R
h,
f =—J£
ok % ’

where hjk is an element of

H = (B’B)'lB’ .

Therefore, €’ = a matrix whose elements are given by ckj = hkj/aj'

Since A and C are now defined, we have only to calculate
R = C’AC.

However, the eigenvalues of A have been used in the computer to
enhance the accuracy of the calculation of A,

Noting that the matrix P = wé(waw;)_lwa is idempotent (i.e,,

P2 = P), we see that the eigenvalues of P equal either O or 1. Since

¢a is ann - (p + 1) X n matrix, its rank is at most n - (p + 1), and
is equal ton - (p + 1) if wawé is nonsingular., In this case,

the rank of P is n - (p + 1), so that P has exactly n - (p + 1)
eigenvalues equal to 1, and its other p + 1 eigenvalues are 0.
“"Consequently, A = I - P has p + 1 eigenvalues equal to 1 and

n - (p + 1) eigenvalues equal to O,
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Since p + 1 is much smaller than n, replacing the matrix A by
QQ’, where Q is the n X p T 1 matrix of eigenvectors corresponding
to the p + 1 eigenvalues equal to 1 (or better yet, by QDQ’, where
D is the p + 1 X p + 1 diagonal matrix of the largest p + 1 eigen-
values of A, as computed complete with numerical rounding error, so

that D does not quite equal I) will increase the accuracy of the com-

putation of C'AC.
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Appendix F

FORTRAN IV SYMBOLIC PROGRAM

This appendix presents a symbolic listing of the FORTRAN IV
computer program, However, the two auxiliary subroutines (SETSW and
FPTCTL) are written in MAP language specifically for the RAND IBM
7040/7044 computer, and if they are to be used for other computer sys-
tems, they may have to be rewritten, It should be noted that these two
subroutines are not essential to the operation of the computer program.
They are used to provide a way to retain control of the machine if

overflows occur,



SIBFTC MAIN

(] o0

w N

COMMON A, By Cy Dy Al,
C CVy PDEVM, Ry RN, RN1,
Cc SDEVA, SDEVALl, SDEVB, SDEVC, SDEVD,
Cc SDEVY, SEY, SIGYSQ, SuMbDS1, SUMDS?2,
C SUMY, SUMYSQ, Ty XLSy YMEAN
COMMON  YMS, It, IERR, [EXPO, IDESIG,
C Klv KM9 LS, M, MN1
C Ny COV, Gy He 1SC,
C RSC, Qs PDEV, UP, XLPy
C WL o XL, ZL o YLy YC
COMMON YC1, YDEV, YDEV1, We Xy
(o Loy EM, YSD, YSD1, TITLE
COMMON AN, EA, EAl, IEIG, IMAT
DIMENSION COV(444), G(50550)y H(50450)y ISC(4)y RSC{4)y Q(50,1),
C IDENT(50), PDEV(50)y UP(50)s XLP(50)y WL(50)sy XL(50)y ZL(50),
C YL(50), YC(50), YC1(50), YDEV{(50)y YDEVL(50)s W(50)y X(501},
C 2(50)y Y{50) W1(50), XL(50)s 21(50)s EM(50+5)y YSD(50),
C YSDL{(50), TITLE(10), F(1)
EQUIVALENCE (F(1)y A)y (IDENT(Ll)y EM(Ls1))y (Y(1l)y EM(1,2))
EQUIVALENCE (W1(1l)se EM{143))y (X1(1)y EM({1s4))y (Z1(1)y EM(1,5))

MAIN ROUTINE OF MULTIVARIATE

LOGARITHMIC AND EXPONENTIAL COMPUTER

REGRESSION PROGRAM

SET SWITCHES SO THAT EXCESSIVE FLOATING-POINT TRAPS ARE IGNORED.
CALL SETSW (O0s 1ls 0y Q)
CLEAR ALL STORAGE LOCATIONS IN COMMON.
DO 31 =1y 6175

F(I} = 0.

SET PASS COUNTER TO 1.

M =1

CALL READ

CHECK ERROR DESIGNATOR.

IF (IERR .EQ. 1) GO TO 2
CALL ARRAY

CALL CALC .

CHECK ERRDR DESIGNATOR.

IF (IERR .EQ. 1) GO TO 5
CALL EXPOD

CHECK ERRDR DESIGNATOR.

IF (IERR «EQ. 1) GO TO 5
CALL STATIS

IERR = O

IF (M ,GE. 7} GO TO 2
INCREASE PASS COUNTER BY 1
M =M+ 1

GO 70 4

END
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SIRFTC READ
SUBROUTINE READ

COMMON Aq By C9 D9 Al’

C CVo, PDEVM, Ry RN RN1,

c SDEVA, SDEVAL, SDEVB, SDEVC, SDEVD

C SDEVY, SEY, SIGYSH, SUMDS1 ., SUMDS 2,

C SUMY, SUMYSQ, T XS, YMEAN
COMMON  YMS, Il FERR, IEXPQO, IDESIG,

C Kl, KM, LSy Mo MN 5

C Ny cov, Gy Hy ISC,

C RSCy Q PDEV, UP, XL Py

C WLy ) I ZL, YL’ YC
COMMON  YCL, YDEV, YDEVL1, W Xy

C Ly EM, YSD, YSD1, TITLE
COMMON ANy EA, EALl, IFIG, IMAT

DIMENSION COV(4y4), G(50450)y H(50,50), ISC(4), RSC(&4)y Q(5041)
C INDENT(50), PDEV(50), UP(50), XLP(50), WL(50), XL(50)y ZL{50),
C YL(50), YC(50)s YCL{50)y YDEV(50), YDEV1I(50), W{50)y X(50).
C Z(50)y Y(50) 4 WL(50), X1(50}s Z1(50), EM(5045)y YSD(50),
€ YSD1{50), TITLE(1O0), F(1)
DIMENSION  FMT(12), JX(5)
EQUIVALENCE (F{1), A)y (IDENT(1), EM{1l,s1))y {Y(1), EM(1,2))
EQUIVALENCE (WL(1)y SM(143))s (X1(1)y EM(14+4)), {Z1(1)Ys EM(145))
EQUIVALENCE  (JX{1)y JL)y (JX(2), J2)y (IX(3), I3y (JX{4)y J4)
EQUIVALENCE (JX(5), J5)

SUBROUTINE FOR READING INPUT DATA, CHECKING FOR ERRORS, AND
SCALING DATA 1F REQUIRED

aNeReRe!

1 IF (M 6T, 1) GO TO 26
READ TITLE CARD.
READ (5, 2) IFMT, IDESIG, LS, (ISC{I)y I = 1, &), (TITLE(I)Y o I =
C 1s 10)
2 FORMAT (311, 1Xe 412y 2Xy GA6, A4)
C TEST WHETHER FNRMAT CARD IS T0 BE READ FOR THIS SET OF DATA.
1F (IFMT JEQ. Q) GO 70O 26
C READ ORDER CARD.
READ (5, 20) Jly J2y J3y J4, J5
20 FORMAT (5{A2, 1X))
DO 5 K = 1y 5

[

CALL SEARCH (JX(X)sLs36HID Y1l X1 X2 X3 )
IF (L +EQ. 7) GO TO 22
5 JXx(K) = L
GO TO 24
C WRITE ERROR MESSAGE

22 WRITE (6, 23)
23 FORMAT(1H1//, 5X, B2HERROR IN VARIABLE FORMAT INDEX (SECOND INPUT
C CARD). THIS JNB HAS BEEN TERMINATED.)
CALL EXIT

C REAN FORMAT CARD.

24 READ (5, 25) (FMT(I)y I =1, 12)

25 FORMAT (12A6)
C PRINT TITLF ON NEW PAGE.

26 WRITE (6, 3) (TITLE(I), I = 1, 10}

3 FORMAT (1Hly 9X, 9A6, A4 /)

IF (M .GT. 1) GO TO 12



27
28

29
30

6

10
11

12

13
14
15
16
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COMPUTE SCALE FACTORS {IF ENTERED) FOR VARIABLES.

ND 4 1 = 1ls &

IF (ISC{I) «NE. 0) RSC(I) = 10,0%x(ISC(I))

CONT INUE

1F NOT ENTERED, SET LEVEL-OF-SIGNIFICANCE DESIGNATOR TO 2

(LOS OF 0.05).

IF (LS .EQ. 0) LS = 2

READ INPUT DATA,

no 61 =1, 51

IF (J5 .EQ. 6) GO TO 27

READ (5y FMT) EM(T,J1)» EM{1,J2), EM(I4J3), EM(IoJ4)y EM(1,4J5)
GO 70O 30

IF (J& .EQ. 6) GO TO 28

READ (5, FMT) EM(I1,J1), EM(1¢J2)s EM(I14d43), EM{T,04)

GO TO 30

1F (J3 .EQ. 6) GO TO 29

READ (54 FMT) EM(I,J1), EM{14J2)y EM(1,4J3)

GO TO 30

READ (54 FMT) EM{Is4J1), EM(I,+42)

CHECK FDOR BLANK CARD.

IF (ABS(Y(1)) + ABS{Wl{(I)) + ABS{XL(I)) + ABS{Z1(I1)) .EQ. O.)
cC GO TO 7

CONTINUE

1 = 51

SET N EQUAL TO NUMBER OF INPUT DATA POINTS.

N=1-1

Do 91 = 1« N

CHECK INPUT DATA FOR ERRORS .

IF (Y(I) .LEe. 0.) GO TO 10

IF (W1(1) .LE. O.) GO TO 10

IF (X1(I) +LT. O.) GO TO 10

IF (Z1(1) oLTs 04} GO 70 10

SCALE INPUT DATA 1IF SCALE FACTORS ARE ENTERED.

1F (ISC{1) «ME. O0) Y(I) = Y(1) * RSC(1)

IF (ISC(2) «NEe 0) WL(T) Wil(I) * RSC(2)

IF (1ISC(3) «NF. 0) X1(I) X1{I) * RSCI(3)

IF (ISC(4) «NEe. 0) 21(1) Z1{1) =* RSC({4)

CONTINUE

GO TO 12

PRINT ERROR MESSAGE IF ANY ERRORS EXIST IN INPUT DATA.

WRITE (65 11) :

FORMAT (1HO/+ 5X. 109HZERO OR NEGATIVE VALUE EXISTS IN INPUT DATA.
C ALL RUNS ASSOCIATED WITH THIS SET OF DATA HAVE BEEN TERMINATED.)
1IERR = 1

RETURN

PRINT SCALE FACTORS IF ENTERED.,

IF (ISC(1) «.NE. O) WRITE (64 13) ISC(1)

IF (ISC(2) «NE. O) WRITE (64 14) ISC(2)

IF (ISC(3) «NE. O) WRITE (6, 15) ISC(3)

1IF (ISC(4) «NE. O) WRITE (6, 16) ISC(4)

FORMAT (1HO, 9X, 36HY SCALE FACTOR = BASE 10 EXPONENT o I2)
FORMAT (1HOy 9X» 37HX1 SCALE FACTOR BASE 10 EXPONENT 12}
FORMAT (1HO, 9X, 37HX2 SCALE FACTOR BASE 10 EXPONENT 12)
FORMAT (1HO, 99X, 37HX3 SCALE FACTOR ., BASE 10 EXPONENT , 12)
RETURN

END
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$TRFTC ARRAY
SUBRNUTINE ARRAY

COMMON Ay By C, De Al
C CVy, PDEVM, Ry RNy RN1»
C SDEVA, SDEVAL, SDEVB, SDEVC, SNEVD,
C SDEVY, SEY, SIGYSQ, SUMDS1, SUMDS2 «
C SUMY, SUMYSO, Ts XLS, YME AN
COMMON YMS Il, TERR, TEXPD, IDESIG,
C Kly KMy LS, M, MN
C Ny COV, Gy Hey 1SC.,
C RSC, Qy PDEV, UPy XLPy
C WL o Xy L, YL, YC
COMMNON YC1l, YDEV, YDEV1, Wy X
C YA EMey YSDy, YSD1y TITLE
COMMON AN, EAy, EAl, IEIG, IMAT

NIMENSION COV(44&)y G(50,50)s H(50450), ISC(4),y RSC(4)y Q(5041 )y
C INENT(50), PDEV(50), UP(50), XLP{50)s WL(50), XL{50),y ZL {50},
C YL{50), YC(50), YC1(50), YDEV({50), YDEV1(50), W(50), X(50]),
C Z(50)s Y(50) 4 W1(50)y X1(50)y Z1(50}, EM{5045)y YSD(50),
€ YSD1(50), TITLE(10), F{1)
EQUIVALENCE (F(1)y A)y (IDENT{(1)s EM(1.1)),
=

(Y{1)y EM{1+2}))
EQUIVALENCE (WL(1)s EM{143))s (X1(1)y EM{1s4))y (21C1)y EM(1,5))
SURRCOUTINE FOR ORDERING THE DATA AND SELECTING APPROPRIATE SET(S)
(F INDEPENDENT VARIABILES TO BE USED FOR THIS PASS THROUGH THE

PROGRAM

aNelNaleN%

1 1IF (M .GT. 1) GN T0O 30
C ARDER NATA FRAM LOWEST Y VALUE TO HIGHEST Y VALUE.
NK = N - 1
(3]4] = 1y NK
IN = + 1
nn 2 = INy N
IF (Y{(1) JLE. Y(J})} GO TO 2
TEMP Y(I)
Y{(I) YiJ)
Y(J) TEMP
TEMP WL1(1)
W1(1)} WL(J)
Wl{J) TEMP
TEMP = X1(1)
X1(I) X1{J)
X1(J) TEMP
TEMP Z21(1)
Z1(1) Z144)
2104} TEMP
ITEMP IDENT(I)
IDENT(I} = IDENT(J)
IDENT(J) = ITEMP
2 CONTINUE
29 CONTINUE
C IF INESIG IS EQUAL TU 1, SET M TO 7 SO THAT ONLY ONE PASS WILL
c RF MADE THROUGH PROGRAM, )
30 IF {(IDESIG «EQe 1) M =7
4 IF (Z1{(1) «GT. Q.) GO TO 5
IF (X1({1l) +GT. 0.) GO TO 20

N
O
bt

LU | S | T

1] 1
i [
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M= 7

60 TO 6

IF (IDESIG .EQ. 1) GO TO 18

GO TO (6, 8y 10y 12y L4y 16y 18), M

SET VALUES OF PROGRAM INDEPENDENT VARIABLES (W, X, Z) TO VALUES OF
APPROPRIATE INPUT INDEPENDENT VARIABLES (Wl, X1, Z1) DEPENDING

AN WHICH SETS OF INDEPENDENT VARIABLES ARE REING CONSIDERED FOR
THIS PASS. ALSO SET 11 EQUAL TO NUMBER OF INDEPENDENT VARIABLES

OO0 O0O

O @

10
11

12

13

14

.15

16

17

18

16

20

21

REING CONSIDERED FOR THIS PASS.

DO 7 1 = 1y
WiE) = W1l(D)
11 =1
RETURN
po 9 1

= 1l¢ N
W(I) = X1(1I)

I1 =1
RETURN

DO 19 I = 1.
WiT) W1(TI)
X(1I) XL(I)
Z(1) Z1(1)
IL = 3
RETURN

If (IDESIG .EQ.

M =M+ 2
GO TO (649 69
END

6y by by By By By 12)4 M

GO TO 12
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OO0 OO0
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O

eNele

SUBROUTINE CALC
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3 FORMAT

COMMON A, B C, Dy Al,
c CVe PDEVM, Ry RNy RN1y
C SDEVA, SDEVALl, SDEVB., SDEVC, SDEVD,
C SDEVY, SEY, SIGYSQ, SUMDS1 SUMNDS2,
C SUMY, SUMYSQ, Ty XS, YME AN
COMMNON  YMS, Il, IERR, IEXPO, IDESIG,
C Kly KM, LS, My MN o
C Ny COv, Gy Hy 1SCy
C RSC s Qs PDEV, P, XLPy
C wL’ XLQ Z.L, YL, YC
COMMON  YC1l, YDEV, YDEV1, We X
C Zy EM, YSD, YSD1y TITLE
COMMON AN, EA, EALl, IFIG, IMAT
COMMON  /LABEL/ S, VAR
DIMENSION COV(4494)s G(50450)s H(50450), ISC(4)s RSCU&), Q{5041
C INENT(50), PDEV(50}s UP(50), XLP(50), WL(50), XL(50), ZLA50) .
C YL(50), YC(50)y YCL(50)y YDEV(50), YDEVLI(50)s W(50), X{50),
C Z(50), Y(50) 4 W1(50}s X1(50), Z1(50), EM(50,5), YSD{50),
C YSD1(50), TITLE(LO)}s F(1)
DIMENSINN TT(1), PIVOT(50), IPIVOT(50), INDEX(50+2)
FOQUIVALENCE (F(1l), A)y (IDENT(1)y EM(L41)),y (Y(1)y EM(1,2))
EQUIVALENCE (WL(1)y EM(143))y (X1(1)y EM(le4))s (Z1(1)y EM{1+5))

SURRNUTINE FOR DOBTAINING SOLUTIONS AND RELATED STATISTICS FOR
LNGARITHMIC CASE

USE MODIFIED FLOATING-POINT TRAP ROUTINE FTPCTL SO THAT CONTROL
1S RETAINED BRY THE PROGRAM IF EXCESSIVE FLOATING-POINT TRAPS ARE
ENCOUNTERED IN THE CALCULATINNS,

ASSIGN 56 TO I11

CALL FPTCTL(ILID)

CASE DFSIGNATOR (LOGARITHMIC =- IEXPO = O
EXPONENTIAL —--= I1EXPO = 1) ’

IEXPO = O

NUMBER OF PARAMETERS

MN = 11 + 1

DEGREES OF FREEDOM

KM = N — MN

CHECK WHETHER DEGREES OF FREEDOM ARE GREATER THAN ZERD. IF NODT,
PRINT ERRMNR MESSAGE.

IF (KM JLE. 0) GO TO 54

FLOAT N AND KM,

AN = N

RKM = KM

PRINT HEADING.

WRITE (6,4 3)

(1HO,

CROR ASSUMED))
CALL SUBROUTINE PRINT TO PRINT APPROPRIATE SUBHEADING.
CALL PRINT .
7FERO OUT PARAMETERS A, Alsy By Cs AND D ALSO ZERO OUT
VARIANCE-COVARIANCE MATRIX (COV) AND UPPER PORTINNS OF
MATRICES G AND H AND COLUMN VECTOR Q.

Al = 0.

59Xy 16HLOGARITHMIC CASE / 53X, 30H(MULTIPLICATIVE ER
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DD 5 1 =1y 4
F(I) = 0.
G(l,1) = 0.
Q(Isl) = Oo
N0 4 J =1, 4
H(I.J} = 0.
COV(l,J) = 0.
CONTINUE
CONTINUE

DO 13 1 = 14 N

SET ALL VALUES OF EITHER THIRD {Z) OR SECOND AND THIRD (X, Z)
INDEPENDENT VARIABLES TO 1 IF NOT BEING CONSIDERED FOR THIS PASS.

IF (Il oLTe 3) Z(1) = 140

IF (Il .LT. 2) X(1) = 1.0

LOGARITHMS 0OF VARIABLES AT EACH POINT

YL(I) = ALDOG(Y(I))
WLII) = ALOG(W(I))
XL(I) = ALOG(X(IY}))
ZL{I) = ALOG(Z(I))
CONTINUE

SUM OF LOGARITHMS FOR EACH VARIABLE
DO 14 1 = 1, N

Gllsl) = G(lsl) + YL(I)

G{2s1) = G(241) + WL(I)

G(3,1) = G(3,1) + XLI(I)

Gl4ay1) = Glayl) + ZLI(T)

CONTINUE

MEAN OF LOGARITHMS FOR EACH VARIABLE
G{lyl) = G(1ls1)/AN

G(2+1) = G(241)/AN

G(3y1) = G(341)/AN

G(4s1) = G(4y1)/AN

CALCULATE MATRIX H AND COLUMN VECTOR Q THAT ARE USED TO OBTAIN
SOLUTIONS OF PARAMETERS By Cy Do
DO 15 1 = 1s N '

YDIF = YL{I) - Gl(l,1)

WDIF = WL(I) = G(2,1)

XDIF = XL(I) — G(3,1)

IDIF = Z2L(1) - G(4s1)

H(ls1) = H(l,1) + (WDIF%*%2)
H{l192) = H{142) + (WDIF = XDIF)
H(143) = H{1,3) + (WDIF * ZDIF)
H(2+2) = H(2+2) + (XDIF%%x2)
H(2¢3) = H(2,3) + (XDIF * ZDIF)
H{343) = H(3,3) + (ZDIF*x%2)
0(141) = Q(1ls1) + (WDIF * YDIF)
Q(2+s1) = Q(241) + {(XDIF * YDIF)
Q(3,1) = Q(3,1) + (ZDIF * YDIF)
CONTINUE

H{(2s1) = H(1,2)

H(341) = H{1,3)

H(3,2) = H{Z2,3)

INVERT MATRIX H.

CALL MATINVI(HyI114Qs1,DETERM,PIVOT,INDEX,IPIVOT)

CHECK VALUE OF DETERMINANT GENERATED IN MATRIX INVERSION
SUBROUTINE. IF ZERD (IPIVOT(1) = =-1), PRINT ERROR MESSAGE.
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IF (IPIVOT(1) +EC. {(=1)) GO TO 52
OBTAIN VALUES OF PARAMETERS By Cy D STORED IN COLUMN VECTOR Q.

B = Q{1ls1)
C = Q(2,1)
D = 0(3,1)

PARAMETER A FOR MEDIAN CASE

A = G{lsl) = (B*G(241)) = (C*G(341)) = (D%G(4,y1))

CHECK MAGNITUDE OF VALUE OF PARAMETER A. IF GREATER THAN 88,
PRINT ERROR MESSAGE.

IF (A .GT. 88.) GO TO 50

CHECK K1 DESIGNATOR. IF K1 IS ZERO, THIS IS FIRST PASS THROUGH
PROGRAM,

IF (K1 oNEe. 0) GO TO 60

SUMY = 0.,
SUMYSQ = 0.
YMS = 0.

SIGYSQ = 0.

b0 17 1 = 1s N

SUM OF INPUT Y VALUES AND SUM OF SQUARES OF INPUT Y VALUES

IF (K1 oNE., O) GO TO 61

SUMY = SUMY + Y(I)

SUMYSOQ = SUMYSQ + (Y(I)**2)

AT EACH POINT CHECK MAGNITUDE OF PRODUCT OF EACH PARAMETER (B,C,D)
TIMES LOGARITHM OF VALUE OF INDEPENDENT VARIABLE FOR WHICH
PARAMETER IS EXPONENT. IF GREATER THAN 88, PRINT ERROR MESSAGE.

FAB = B *x WLI(I)
FAC = C * XL(I)
FaD = D *x ZLA{T1)

IF {(FAB 4GT. 88.) GO TO 50

IF (FAC .GT. 88.) GO TO 50

IF (FAD GT. 88.) GO TO 50

SUM OF SQUARES OF DEVIATIONS OF LOGARITHMS OF Y

SIGYSQ = SIGYSQ + ((YL{I) - A - FAB - FAC - FAD}=*x%x2)
CONTINUE

SIGYSO DIVIDED BY DEGREES OF FREEDOM

SIGYSO = SIGYSQ/RKM

VARTANCE-COVARIANCE MATRIX OF PARAMETERS By Cy D

DO 180 1 = 1, 3 *

DO 18 J = 14 3

COV(I+1,d+1) = SIGYSQ * H(I,J)

CONTINUE

CONTINUE

PARAMETER A FOR MEAN CASE

Al = A + (0.5 * S5IGYSQ)

CHECK MAGNITUDE OF VALUE DF PARAMETER Al. IF GREATER THAN 88,
PRINT ERROR MESSAGE.

IF (Al «GT. 88.) GO TO 50

STANDARD DEVIATIONS OF PARAMETERS B, C, D

SDEVB = SQRT(COV(242))
SDEVC = SQRT{(COV(3,3))
SDEVD = SQRT(COV(444))

SK1 = ((G(241)%H(141)) + (G(3,1)%H(2,1)) + (Gl&,1)%H(3,1)))*G(2,1)

SK2 = ((G{291)%H(142)) + (G(3,1)%H(242)) + (G(4s1)%H(3+2)))%G(3,41)
= ((G(291)%H(1,3)) + (G(3,1)%H(2,3)) + (G(4,1)%H(3,3)))*G(4,1)

VA = (SIGYSQ/AN) + (SIGYSO * (SK1 + SK2 + SK3})

VAl VA + (0.5 * (SIGYSQO*%2)/RKM)

H
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STANDARD DEVIATIONS OF A AND Al
SDEVA = SQRT(VA)
SDEVALl = SQRT(VALl)
DO 19 I = 2, &
PARAMETER A INCORPORATED IN VARIANCE-COVARIANCE MATRIX
19 COV(lsI) = =SIGYSQ*=((H(I-191)%G(2,1))+(H(I=-142)%G(3,41))+(H(I-1,3)%
C Gl4ayl)))
DETERMINATION OF STUDENT*S STATISTICAL T-VALUE (T)
28 GO TO (29, 30, 31, 32}, LS
29 P = 2.575

XLS = 0.01
GO TO 33
30 P = 1.960
XLS = 0,05
GO TO 33
31 P = 1,645
XLS = 0.1
GO T0O 33
32 P = 1.282
XLS = 0.2
33 S = KM
VAR = P

TT(1l) = VAR
CALL GRT(1sTT4IN,O)
3¢ T = TT(1)

MEAN OF Y
YMEAN = SUMY/AN
35 SUMDS1 = 0.
TEMPL = EXP(SIGYSQ)
TEMP?2 = TEMPL - 1.0
TEMP3 = SQRT(TEMPL * TEMP2)
TEMP4 = SQRT(TEMP2)

36 EA = EXP(A)
EAl = EXP(ALl)
DO 37 1 = 14 N
SUM OF SQUARES OF INPUT Y ABOUT THE MEAN
IF (K1 +EQe O) YMS = YMS + ((Y(I) = YMEAN)x**2)
AB = (W(T)*%xB) = (X{I)**C} * (Z{1)=**D)
COMPUTED VALUES OF Y FOR MEDIAN CASE
YC(TI) = EA * AB -
COMPUTED VALUES OF Y FOR MEAN CASE
YCl{I) = EAl * AB
DEVIATIONS OF Y FOR MEDJAN CASE
YDEV(I) = Y(I) = YC(I)
DEVIATIONS OF Y FOR MEAN CASE
YDFVL(I) = Y(I) - YC1(I)
STANDARD ERROR OF THE ESTIMATE VALUES (ADJUSTED) FOR MEDIAN CASE
YSND(I) = YC(I) * TEMP3
STANDARD ERROR OF THE ESTIMATE VALUES (ADJUSTED) FOR MEAN CASE
YSNDL(I) = YCL1(I) * TEMP&
SUM OF SQUARES OF Y DEVIATIONS FOR MEDIAN CASE
SUMDS1 = SUMDSL 4+ (YDEV(I)x%x%2)
SUM OF SOUARES OF Y DEVIATIONS FOR MEAN CASE
SUMDSZ = SUMDS2 + (YDEVL1(1)=#*%2)
CALCULATIONS DOF UPPER (UP) AND LOWER (XLP) PREDICTION LIMITS
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DIF1I = WL(I) = G(2,1)

DIF2 = XL(T) = G(3,1)

DIF3 = ZL{(I) = Gl4y1l)

XK1 = ((DIF1%H(1s1)) + (DIF2%H(2,1)) + (DIF3%H(3,1))) * DIF1
XK2 = ((DIF1%H(142)) + (DIF2%H(2,2)) + (DIF3%H(3,2))) * DIF2
XK3 = ((DIF1%H(1,3)) + (DIF2%H(2,3)) + (DIF3%H(3,3))) * DIF3
XK = T * SQRT(SIGYSQ * (XKL + XK2 + XK3 + (le/AN) + 1l.))

UP{I) = YC(I) * EXP(XK}
XLP(I) = YC(I) % EXP(=XK)
37 CONTINUE
STANDARD DEVIATION OF INPUT Y
39 [F (Kl +EQe 0) SDEVY = SQRT{YMS/(AN - 1.0})
CALL OUTPUT
KL = 1
GO TO 59
ERROR MESSAGES
50 WRITE (6y 51) Ay Al, By Cye D
51 FORMAT (1HO/s 55Xy 92HONE OR MDRE PARAMETERS IS TOO LARGE FOR THE

C LOGARITHMIC CASE. THIS RUN HAS BEEN TERMINATED. ///
C 5Xs 15HA(MEDIAN) = 4, F18.8 /

C 55Xy 15HA(MEAN) = 4 F18.8 /

C 55X, 15HB = [} F18.8 /

C 5Xy 15HC = 4 F18.8 /

C 55Xy 15HD = 4 F18.8)

GO TO 58

52 WRITE (6, 53)
53 FORMAT (1HO/s 5X, 102HDETERMINANT IN MATRIX INVERSION SUBROUT INE
C FOR SUBROUTINE CALC IS ZERD. THIS RUN HAS BEEN TERMINATED.,)

G0 TO 58

" 54 WRITE {6y 55)

55 FORMAT (1HO/s 5Xs  64HTHERE ARE INSUFFICIENT DATA SETS. THIS RUN
C HAS BEEN TERMINATED.)
GO TO 58
56 WRITE (&4 57)
57 FORMAT (1HO/s 3X, 128HNO SOLUTION HAS BEEN OBTAINED FOR THE
C LOGARITHMIC CASE BECAUSE OF EXCESSIVE FLOATING-POINT TRAPS. THIS
C RUN HAS BEEN TERMINATED.)
58 1ERR = 1 _
RESTORE MODIFIED FLOATING-POINT TRAP ROUTINE FPTCTL TO ITS NORMAL
CONDITION
59 CALL FPTCTL(O)
RETURN
END
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SUBROUTINE PRINT

oo

W ro

[

~N o

10
11

12
13

14
15

COMMON

OO0

COMMON

OO0

COMMON

()

COMMON

A,

CV,
SDEVA,
SDEVY,
SUMY,
YMS,
Kie

Ny
RSCe
Wi
YC1ly,
Z,y

AN,
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Be
PDEVM,
SDEVALl,
SEY,
SUMYSQ,
I,

KM,
COV,

Qv

X o
YDEV,
EM,

EA,

DIMENSION C0OV(444), G(50,+50)

C IDENT(50}),

C YL(50),
C 2(50),

C YSDL(50),
EQUIVALENCE
EQUIVALENCE

YC (50
Y{50)

PDEV(50), UP(50),

)y YC1(50), YDE

s WL(50),
TITLE(10), F(1)
(F(1),
(WL(1l)s £=M(1,3))

Co
Ry
SDEVB,
SIGYSQ,
Ty
IERR,
LS,
Gy
PDEV,
2L,
YDEV1,
YSD,
EAl,

sy H(50,50),

ISC

Do Al,

RNy RN1,y
SDEVC SDEVD,
SUMDS1 SuUMDS 2,
XLS, YMEAN
IEXPO, IDESIG,
My MN

Hy ISC,
UP, XLP,y
Y, YC

W Xy
YSD1, TITLE
1EIG, IMAT
(4)y RSCl4)s Q(5041),

XLP(50)y WL(50)y XL(50),
Vi50)y YDEV1(50)s W(50),

AY, (IDENT(1), EM(1,1

y (X1({1)s EM(l44)),

SUBROUTINE FOR PRINTING SUBHEADINGS

IF (IDESIG +FQ. 0O)
IF (Z1{1) «GT« O.)
IF (X1(1l) «GTe Ou)
IF (Z1(1) .GTe O.)
IF (X1{(1) «GTe Q)
WRITE (6 3)
FORMAT (1HO/, 10X,
RETURN

WRITE (64 5)
FORMAT (1HO/, 10X,
RETURN

WRITE (64 T)
FORMAT (1HO/s 10X,
RETURN

WRITE (6, 9)
FORMAT (1HO/,y 10X,
RETURN

WRITE (6y 11}
FORMAT (1HO/y 10X,
RETURN

WRITE (6y 13)
FORMAT {(1HO/, 10X,
RETURNM

WRITE (6, 15)
FORMAT (1HO/s 10X,
RETURN

END

G0 7O 1

GO T0 14
GU TO 8

GO TO (2,
GO TO (2,
21HY AS A
21HY AS A
21HY AS A
28HY AS A
28HY AS A

28HY AS A

33HY AS A

4y 6y By 10,
2y 29 29 2,
FUNCTION OF
FUNCTION OF
FUNCTION OF
FUNCTION OF
FUNCTION OF

FUNCTION OF

FUNCTION OF

X1(50)s Z1(50), EM(50,5),

| )

X

ZL(50),
(50)

YSD(50) .,

(Y(1)s EM(1,2))

12y 14)y M

44

X1

X2

X3

X1

X1

X2

X1,

4y 4y 8),

/7)
/7)
/)
AND X2 //)
AND X3 //)

AND X3 //)

M

(Z1(1)s EM(1l,5))

X2y AND X3 //)
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[aNe el

SUBROU
COMMON

SUBROU

CON1

CON2

TEMPL
TEMP2
TEMP3
TEMP4
TEMPS
TEMP6
FRT =
RETURN
END
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TINE AUX{RT,FRT)
/LABEL/ Sy VAR

TINE USED TO SUPPLY A FUNCTION FOR AUXILIARY SUBROUTINE GRT

8,0*5+43.0
SQRT{S)
ALDG(l.0+RT%%2/S)
SQRT{S*TEMPL)
(.368%CON1)/(2.0%CON2*TEMP2)
EXP{-TEMP3%%2)
SORT(1.0-TEMP4&)
TEMP2= ({2.0%TEMP2)/CON1)*TEMP5S
TEMP6 - VAR

fnw uw i
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2

4
5

SUBROUTINE EXPO

-111-

COMMON A, By Co Doy Al,
C CVe PDEVM, Ry RN, RNLy
C SDEVA, SDEVALl, SDEVB, SDEVC, SDEVD,
Cc SDEVYy SEY, SIGYSQ, SUMDS1 SUMDS2,
Cc SUMY, SUMYSQ, Ty XLSy YME AN
COMMON  YMS, 11, IERR, TIEXPO, IDESIGy
C Klv '(M’ LS' MY MN?
C N, COV, Gy He ISCy
C RSC, Qs PDEV, UP, XLPy
C WL Xy L, YLo YC
COMMON  YCle YDEV, YDEV1as We Xy |
C Ly EM, YSD, YSD1l, TITLE
COMMON AN, EA, EAl, IEIG, IMAT
DIMENSION COV{&4y&)y GI(50,50), H(50,50), ISC{4)s RSC(4), Q{50¢1)
C IDENT(50), PDEV(50), UP(50)s XLP(50)y WL{50)s XL(50), 20(50),
C YL(50)}y YC(50)s YC1(50), YDEV(50), YDEV1(50), W(50), X{50)
C 2(50)y Y{(50) o W1(50), X1(50), 21(50), EM(50,5], YSD(50)
¢ YSD1(50}, TITLE(L1Q), F(1)
DIMENSION ©01(11)y ATEMP({1ll}, BTEMP(11), CTEMP(11), DTEMP{11),
C PIVOT(50), IPIVOT(50), INDEX(50,42)
EQUIVALENCE (F(l)s A)y (IDENT(1)y EM(1,1))» {(Y(l)y EM(1,2))
EQUIVALENCE {Wi{l)y EM{143)), (X1(1), EM{194))y (Z1(1)y EM(1,5})

SUBROUTINE FOR OBTAINING SOLUTIONS FOR EXPNONENTIAL CASE

ASSIGN 160 TO 111

CALL FPTCTLI(III).

PRINT TITLE AND HEADING.

WRITE (6, 2) (TITLE(I}y I = 1, 10)
FORMAT (1Hly 9X, 9A6y A4 /// 60X,
C 24H(ADDITIVE ERROR ASSUMED))

CALL SUBROUTINE PRINT TO PRINT APPROPRIATE SUBHEADING.
CALL PRINT '

SET SOLUTION DESIGNATOR TO ZERO.

16HEXPONENTIAL CASE / 56X,

K2 = 0 ,

DO 15 L = 1, 50

CLEAR UPPER PORTIONS OF MATRIX G AND COLUMN VECTOR Q.
DO 5 1 = 1y 4

0(I,1) = 0.

N0 &4 J = 1y 4

G(IesJ) = 0o

CONTINUE

CONTINUE

CHECK MAGNITUDE OF VALUE OF PARAMETER A. IF GREATER THAN 88,

PRINT ERROR MESSAGE.

"1F (A .GT. 88.) GO TO 17
EA = EXP(A)

Do 6 I = 1s N

FAB = B * WLI{I)

FAC = C * XL(I)

FAD = D * ZL(1I)

AT EACH POINT CHECK MAGNITUDE OF PRODUCT OF EACH PARAMETER (B,C+D)
TIMES LOGARITHM OF VALUE OF INDEPENDENT VARIABLE FOR WHICH
PARAMETER IS EXPONENT. IF GREATER THAN 88, PRINT ERROR MESSAGE.
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IF (FAB .GT. 88.) GO TO 17

IF (FAC .GT. 88.,) GD TO 17

IF (FAD GT. 88.) GO TO 17

COMPUTED VALUES OF Y FOR EXPONENTIAL CASE

YC(I) = EA * (W(I)*%B) * (X(I)*%C) * (Z(I)**D)

YA = YC(I)®%2

DEVIATIONS OF Y FOR EXPONENTIAL CASE

YDEV(I) = Y(I) = YC(I)

IF K2 IS EQUAL TO 1, SIGNIFYING THAT A SOLUTION HAS BEEN
OBTAINED, SKIP CALCULATIONS OF MATRIX G AND COLUMN VECTOR Q.
IF (K2 .EQ. 1) GO TO 6

YB = YDEV(I) # YC(I)

CALCULATE MATRIX G AND COLUMN VECTOR Q THAT ARE USED TO OBTAIN
SOLUTION OF CORRECTIONS (DA, DB, DCy DD) TO PARAMETERS Ay By Cy D

G(lel) = G(1ls1) + YA

G(ls2) = G(1e2) + (YA % WL(I))

G(le3) = G{143) + (YA * XL(I})

G(les) = Glles) + (YA * ZLii))

G{242) = G{(242) + (YA * (WL{T)%x%2]))
G(2+3) = G{2,3) + (YA * WL(I) * xXL(Iy))
G(2+4) = G{244) + (YA x WL(]I) * LI
G(3,3) = G(343) + (YA * (XL(I)*%2))
G(344) = G(344) + (YA * XL(]I) * ZL(1))
Glbet) = Glhes) + (YA * (ZL(1)Y*%2))
Q(141) = Q(ls1) + YB

Q(2,1) = Q(241) + (YB = WL(I))

Q(3,1) = Q(3,1) + (YB * XL(I))

D(&s1) = 0(&4y1) + (¥YB = ZL (1))
CONTINUE

IF (K2 .ED. 1) GO TO 22

G(2+1) = G(1,42)

G(3ys1) = G(1y3)

G(342) = G(24+3)

Gléyl) = G(lye4a)

Gl4y2) = G(24+4)

Gl4e3) = G(344)

INVERT MATRIX G. :

CALL MATINV(GyMNyQs1,DETERM,PIVOT,INDEX,IPIVOT)

CHECK VALUE OF DETERMINANT GENERATED IN MATRIX INVERSION
SURROUTINE. IF ZEROD (IPIVOT(1l) = -1), PRINT ERROR MESSAGE.
IF (IPIVOT(1l) <.EQ. (-1)) GO 7O 19

OBTAIN VALUES OF DA, DB, DC, DD STORED IN COLUMN VECTOR Q.

DA = Q(l.l)
DB = Q(2,1)
DC = Q(3,1)
DD = Ql4,1)
TEMP 1.0

TEMP = 0.1 * TEMP

DO B8 J = 1y 11

FI = TEMP * FLOAT(J - 1)

ADD FRACTIONAL PARTS OF CORRECTIONS TO EACH PARAMETER (INITIALLY
FROM 0. TO 1. IN STEPS OF 0.1). ELEVEN SETS OF PARAMETERS ARE
THUS OBTAINED.

ATEMP(J) A + (DA % FI)

BTEMP(J) B + (DB * FI)

CTEMPLJ) C + (DC * FI
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DTEMP(J) = D + (DD * FI)

01(J) = 0.

CONTINUE

CALCULATE SUM OF SQUARES OF Y DEVIATIONS FOR EACH SET OF
PARAMETERS.

DO 90 J = 1, 11

ETEMP = EXP(ATEMP(J))

DOQI=1,N

YTEMP = ETEMP*(N(I)**BTEMP(J))*(X(I)**CTEMP(J))*(Z(I)**DTEMP(J))
01(J) = 01(J) + ((Y(I) — YTEMP)**2)

CONTINUE

CONTINUE

FIND WHICH SET (LM) OF PARAMETERS GIVES LOWEST SUM OF SQUARES OF
Y DEVIATIONS.

SUMDS1 = Q1(1)

LM = 1

DO 10 J = 24 11

IF (SUMDS1 LLFe. Q1(J)) GO TO 10

LM =J

SUMDSL = Q1(J)

CONTINUE

IF LM IS 1 AND IF CORRECTIONS ARE GREATER THAN 0.00000001, REPEAT
PROCEDURE USING FRACTIONAL PARTS FROM 0. TO 0.1 IN STEPS OF 0.01,
ETC.

IF (LM oGT. 1) GO TO 11 .

IF (ABS(DA*10.%TEMP) .GT. 1.0E-8) GO 10 7

IF (ABS(DB*10.%TEMP) .GT. 1.0E-8) GO TO 7

1F (ABS(DC*10.,*TEMP) .GT. 1.0E-8) GO TO 7

IF (ABS(DD*10.*TEMP) .GT. 1.0E-8) GO TO 7

ABSOLUTE DIFFERENCE BETWEEN PREVIOUS AND PRESENT VALUE OF EACH
PARAMETER (DDA, DDB, DDCs DDD)

DDA = ABS(A - ATEMP(LM))

DDR = ABS(B - BTEMP(LM))

NDC = ABSI(C = CTEMP(LM))

NDD = ABS(D — DTEMP(LM))

STORE PRESENT VALUE OF EACH PARAMETER.

A = ATEMPILM)

B = BTEMP(LM)

C = CTEMP{LM)

D = DTEMP(LM)

IF DDA, DDB, DDC, DDD ARE EACH EQUAL TO OR LESS THAN 0.00000001, A
SOLUTION IS ASSUMED. SET K2 EQUAL T0 1.

I[F (DDA «GT. 1.0E-8) GO TO 15

IF (DDB .GT. 1.0E~8) GO TO 15

IF (DDC +GT. 1.0€E-8) GO TO 15

IF (DDD .LE. 1.0E-8) K2 =1

CONTINUE )

ERROR MESSAGES
WRITE (6+ 16)

16 FORMAT (1HQO/,y 5X, 86HNO SOLUTION HAS BEEN OBTAINED FOR THE

C EXPONENTIAL CASE. THIS RUN HAS BEEN TERMINATED.)
GO T0O 21

160 WRITE (64 165)
165 FORMAT (1HO/, 3X, 128HNO SOLUTION HAS BEEN OBTAINED FOR THE

C EXPONENTIAL CASE BECAUSE OF EXCESSIVE FLOATING-POINT TRAPS. THIS
C RUN HAS BRFEN TERMINATED.)
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GO TO 21
17 WRITF (6, 18) Ay By Cy D
18 FORMAT (1HO/, 5Xy 92HONE OR MORE PARAMETERS IS TOO LARGE FOR THE

C EXPONENTIAL CASE. THIS RUN HAS BEEN TERMINATED. ///

C 5Xs 15HA = 4 Fl8.8 7/
C 5Xy 15HB = 4, F18.8 /
C 5Xo 15HC = [} F18.8 /
C 5Xv 15HD = ’ F18.8)
GO 70 21

19 WRITE (6y 20)
20 FORMAT (1HO/» 5X, 102HDETERMINANT IN MATRIX INVERSION SUBROUTINE
C FOR SUBROUTINE EXPO IS ZERO. THIS RUN HAS BEEN TERMINATED.)
21 IERR =1
22 CALL FPTCTL(O)
RETURN
END
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COMMON A, By C, Doy Al,
c CV, PDEVM, Ry RNy RN1y
Cc SDEVA, SDEVAL, SDEVB, SDEVC, SDEVD,
C SDEVY, SEY, SIGYSQ, SuMDsS1, SUMDS2,
Cc SUMY s SUMYSOD, Ty XLS, YMEAN
COMMON  YMS, 11, T1ERR, IEXPO, IDESIG,
C Kly, KM, LS, M, MN
C Ny Cov, Gy Hy 1sC,
(o RSC, Q» PDEV, UP, X_P,y ~
C WLy Xy ZL YL YC
COMMON YC1, YDEV, YDEV1, We Xy
C Ly EM, YSD, YSD1, TITLE
COMMON AN, EA, EALl, IEIG, IMAT
DIMENSION COVI(444), G{50,50)y H{(50450)y ISC(4)y RSCl{4)s Gi5041),
C IDENT(50)s PDEVI(50), UP(50), XLP(50}y WL(50)s XL(50)s ZL(50),
C YL{50)y YC(50)y YCL(50)y YDEV(50), YDEVI(50)y W(50), X{(50),
C 2{(50)y Y(50) 4 W1(50), X1{(50)s Z1(50)y EM(5045),y YSD(50),
C YSD1(50)y TITLE(10)}, F(1)}
DIMENSION V(50450)y PIVOT(50)y IPIVOT(50)s INDEX(5042)s VALU(50}),
C DIAG(50), SUPERD(50), Q2(49), VALL{50)y S1(49), DL(50)y C1(49),
C Ut50)y IND1(50)
FOUIVALENCE (F(1)y A)y (IDENT(1l)y EM(1l4l})y (Y(1)y EM(1,2))
EQUIVALENCE (W1(1l)y EM(143))y (X1(1l)y EM(le4))y (Z1(1)y EM({1,45))
C
(o SUBROUTINE FOR CALCULATING STATISTICS FOR EXPONENTIAL CASE
C
1 ASSIGN 27 T0O 111
CAtL FPTCTL(III)
c SET ERROR NDESIGNATORS TO ZERO.
IEIG = O
IMAT = O
IFP = O
C CLEAR MATRICES G AND Hy COLUMN VECTOR Qs VARIABLES UP AND XLP, AND
C VARTANCE-COVARIANCE MATRIX (CDOV) .
DO 3 1 = 14 50
IF {1 «LTe. 6) F(I+10) = 0.
IF (1 «LTe 17) FII+36) = 0.
O(Ivl) = O,
UP{I) = O
XLP(1} = 0.
DO 2 J = 14 50
G{IyJ) = 0.
H({lsJ) = 0.
VilyJ) = 0.
2 CONTINUE
3 CONTINUE
MNL = MN + 1]
C CASE DESIGNATOR {(LOGARITHMIC -- IEXPO = O,
C EXPONENTIAL =~ TEXPO = 1)
4 T1EXPO = 1
PDEVM = 0.
5DD0 71 =1y N
C PERCENT DEVIATIONS OF Y
6 PDEV(I) = (YDEV(I)/Y(I}) * 100.0
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SUM OF ABSOLUTE PERCENT DEVIATIONS

PDEVM = PDEVM + ABS({PDEV(I))

CONTINUE

SIGYSQ = SUMDS1/FLOAT(KM)

STANDARD ERROR OF THE ESTIMATE (ADJUSTED)

SEY = SQRT{SIGYSQ)

COFFFICIENT OF VARIATION (PERCENT)

CV = (SEY/YMEAN} * 100.0

COEFFICIENT OF CORRELATION (UNADJUSTED)

R = SORT{(1.,0 - (SUMDS1/YMS))

AVERAGE ABSOLUTE PERCENT DEVIATION

PDEVM = PDEVM/AN

CALCULATIONS FROM THIS POINT THROUGH STATEMENT NUMBER 25 ARE
FOR THE PURPOSE OF OBTAINING THE VARIANCE-COVARIANCE MATRIX OF
THE PARAMETERS A, By Cy D AS DESCRIBED IN RAND MEMORANDUM
4879-PR (i1967)y 'MULTIVARIATE LOGARITHMIC AND EXPONENTIAL
REGRESSION MODELS'y BY C.A. GRAVER AND HeEes BOREN, JR.

DO 10 I = 14 N

G(Ts+1) = 1.0
G(Is2) = WLLT)
G(Is3) = XL(1)
G{Is4) = ZL(1)
CONTINUE

DO 211 T = 1, MN
DO 111 J = 1y MN

DO 11 K = 1, N

H{IsJ) = H({IsJ) + (G(XKyI) * G(KyJ))

CONTINUE

CONTINUE

CONTINUE

CALL MATINV(HsMN+Q40,0ETERM,PIVOT,,INDEX,IPIVOT)

CHECK VALUE OF DETERMINANT GENERATED IN MATRIX INVERSION
SUBROUTINE. IF ZERO (IPIVOT(1) = =-1), PRINT ERROR MESSAGE.
IF (IPIVOT(1) +EQ. (=1}) IMAT =1

IF (IMAT +EQe. L) GO TO 28 '

DO 212 1 = 1y MN

DO 112 J = 1ls N

DD 12 K = 1y MN

VIIeJd) = V(Isd) + (H{I4K) * G(JyK))

CONTINUE

CONTINUE

CONTINUE

PO 113 I = 1y N

DO 13 J = 1l N

H{IyJ) = 0.

CONTINUE
CONTINUE
DO 214 I = 1y N
DO 114 J = 1ls N

PO 14 K = 1, MN

HiIasJd) = HlIsJ) — (G(TsK) * V(KeJ))
CONTINUE

CONTINUE

CONTINUE

DO 16 I = 1y N

H(I,I) = 1.0 + H(I,1)
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16 CONTINUE
CALL EIGEN(HyVALUyN,y1,GyDIAGySUPERDyQ2,VALL+S1,D14ClsUyINDL,NOEIG)
CHFCK FOR ERRDR IN SUBROUTINE EIGEN (NOEIG = 1l).

IF (NOEIG .EQ. 1) IEIG =1
IF (IEIG +EQ. 1) GO TO 28
DO 117 1 = 1,y KM
po 17 4 = 14 N
G(I,J) = H{J,I)/YC(J)
17 CONTINUE
117 CONTINUE
PO 118 I = 1y MN
DO 18 J = 1, N
H(Is+d) VIILJ)/YC(J})
ViIed) O.
18 CONTINUE
118 CONTINUE
PO 219 1 1y KM
DO 119 J 1, KM
DO 19 K = 14 N
VIiIsJd) = VIIgJ) + (GII,K) * G(JyK))
19 CONTINUE
119 CONTINUE
219 CONTINUE
CALL MATINV(V,KMyOQsO04DETERM,PIVOT,INDEX,IPIVOT)
CHECK VALUE OF DETERMINANT GENERATED IN MATRIX INVERSION
SUBRDUTINE. IF ZERO (IPIVOT(1) = -1), PRINT ERROR MESSAGE.
IF (IPIVOT(1l) «EQ. (-1)) IMAT =1
IF (IMAT .EQ. 1) GO TO 28
DD 221 I = 1y KM
DO 20 J = 1, KM
UP(J) = V(I4J)

20 CONTINUE
DO 121 K =
VIIsK) = 0.
DO 21 L = 1y KM
VIIsK) = V(I.K) + (UP(L) * G(L4K})

21 CONTINUE

121 CONTINUE

221 CONTINUE
DD 223 1 = 1y N
DO 22 J = 1y KM
VDP(J) = VIJ,1)

22 CONTINUE
DD 123 K = 1, N
VIKyI) = 0o
DO 23 L = 1y N
VIKeI) = VIKeI) = (UP(L) * G{(L+K))

23 CONTINUE

123 CONTINUE
223 CONTINUE
DO 24 I =1, N
UP(I) = 0.
V(I,I) = 1.0 + V(I,I)

24 CONTINUE '

CALL EIGEN(VyVALUyNy19GyDIAG,SUPERDyQ2,VALL ¢S14D14C1+UsINDI,NOEIG)
CHECK FOR ERROR IN SUBROUTINE EIGEN (NOEIG = 1l)}).
IF (NQOEIG .EQ. 1) IEIG = 1

1+ N
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IF (IEIG «.EQe 1) GO TO 28

DO 324 1 = 1. N

DO 224 J = 1l N

G(lyJ) = 0.

DO 124 K = 1s MN. . |
G(Isd) = GLI,J) + (V(I,K) * VALU((K) * V(JsK))
CONTINUE

CONTINUE

CONTINUE

PO 425 1 = 1y MN

DO 325 J = 1ls MN

V(IeJ) = O.

DO 225 K = 1y N

PO 125 L = 1y N

V(Isd) = V(IeJ) + (HUI.K) * G(K,sL)} * H(JsL))
CONTINUE

CONTINUE

CONTINUE

CONTINUE

DO 550 1 = 1, MN

DO 25 J = 19 MN

COViIsJd) = SIGYSQ * VII.J)

CONTINUE

CONTINUE

STANDARD DEVIATIONS OF PARAMETERS A, B, Cy D

SDEVA = SQRT(COV(1l,1})
SDEVB = SQRT(COV(2+2))
SDEVC = SORT(COV(3,3))
SDEVD = SQRT(COV(&44s4))
GO TO 28

1FP = 1

PO 30 1 = 1y N

1F (1EIG .EO. 1 <OR. IMAT .EQ. 1 .OR, IFP .EQ. 1) GO TO 29

CALCULATIONS OF UPPER (UP) AND LOWER {X.P) PREDICTION LIMITS

XK = Vi(lsl) + (V(2,2) % (WL(I)**2)) + (V(3,3) % (XL(I)¥%2))

C + (V(bye&) * (ZL{I)*%2)) + (2., * WLII) * V(1y42)) + (26 % XL(I) *
C V(143)) + (2. % ZL{I) * V{ls4)) + (2. * WL(I) % XL(I) * V(2,3))
C + (20 % WL(I) %= ZLUI) * V(2,4)) + (2. % XL(T)Y * ZL(T) * VI(3,4))

XK = T % SQRTI{SIGYSOQ * (1.0 + ((YC(I)*=*2) * XK1})

UP(I) = YCUI) + XK

XLP({I) = YC(I) — XK . :

TWICE COMPUTED Y VALUE MINUS INPUT Y VALUE AT EACH POINT, IF
THIS CALCULATION IS POSITIVE FOR ALL POINTS, THEN MATRIX OF
SECOND PARTIAL DERIVATIVES IS POSITIVE DEFINITE AND SOLUTIONS
OF PARAMETERS Ay By Cy D GIVE ABSOLUTE MINIMIZATION OF THE SUM
OF SQUARES OF Y DEVIATIONS IN THE RANGE OF DATA USED FOR THIS
RUN

YDEVI(1) = (2.0 = YC(I)) = Y(I)

CONTINUE

ERROR MESSAGES

IF (IEIG .EQe O) GO TO 33

WRITE (6+ 32)
FORMAT (1HO/+ 5Xy 122HREQUIRED NUMBER OF EIGENVECTORS WERE NOT

COBTAINED. THE PARAMETER VARIANCES AND T-RELATED STATISTICS CANNI
C BE CALCULATED.)
GO TO 37
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33 IF (IMAT .EQ. 0) GO TO 35
WRITE (6+ 34)

34 FORMAT (1HO/4 5X, 123HDETERMINANT IN MATRIX INVERSION SUBROUTINE
C IS ZERD. THE PARAMETER VARIANCES AND T-RELATED STATISTICS CANNOT
C BE CALCULATED.)

GO 7O 37
35 IF (IFP «EQ. O) GO 7O 37
WRITE (64 36)

36 FORMAT (1HO/y 1Xy 130HEXCESSIVE FLOATING-POINT TRAPS EXIST IN
C SUBRDUTINE STATIS, THE PARAMETER VARIANCES AND T-RELATED STATIST
CICS CANNOT BE CALCULATED.)

IMAT = 1

37 CALL FPICTL(O)
CALL OQUTPUT
RETURN
END
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$IBFTC OUTPUT

OO0

SUBROUTINE OUTPUT

COMMON A, By Cs Dy Al
c CV, PDEVM, Ry RNy RN1,
c SDEVA, SDEVALl, SDEVB, SDEVC, SDEVD,
c SDEVY, SEY, SIGYSQ, SUMDS1, SUMDS2
c SUMY, SUMYSQ, Toe XLSy YME AN
COMMON  YMS, Il 1ERR, TIEXPO, IDESIGy
c Kl KM,y LSs Mo MN
C No COVy Gy Hy ISC,
C RSC» Qo PDEV, UP, X_Poy
c WL XLy L, YLy YC
COMMON  YC1l, YDEV, YDEV1, W Xy
C Ly EM, YSDy, YSD1, TITLE
COMMON ANy EAy EAL, IE1G, IMAT

DIMENSION COV(&,4)y G(50,50), H(50,50), ISC(4)y RSC(4)y Q(50,1),
C IDENT(50)s PDEV(50), UP(50)s XLP(50), WL(50)y XL(50)y ZL{(50),
C YL(50), YC(50), YC1L(50), YDEV(50)}, YDEV1{(50), W{(50)y X(50),
C Z({50)y Y(50) 4 WL(50)s X1{(50), Z1(50), EM(5045)y YSD(50),
C YSDL(50),y TITLE(10),y F(1)

EQUIVALENCE (F(1l)s A)y (IDENT(L), EMILly1))e (Y(1}s EM(L1s2))
EQUIVALENCE (WLl(1)y EMIL43))y (X1(1)y EM(194))y (Z1(1)y EM(1,5))

SUBROUTINE FOR PRINTING OUTPUT FOR BOTH LOGARITHMIC AND
EXPONENTIAL CASES

CHECK TO DETERMINE WHICH CASE 1S BEING CONSIDERED
(LOGARITHMIC —=- IEXPO = O EXPONENTIAL -—- IEXPO = 1l).

1 IF (IEXPO .EQ. 0) GO TO 10

2 WRITE (6y 3) Ay, Bs Cy Dy PDEVM, YMEAN, SEY, CV, R

3 FORMAT (1HO//, B89X,10HSTD. ERROR, 5X, 9HCOEFF. OF, 5X,9HCOEFF. OF/
C 62X, 9HAVG. PCT., 18X, 11HOF ESTIMATE, 4Xy GHVARIATIONs 4&X,

C 11HCORRELATION / 10X, 1HA, 13X, 1HB, 13X, 1HC, 13X, 1HD, 9X s
C 9HDEV. OF Yy 6Xy 6HY MEAN, 6X, 10H(ADJUSTED) s 5Xy GH(PERCENT )y
C 4%, 12H(UNADJUSTED) // 2X, S{F12.5, 2X))
WRITE (6y &) SUMDS1l, SDEVY, SDEVA, SDEVB, SDEVC, SDEVD, COV(142),
C COVily3)y COV(l,y4)

4 FORMAT (1HO//s 20Xs9HSTD. DEV. / 5X, 10HSUM OF SQ., 4X,10HOF INPUT
C Yy 5Xy. #(9HSTDs DEVey 5X)y 1X, 2(7THCOV. OFy 7X), THCOV. gF / 6X»
C 7HOF YDEV, 6Xs LOH(ADJUSTED), 7X, 4HOF Ay 10X, 4HOF By 10X,

C 4HOF C, 10X, 4HOF D, 11Xy 3HA,B, 11X, 3HA,C» L1X, 3HA,D /] 2%y
C 9(F12.5, 2X)) .
WRITE (6y 5) COVI(293)s COVI294)y COVI(3,4), EA

5 FORMAT (1HO//y TXs 3(7HCOV. OF, 7X), 6HEXP(A) / 9Xy 3HB+C» 11X,

C 3HB,Dy 11Xy 3HC,D // 2X, 4(F12.5, 2X))
GO TO 37
52 WRITE (64 7) XLS :

7 FORMAT (1Hly 14Xy 22He o INPUT DATA « « «9 6Xy 14(1Hey 1X)»

C 16HCALCULATED DATA , 14(1lH., 1X) /// 96X, SHLOWER, 8Xy, SHUPPER /
C 95X, 2(8HPREDICTa.s5X) / 58Xy 4HYDEV, 8X, 6HYDEV/Yy 20X, 2(SHLIMIT
C o BX) / 14X, SHLABEL, 14X, 1HY, 10X, THY CALC.+4Xy 10H{Y-YCALC.)y
C 3Xy GH(PERCENT)s 4X» 11H2YCALC. = Y, 1Xs 20H(LEVEL OF SIGNIF. = o
C F4e2y 1H) /)

NOTE = O

DD 9 I = 1s N
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IF (YDEV1(I) JLE. O.) NOTE = 1 ‘
WRITE (6, 8) IDENT(I)y Y(I)y YC(I), YDEV(I), PDEV(I), YDEV1(I),
C XLP(I), UP(I)
8 FORMAT (1H » 13X, Ab, 5X, T{F12.5, 1X))
9 CONTINUE
IF (NOTE .EQ. 1) WRITE (6, 90)
90 FORMAT (1HO , 108HTHE ABOVE SOLUTION FOR THIS RUN DOES NOT GIVE AN
C ABSOLUTE MINIMIZATION OF THE SUM OF SQUARFS OF Y RESIDUALS.)
NOTE = O
RETURN
10 WRITE (6y 11) A, Al, By Cy Dy YMEAN
11 FORMAT (1HO//, 6X, SHA{MEDIAN), 6X, 7THA(MEAN), 10X, 1HB, 13Xy 1HC,
C 13Xy 1HD, 10Xy 6HY MEAN // 2X, 6(F12.5, 2X))
WRITE (6, 12) SUMDSl, SUMDS2, SDEVY, SDEVA, SDEVAl, SDEVB, SDEVC,
C SDEVD, COV(1,2)
12 FORMAT (1HO//y 5Xs 2(10OHSUM OF SQ.y 4X)y 1Xy 9HSTD. DEV. / 6X,
C 7THOF YDEV, 7X, 7HOF YDEV, 6X, 1OHOF INPUT Y, 5X, 5{9HSTD. DEV.,
C 5X)y 1Xy THCOV. OF / 6X, B8H(MEDIAN), 7X, 6H(MEAN), 6X, 10H{ADJUST
CED)y 4Xs 12H0F A(MEDIAN)y 3X, 10HOF A(MEAN), 6X, 4HOF B, 10X,
C 4HOF Cy 10X, 4HOF Dy 11X, 3HALB // 2Xy 9(F12.5, 2X))
WRITE (69 31) COV(1y3)y COVI(Lle4)y COVI(243)y COVI244), COV(3,4),
C EA, EA1L
31 FORMAT (1HO//s 7Xy 5(7HCOV. OFy 7X)y 2(6HEXP(A)y 8X) / 9X,
C 3HA,Cy 11Xy 3HA4Dy 11Xy 3HByC, 11X, 3HB,D, 11X, 3HC,D, 8X,
C BH(MEDIAN)y 77X, 6H(MEAN) // 2X, 7(F12.5, 2X)})
37 WRITE (64 38) T
38 FORMAT (1HO////y 7Xs L2HT VALUE = 5y Fl2.5)
IF (IEIG .EQ. 1 .OR, IMAT .EQ. 1) GO TO 51
AT = ABS(A/SDFVA)
IF (IEXPO .EQ. 1) GO TO 39
ATl = ABS(Al/SDEvVALl)
IF (AT .GE. T) WRITE (6, 41)
IF {AT oLTe T) WRITE (64 42)
IF (ATl +GEe T) WRITE (6, 142)
IF (AT1 «LTe. T) WRITE (64 143)
39 IF (IEXPO +EQ. 0) GO TO 40
IF (AT .GE. T) WRITE (6, 43)
IF (AT LT. T) WRITE (6, 44)
40 BT = ABRS(B/SDFV8)
IF (BT .GE. T) WRITE (6, 45)
IF (BT «LTe T) WRITE (6, 46)
IF (11 .EQ. 1) GO TO 51
CT = ABS(C/SDFVC)
IF (CT +GE. T) WRITE (6, 47)
IF (CT LT. T) WRITE (6, 48)
IF (Il .EQ. 2) GO TO 51
DT = ABS({D/SDEVD)
IF (DT .GE. T) WRITE (6, 49)
IF (DT LT« T) WRITE {6, 50)
51 IF (IEXPO .EQ. 1) GO TO 52
41 FORMAT (1HO, 6X, 30HA (MEDIAN .CASE) IS SIGNIFICANT)
42 FORMAT {(1HO, 6X, 34HA (MEDIAN CASE) IS NOT SIGNIFICANT)
142 FORMAT (1HO, 6X, 28HA (MEAN CASE) IS SIGNIFICANT)
143 FORMAT (1HO, 6X, 32HA (MEAN CASE) IS NOT SIGNIFICANT)
43 FORMAT (1HO, 6Xy 16HA IS SIGNIFICANT)
44 FORMAT (1HO, 6X, 20HA IS NOT SISNIFICANT)
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45 FORMAT (1HO, 6Xy 16HB IS SIGNIFICANT)
46 FORMAT {(1HO, 6Xs 20HB IS NOT SIGNIFICANT)
47 FORMAT (1HO, 6Xy 16HC IS SIGNIFICANT)
48 FORMAT (1HO, 6Xsy 20HC IS NOT SIGNIFICANT)
49 FORMAT (1HO, 6Xs 16HD IS SIGNIFICANT)
50 FORMAT {(1HO, 6Xy 20HD IS NOT SIGNIFICANT)
KOUNT = O
WRITE (6y 13) XLS
13 FORMAT (1Hly 2Xy 10(1lHey 1X)y LIHINPUT DATA 10(1Hey 1X)y TX,
9(1Hey 1X)y 32HCALCULATED DATA FOR MEDIAN CASE , 9(1lH.s» 1X) ///
109X, SHLOWER, 7X, SHUPPER / 82X, 10HSTD. ERROR, 3X, 9HCOEFF. OF,
4X, BHPREDICTey 4Xy8HPREDICT./ 74X, 4HYDEV, 4X, L1HOF ESTIMATE,
2X, 9HVARIATION, 5X, SHLIMIT, 7X, SHLIMIT / 1X, SHLABEL, 9X, 1HY,
10X, 2HX1, 10Xy 2HX2, 10X, 2HX3, 9X, THY CALC.,3Xy LOH(Y-YCALC.),
1Xy 10H(ADJUSTED), 3Xy 9H(PERCENT), 1X, 20H(LEVEL OF SIGNIF. = ,
FGe2y 1H) /)
60 DO 28 I = 14 N
IF (KOUNT .NE. O) GO TO 65
YCA = YC(I)
YDA = YDEVI(I)
YSDA = YSD(I1)
CV = (YSD(I)/YMEAN) * 100,
G0 TO 70
65 YCA = YCL(I)
YDA = YDEVL(I)
YSDA = YSD1(I)
CV = (YSDL(I)/YMEAN) %* 100,
70 IF (IDESIG .EQ. 0) GO TO 30
IF (IDESIG .EQ. 0) GO TO 30
IF (Z1(1) .GTe Oe) GO TO 26
IF (X1(1) «GT« 04) GO TO 20
30 IF (Z1(1) «GTe Oo) GO TO (14, 16, 184 20, 22y 24y 26}, M
IF (X1(1) oGTe Oe) GO TO (14, 14, 14y 14, 14y 169 164 164 20)s M
14 WRITE (6, 15) IDENT(I), Y(I), WL(1), YCA, YDA, YSDA, CVs XLP (I},
C UP(l) '
15 FORMAT (1H o, A6y 1Xy 2(F11.3, 1X)}y 24Xy 2(F11.3, 1X}42(F11.5+1X),
C 2(Flle3, 1X))
GO TO 28
16 WRITE (6, 17) IDENT(I)y Y(I), X1(I), YCA, YDA, YSDA, CVs XLP{I),
C UP(I)
17 FORMAT (1H » A6y 1Xy 2(F1143, 13X}, 2(Flle3, 1X)y 2(Fl1le5s 1X),
C 2(F1l1e3, 1X))
GO TD 28 .
18 WRITE (6y 19) IDENT(I)y Y(I)s 21(I), YCA, YDA, YSDA, CV, XLP (1),
C UP(I)
19 FORMAT (1H 5 A6y 1Xy Fl1la3s 25Xy 3(F11.3y 1X)y 2(F11.5+ 1X}o
C 2(Flle3y 1X)})
GO TO 28
20 WRITE (64 21) IDENT(I)y Y{I)y WL(I), XL(I)s YCA, YDA, YSDA, CVy
C XLP(1)s UP(I)
21 FORMAT (1H 4 A6y 1Xs 3(FLlle3, 1X)y 12Xy 2(Flle3y 1X}y 2(F11e5+1X)»
C 2(Fl1l.3, 1X))
GO TO 28
22 WRITE (6, 23) IDENT(I)s Y(I)y WL(I}, Z1(I)s YCA, YDA, YSDA, CV,y
C XLP(I)e UPI(I)
23 FORMAT (1H o A6y 1Xy 2(Fl1a3,y 1X)y 12Xy 3(FL1.3y 1X)s 2(Flle5¢1X)

OO0
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C 2(Flle3y LX)})
GO T0O 28
24 WRITE (64 25) IDENT(I)y Y(I)s X1(I), Z1(I1)y YCAs YDA, YSDA, CV,
C XLP(I),y UP(LD) .
25 FORMAT (1H o Ab6e 1X» Fl1l1e3, 13Xy 4(F1l1e3y LX), 2{F11e5¢ 1X)y
C 2(F11.3, 1X))
GO T0O 28
26 WRITE (6, 27) IDENT(I),s Y(I}y W1lC(I), XL1(I)s Z1(1)y YCAs YDA,
C YSDAs CVse XLP(I)y urP(I)
27 FORMAT (1H , A6y 1X, 6(F11e3y 1X)y 2(F11e5y 1X)y 2{F11.3y 1X))
28 CONTINUE
KOUNT = KOUNT + 1
IF (KOUNT 4EQ. 1) WRITE (6, 228} XLS
IF (KOUNT .EQ. 1) GO T0 60
228 FORMAT (1lHl,s 2X, 10(1Hey 1X)s LLHINPUT DATA o 10(1Hey LX)y TXy
10{1LHey 1X)o 30HCALCULATED DATA FOR MEAN CASE » 10(1H.s 1X) //

4X, BHPREDICT.s 4X,B8HPREDICT./ 74X, 4HYDEV, 4X, 11HOF ESTIMATE,

1Xy 1OH(ADJUSTED), 3X, 9H(PERCENT), 1X, 20H(LEVEL OF SIGNIF. =
RETURN
END

OO0 O0

169X, SHLOWER, 7Xs SHUPPER / 82X, 10HSTD. ERRORy 3Xy 9HCOEFF. UF,

2Xs 9HVARIATION, 5Xo SHLIMIT, 7X, SHLIMIT / 1X, 5HLABEL, 99Xy 1HY,
10Xy 2HXLy 10Xs 2HX2, 10X, 2HX3, 9X, THY CALCe+3X, 10H(Y=-YCALC.),



s TRMAP

SETSW

XRa

SETNT

WO 3T
REM
RFM
RFEM
REM
RFM
RFM
REM
REM
ENTRY
FNTRY
EXTERN
RFEM
TRA
SXA
.LAC
CLA=x
MSP
TZE
MSM
CLAX
MSP
T7E
MSM
ClLA*
MSP
T7E
MSHM
CLAX®
MSP
TZE
MSM
AXT
TRA
AXT
SXA
LacC
CLAX
STO
LXA
TRA*
END
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ROUTINS TO SET SWITCHES IN RAND
SETSWI(NL,N2 sN3 M)

USAGF .. CALL

N1

SETNT
SETSH

N2
N3
NG

0
«PUF. OFF
.POF, OFF
oKiJF o OFF
«XKOF. OFF

1
«PUF.
«PUF .
KUF,
«KOF .

.p|’F.,.PDF. !oKUF.Q.KDF.VFPTLM.

o
XRbyb

SETSWe4

214

e PlLIF e
42

o« PlIF &
364

« POF &
w42
«POF
byl
sKUF e
w47
KUF .
514
+KNF .
342
oKOF o
A
SETSW
040
XR&4 o &
SEFTNT
2els
FPTLM
XRé& ¢ &
SETNT

&

FIRST ARG
ASSUME ZERO,

1S IT

W10

0N
oN
ON
onN

SO TURN SWITCH OFF

NO, SO TURN SWITCH 0N

ETC
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$IRFTC QSER
c DATE DOF WRITE-UP - 3-19-65
c DATE OF SOURCE DECK - 3-18-65
SUBROUTINE SEARCH(KA,L4KB)
c
DIMENSION KB(1)
DO1 I = 1,100
IF (KB{I1).EQ.(—-34359738367)) GO TO 2
IF(KAJEQ.KB(I)) GO TO 2
1 CONTINUE
I =1
2 L=1
RETURN
END



$IBMAP FPTCTL

FPTCTL
Al
AS
A7

A2

A3
A4

A8

A6

ENTRY
EXTERN
EQU
PZE
BRA
NULL
SXA
LAC
CLA*
TZE
STA
CAL
SLW
AXT
TRA*
TRA
NULL
MSP
CAL
SLW
TRA
NULL
CAL
SLW
TRA
RO

END

FPTCTL
«POF.
Al
3 X
A4

A244
Aly,4
2v4
A8
A3

A3

« PCF.
®k, 4
Al

* %

A5
« POFe
A6
A7

Aé
«POF.
A2
%
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FIRST TIME SWITCH

SAVE XRé4
-(LOC{CALL)+1)
ARG 1

IF ARG ZERO TRA
NON-ZERO ARG

SET FPT TO GO 10
USER ON OVERFLOW
RESTORE XR&4
RETURN

GOES TO S.SFPT

SET FIRST TIME SWITCH TO BRN
GET S.SFPT

SAVE IT

GO ON

RESET FPT OVERFLOW LOGIC

RETURN
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$IBFTC GRTF

45

46

49

36
51
53

56

57
58

54

55

60

61

SUBROUTINE GRT (NsCosINsIF)
NDIMENSION C(50)

DO 100 L=14N

JK=0

IF (C(L))45446445

RT=.,9*%C (L)

ASSIGN 1 TO NN

GO TO 80

X0=FPRT

RT=1.1%C(L)

ASSIGN 2 TO NN

GO TO 80

X1=FPRT

RT=C({L)

ASSIGN 3 TN NN

GO TO 80

X2=FPRT

GO TO 50

RT=-1.0

ASSIGN &4 T0O NN

GO TO 80

X0=FPRT

RT=1.0

ASSIGN 5 TO NN

GO TO 80

X1=FPRT

RT=0.0

ASSIGN 6 TO NN

GO T0 80

X2=FPRT

H=-1.0

N==s5

DN=1.0+D
BI=(X0*D*D)-(Xl*DD*DD)+(X2*(DD+D))
DEN=BI*BI-(4.0*X2*D*DD)*(XO*D-(Xl*DD)+X2)
IF (DEN)36,+36451

DEN=0.0

DEN=SQRT{DEN)

DN=BI+DEN

DM=BI-DEN

IF (ABS{DN)=ABS{DM))57,+57+56
DEN=DN

GO 70 58

DEN=DM

1F (DEN)55554455

DEN=1.0
Di=(-2.0%X2%DD)/DEN

H=DI*H

RT=RT+H

IF (ABS(H/RT)-1.,0E-6)75,75,+60.
ASSIGN 7 TO NN

GD TO 80

IF (ABS(FPRT)—ABS(XZ*lO.O))62961961
DI=NIi*.5

H=H*,5



62

75
16
100

33
80

86

81

82
89
90
91
84
85
88
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RT=RT-H

GO TO 80

X0=X1

Xl=X2

X2=FPRT

D=DI

GO TO 49

CALL AUX (RT4FRT)

C(L)=RT

CONTINUE

IN=JK

RETURN

JK=JK+1

IF (100-JK)75475486

CALL AUX {(RT,FRT)

FPRT=FRT

[F {L-1)81,89,81

DO 82 I=2,L

TEM=RT-C{1-1)

IF (ABS{TEM)-1.0E-20)85,82,+82
FPRT=FPRT/TEM

IF (ABS(FRT)-1.0E-20190,91,91
1F (ABS{FPRT)-1.0E-20)T76491,91
IFUIF) 33484433

GO TO NNol(l19e2¢39495496,47)
RT=RT+.001

GO T0 80

END
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$IBFTC MATRXI

C
C

DATE OF WRITE~UP - 4~8-64
DATE OF SOURCE DECK = 4-10-65

CMATINYV

o
c

C

elaNe!

OO0

(s Ne Xy

10
15
20
30

40
45
50
60
70
80
85
S0
g5

100

105

106
107
108
109
110

130
140
150
160
170
200
205
210
220
230
250
260
270
310
320

MATREIX INVERSION WITH ACCOMPANYING SOLUTION OF LINEAR EQUATIONS
SURROUTINE MATINV (A,N,B,M,DETERM,PiVDT.lNDEX,IPIVDT)

DIMENSION IPIVOT(50),A(50,50),B(50,1),INDEX(50,2),PIVOT(50)
EQUIVALENCE (IROW,JROW)s (ICOLUM,JCOLUM), (AMAX, T, SWAP)

INITIALIZATION

DETERM=1.0
DO 20 J=1,N
IPIVDOT(J)=0
DO 550 I=14N

SEARCH FOR PIVOT ELEMENT

AMAX=0.0
DO 105 J=1.N
IF (IPIVDT(J)-1) 60, 105, 60
PO 100 K=14N
IF (IPIVOT(K)-1) 80, 100, 720
IF (ABS{AMAX)-ABS{A(JsK))) 85, 100, 100
IROW=J
ICOLUM=K
AMAX=A(JyK)
CONTINUE
CONTINUE
IF(AMAX) 11041064110
IPIVOT(1) = -1
PRINT 108
FORMAT{17HODETERMINANT = 0. )}~
GO TO 740
IPIVOT(ICOLUM)=TIPIVOT(ICOLUM)}+1

INTERCHANGE ROWS TO PUT PIVOT ELEMENT ON DIAGUNAL

IF (IROW-ICOLUM) 140, 260y 140
NDETERM=—DETERM

PO 200 L=1sN
SWAP=A(IROW.L)
A(TIROWL,L)=A(ICOLUM,L)
A(ICOLUM,L)=SWAP

IF(M) 260, 260, 210

DO 250 L=ls M

SWAP=B( IROW,L)
BIIRDOWLL)=B(ICOLUM,L)
B{ICOLUM,L)=SwWAP
INDEX(Is1)=IROW
INDEX(I+2)=1C0OLUM
PIVOT(I)=A(ICOLUM,ICOLUM)
DETERM=DETERM*PIVOTI(I)
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330
340
350
355
360
370

380
390
400
420
430
450
455
460
500
550

600
610
620
630
640

650

660
670
700
705
710

720
125
730
740
750
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DIVIDE PIVOT ROW BY PIVOT ELEMENT

A{ICOLUM,ICOLUM)=1.0

DO 350 L=1.N
A{ICOLUMyL)=A(ICOLUM,L)/PIVOT(])
IF(M) 380, 380, 360

DO 370 L=14M
BIICOLUM,L)=B(ICOLUM,L)/PIVOT(I)

REDUCE NON-PIVOT ROWS

DO 550 L1=14N

1F(L1-1COLUM) 400, 550, 400
T=A(L1,ICOLUM)
A(L1,ICOLUM)=0,0

DO 450 L=14N
A(leL)=A(L17L)-A(ICDLUM,L)*T
IF(M) 550, 550, 460

DO 500 L=1,M
B(leL)=B(L11L)'B(ICDLUM,L)*T
CONTINUE

INTERCHANGE COLUMNS

DO 710 1=1,N
L=N+1-1
IF (INDEX(L,1)-INDEX(L,2)) 630, 710,
JROW=INDEX({Ly1)
JCOLUM=TINDEX(L+2)
DO 705 K=14N
SWAP=A(K 4 JROW)
A(KyJROW)=A(KyJCOLUM)
A{KyJCOLUM)=SWAP
CONTINUE
CONT INUE
GO TO 740
PRINT 725
FORMAT (23HOPROBABLE MACHINE ERROR)
CALL EXIT
RETURN.
END

630
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$IBFTC EV
SUBROUTINE EIGEN(A,VALUsNyM,B+sDIAGySUPERD+QsVALL 9S+D9C sy IND,
C NOEIG)
c EIGENVALUES AND EIGENVECTORS OF A REAL SYMMETRIC MATRIX

DIMENSION A(50,50), B(50,50), VALU(50), DIAG(50), SUPERD(49),
C Q(49), VALL(50)y S{49), C(49), D(50), IND(50), U{(50)
DIMENSION P(53), R({(51), RATIO(52}, INI(52)

FQUIVALENCE (I, MATCH), (TAU, BETA), (P,PRODS), (T,y SMALLD),
C (ANODRM, AN(ORM2)

CALCULATE NORM OF MATRIX

(e Ne]

2 NVK = N
EVNORM = 1
SIMAVG = 1
EVSEP = 1.
NOEIG =
ANDRM2=0,0

DO 6 I=1,N

DO 6 J=1,N
ANORMZ=ANDRM2+A({ I,J) *%2
ANORM=SQRT { ANDRM2)

NV W

GENERATE IDENTITY MATRIX

[aReNel

9 IF (M) 10, 45, 10

10 DO 40 I=1,4N

12 DO 40 J=1,N

20 1F(I-4) 35, 25, 35
.25 BllsJ)=1.0

30 GO TO 40

35 B(I1,J)=0.0

40 CONTINUE

C PERFORM ROTATIONS TO REDUCE MATRIX TO JACOBI FORM

45 TEXIT=1
50 NN=N-2 _

52 IF (NN) 890, 170, 55

55 DO 160 I=1yNN

60 11=1+2

65 DO 160 J=1I,N

70 T1=A(I,I+1)

75 T2=A(I,J)

80 GO TO 900

90 DO 105 K=I,N

95 T2=COS*A(K, I+1)+SIN*A(K,J)

100 A(K,J)=COS®A(K,J)=SIN*A(K,yI+1)
105 A(K,I+1)=T2
110 DO 125 K=1,N

115 T2=COS*A({I+1,K)}+SIN®A(J,K)
120 A(J4K)=COSHA(J,K)=SIN*A(I+1,K)
125 A(I+1,K)=T2

128 IF (M) 130, 160, 130

130 DO 150 K=1,N

135 T2=COS#B (K, I+1)+SIN*B(K,J)

140 B(KyJ)=COS%B(KyJ)=SIN#*B(K,I+1)
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150 B(K,I+1)=T2
160 CONTINUE

MOVE JACOBI FORM ELEMENTS AND INITIALIZE EIGENVALUE BOUNDS

170 DO 200 I=1,N
180 DIAG(I)=A({I,1)
190 VALU(T)=ANORM
200 VALL(I)=-ANORM
DO 230 I=24N
220 SUPERDI(I-1)=A(I-1,1)
230 Q(I-1)=(SUPERD(I-1))=*%2

DETERMINE SIGNS OF PRINCIPAL MINDRS

235 TAU=0.0

240 1=1
NFT = O

260 MATCH=0

270 T2=0.0

275 Tl=1.0

277 DO 450 J=1,4N

280 P(l) = DIAG{J) = TAU

290 1F(T2) 300, 330, 300

300 IF(T1l) 310, 370, 310

310 T = P(1) * T1 = Q(J=-1) * T2
IF (T<NE.0OL.0) GO TO 410
PT1 = ABS{P{1)*T1)
QT2 = ABS(Q(J-1)%T2)
1F (AMAX1(PTl, 0T2).6T.1.0E-30) GO TO 410
Tl = 71 * 1.0£20
T2 = T2 % 1.0E20
GO TO 310

330 IF(T1l) 335, 350, 350

335 Tl=-1.0

340 T = =P(1)

345 GO TO 410

350 T1=1.0

355 T = P(1)

360 GO TO 410

370 IF(Q(J-1)) 380, 350, 380

380 IF(T2) 400, 390, 390

390 T=-1.0
395 GO TO 410
400 T=1.0

COUNT AGREEMENTS IN SIGN

410 IF(T1) 425, 420, 420
420 IF(T) 440, 430, 430

425 IF(T) 430, 440, 440

430 MATCH=MATCH+1

440 T2=T1

450 T1=T

ESTABLISH TIGHTER B:JUNDS ON EIGENVALUES
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460
465
470
480
490
520
525
530
540
550
560

570
575

580
585

590
593
595
600
610
615
620
621
622
623
625
628
630
635
650
660
670
680
690
700
710
720
725
130
135
740
750
760
770
780
790
800
805
810
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DO 530 K=14N

1F (K-MATCH) 470, 470, 520

IF({TAU-VALL(K)) 530, 530, 480

VALL(K)=TAU

GO TO 530

IF(TAU-VAILU(K)) 525, 530y 530

VALU(K)=TAU

CONTINUE

IF(VALU(I}-VALL{1)=-5,0F-8) 570, 570y 550

IF(VALU(I)) 560, 580, 560

I[F(ABS{VALL(I)/VALU(I)-1.0)-5.,0E~8) 570, 570, 580
COMPARE EIGENVALUE AGAINST MINIMUM THRESHOLD

NFT = 1
NFT = 1
I = 1+1

IF(I-N) 540, 540, 590
TAU=(VALL(T)+VALU(I)) /2.0
GO TO 260

JACORI EIGENVECTNRS BY ROTATIONAL TRIANGULARIZATION

IF (M} 593, 890, 593

IEXIT=2

DO 610 I=1,4N

DO 610 J=14N

A(1,+J)=0.0

PO 850 1 = 1,y NFI

IF (I-1) 625y 625, 621

IF ( VALU(I-1) - VALU(I) —EVSEP) 730, 730, 622
IF (VALU(I=1)) 623, 625, 623

IF (ABS(VALU(I)/VALU(I-1) - 1.0) —EVSEP) 730, 730, 625
C0S=1.0

SIN=0.0

NN 700 J=14N

IF (J-1) 680, 680, 900
S{J-1}=SIN

c(J=-1)=C0S

N{J=1)=T1*COS+T2*SIN
T1=(DIAG(J)=VALU(T))*COS-BETA*SI
T2=SUPERD{J) :
BETA=SUPERD(J)*COS

DIN)=T1

DO 725 J=1sN

IND(J)=0

SMALLD=ANORM

DO 780 J=14N

IF (IND(J)-1) 750, 780, 780

IF (ABS(SMALLD)-ABS(D(J))) 780, 780, 760
SMALLN=D(J)

NN=J

CONTINUE

IND(NN)=1

PRODS=1.0

IF (NN-1) 810, 850, 810

PO 840 K=2 4NN



820
830
840
850
1000

1005
1010

1020
1025

1030

1040

1045

1050
1055
1060

1061

1062

1065
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TI=NN+1-K
A{II+1,1)=C(II)*PRODS
PRODS==PRODS*S(II)

A{1,1)=PRODS
J =1 )
COMPUTE LENGTH OF FIRST EIGENVECTOR
TEMP = 0.
DO 1005 K = 1y NVK
TEMP = TEMP + A(Ksl) ¥ A(K,1)

IF (ABS(TEMP - 1.0) = EVNORM) 1025, 1025, 1010
NORMALTZE FIRST EIGENVECTOR TO UNIT LENGTH

TEMP = SORT (TEMP)
DO 1020 K = 1y NVK
A(K,1) = AlK,1) / TEMP
L =20
SQSuUM = 2.0
SUPN = 1.0
COMPUTE (JACOBI - VALU(J) * I) * A (1.J)
U(1) = (DIAG (1) = VALU (J)) * A{l,J) + SUPERDI(L) * A(2,J)

DIFSUP= ABS{U(1l))

DIFSO = DIFSUP *% 2

NN = N=-1

DO 1040 I = 24 NN

U(1) = SUPERD(I-1) * A(I-1,4J) +(DIAG(I) = VALU(J)) * A(I,J)
+ SUPERD(I) * A(I+ly J)

TEMP = ABS(ULI))

DIFSQ = DIFSQ + TEMP * TEMP

DIFSUP=AMAX1 (DIFSUP, TEMP) -

U(N) = SUPERD(NN) * A{(NN,J) + (DIAG(N) = VALU(J)) ¥ A(N,sJ)

TEMP = ABS (UI(N})

DIFSO = DIFSQ + TEMP * TEMP

DIFSUP=AMAX1 (DIFSUP, TEMP)

DIFSQ = SORT (DIFSQ)

IF (DIFSQ.GT.SIMAVG) GO TO 1045

IF (IEXIT.EQeleOReJ.EQs1) GO TO 1400

IF (VALU(J=-1)=-VALU(J) +GT.EVSEP) GO TO 1400

J = J-1

GO TO 1430

IF (IEXIT.NE.L1) GO TO 1055

IF (DIFSQ.GE.SMALLD) GO TO 1400

SMALLD = DIFSQ

IF (SQSUM) 1070, 1060, 1070

EVlI = 0.0

DO 1061 T = 1y NVK

UGI) = UCI) + VALU(J) * A(I,J)

EVl = EVI + A(I,J) * U(I)

DIFSQL = 0.0

DO 1062 1 = 1y NVK

DIFSQl = DIFSQL + (U(I) - EV1 * A(I40)) %% 2

DIFSOL = SOQRT (DIFSO1)

IF (EV1 +GE.VALU(J+1))} GO TO 1065

EV1 = 0.5 * (VALU(J) + VALU(J+1))

IF (DIFSQL.GE.DIFSQ*0.9) GO T0 1070

L =20

SQSUM = 2,0

SUPN = 1.0
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VALU (J) = EV1
IF (L) 1155, 1100, 1155
PERFORM FORWARD SOLUTION FOR JACOBI MATRIX - VALU(J) %1
PTEMP DIAG{1) — VALULJ)
QTEMP SUPERDI(1)
DO 1150 K = 1. NN
IF (ABS(PTEMP) - ABS(SUPERD(K))) 1110, 1110, 1130
INT(K) =1
P(K) = SUPERD(K)
O(K) = DIAGIK+1) — VALUUJ)
RATIO(K)=PTEMP/SUPERDI(K)
PTEMP = QTEMP —-RATIO(K)*Q(K)
IF (K~NN) 1120, 1150, 1150
R(K) = SUPERD(K+1)
QTEMP =—RATIO(K)*SUPERD(K+1)

GO TO 1150 :

INI(K) = 0

P(K) = PTEMP

Q{K) = QTEMP

RATIN(K)=SUPERDI{K} /PTEMP

PTEMP = DIAG(K+1l) = VALU(J)-RATIO(K)*QTEMP
IF (K — NN) 1140, 1150, 1150

R(K) = O

QTEMP = SUPERD(K+1)

CONTINUE

P(N) = PTEMP
DO 1160 I = 14 N
UEI)Y = a(l+d)
...0PERATE ON LTH APPROX WITH SEQ OF LIN OPS FROM FWD SOL
no 1230 I = 1+ NN
IF (INIC(I)) 1210, 1220, 1210
TEMP = U(I)
Ulr) = uU(I+1)
U(I+1) = TEMP = RATIO{I) * U(I+1)
GO TO 1230 '
U(T+1) = UlI+1) = RATIO(I) * U(I)
CONTINUE
PERFORM BACK SUBSTITUTION TO SOLVE (J-LAMBDA*I)=*X = U
UIN) = U(N) / P{(N) ,
UIN=1) .= (UI{N=-1) = Q(N-=1) =* U(N)) / P(N-1)
TEMP = U(N) * U(N) + U(N-1) * U(N-1)
DO 1240 K = 2+ NN
NK = N-=K .
UINK) = (U(NK) — Q(NK) * U(NK+1) = R(NK) =* U(NK+21}) / PINK)
TEMP TEMP + U(NK) * U(NK)
TEMP SQRT(TEMP)
NORMALIZE SDLUTION
DD 1260 K = 1ls NVK :
UiK) = UIK) / TEMP
COMPARE NORMALIZED SOLUTION WITH PREVIOUS ESTIMATE

DIFSQ = O
DIFSUP = 0.
DO 1270 I = 1+ N

TEMP = ABS (U(I)) - ABS (A(I,J))
DIFSQO = DIFSQ + TEMP *= 2

TEMP = ABS(TEMP)
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DIFSUP = AMAX1 (DIFSUP, TEMP)
NIFSQ = SORT(DIFSQ)
IF (LeLT«5) GO TO 1300
IF (DIFSQ - SQSUM) 1280, 1290, 1290
IF (DIFSUP - SUPN) 1300, 1300, 1290
NOEIG = 1
WRITE (6y 9040) J
WRITE (6y 9050) L, DIFSQ, DIFSUP
IF (J=-1) 1420, 1420, 1265
NFTI = J-1
GO TO 855

REPLACE LTH APPROXIMATION BY (L+1)TH FOR JTH EIGENVEC.
NO 1310 I = 1s N
ACT,J) = Uull)
IEXIT = 2
IF (DIFSQ.LE.SIMAVG) GO TO 1330
IF (DIFSQ.GT.SQSUM * ,9) GO TO 1330
SQSUM = DIFSQ
SUPN = DIFSUP
L = L+1
GO T0 1030
SOSUM = 0.
GO TO 1325

GRAM-SCHMIDT ORTHOGONALIZATION
IF (J = NFI1) 1410, 855, 855
SMALLD = 2.0
GO TO 1430
NFT = J
GO TO 855

: COMPUTE PROJECTIONS OF (J+1)TH VECTOR ON FIRST J

DO 1440 K = 1y J

CiK}) = 0.
JK = J+1-K
DO 1440 I = 1y NVK
C(K) = C(K) + A(l, J+1) * All, JK)
REPLACE (J+1)TH EIGENVECTOR BY ORTHOGONALIZED VECTOR
DO 1470 K = 1y J
JK = J+1=K
DO 1470 I = 1y NVK
A(l, J+1) = A(I, J+1) = C(K) * A(I, JK)
NORMALIZE THE ORTHOGONALIZED (J+1)TH EIGENVECTOR
TEMP = O,

DO 1480 I = ly NVK

TEMP = TEMP + A(I,J+1)%% 2
IF (TEMP.NE.0.0) GO TO 1490
GO TO 855

J= J+1

TEMP = SORT (TEMP)

DO 1500 I = 1, NVK

A(IyJd) = A(I1,J)/TEMP
IEXIT = 1
GO TN 1025

FORM MATRIX PRODUCT OF ROTATION MATRIX WITH JACOBI VECTOR MATRIX

DO 885 J = 1y NFI
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DO 865 K=1yN

UiK)=A(KyJ)

NO 885 I=14N

A(l1,J)=0.0

PO 885 K=1,4N
A(T4J)=B(I,KIEU(K)+A(T,J)
RETURN

CALCULATE SINE AND COSINE OF ANGLE OF ROTATION

IF (T2) 910, 940, 910

T=SORT(T1%%24T2%%2)

cOnsS=T1/7

SIN=T2/T

GO TO ($04650), IEXIT

G TO (160,910), 1EXIT ,

EQRMAT (71HOFDR THE DIFFERENCF BETWEEN APPROXIMATIONS L AND L+1 TO
1 EIGENVECTOR NOay 16)

FORMAT (9HOeeee L =5 Ibe 5Xe 19HLENGTH OR 1.2 NORM =, F12.8y 5X,
133HMAXTMUM MAGNITUDE OF COMPONENTS =, F12.8)

END
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