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PREFACE

Under the terms of Contract OEC-4191 with the Office of Economic
Opportunity, RAND has been applying techniques of systems analysis to
manpower programs of interest to OEO with a view toward (a) developing
a rational, comprehensive basis for evaluating ongoing and proposed
programs and (b) providing guidance for the design of future programs.

This study presents two elementary models of the incidence, per-
sistence and control of poverty. The first model is purely descriptive
and suggests several hypotheses that will be tested when data from the
Social Security Administration become available. The second model is
normative and evaluates alternative policies for the alleviation of
poverty. The primary purpose of the normative model is to provide a
structure for comparing the effectiveness of different policies.

The methods used in the study are very similar to those employed

by E. P. Durbin, Manpower Programs as Markov Chains, The RAND Corporation,

RM-5741-0EO. For this reason the two Memorandums can be viewed as

companion pieces.
For a thorough understanding of the Memorandum, the reader should

have some knowledge of economics and statistics.






-

SUMMARY

This Memorandum develops two elementary models of the incidence,
persistence and control of poverty. the first model is basically
probabilistic and uses the theory of Markov processes to describe
movements into and out of poverty. The second model is designed to
evaluate alternative policies for the amelioration of poverty.

The descriptive model allows investigation of several important
hypotheses regarding the behavior of movements into and out of poverty.
These hypotheses can be tested by using longitudinal data collected
by the Social Security Administration. Some of the more important
hypotheses are (1) the adequacy of a Markovian model in describing
income mobility; (2) the differences in the transition rates between
men and women of the same age and between Negroes and Caucasians of
the same age; (3) the effect that the business cycle has on income
mobility and its differential effect on Negroes and Caucasians.

The primary goal of the normative model is to choose a combination
of control variables that yields the most desirable transition matrix.
The two policy variables considered here are expenditures on training
and expenditures on income maintenance. With a fixed budget for poverty
alleviation, the object is to allocate funds between the two variables
S0 as to minimize the proportion of people in poverty in the long run.
Several other criteria are also investigated and the methods for

achieving optimal allocations are outlined.
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I, INTRODUCTION

This Memordndum presents two elementary models of the incidence,
persistence and control of poverty. The first model is basically
pfobabilistic and relies greatly on the theory of Markov processes to
describe movements into and out of poverty. It is important to emphasize
at the outset that the distribution of income in general and the dis-
tribution of poverty in particular are not simply the consequences of
probabilistic forces.* Individuals do have some control over the in-
vestments they make in themselves. The amount and composition of these
investments will depend on natural talents, time preferences, attitudes
toward risk and uncertainty, the cost of information, and environmental
factors. These investments in education and training, together with
inherited endowments, are the major determinants of the size and profile
of the income stream. Several important economic hypotheses can be
tested using this descriptive probabilistic model.

The second poverty model is normative and evaluates alternative
policies for alleviating poverty. The optimal policy depends on the
variables that the decisionmaker can control and on the evaluation cri-
terion. For example, given a particular set of individual characteris-
tics, there is an investment policy that will maximize the expected
present value of the individual'’s future income stream. The return from
any specific policy is a random variable and, accordingly, the normative
model is composed of both economic and probabilistic elements.

The presentation of these models is preceded by a brief discussion
of some of the recent literature on poverty and the current methods
used to combat poverty., The discussion provides a background for the
analysis of poverty and motivates the development of both the descriptive

and normative models.

*The devout probabilist could argue, however, that genetic and
environmental forces are random variables, and consequently that the
behavior of an individual is a purely probabilistic process. The nomma-
tive model considered here assumes that given genetic and environmental
endowments, the individual has a large area of choice where rational
decisionmaking is possible.



Authors of recent literature have grappled with the problem of
defining poverty. Theoretically, the best definition of poverty is
contained in Watts [3610* His definition focuses on the individual's
or family's permanent level of command over resources. Society
determines some minimum acceptable level of this permanent income
from human and financial wealth., The minimum depends on family size,
location, time, and perhaps other variables. A family's condition is
measured by the ratio of its permanent income to this threshold.

Almost all of the recent literature uses either aggregate time
series or cross-sectional data to analyze the causes of poverty and,
in turn, to suggest possible remedies; see Thurow (347, for example.
Very little has been done to investigate the dynamics of poverty by
analyzing longitudinal data on individuals or families.** The Social
Security Administration has longitudinal data that might be useful.
These data and another set from Wisconsin are described in Sec. II.
In addition to their usefulness in analyzing poverty, these data may
be helpful in understanding the dynamics of income distributions.

The primary weapon for waging the "war on poverty' has been to
Provide various types of training designed to enhance productivity,
Most subsidies for this program have been furnished by the Federal
government. Cost-benefit analysis has been used almost exclusively
to evaluate alternative training programs; i.e,, cost-benefit com-
parisons have been used to measure the relative efficiency both of
projects within programs and of different programs.*** Projects and
Programs with low cost-benefit ratios tend, of course, to be favored,
This emphasis on efficiency has obscured to some extent the distribu-
tional goals of the war on poverty. If training programs are to bhe
the main device for eliminating poverty and these programs are evaluated

solely on the basis of efficiency, then, obviously, mobility from

a

)

"Alternative definitions are presented in Weisbrod [37],
£

For a recent exception, see Gallaway [12].
wlantadls

See Prest and Turvey [287 for a survey of cost-benefit method-
ology. An excellent critique of some recent cost-benefit studies of
training programs is contained in Ribich [29].
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poverty will tend to be restricted to those who are most easily trained
and probably least poor. It is, of course, possible that poverty could
be eliminated through training, but the cost-benefit ratios would be
quite high and the overall cost would be enormous., Furthermore, if

this policy were followed in an optimal -- with respect to efficiency --
fashion until poverty were eliminated, the first to leave poverty would
be the most able (and probably the least poor), while the last to leave
would be the least able (and probably the poorest). With any reasonable
training budget, only the most able would escape poverty.

The foundation of a poverty policy that relies primarily on
training is the American attitude toward work: a dollar income pro-
duced by work yields more utility to nonrecipients than a dollar of
income transfer. This attitude could provide sufficient rationale for
such a policy if society's loss function took on a zero value for all
not in poverty and a constant value for each of those in poverty. How-
ever, there is no question that an individual in dire poverty imposes
a much larger loss on society than an individual just below the poverty
line. Thus the policy that is consistent with society's attitude toward
work is inconsistent with society's attitude toward poverty. This
suggests the following two-variable policy in which both efficiency
and distributional effects are evaluated, The two control variables of
this policy are expenditures on investment in human capital and ex-
penditures on income maintenance, For individuals with specified
characteristics, funds are allocated between these two variables so as
to minimize the weighted average of the proportion in poverty in the
long run.* The weights are chosen to reflect society’s increasing
losses as poverty becomes more profound. Implicit in this criterion
is the assumption that funds are spent on the training programs with
the highest benefit-cost ratios. For certain individuals though, it
will be necessary to spend all or most of the funds allocated to them
on pure income transfers in order to satisfy the steady-state dis-
tributional criterion.

*

Section III contains a precise formulation of this and other

criteria.
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A strong argument has also been made for a pure income transfer
policy.* Let society decide what level of poverty is intolerable.
Anyone falling below this point would be eligible for some sort of
income maintenance. The individual would then allocate this transfer
to maximize his own welfare. He alone would determine the allocation
between human capital enhancement and all else. The ensuing pattern
of expenditures on human capital would be "optimal" for the individual,
but they may not be "optimal" for society. The main reason for this
is society's preference for a "working" escape from poverty. This
preference is based on the externalities that are assumed to accompany
work. These include lower welfare payments, lower crime rate and,
perhaps most importantly, a commitment and attachment to middle class
mores. Society's definition of work is changing over time and it is
possible that this preference may become less binding.

The high cost (to the individual) of obtaining information con-
cerning both the returns from and the availability of investments in
human capital may also cause an individual to underinvest in training.

When confronted with these high search costs, a zero or near-zero ex-

atadts
W

penditure on training is the optimal policy for many poor people.

The cost of obtaining this information is less for the government,

and, therefore it can make a '"better'" allocation between training and
income maintenance. On the other hand, allocation by the government
assumes intimate knowledge of and concern for the tastes and preferences
of the recipient. The transmission of information on tastes and pre-
ferences from poor people to the government appears much more difficult
(costly) than the transmission of information on job training op-
portunities from the government to poor people. Nevertheless, in

Sec. III, we will assume that the government decides the minimum amount

each poor person must spend on training.

*
A variety of income maintenance schemes have been proposed, The

primary difference among these proposals is their effect on the recipi-
ents' incentive to seek employment and the nonrecipients' incentive to

seek unemployment. See Friedman [ll], and Green [4].

k%
For a discussion of the economics of information, see Stigler

(32,337 and McCall [237.



Section II presents a descriptive model of poverty. Data from
both the Social Security Administration and the Wisconsin Assets and
Income Study can be used to test the validity of a Markov stayer-mover
model.* The simplest version of this model has a state space determined
by the following variables: income, race, and sex are all dichotomous
variables, while age will be partitioned into five classes. This gives
a total of 40 possible states, which reduces to twenty 2x2 matrices --
a4 poverty, nonpoverty matrix for each of the 20 combinations of non-
income classes. 1In this model, stayers in poverty and stayers in
nonpoverty are distinguished from movers into and out of poverty. The
mobility of the latter group is governed by a Markov process. Data
will be utilized to estimate the transition probabilities of the Markov
chain and also the proportion of stayers in each state. The data can
also be used to test the following hypotheses: 1Is the pProportion of
stayers in poverty significantly different from zero, i.e., what is
the extent of hard core poverty in each of the 20 categories? Are
transition rates and proportions of stayers different for each selected
category? Is a first-order Markov pProcess an adequate description of
movements into and out of poverty? Are the transition probabilities
constant over time; i.e., is the process stationary? For this simple
model the process is undoubtedly nonstationary. Does the inclusion of
a business cycle variable achieve stationarity? How sensitive are the
transition probabilities to the rate of change of GNP? What is the
steady-state distribution for each category? The statistical procedures
for testing these hypotheses are developed in Sec. II.

Section III presents several normative models of poverty. 1t is
assumed that the decisionmaker can spend money on either investments
in human capital or income transfers. These expenditures alter the
probability process, affect movements into and out of poverty, and in-
fluence the steady-state distribution. The decisionmaker allocates
his budget among the two control variables to optimize his criterion
function. Several criteria will be investigated and optimal policies

will be derived for each. Finite-horizon policies will be distinguished

*
A model like this was first used to study industrial mobility.
See Blumen, Kogan and McCarthy [57 and Goodman [13]. The applicability

of the mover-stayer model to poverty will be tested when the Social
Security and Wisconsin data are available,



from infinite-horizon policies. 1In the first, the poverty program will
be allocated a fixed budget over some'definite period of time. The
decisiommaker will want to allocate this budget between the variables
and over time in order to best satisfy some particular criterion. In
the infinite-horizon case, the decisionmaker must allocate a fixed
budget per period, where the size of the budget in each period is fixed,
but the process continues indefinitely. Again the decisionmaker will
use that rule that optimizes his criterion function. The methodology
of Markov remewal programming will be used to solve these problems.

Both the descriptive and the normative models can be generalized
to the case where there are n income states instead of only two. The
nxn transition matrix of this Markov process can be estimated, and a
steady-state income distribution calculated. The hypotheses tested
for the two-state model can be tested against the n-state model as
well. The normative model can also be generalized, and the effect of
alternate combinations of the two control variables on the steady-state
income distribution can be measured. The theory of income distributions
has fascinated economists for a long time. Markov renewal processes
can be used to generate stationary income distributions., These dis-
tributions can be compared with those generated by different stochastic

ate
w

optimization processes.

*
cSee Champernowne [6], Mandelbrot {19,207, Becker [2], Becker
and Chiswick [3], Friedman [107 and Mincer [26].



II, A DESCRIPTIVE MODEL OF POVERTY

In this section a simple descriptive model of poverty is developed.
The essential ingredients of the model are presented first. Following
this is a brief description of the data that could be used to test the
model. Then the hypotheses and the associated statistical tests are
examined. Several generalizations are indicated in the last subsection.
The model views movements of individuals among income classes as
*

a Markov process, More specifically, the stochastic process X(t) is

both discrete time and finite state, i.e., X(t) is defined by
fx(t); £ =1, 2, ...},

where X(t) can assume only a finite number of values -- the number of

income classes. The process is assumed to satisfy the following property:

P[X(tn) < xnlx(tl) = X ... K(t_

1 —l) n-

=X _.].

- P[X(tn) = Xn'X(tn—l) n-1

This is the usual Markovian assumption that simply asserts that the
probability of going from income class i to j depends only on i and is
independent of prior income history. In the simplest model only two
income states are distinguished -- poverty and nonpoverty. For this
model the Markovian assumption is relaxed slightly by classifying in-
dividuals into three categories: stayers in poverty, stayers in non-
poverty, and movers.** The movers are assumed to obey the Markovian

assumption. Letting 1 and 2 denote poverty and nonpoverty, respectively,

the mover transition matrix is given by

*
A thorough discussion of Markov processes is contained in Kemeny
and Snell [18].

%
This is the stayer-mover model used by Blumen, Kogan and McCarthy
[5] in their study of industrial mobility,



m m
11 ~1
M= 2 s
Mo1 ™22
where 0 £m,, €1 and Em,, =X m,, = 1. The stayer matrix is simp'-
ij 1j 2]
1 6
I-= .
0 1
The unknown parameters of this process are s, and s the proportion

1 2’
of stayers in poverty and nonpoverty, respectively, and the transition

probabilities, mij’ of the mover matrix. These parameters cannot be
estimated directly from longitudinal income data. An individual who
remains in poverty (nonpoverty) for two consecutive periods may be a
stayer or a mover. It is possible to estimate the parameters, however,
using some indirect methods devised by L. Goodman [137]. When the sample

size is large, Goodman suggests the following approximations to maximum

oL
~

likelihood estimators of the parameters

ij ij
and
s, = fi (i =1, 2),
. . R . .th .
where hij is the proportion of individuals in the i income class in
e . . .th . .
the initial period who were in the j income class in the following
. . . e . . .th | .
period (considering only individuals in the i income class in the
initial period who were not continuously in the class for the next n
. . . P . .th |
periods), and fi is the proportion of individuals in the i income class
in the initial period who remained in that class for the next n periods.
The data that can be used to estimate the parameters of the stayer-

mover poverty model are from two different sources -- the Social Security

k3 -
For a derivation of the exact maximum likelihood estimators see

[137.



Administration and the Wisconsin Assets and Income Study.* Estimates

and the tests of hypotheses will be dbne for each set of data separately.
The Social Security Administration maintains a one-percent Continuous
Work History Sample as an aid in administering the 0ld Age Survivors
Disability and Health Insurance system (OASDHI). Earnings are reported
to the Social Security Administration for about 80 million people each
year under OASDHI. Government employees are the largest and most im-
portant group not covered by this program., Basic demographic data are
obtained when the individual applies for a social security number.

These include date of birth, race, sex, and place of birth. When em-
ployment commences in a covered activity, the employer reports quarterly
wages together with geographic location (by county and state) and in-
dustrial affiliation (by 4-digit industry codes of the Standard Industrial
Classification Manual). These quarterly data and the basic demographic
information are the main ingredients of the Continuous Work History
Sample.

While such data are unique in their coverage and content, they do
have certain limitations for the analysis of poverty. The most important
of these are the following: (1) The data are collected for individuals
rather than for households. Consequently, an individual may be earning
poverty wages and be a member of a prosperous household or an individual
may be earning nonpoverty wages (when considered by himself), while he
ard his large family are clearly destitute. (2) Movements from covered
to uncovered employment can occur for a number of indistinguishable
reasons. Among the most importaﬁt are (a) if the maximum taxable income
is earned in a prior quarter, the individual will appear as uncovered in
the current quarter; (b) if the individual is unemployed or earns less
than $50 he will appear as uncovered in the quarter; (c¢) if his employer
fails to file a quarterly report (casual labor and domestics), he will
appear as uncovered; (d) finally, if he in fact does move from covered
to uncovered employment, he will appear as uncovered. (3) There is no
information on income from nonemployment sources. An individual may

appear to be in poverty on the basis of his wage income, while he is

*
These estimates will be reported in a future study.
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relatively affluent when his nonwage (dividends, interest, etc.) income
is considered. 1In spite of these limitations, these data possess great

potential for studying both the dynamics of poverty and the dynamics of

o
~

income formation.

Data from the Wisconsin Assets and Income Studies are based on a
sample of approximately 20,000 Wisconsin state income tax returns. These
longitudinal data cover the period (1947-1959) and include information
on family income, family assets, and industrial occupations of family
members. The major deficiencies of the Social Security data are absent
from these data.** Unfortunately (for our analysis), Wisconsin is not
a typical American state. It is more homogenous and prosperous than the
average. Nevertheless, it may be possible to use these data to validate
some conclusions of the Social Security analysis. They should also be
very useful for studying the general problem of income dynamics.

To illustrate the kinds of hypotheses that can be tested with the
Social Security data, consider the following version of the poverty model.
Two income states are distinguished, viz., poverty and nonpoverty. There
are also two race states (Negro and Caucasian), two sex states, and five
age categories (16-20, 21-30, 31-40, 41-50, 51-65). The Markov process
therefore has a total of 40 states. The 40x40 transition matrix de-
composes into 20 2x2 matrices, a poverty-nonpoverty matrix for each of
the 20 nonincome classes. A stayer vector, (ST, Sg), k=1,2, ..., 20,
is associated with each of these 20 mover matrices, where ST and Sg are
the proportions of individuals in the kth class who are in poverty and
nonpoverty, respectively, and m?j is the probability of going from state
i to state j in one period given that the individual is a mover in the
kth class.

The first hypothesis to be tested is the necessity of the stayer-
mover model instead of the simple Markov model., Let the null hypotheses
be that the simple Markov model is adequate. The alternative is that

the stayer-mover model is required. Following Goodman [137 let

For a more complete description of these data, see Steinberg and
Cooper [317.

ek
For a complete description of these data see Moyer [227.
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fi be the fraction of individuals in the ith income class in the
initial period who remain in that class for the next n periods;

¢y be the number of individuals in the ith income class in the
initial period who remain in that class for the next n periods;

LA be the number of individuals in the ith income class in the
initial period;

fil: Ci/wi; th th

Wij(t) be the number in the i class in the t period who were
in the jth class in the (t+l)St period;

wi(t) be the number in the ith class in the tth period;

p?i be the expected proportion in the ith income class in the
initial period who were in the ith class for n periods.

The expected value of fi under the null hypothesis is simply

n

EC(£)) =Py

and the test can be based on the difference, di’

_ _ an
dy = £ - Py
where
T
2 V(O
_ =l .
Pis =77
2 vi(®)
t=1

and T is total number of periods.
The distribution of di is asymptotically normal with zero mean

and variance that can be estimated by

-n _n _2n-1 -
9 P,;(1 - B ) ] np,. (1 - Pp,.)

d. w, w 4
i i i
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where

T
ai = 2: wi(t)/T.
T=1

Under the null hypothesis, the statistic

N

2
x1 = dl/s

2

4

has a x2 distribution with one degree of freedom. The statistic

2 2
X = X] +X),

where Xg is defined like Xi, is XZ with 2 degrees of freedom, can be

used to test the null hypothesis that both S1 and 82 are zero. This
can be done for each of the 20 nonincome classes. If the null hypothesis
is accepted for one set of data, the simple Markov model could be applied
to a more finely partitioned income distribution for a different set of
data. The same sort of test could then be applied to each income class.
On the other hand, if the null hypothesis is rejected, the stayer-mover
model can be applied directly to the poverty-nonpoverty income distribution.

Hypotheses regarding the equality of transition rates for the 20
categories can, after a transformation of the data, be tested by the
method of multiple comparisons used as an adjunct to the analysis of var-
iance. [See Scheffé, 30.] Similar methods can be used for testing the
equality of the proportion of stayers in each category. Many interesting
questions can be answered using these simple procedures. For example,
is the proportion of stayers in poverty for the group of Negro males
between the ages of 31 and 46 significantly different from the same pro-
portion for Caucasian males in the same age group?

The hypothesis that two or more of the 20 sample matrices are from
the same underlying Markov chain can be tested using the likelihood ratio

*
criterion. For example, suppose that the following 2x2 arrays represent

*
Note that there are 20 20
b k
k=2

possible tests and they are not all independent.
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the number of individuals in each of the four transition categories --

poverty to poverty, poverty to nonpoverty, etc, -- for two different

classes.

Poverty Nonpoverty

Poverty Ny Dy,
Nonpoverty N,y n22
Poverty Nonpoverty

td ,
Poverty nll N9
Nonpoverty n21 n,,

Let
-« _ ’o_ .
,E,nlj =n; and 2 ij n,
J

. . .th
denote the total number of observations in the i row for each group.

The likelihood ratio is given by

2 n1J
L P
y = 1,]=1

2 ni,

n p*J

i,i=1 1ij

where

Pij e "ij . . *
Piy © n,’ Py ° n; and ‘J\: Piy = ijij =1L

%
If the process has been observed for N periods, then

N N
£ n,.(t) L on,.(t)
- _t=l +J _t=1 *J
Pij 572 W T
Z X n_(t) T n,(t)
k=1 t=] K e=0

where n,.(t) is the number going from i at t - 1 to j at t, and ni(t)
is the ntmber in i at t - 1.
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Under th; null hypothesis that p . = P;j all i, j, -2 1ln X is asymptot-
ically x with 1 degree of freedom, see Mood and Graybill [27].

The adequacy of the lst order Markov process in explaining the be-
havior of movers can also be tested using the likelihood ratic criterion,
as described in Anderson and Goodman [1]. Let the null hypothesis be
that the Markov process is lst order and the alternative be that it is
2nd order. Let pijk denote the probability of going to k at time t,
given that the process was in state j at t - 1 and in state i at t - 2.

The null hypothesis asserts the following equalities:

Plijk T Poge T ore T Pogi T Py

whereas the alternative hypothesis asserts that these probabilities are

unequal., The likelihood ratio is given by

- nle
A = it p../p..
1,j’k=1(ka Pj ji) ,
where
T T
IEME > mig0
“~ _ t=2 and ~ - t=2
Psk T T-1 e Pigk T
‘n.(t (-1
J( ) Z n1J( )
t-1 t=2

are the maximum likelihood estimates for P. jk and p, i jk° Under the null
hypothesis, -2 1n \ is xz with m(m - 1) degrees of freedom.

Using similar arguments, Anderson and Goodman also develop a like-
lihood ratio procedure for testing the hypothesis that the transition
probabilities are constant, i.e., that the Markov process is stationary.
For this simple model the process is undoubtedly nonstationary. It is
possible that stationarity can be achieved by including several business
cycle states. The effect of the business cycle on movers and hard core

poor could be assessed,
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ITI, NORMATIVE POVERTY MODELS

By its very nature, the purely descriptive model of the previous
section adopts a passive attitude toward poverty, The normative model
takes a different stance and interferes with the income dynamics of the
poverty process. The object of this interference is to alter the
poverty process in the most desirable way.

The decisionmaker is assumed to have a fixed budget per unit time
available for poverty alleviation. He can alter the poverty process by
direct income transfers to the poverty-stricken, by subsidizing the most
suitable training program, or by some combination of the two. The best
allocation depends on the criterion used to evaluate alternative com-
binations. Several different criteria are considered here. All are
presented within the context of Markov renewal programming,

The first topic is a brief discussion of optimization within a
Markov chain. Two different criteria are investigated. According to
the first, the policy that minimizes the expected losses imposed on
society is preferred. The second choice of policy is based on a steady-
state criterion. The preferred policy is that which minimizes the
steady-state proportion in poverty.

The elements of a semi-Markov process are then presented, and the
relevance of this kind of process to the analysis of poverty is demon-
strated. An exponential model is used to exemplify optimization within
the semi-Markov process. Several steady-state criteria are investigated
for this simple case.

The section concludes by mentioning two other criteria for evaluat-
ing semi-Markov decision models. Both are based on expected discounted
net benefits. They differ in that the first occurs over a finite hori-

zon while the second is an infinite horizon policy.

OPTIMIZATION IN A MARKOV CHAIN

Consider the Markov mover matrix of Sec. II:

m

™1 M2

a1 M22
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where 1 and 2 denote poverty and nonpoverty, respectively. The Markov

chain is completely ergodicﬁ and hence
O=0IM

with

where 71 is a row column with Hi the steady-state proportion in state 1i.

Solving for the Hi in terms of the transition probabilities mij gives

m

ﬂ1=m—+2'1_
12 7 Mot
and
. = _ M2
2 m12 + m21

Following Howard {167, a reward structure is associated with the

various transitions. This is given by the matrix

r r

11 12

r r

21 22

Finally, a set of decisions is available. Each decision has its own
mover and reward matrixes. The object is to choose that policy yielding
the highest expected rewards, The dynamic programming policy iteration
methods developed by Howard can be used to solve this problem. The

problem can also be formulated as a linear program.

%
A Markov chain is called ergodic if it is possible to go from
every state to every other state.
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The analysis of the poverty model with these methods does, however,
pose a problem. Presumably, in the two-state model, if the individual
is not in poverty, the only action available will be to do nothing. But,
the transition probabilities for an individual out of poverty may depend
on the action taken for those in poverty. For example, the fact that a
training program or income transfer will accompany a transit into poverty
may affect the probability of moving into poverty as well as the proba-
bility of moving out. As an illustration, consider three alternatives
for an individual in poverty: (1) do nothing, (2) invest $X in training,
and (3) invest $X in income transfers. Nothing is done for those out
of poverty, The hypothetical effects of the various alternatives on

m,, and r,, are as follows:
1] 1]

State 1 State 2
mij = (3/5,2/5) m;j = (1/5,4/5)
Alternative 1 rij = (-15,15) r;j = (-5,10)
m2. = (2/5,3/5) m2. = (2/5,3/5)
1j 2j ?
Alternative 2 r%j = (-25,10) rgj = (-5,10)
3 3
mlj = (1/5,4/5) m2j = (3/5,2/5)
Alternative 3 rij = (-25,5) rgj = (-5,10) .

Howard's iteration procedure cannot be used to choose between these
three policies because of the secondary effects that alternatives in
State 1 have on the transition probabilities of State 2. When there
are only a few alternatives, each can be-evaluated by his value-
determination procedure. 1In this simple example, Alternative 1 is
preferred,

This problem vanishes when a steady-state criterion is adopted.
Let x be the amount spent on training and y the amount spent on income
maintenance; and let mij(x’ y) be the relation between these expendi-
tures and the transition probabilities. Given some constraint on amount

spent per period, society could allocate between x and y to minimize
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H - m21(X,y)
1 mlz(X,Y) + m21(x,y)

subject to

OPTIMIZATION IN A SEMI -MARKOV PROCESS

A semi-Markov process is a generalized Markov process in which
the transition time is not the same constant for each transition, but
is a random variable with a known probability distribution. The two-
state poverty model can be used to illustrate this continuous time
stochastic process, As before, let mij be the probability that an in-
dividual will move from state i to state j given that he is in state i.
In the simple two-state model, the subscripts i and j are limited to
1 (poverty) and 2 (nonpoverty). In the Markov model, movements from
i to j were accomplished in a fixed time interval. In the semi-Markov
model the movement from i to j is a random variable, Tij’ with p.d.f.,
fi" For example, an individual transits from poverty to nonpoverty

with probability m The time for this transition is the random

12°
variable Ty With pud.f., £, 1 nz}
for the imbedded Markov chain {mij} are calculated as before. The more

The stationary probabilities {II

important stationary probability for the semi-Markov process is the
proportion of time that is spent in transiting from state i. Following

Fox [9], let p; demote this probability. Then

where ui =z u,jm., and p,. = E(7..). As an example let

22/3 1/35

4/5 1/5

3 9
pe ,
20 5

L
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then
Wy =3 x 2/3+9x1/3 =75
W, =20 x 4/5 + 5 x 1/5 = 17
Hl =12/17
H2 = 5/17

and
Py = 12/29
p, = 17/29.

The advantage of semi-Markov processes in describing poverty dynam-
ics is that the transitions from poverty to nonpoverty and vice versa
are not instantaneous, nor of fixed duration, but are random variables.
For example, if an individual is in nonpoverty, the probability of a
transition to poverty might be Pyys and the waiting time to reach poverty
is a random variable Tr1 with some known probability distribution. Pre-
sumably both Pyq and the distribution of To1 would depend on the in-
dividual'’s current level of affluence. This, of course, suggests that
the income distribution should be partitioned into several classes. The
semi-Markov process is easily generalized to accommodate this requirement.

In the normative or optimization model the semi-Markov process can
be interfered with by altering some of its parameters. 1In the two-state
poverty model the process can be improved either by changing the par-
ameters of the imbedded Markov chain {mij} or by changing the waiting
time distributions, Fij' It is assumed that with a fixed budget the
decisiommaker can choose any feasible combination of the two control
variables: investment in human capital and direct income transfers. To
simplify the discussion, the time between transitions is assumed to be
a random variable possessing exponential distribution with parameter xij'
The parameter xij is the transition rate of the process from state i
to state j and, as usual, Xijdt can be interpreted as the probability of
going from i to j in a small interval of time dt, i # j. The \'s are

related to the stationary probabilities in the following way:
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1 =T, - N, . I.(t)x,, dt.
l'fj(t + dt) J(t) [1 1% ij dt] + E 1(t) i t

Letting

VS DEV

ij 7 ij

and taking limits, this reduces to

d .
EE n(t) = H(t) - >

where -\ is a differential matrix of the Xij's; i.e., each row sums

to zero. For the two-income-state poverty model

is the differential matrix for a particular group, where

M1 T e

and

Mg = Agp-

Let X1 and X2

capital and income transfers for those individuals in poverty. A

denote, respectively, the rate of expenditure on human

linear relation is assumed between these expenditures and the transition

rates; i.e.,

12 =@ v Xy T Xy,

>
il

21 ™ Bo + 81X + ByXye
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Using a steady-state criterion, the object is to choose that combination

of X1 and X2 that minimizes the stationary probability, Hl.

is assumed to be completely ergodic, which implies that the steady-state

The process

proportions are constants and are independent of the initial conditions.

Therefore, the two equations

O - ey A~ =0

and

can be solved for Hl and Hz. This gives

n=_ﬁl_._
1 X21 + x12
and
oo M2
2 X21 + x12

The optimization problem can be stated as

2

Min X, =1,

2 ’ 0
X, ,X
172 3™ (o + B,

i=0

subject to X1 + X2 = X. This is a problem in linear fractional pro-
gramming that can be solved using well-known methods.
Actually, there are n such 2x2 differential matrices, one for each of
the n nonihcomé groupings. Letting Nk denote the number in the kth group,
*See Fox [87 and references.

e -
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represents the overall steady-state proportion in poverty where

2
Z BikXix

i=0

;é% (@i + B 0%;

The revised objective then is to minimize

T Xg Xpg eee Xy Xpp Koy eee X0,
subject to
n
‘--.X < X
y . .
i=1 k=1 K

As indicated in the introduction, it is important to distinguish
between a movement from dire poverty to nonpoverty as opposed to a
movement from not-so-poor to nonpoverty. Similarly, it is sometimes
important to distinguish movements within the poverty category. These
distinctions can be made by dividing the poverty category into m classes.
The new criterion then would be to minimize the weighted average of the
proportion in poverty, where the lowest income classes are assigned the

largest weights. The m class criterion can be stated as

m
Min Z wiﬂ i

m
subject to 2, Z: Xik < X,

=1
2
i=]1 k=l

=
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where Hl is the stationary proportion in lowest income class and Hm is

the stationary proportion in highest poverty class; W, > W, 6 >...> Wm >0

1 2

m

and .[% Wi = 1; and X,, and X_. are amounts spent respectively on
1=

1 1k 2k th
training and income maintenance for the k income class., The steady-

state proportions are obtained from

O=H_/\_
and
m+1
i=1

where A_ is an (m + 1) x (m + 1) differential matrix.

Policy iteration and linear programming can be used to solve
semi-Markov decision problems when the decisionmaker maximizes dis-
counted net benefits over an infinite horizon and has a fixed amount
to spend per period. Finally, if the war on poverty is limited to a
finite period, and k dollars can be spent over this time, then these

funds can be allocated to maximize the present value of discounted

Kk

net gains.

“See Jewell [17] and Denardo and Fox [7].
Jede

See Miller [24,257.
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