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PREFACE

The detection and tracking of space vehicles and the prediction
of their trajectories continues to be of vital importance to the Air
Force and other agencies concerned with the national defense.

With the proliferation of both ground-based and space-borne sen-
sors that are capable of detecting and tracking earth orbiting objects,
the effective deployment and management of these sensors in the total
surveillance function becomes the pressing concern.

This Memorandum describes a computer program designed for these
kinds of studies. The program was especially designed for error anal-
ysis of deep-space-interplanetary probes but it is equally useful for
low-altitude partial-orbit reentry vehicles in investigating the capa-
bilities of various combinations of sensors and their optimum deploy-
ment. Reentry errors resulting from uncertainties in the area-mass-
density parameter can also be computed.

The program is a modified version of a program which was developed
for the Special Projects Branch, Theoretical Division of Goddard Space
Flight Center, NASA, by the Sperry Rand Systems Group of the Sperry
Gyroscope Company.

This program was used to obtain results for the AFSC ana ADC Joint
Mission Analysis on "Surveillance of Objects in Space in the 1970s."
More recently, it was used in Rand studies of the influence of down-
range trackers in the determination of initial conditions and CEP.

Dr. M. C. Smith is an Advisory Physicist with IBM's Center for
Scientific Study (Federal Systems Division) at Westlake, California,

and is a consultant to The Rand Corporation.
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SUMMARY

The computer program described in this report was designed to sim-
ulate a space flight and its surveillance by ground- and/or satellite-
based sensors and reveal the effects of sensor and certain modeling
errors on the estimation of a space vehicle's path. The statistical
estimation is based upon an extension of the Schmidt-Kalman minimum
variance technique.

This Memorandum is in two parts. The first is a mathematical
formulation of the model used and is complete enough to be helpful in
following the code. The second part, found in the appendix, can serve
as a guide in using the program. A format of the imput is shown with
a description and the output to be expected.

A listing and trial solution are available from the authors

upon request.
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1. TINTRODUCTION

The function of the Tracking Error Propagation and Orbit Predic-
tion (TEPOP) program is to demonstrate statistically the effects of
sensor errors and certain modeling errors in the estimation of a space
vehicle's path. The statistical estimation is based upon an extension
of the Schmidt-Kalman minimum variance technique. The equations of
motion are three degrees of freedom, point mass, solved in the Encke
form, with perturbations included for atmospheric drag, earth's oblate-
ness, and gravitational attraction of the Sun, Moon, Venus, Mars, and
Jupiter.

The program was originally developed by the Sperry Rénd Systems
Group of the Sperry Gyroscope Company for the Special Projects Branch,
Theoretical Division, Goddard Space Flight Center, NASA;(l) however,
the program has subsequently been modified to better meet the needs of
researchers involved in these kinds of studies. These modifications
include:

o The ability of sensors to be satellite-based as well as ground-
based.

o The ability of sensors to rotate in a local horizontal plane
and be limited in azimuth, elevation, and range.

o A drag bias may be included in the state vector.

o Substitution of a planetary ephemeris developed by Jet Propul-
sion Laboratories.

o Conversion to double-precision computation.

TEPOP is written in FORTRAN IV language and is currently operating
on an IBM 360/65 computer.

In this study emphasis is on the formulation and a general descrip-
tion of program operation. Details required for using the program are

appended.



IT. GENERAL STATEMENT OF PROGRAM OPERATION

Encke's form of the equations of motion is used to define the ve-
hicle path. The local two-body problem is solved numerically using a
method developed by Herrick(z) for general motion in an inverse square
force field. The perturbing accelerations which cause deviations from
this motion are integrated numerically using either a Runge-Kutta or
Adams-Moulton method. Solving the problem in this manner requires that
the two-body position and velocity be updated, or rectified, periodi-
cally. The criterion for rectifying the two-body path is the size of
the deviations from it.

The state transition matrix, relating the differentials of vehicle
state at one time to those at another time, is found analytically using
only the two-body equations of motion. This simplification requires
that the matrix be re-initialized, or rectified, at the same point where
the two-body position and velocity are rectified.

The sequential minimum-variance filter used in the program is based

(3)

upon the Schmidt-Kalman technique. It uses a set of parameters
termed the Goddard Variational Parameters instead of the conventional
orbital elements or position and velocity vectors to define the state

(4)

of the vehicle. This set of parameters may be shown to be better
in the differential correction scheme, especially when long time peri-
ods are involved. A set of finite rotations is used to transform cor-
rections in these parameters to corrections in the position and velocity
vectors for improving the vehicle path.

There are essentially three different modes of operation of the

program, as outlined below.

SYNTHETIC DATA GENERATION MODE

This mode may be used to generate tracking data from as many as
54 sensors. The sensors may be assigned to the Earth, Sun, Moon, Venus,
Mars, or Jupiter, and may be either orbiting in an elliptical unper-
turbed orbit or fixed on the body. They mayvalso be rotating in a lo-
cal horizontal plane and have their scan space limited in azimuth, ele-

vation, and range. The observed vehicle may be orbiting any of the



bodies or may be on an interplanetary course. A tape of the observa-
tion data is created for later use in the orbit prediction mode. This

mode may also be used to generate a trajectory without observations.

ORBIT DETERMINATION MODE

This mode may be used to detérmine a best fit to a vehicle's path
using real data as input, or for studying the effects of random noise
and/or various biases on determining a vehicle path from synthetic data
which may have been generated by this program. The input observation

data may have random noise added as they are brought in for processing.

VARTANCE-COVARIANCE PROPAGATION MODE

This mode may be used to determine confidence regions for position
and velocity from an a priori estimate, random and systematic tracking
errors, and certain dynamic modeling errors. External data are not

used for this mode.



ITII. MODEL DESCRIPTION

The success of any parameter estimation depends not only upon the
technique being used, but also upon the completeness and accuracy of
the simulation model. Most models necessarily contain some simplifying
assumptions, and this is true of the model described here. Therefore,
it is necessary for the user to be aware of how the model is constructed

to determine its applicability to a particular problem.

A. COORDINATE SYSTEMS

The reference coordinate system chosen for this simulation is the
Tectangular equatorial coordinate system of the mean equator and equinox
of 1950.0. Its center may be the Earth, Sun, Moon, Venus, Mars, or
Jupiter. The center is determined initially by input and thereafter
by which sphere of influence the vehicle is within. The radii of the
spheres of influence are assumed to be: Earth = 123.3 eru, Moon = 9.0
eru, Venus = 82.1 eru, Mars = 72.9 eru, Jupiter = 0.0 (actual sphere
of influence is not considered), and Sun = «, The sun is used as center
only when the vehicle is outside all other spheres of influence. The
relative positions of the bodies are found from the planet ephemeris
tape described in Appendix A.

The rectangular planetocentric coordinate system in which the sen-
sor locations are defined need not be concentric with the reference co-
ordinate system and may rotate about its z-axis, which is perpendicular
to the earth's equatorial plane. This rotated system is related to the
reference system by an initial rotation, nominally the Greenwich hour
angle for the base date of the reference system, a daily rotation rate,
and an hourly rotation rate. _

The topocentric coordinate system in which the data (azimuth, ele-
vation, range, and range rate) are computed is defined for an ellipsoidal
(eccentricity € = 0.0818135) body with z pointed north, y east, and x

vertical.



B. EQUATIONS OF MOTION

The form of the equations of motion used in this model assumes the
dominant acceleration is due to the gravitational attraction of the
reference body on the spacecraft. This assumption allows the equations
to be separated into two components, Keplerian motion and a perturbed
motion. Tge general form is derived from the general vector equation

of motion,

. M
R——r—3R+Fa+FO+Fd

by substituting

where Rtb is the two-body position which satisfies the differential
equation
i

Reb =~ 3 Ry &Y

Ttb

Therefore, the differential equation for the Encke term ¥, which must

be solved by a numerical procedure, is:

' 3
M r

. __k tbh _ =

== ( 3 1) R+ E} + Fa + Fo + Fd (2)
rtb T

The first term is the deviation in the dominant acceleration term due
to the displacement of the true path from the two-body path. The grav-
itational constant M, may refer to any of the bodies which may become
the reference center; the values of these constants are defined relative

to that given for earth as

* .
Symbols are either defined when used, or appear in Table 2 or
Appendix A.
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=, = 19.9094165 eru3/hr2 nominally

Earth ul

- 3, 2
Sun Uy = 332957.29 M, eru /hr
Moon by = 0.012299896 y_ eru>/hr?
Venus  w, = 0.81476890 u_ erud /hr2
Mars Mg = 0.1078210 eru/hr?
Jupiter Mg = 317.887 L eru3/hr2

In the estimation process required in the trajectory calculation,
the actual trajectory and the conic section must be kept very near one
another. The size of |Z| is a measure of the distance the two solutions
have drifted apart. It is used to initiate a rectification, i.e., the
selection of a new conic orbit for which the initial conditions are the

same as those of the actual orbit at the time of rectification.

1. Perturbing Accelerations Due to Other Planets

The perturbing gravitational accelerations due to the other bodies,

Fa, may be derived from the N body equations as

5 )
6 ui r(Cb) .

F o= }E: - £3 i-1 R(vb)i + R (3)
ifk,i=1  T(cb) : (vb),

where r refers to the position of the vehicle relative to

= IR |
(vb) (vb) the perturbing body,

and r(cb) = lR(cb)! refers to the position of the perturbing body
relative to the reference center.

A further substitution, as suggested by Battin,(s) is made for

3
(cb)i

3
(vb);

3+3c+c2
1+ (14 )32

_1‘=c



where

R + ZR(cb)i
L = —-:?r——~———- R
(cb)i

A similar substitution is made in Eq. (2) except that

5+ ZRtb -
— — E
T

v
n

2. Perturbing Accelerations Due to Earth's Oblateness

The perturbing acceleration due to the oblateness

of the earth

may be included when the earth is the reference center; its form is

r

veo
4

r

and C; = 0.064643882 (erv’/hr?)
C, = 0.45791657 * 10™* (eru®/hr?)
C, = 0.1343886 + 107> (eru/hr?)

These brackets denote a vector or column matrix.

- [7 5( ) - 1.5(§)~1] + C—Ig [—12 + zs(f—)z]

4

o C—i l:z 5( )2 - 0.5] + E—?— [7.5 - 17.5(%)2]§+ C—lé [—63(%)4 + 42(%) -



3. Perturbing Accelerations Due to Air Drag

The perturbing accelerationg due to the presence of the atmosphere

may be included when the earth is the reference center; its form is

Fg=- %— (1 + 8)c, —ﬁ- AN (5)
where
]Vrl = v. = velocity relative to the rotating earth
CD = constant drag coefficient
A = constant drag bias
P = air density as described below

4. Atmosphere Model

The atmosphere model is one developed by G. Schilling.(6) The

pertinent equations are:

h=1r - a-e) > 5 = geopotential altitude
Vl - (2¢ - ez) —E——;—L
r
where r = 6378.165 = equatorial radius,
€ = 0.08181 = eccentricity of the geoid,
r h
H = ;—B;fﬁ-= scale height
%
where rp = 6356.766 = polar radius.

From Table 1 find i such that:

. H,
Hl <H=< i+l



The variation of molecular scale temperature is

141
Hig - Hy

T -0
L=_—>- 2

and the density is obtained from either:

m.g ° 105
p = Pi exp |- — (Hi - H) when L = 0
RT,
i
5 %
Ti m g 10°/R L
or p =P, T, TCH = Ri) when L # 0

where R* (gas constant) = 8,31432 lO7

g (gravitational acceleration) = 980.665 cm/sec2

m (mean molecular mass) = 28.964 gm

Table 1

PRESSURE AND TEMPERATURE AS A FUNCTION OF ALTITUDE

H P, T

e

i i i

1 0 1.013 * 10° 288.160
2 11 2.263 + 10 216.660
3 25 2.489 « 10% 216.660
4 47 1.250 *+ 10° 282,660
5 53 58.3 282,660
6 75 24.53 196.86
7 90 1.816 196.86
8 126 0.0142 322.86
9 175 19.727 « 10 1057.86
10 200 4.535 « 1074 1182.86
11 500 7.221 » 1077 2082.86
12 2036.828  5.806 - 1010  18826.86

(6)
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5. Solution of the Two-Body Problem

The approach to the solution of the two-body motion is that of

K, (2%

Herric The equations of motion of a vehicle in a Keplerian or-

bit, written in terms of the initial position and velocity vectors

Rtby» Reb, 2re

Rep = £ Ry, + 8 Ry N
o] [o]
Rp =1 Rtbo te Rtbo (8

where f and g are explicit functions of the differential eccentric
anomaly of the body in the Keplerian orbit. Using Herrick's approach,

f, f, g, and é are derived; then from Eqs. (7) and (8), R b and ﬁtb

t
are found.

More precisely, given the initial conditions at time t

v2
tb
= : = o' i—.z__ o
Tep = IRy vy = IRy [hdyy =Ry "R, 2= T Y
0 o o o o 0 o tb

where a is the semimajor axis of the two-body ellipse, and the values

of Rtb’ étb on the two-body trajectory are found at some later time

t = to + At by first transforming the elapsed time At into a more easily
handled variable, either 6 or B. Thid is accomplished by solving Kepler's
equation. The forms of Kepler's equation for elliptic, hyperbolic, and

parabolic trajectories are, respectively (omitting the subscripts tb)

] d
Yu At = a3/2 (8 - sin 6) + r, Ya sin 6 + 7%_3(1 - cos 0) (elliptic)
U

d
(—a)3/2 (sinh 6 - 6) + r_ V-a sinh 6 + —2 (-a)(cosh 6 - 1)
H (hyperbolic)

Vi At

*
See also W. M. Boyce, "Analytic Derivation for the General Conic
Over External Time-Arcs," NASA Manned Spacecraft Center (Internal Report).
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2

Yu At = %-aB/Z 63 + r, Ya 8 + %- ad (parabolic)

o

where 6 is the differential eccentric anomaly, a is the orbit semimajor
axis, and p is the gravitational attraction of the earth.
The general form of Kepler's equation for the three types of tra-

jectories is

d
/i At = g3 £1(1) +r 8 £4(1) + 7& B2 £,(1) €D
u

Vi
20

where B

i
- (-1)
£, (0 = ZO: (71 + 31
o 1
_ (-1
£, (1) = ; @i+ o
£4(0) = 1= 1 £(n)

fa(r) =1-r fZ(T)

Once B or 6 is known, the functions f, g, f, é can be computed from the

following:

Elliptic Trajectories

f=1- %— (1 - cos 6)

o

5 ado
g=ro,\/;-sin9+-Tl--(l—-cose)r

(10)
£==-'/‘E sin 6
rr

o

é =1 - % (1 - cos 8)




—12-

d
where r = a(l - cos 8) + r_cos 6+-—£/§sin6
o)
i
Hyperbolic Trajectories
<
|a]
=1—;_-—(cose—l)
o

T (11)

d
where r = |a| (cosh 8 - 1) + r  cosh 6 + —/%q/lal sinh ©
u

Parabolic Trajectories

-
_ o1 2
f=1 ZrB
o
r d
0 o .2
= — + —
g /;B 2118 L
(12)
Fo=Yug
rr
0
1 2
g l_E;B

wherer=%82+r +

The general form of each of the preceding equations is
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~
1 2
f=1- ;—-B fz(r)
o
r d
o) o 2
} (13)
: Yu
£=-7 r B fB(T)
o
. 1 .2
g=1 - ;‘B fz(T)
J

d
where r = 82 fz(T) + r f4(r) + —9'6 f3(T)
Yu

After £, g, %, é have been evaluated, the position and velocity follow

from Eqs. (7) and (8).

C. DEFINITION OF OBSERVING SENSORS

The sensors may be placed on or be orbiting any planet in an un-
perturbed elliptic orbit. All sensors, however, must be on or orbit-
ing the same planet. The sensors may rotate at a constant rate in a
horizontal plane and the sensor field of view may be limited in azimuth,
elevation, and range.

The space being scanned by a sensor at any time is defined by:

Yr = maximum range

?ﬁ = maximum elevation angle
Yp = minimum elevation angle
2AYA = azimuth window
mr = sensor rotation rate (in the local horizontal plane)

¢(t) = sensor heading azimuth
A(t) = sensor latitude (geodetic)

Rs(t) = sensor position vector in equatorial coordinates
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The first five of these (Y;, ?ﬁ, XE’

the last three depend upon whether the sensor is fixed on the observing

AYA, wr) are input; however,
planet or orbiting it.

. Fixed Sensor

Fixed sensor positions are defined by the input:

b = sensor longitude (measured positive eastward)
A = latitude (geodetic)
hg = altitude (above the geoid)

For a fixed sensor ¢(t) = 7/2 and A(t) = A and the sensor position in

equatorial coordinates is

}1 - 52 sin2 A)-llz + hg] cos X cos [b + p(t)]

R_(t)= (1 - e2 sinzb ;\)'1/2

+ hg] cos X sin [b + yY(t)] (14)

—

(1L - 52)(1 - €

2

sin® A)'l/z + hg] sin A

where ¥(t) = Greenwich hour angle and € = eccentricity of the planet.

Orbiting Sensor

The position of the orbiting sensor is determined using the input:
a_ = semimajor axis

= eccentricity

= inclination

w_ = argument of perigee

s
vs(ts) = true anomaly at the reference time
QS = right ascension of the ascending node

t = reference time
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The eccentric anomaly of the satellite at time t is found by solv-

ing the equation

E(t) = -:5 (t-t) +E(c) - e, sin E_(t) + e  sin E_(t) (15)
S

where the eccentric anomaly at the reference time ts is found from

. 1 - e v _(t)
-1 [ s S
Es(ts) = 2 tan 1+ e y tan <—2—>

Now the sensor's true anomaly and distance from the planet's cen-

ter are obtained from

2
1 \/1 - e sin Es(t)

cos Es(t) - e,

vs(t) = tan
and

rs(t) = as[l - e, cos Es(t)]

The sensor heading azimuth is

~ -1 cos is
¢(t) = tan (sin i, cos [w  + v (O]

The sensor position vector in equatorial coordinates is
Fcos A;(t) cos [b(t) + w(t)]»—
RS(t) = rs(t) cos AI(t) sin [b(t) + y(t)]

_sin AI(t)




s

where AI(t) and b(t), the geocentric latitude and longitude of the sen-

sor, are obtained from
A (t) = sin_l {sin [w_+ v (t)] sin i }
I s s s
and

1 sin [ws + v(t)] cos is

b(t) = tan cos [LUS + Vs(t)] = w(t)

Finally, the geodetic latitude of the sensor is

zs(t)

-1
A(t) = tan )
LYx® +yima - &

D. DETERMINATION OF DATA POINTS

The time spacing between observations from any sensor need not
necessarily be the computation interval and the sensors need not ob-
serve at the same time points. Each sensor must have a minimum time
interval between observations, which then determines how often data
may be taken. If a limited scan space is given, this too may be a fac-
tor in determining how often data are taken.

At each trajectory computation point, every sensor is checked to
determine if the next observation lies within the normal computation
interval. 1If none occurs the following interval is considered. To
simplify the calculation, only one computation interval at a time is
searched for a solution. The ordering of the observations is found by

solving:

Y, - YAI < AY,
R < YR
Y. <Y, <Y



-17-

for the time of occurrence of the next measurement from each stationm,
The least of these times is the time of the next observation. In this
computation the observed satellite path is assumed to be an unperturBed
ellipse if its reference center is that of the observing planet, or mo-
tionless if its reference center is not the observing planet.

The solution is obtained by a Newton iteration on the first equa-
tion.

YAL o + wr(t - to) = gensor look azimuth

Ya

tan'—l (ytp/ztp) = azimuth of the observed vehicle

where ytp and ztp are the coordinates of the observed vehicle in the
sensor topocentric coordinates. Further reduction in computation time
is achieved by checking the range rate to determine if the observed

vehicle will be within the range during the interval.
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IV. DEFINITION OF PARAMETERS

A. STATE PARAMETERS

Since the differential corrections are obtained by an iterative
scheme that depends on the inverse of the differential correction ma-
trix, any tendency toward singularity in this matrix is a problem of
the utmost concern. The choice of elements used in the differential
correction affects the rate at which the determinant approaches zero.
The partial derivatives that make up the matrix usually are periodic
terms and consequently bounded in time. But any of the partial deriv-
atives that are affected by the mean motion, energy, period, or semi-
major axis will contain, in addition to the periodic term, a finite
secular term. In time this secular term will account for the major
contributions to the partial derivatives. If two or more of these par-
tial derivatives contain secular coefficients, the matrix will become
singular, since as time passes these secular vectors will become more
and more parallel even though, strictly speaking, they are not propor-
tional. The matrix becomes asymptotically singular in time.

The conventional elements a, e, i, w, £, and tp are a set of vari-
ables in which only one parameter, i.e., the semimajor axisga, affects
the period. Such a set would not be subject to the difficulties just
described; however, three of the variables--the argument of perigee,
the time of perigee passage, and the ascending node--become poorly de-
fined for a near-circular and low-inclination orbit. Variables such
as position and velocity avoid this last difficulty, but all six vari-
ables are functions of energy and therefore the differential correction
matrix will tend toward singularity.

A set of parameters that avoids the difficulties of circular low-
inclination orbits, and with only one parameter dependent on energy,

(4)

is as follows:

a; = rotation of R about éo from the initial position Ro’
a, = rotation of R about Ro from the initial velocity Ro'
ay = rotation of R about the angular momentum vector V from the

initial velocity éo'
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ay = rotation of R about H caused by the change in the angle be-

tween R and ﬁ, leaving the magnitude of R, R, and the semi-

major axis unchanged.

R and R are changed.

the energy.

gle between R and R remain unchanged.

= change in the reciprocal semimajor axis. The magnitudes of

This is the only parameter affected by
= change in the magnitude of R such that a, R ° Rb’ and the an-

three parameters do not affect the magnitudes of R, ﬁ, or the

angle between them. The R; R is a rigid rotation pair relative to Ro

and ﬁ .
o

eters above.

sition and velocity vectors.

The statistical computations are defined in terms of the o param-

However, the equations of motion are in terms of the po-

Therefore, it is necessary to convert the

variations in the o parameters to equivalent variations in position and

velocity.

as follows:

RII

R

R”

.
I 4
R

I

n

R cos Aal +

cos Ao ﬁ +

R’ cos Ao, +

°/
R cos Ao, +

3

IR/ ® R’
r” + Ao
|cos (v = ¥*) R” + sin (y - ¥')
rl/
2 2 2
u LRI A Y
r” + Aa r” v

. sin Aa
R 5 R (1 - cos Aal) R - - 1 R xR
v
‘LB sin Aa
———RZR(l—cosAaz)R'+ 2R xR
(4
r T
’ .I 4
R| - - sin Aa
RI % RI

R” e lill % R//

Ier * f{//

Finite rotations are required for this and the results are

(16)

17)

(18)

a9

(20)

(21)
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where
” +\2 ” 11
- . e R
v = tan™ 1_<R R>[R
r” vﬂ rI/ v”
and — 7
-~ ~
L] 2
. R” « R” + Aa4
' 2
. 2 r’
(r”+Aa6) u-——z—-—-—-<—— y +A(15
1 r’ + Aa6 r” d
Y’ = tan =

R - R" + Aa

n2
_2_ {2 _r .
r’ + AO’G r// u 5

(r’ + Aa6) u

.

then AR = R” - R and AR = R” - R.

Since the first three state parameters have the character of rigid
rotation of the R, R pair,'an infinitesimal form of the parameter fol-
lows from the finite rotation given in Egs. (16), (17), and (18). Con-
sider the scalar product of H with R’. Then Eq. (16) gives

2
HeR =- %— sin Ao

where R’ is R, after having been rotated through the finite angle Aal

R ’ = = p— p 3 ::.‘"_
about R. For small al(t) and R" = Rb’ Aal al(t) and sin Aal al(t).
Therefore
v(H - Ro)
@ (8 =
h

where al(t) represents an infinitesimal rotation of R about R.o from the

initial position R = Ro. The expressions for uz(t) and a3(t) are obtained
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from Eqs. (17) and (18) in a similar way. The remaining three param-
eters completely determine the lengths of R and R and the angle between
them or r, v, and R - ﬁ.

Therefore the components of the vector of state parameters, &, are

as follows:

a, = (v/hz)(H . Ro)
r .
a=—;17(H.RO)
- 1 . .
o =_Th[(HxR) * RJ] (22)
v

a, = R » ﬁ

1
Op = =
a

Q
n

|R]

The features of the orbit prediction mode include the provision
to update one dynamic bias in addition to updating the six state vari-
ables and to account for additional observational and dynamic biases
by degradin% ;he estimate of the state without actually solving for
3

the biases. In the variance-covariance propagation mode, the up-
dating is omitted and a reference trajectory is used.

The following biases are considered:

Dynamic Biases

Drag bias &, updated (see Eq. (5))
Gravitational bias u (accounted for)

Observational Biases ﬁ (accounted for; these apply to every station)

Speed of light bias

Geodetic net bias (three components of position in the planeto-

centric axes), which should not be used for orbiting sensors.
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VHT
“2 0
h
rHT
0 2
h
~ 0 2
-1 3o hv
S 5% =
! R!
_2RT oRT
3 u
T
R 0
T
I =an 8 x 8 matrix
ST =a 16 x 16 matrix
S =a 6 x 6 matrix
0
0
R 0
v=%= 0 | (6 x1) (24)
H 2
yv_
2
u
0 -
It may be shown that
S 0 T 0
0
ST = 1 0 0 (16 x 16)
0 0 1 0
0O O 0 I
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Azimuth bias
Elevation bias
Range normalization bias

Range-rate bias

The complete vector of state parameters is then

-~ ~
, where a and n are vectors

Soio R»

The complete vector of state variables is

, where X = [g] (the conventional state vector)

S e lor X

The state variables which are actually estimated are R, ﬁ, S.

1. The Point Transformation Matrix, S

T
Assuming they are small enough, variations in the vectors may be

linearly related at a time point by:

Ad AX
AS] _ -1 ]AS *
2| - S: 07 (16 x 1) (23)
An An

st o0 v o

where S;l = 0 1 0 0
0 0 1 0
0 0 0 I

*
(16 x 1) denotes a matrix with 16 rows and 1 column.
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where(l)
_E 0 H;R H >2<R URZ.ZR'H x R R _1R - R(lz—zréa)H X R
S - v h 2vh r hr’v
o 7 ° ; . 0 -5 2 ;Rz
r 2v TV
(25)
and
slr+v=o0
T = - SV
-R xR
2uh
T = . (6 x 1) (26)
1 R
2u
2. The State Parameter Transition Matrix, AT
Variations in the state parameters at one time may be linearly
related to variations at another time by
A (t) ra(e)
NN IR R I 27
Af(t) su(t )
An(t) ance,)
where
A(t,to) ‘PDG(t,tO) W(t,to) 0 ;
Ag(tat ) = 0 1 0 01 (28)
0 0 1 0
0] 0 0 I

I =an 8 x 8 matrix



The partials required for the

described below.

The Transition Matrix of NASA Parameters, A.

¥D

A(t,to) =

G(tl’to) é

W(t,to) =

25~

|
~
(o)
X
(=)
~

n
w

]
wn

i
w
|
=
~
t
~
——
|
=1 >4
~|~
et
—
~
| SR

parameter transition matrix are found as

If the partials of

the perturbing accelerations with respect to position and velocity are

assumed to be small over the interval (tl,to), then this transition ma-

trix may be found analytically

A(t,to) =

0< I"l‘ 0< |:’

o

(o]

o”rﬁ' oﬂlﬁ

o

0 0 0 0
0 0 0 0
o234 M5 M5
0 g A4,S r f
0 0 1 0
fr
0 g/r A —°

(6 x 6)

(29)
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with

Y SRS I
3,6 2 ) .2 r p2 Vo T
£ . 2 .2
Ny 5 = —g [d,(80 - &v)) - @0’
? 2hv v
[e]
3 d BE(£2 + £.)
, hB hp -/ 0 T2V°3 2
23 f +
2 m
+ B2 (-3f +f - £ £+ f £ £ )
A T 3
.lr r 1 ]
- nf ) o o) _ kg
23,6 = 2 {r (f4 + > 5
v Tr r v
(o] [o BN e)
d_ [ . "
-——Z_I}_ Z(do_r>
h r v
[o 2N o]
2
\ ) Ju ] rzsz ] d roB 22
4,5 r 1 i
a’g3s 4 ps
- = +r %, + 22 4 B3
B 4 i 6
2 [ 2 dr Bs a’e%s,  a B
A _BE({ _o g .29 2 +r B2S -0 4 o
6,5 ¢ \" 2 °1 m 3 TR
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where r = lRtbl
To = IRth
d =R -R
o o o
d =Ry - Rep
V= .tbl
v = [R|
b= Ry ¥ Ry

B is found in solving the two-body problem (Section III.5)

£, g, f, g from Eq. (13)

fl’ f2’ f3, f4 from Eq. (9)

f — i ('T)i
& (21 + 5)!

i=0
o i
= 2 ?E%EPEST
i=0
f5 =1/24 - Tf7
T = Bz/a
Z) = £58,
£, = £5(1 + 2£,)
2y = £,8,
Z, = 3£,/2 - 3f1/2 - 2f,f,
Ty = 3£,/2 - 3f, - 262
T = £o/2 - 3£/2 - £,
51 = fg
S, = fof3
Sy = f1/2 - £, - £)f,
S, = f5 - £,/2 - £,£,/2
S, = £/2 - 3£,/2 - £1,

2
S, = f6/2 - 2f7 - f1/2
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As mentioned at the beginning of Section III.B, the two-body solu-
tion may be rectified if the Encke terms become too large. The discon-
tinuity at the time of a rectification, tr’ also affects this transition

matrix; it is accounted for using the equation
ACt,t ) = ACt, e )S T(t_)S(t_ IACt. ,t )
"o [ T+ r— r-’o

where S_l(t

@)

) is computed after R R.. have been corrected and S(tr_)

r+ tb® “tb

before.

The Transition Matrix of Drag Bias, This part of the total

‘y .
88
transition matrix, AT, cannot be found analytically, due to the fact

that the perturbing acceleration due to drag cannot be eliminated in

taking the partials. The form of the equation is:
_ e-l aX(t)
Wss(t,to) =8 “(t) [SEYEZY] (6 x 1) (30)

where

ax(t) 3X(t) ax(t) + X (t) dr
aa(t ) ax(t) 86(t°) as (t)

since é = 0 and

axX(t )
88(t ) | - 0
oF oF
al_|_o op
[Si'] - [ax ] [ax] 0

Assuming that
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the terms of the integrand are written as follows:

SR(t) dR(t)

ax(y ] " | . . (6 x 6)
(£) R(t) OR(t)
aR(t) oSRr(t)
[3R(t) ] _
where SRCEY | - 0 (3 x3)
[oR(6) ] _ I
[ 3R (t)
. T
[BR(t)] _ ¥ [3RR™ _ I
OR(t) 3 2
- r b g .
r VT - 0 ¥
_(1+ 98 A TP rp
> pCD n vrp 5 + I -y 0
- TP < lo o
) v T ]
BR(t)] __Q+ 9 A TP rp
[3R(t) - 2 PCy = Vrp s T I (3x3)
_.VTP -
¥ = earth rotation rate
0
VrP =R - ? X R (3 x 1)
Yy
v = IV l
Tp Tp
and
ai(t) _
35(t) 0 (6 > 1)

-1/2 PCh A/m v, Vr

P rp

0

0 |(3x 3)
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W.(B)

The Transition Matrix of Gravitation Bias, This matrix

may be found analytically by assuming the partials of the perturbing

accelerations are negligible.

W(t,to)=A(t,t°)W<to,to)+W(t,to) . (31)
where
0
0
. d Bf d £.82
h )f 3 o2 1
ol 6 )
2v /ﬂ_v r
. d
cifee S0}
W’(t,to) = 2uv n° ° (6 x 1)
2
(t -t) d g°f
e (2 Y
/E H
0

(t - ro)d - dog

2ur
0
0
0
W(to,to) = . 0 . (6 x 1)
R R
o [o)
2
u
0
L __
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and v = |1itb(t)|
d = Rtb(t) . Rtb(t)
d =R *R
Q [o] o]
r=|R ()]

The discontinuity at the time of a rectification, tr, also affects
the transition matrix of gravitation bias W and is accounted for using

W = sThe DS (e D IACe e JW(t e ) + W (et )]

tr+,t0)

W(t,to) W'(t,tr+) + A(t,tr+)W(tr+,to)

B. OBSERVED PARAMETERS .

A sensor may observe any or all of the parameters:

Azimuth Range

Elevation Range rate

The vector of estimates of these parameters is

1:an-'l ;P-
tp

tzan_:L ~—P—————xt

Yc = ytz:p + zip (32)
rtp
"o i -i]
_rtp tp stp |
where Rtp = C[R(vb)k - Rs]

R+ R

Bowbdy TR T Rewy,



1

= position of vehicle relative to the kth planet; the observ-

Reeby,
ing planet.
cos A cos (¥ + b) cos A sin (¥ + b) sin 2
C = - sin (Y + b) cos (¥ + b) 0
- sin A cos (¥ + b) - sin A sin (¥ + b) cos A
= station geodetic latitude
= Greenwich hour angle
= station longitude
Rs from Section III.C, Eq. (14)
Rtp = CR

For a fixed sensor (see Section I11.C.1):

0
> _ y 2 2 -1/2
Rstp = I ¥Y[(1 - €” sin™ A) + hg] cos A
0
where @ = earth rotation rate
€ = earth eccentricity
hg = height above the geoid

For an orbiting sensor (see Section III.C.2):

Rstp

- 2 L1 cos in ¢
P r a Y sin

1 cos cos ¢
a Y

2

2

rS

s~ -2
a

s
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[
n
ey
=}

where ¥y

= flight path angle

_1< sin (m/2 - iS) )
¢ = tan ]

cos (n/2 - is) cos (ms + vs)

= heading angle

r = as(l - e_ cos ES)

\/l - e2 sin E -
-1 s s
v_ = tan

s cos E - e
s

s

= true anomaly

E
5

eccentric anomaly (see Section IIL.C.2), Eq. (15))

Small variations in the observed parameters may be linearly re-

lated to variations in the state parameters by

Ao
A

AY = N, {s3 (33)

‘Aﬁ
where NT = MTST
MT [MO O F]

ST from Section IV.A
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Matrix to Transform AX to AY, M

This matrix of partials may be written (see p. 32)

[ayc] [ayc SRtP oY afatp]
M = = ; v {(n x 6)
ax R 3R ° 3R
3 tp aRtP
3R 3R
- tp___tp_
where 3R 5 C

RT :
__Ttp N
2 + z2
ytp tp 0 0
T
tp Rep

. T .
{Rtp Rstp

—
Q] @
7
" |n
o
—
I
W’_] o

5

(34)

(35)

(36)
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2. Matrix to Transform An to AY, F

This matrix of partials may be written

oY
F=[-ﬁﬁ] (n x 8)

Assuming the geodetic net biases are not used when orbiting sen-

sors are used, then

0 L]
0 1 BYC BYC ? ¥
F = - | ¢’ - 5 -y 0 , I
.tp tp tp. 0 0 0
tp
where rtp = Rtp . {Rtp - Rstp}
¢ = speed of light
¥ = earth rotation rate
I =4 x 4 matrix
cos A cos b cos A sin b sin A
Cc = - sin b cos b 0
— sin A cos b — sin X cos b cos A

and

[BYC ] [BYC ]
3R 3R
tp tp

may be obtained from Section IV.B.1, Egs. (35) and (36).
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V. STATISTICAL ESTIMATION

THE INITIAL ESTIMATE OF STATE

Given an estimate of the vector of state variables at a time to’

the best initial estimate at any other time t is given by:

X(t) X X(to)
8(t) t 8 §(t,)
)| T St o ue) (o> b
A(e) ° n(t)
‘However, since & = ﬁ = é = 0 and
t . R, () t |2 R(t)
X(to) + S Xdt = + S dt = |,
t, Rtb(t) L R(t)

(see Sections ITI.B and IV.A), the initial estimate at time t may be

rewritten:

- _
X(t) R(t)
§(t) R(t)
ey Bl A
fi(t) F(to)
_n(ta)_J

The initial estimate of the vector of state parameters at any time
may then be found as shown in Section IV.A; however, it is not necessary
to compute the state parameters as such.

The variance-covariance matrix corresponding to the initial esti-~
mate of the state parameters, Q, at t0 is found from the variance~-co-

variance matrix of state variables, P, by

T
ap(ty) = spepue ) [s7H] (2 6 x 16) (37
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Then the initial QT matrix at any time t may be found by
T
Qp(t) = AL(t,t )Q (e DAL(E,t ) (38)

where AT is defined in Section IV.A, and QT may be partitioned so that:

— _
Q CaG Cau Can
T
CaG CG 0 0
Q. = (16 x 16)
T ct 0 B 0
223}
¢t 0 0 U
an
L ]

where B = ﬁz and the other symbols are defined in Table 2 at the end of

this Section.

IMPROVING THE ESTIMATE WITH DATA

At this point it is advantageous to extend or augment the six-

element vector, X, to include § so that

X a
X = and a, = (7 x 1)
A s A 15
then
A ¥ s 0 1 st o
A = (7 x7) S, = (7 x 7) s, = (7 x 7)
0 1 0 1 0 1
(39)
W v T
WA = (7 x 1) VA = (7 x 1) TA = (7 x 1)
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so that
AA wA
AT = 1 (16 x 16)
Sa Ta
ST = 1 (16 x 16)
0 I
p— __1 R
1 Sa Ya
ST = (16 x 16)
I
and
where [M,0] = [M,Mu].
Also,
NT = [MASA’ MATA’ F] NA = MASA (n x 7)
(where MATA = — NAVA) (n x1)
and
QA Cﬁau CGan
_ T
QT = Céau B 0
T
CGan 0 U

If data occur at the time point t

1’

the parts of the covariance matrix

QT are found at the time point as follows:
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T T
Qu(t) = A, (t,,t) [QA(tO)AA(tl,to) + C(Sau(to)wA(tl’to)]
+ W, (t),E) [Caau(to)l\i(tl,to) - B(to)wz(tl,to)] (7 x 7
(40)

Céau(tl) = AA(tl’to)Caau(to) + WA(tl,to)B(to) (7 x 1)

c

(t)) = A\ (tq,t)Cs () (7 x 8)

San

then, using the Kalman filter, the corrections to the state parameters
which are to be estimated (leaving off the time notation since all are

the same) are

AGA = L{%obs - Yc}

where the weighting matrix, L, is

T T T T|=-1
L = [QANA ~ CoauVola * Csont ]Y (7 x n) (41)
- T T T T T, T
Y = N,QN, + NACGan + FCyy Ny + FUF™ - NuCoonVala
T T T.T , =
= N,V,Cs, Ny + N,V,BVN, + E (0 x n)

E = covariance matrix associated with the observed data

Y

actual observed data
obs

The parts of the covariance matrix are then updated and



QA(t/N)

Céau(t/N)
Céan(t/N)
U(e/N)

B(t/N)

= QA(t/N-l)

T ) T
- L[#AQA(t/N—l) - NAVACGau(t/N_l) + Fcaan(t/N_l)] (7 x 7)
Céau(t/N—l) - L[éAcéau(t/N—l) - NAVABJ (7 x 1)

C6an(t/N_l) - L[ﬁACGan(t/N—l) + FU] (7 x 8)

U(t/N-1)

B(t/N-1)

40—

>(462)

u(t)) (8 x 8)

B(t)) (1 x 1)

Table 2

DEFINITION OF PROGRAM AND EQUATION SYMBOLS IN COMMON

Program Symbol Description

A a Semimajor axis of the orbit

AABS Ial Magnitude of a

ALAMDA A Parameter transition matrix, Eq. (29)

ALMAT L Weighting matrix of the minimum variance filter,
Eq. (41)

AMASS A/m Area-to-mass ratio

AMMAT M Matrix of partials of observations with respect
to state variables, Eq. (34)

AUERAD A.U Conversion constant, eru/astronomic unit

BIASMU u Gravitational bias uncertainty

BIAS U Diagonal matrix of observational bias uncertainties

squared

speed of light

u, v, w of station position
. range

range rate

N
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Table 2 (cont.)

Program Symbol Description
BMU My Gravitational constants for the perturbing bodies
CBX Céan Matrix of covariance of satellite state param—

eters and the accounted-for observational bias,
Egqs. (40) and (42)

CA c. )

a
CB Cb
cC Cc

} Parameters pertinent to a rectification

CD c

d
CE c

e
CF 'Cf,J
CDRAG CD Drag coefficient
CHMU CGa Matrix of covariance of satellite state param-

H eters and the accounted-for dynamic bias, Egs.
(40) and (42)
CKMER Conversion factor, eru to km
CKSERH Conversion factor, eru/hr to km/sec
CONA CA Second gravitational harmonic coefficient
CONJ CJ First gravitational harmonic coefficient
CONK CK Third gravitational harmonic coefficient
CPOS Rcb Block of perturbing body-position vectors
i
CRAD Conversion factor, deg to rad
CWLIN(1) g Position vector in the Encke axis
CWLIN(4) R6 Partials of position with respect to drag bias,
Eq. (30)

CWLIN(7) g Velocity vector in the Encke axis
CWLIN(10) RG Partials of velocity with respect to drag bias,

Eq. (30)
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Table 2 (cont.)

Program Symbolr Description
CWLIN(13) g Acceleration vector in the Encke axis, Eq. (2)
CWLIN(16) ﬁa Partials of acceleration with respect to drag

bias, Eq. {(30)

DAYK Number of days since epoch

DAYS Day of year of launch

DEL 8 Variation in drag

DELALP Ac Variations in the NASA parameters: dl, @ys Gg,
@ G5 O, Eq. (22)

DELX AX Variations in state variables: x, y, z, i, §, z

DELY AY Array of observation residuals, Eq. (33)

DFRHO Not used

DTFE Integration interval for far-earth trajectories

(r > 4 eru)
DTIL Current integration step size

DINE Integration interval for near-earth trajectories
(r < 4 eru)

EBAR E Covariance matrix of observation noise. The square
root of diagonal terms are the standard deviations
used for noise generation

EN n Mean motion

EPSSQ 52 Square of earth's eccentricity

ERAD T, Earth's equatorial radius

FA fl Series expansion used in the Keplerian Model

FB f2 Series expansion used in the Keplerian Model

FC f3 Series expansion used in the Keplerian Model

¥D f4 Series expansion used in the Keplerian Model
FPTH ¥ (0) Partial of Kepler's equation used in the Newton

iteration scheme



43—

Table 2 (cont.)

Program Symbol Description

FRHO Not used

FTH F(8) Iterate in solving Kepler's equation F(6) ==
Y (e-t,)

HAFPI m/2

HMIN Minutes of launch hours

EMU Mo Earth's gravitational constant

HRS Hours of launch day

IFLAG Indicator for frequency of printing

INTPD Indicator for Kalman scheme

10BS Indicator for computation of observations

ITYPE Indicates type of observation data

JDRAG Not used

KDATA Number of observation points

K1LM Indicates units for position and velocity vectors

KOMP Indicates criterion causing a rectification

KOND Indicator for frequency of printing the trajec-
tory time history

KPRTR Not used

KRUNT Indicates number of observation points at a time
point

KSTA Station number of station currently observing

KTAB Number of observation points processed

KTAPE Not used

KTHC Number of iterations used in solving Kepler's
equation

KWBMU Working body numbers

KWDDXT

Not used
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Table 2 (cont.)

Program Symbol Description

KWDXI Not used

KWLIN Number of second-order equations to be solved

KWLIND Not used

KWXT Not used

LDDXTA Not used

LDDXIZ Not used

LDXTIA Not used

LDXIZ Not used

LTBCD Not used

LTBIN Not used

LXIA Not used

LXIT Not used

MBMAX Number of working bodies

MOSOL Not used

MREF Number of reference bodies

MUD Error indicator

MWREF Indicates position of reference planet p in the
array BMU

NBTAS Number of observational biases

NOSOL Not used

NSRT Number of sampling rates

NSLTH Not used

NTEB Number of EZ matrices

NTYPE Array of indicators for observation types
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Table 2 (cont.)

Program Symbol Description

NUMDAT Number of observation types

NUMSTA Number of observation stations

NYEAR Not used

NYEARP Year of launch or beginning of trajectory

PDOT P Earth rotation rate in radians per solar day

PERDRG Fd Drag perturbation, Eq. (5)

PEROBL F, Perturbations due to oblateness of earth, Eq. (4)

PERRAP Not used

PI L

PMAT P Covariance matrix of state variables, see p. 37

PRNTFE Print interval for far-earth trajectory

PRNTNE Print interval for near—earth trajectory

PS160 w60 Greenwich hour angle of 0h January 0, 1960

PSIB wo Greenwich hour angle of epoch of trajectory

PSIDOT @ Earth rotation rate in radians per solar hour

QMAT Q Parameter covariance matrix, Eq. (38)

RC R Position vector

RCB Rbb. Block of perturbing body position vectors (see
i CPOS above)

RCIN RI Position vector at beginning of the trajectory

RDC R Velocity vector

RDCIN ﬁI Velocity vector at beginning of the trajectory

RDI ﬁo Velocity vector at last rectification

RDTB Rtb Two-body velocity vector
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Table 2 (cont.)

Program Symbol Description
RECTT t Time of last rectification
RHODOT Not used
RI R0 Position vector at last rectification
RMIN Tr_. Minimum perigee distance
min
RTAB Not used
RTB Rtb Two-body position vector
RVB va Vectors from vehicle to the perturbing bodies
i
SAMPLE Data sampling intervals and rates
SCALDS
SCALEA
SCALED Scale factors
SCALEV
SCALVS
SDDXI Fa Acceleration vectors for perturbations due to
attractions of bodies other than the reference
body, and the differential acceleration in the
Encke axis due to the reference body, Eq. (3)
SEC Seconds of launch minute
SMAT SA The point transformation matrix, Eqs. (25) and (39)
SQT™MU /E; Square root of HMU above
STAC RS Array of station coordinates in the inertial axis
i
STAHT hg Array of station altitudes (above the geoid)
i
STALN bi Array of station longitudes
STALT Ai Array of station latitudes
STANM Array of station names
T t Current time
TADD Starter for random noise generator
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Table 2 (cont.)

Program Symbol Description

TARG Not used

TBF f

TBFD f
Coefficients for the two-body solution, Egs.

TBG g (10)-(13)

TBGD g

TEBAR Ei Array of variance-covariance matrices of observa-
tions, for the observing stations

TH ) Differential eccentric anomaly estimate for Kepler's
equation solution

THC 6 Differential eccentric anomaly

TI to Time of last rectification

TIMEB Array of station numbers for the E matrices

TIN t Initial time

TIRT Time of last rectification

X Time of next observation

TKEP Time of last Kepler solution

TMAX t Maximum time of trajectory

max

TTABLE Time of ephemeris position block

TWOPI 2w

TZERO Elapsed time from 0h January 0 of year to the be-
ginning of the trajectory

TZHRS To Elapsed time from Oh of present day to the begin-
ning of the trajectory

UPBIAS n Vector of observation bias uncertainties

UREF Not used

WBMU My Packed array of gravitational constants (BMU

packed) (Section III.B)



Table 2 (cont.)

Program Symbol Description

AWBNAME Packed array of names of perturbing bodies

WVECT Wa Parameter transition matrix of the accounted-for
dynamic bias, Eq. (39) ‘

X1 i Inclination of the orbit

ﬁYCO};I Yc Array of 'computed‘ values for observations

YOBS Y Array of actual observation values
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Appendix A

DETATILED PROGRAM INPUT

This appendix gives a detailed description of the input format.
The quantities in the description column are entered on the specified
card in the appropriate columns. The names are those used for the
quantities in the program.

Some constants which are subsequently defined are set initially,
but may be changed by input. If these are to be changed in multiple-

case runs, they must be changed in each case.

T, = 0.032321941 eru’/hr’ =

C, = 0.000045791657 eru®/nr’ = - 2 3
EK = 0.0001343886 eru’/hr’ = - w0
¥go = 1.72218633 rad

¥ = 0.2625164 rad/hr

B = 0.0172027915 rad/day

SIMULATION DATA

The input data are read Ey FORTRAN with FORMAT statements and
are, therefore, rigidly fixed except that they are divided into groups
preceded by identification cards; if the identification card for a
group does not appear, then its data will not be read. A group ID num-
ber 000013 signals the end of the data and must always appear. The
format is shown in the figure, and the individual format type is given
below. The units used in the program are eru and hr; however, the in-
put is slightly more flexible. An input parameter (KLM) may be used
to change the units of some parameters for both input and output. 1In
the following list the units are given where applicable and the symbol
(u) is used for those which are to be defined by the input value of KLM.
The order of the variables in the following list is the same as

that given in the figure, which describes the card format:
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Group Name Type Units Symbol Description

1 TITLE 12A4 Title of simulation run

2 TIN E12.0 hr t0 Reference time for the be-
ginning of simulation

2 TMAX E12.0 hr tmax Final time for the simula-
tion

2 DINE E12.0 hr Atne Integration interval for
near-earth (less than 4 eru
from earth center) trajec-
tories

2 DTFE E12.0 hr Atfe Integration interval for
far-earth (greater than
4 eru from earth center)
trajectories

2 PRNTNE E12.0 hr Trajectory print interval
for near-earth trajectories

2 PRNTFE E12.0 hr Trajectory print interval
for far-earth trajectories

2 NYEARP 16 yr Year of initial time of
simulation

2 DAYS F6.0 day Day at initial time of
simulation

2 HRS F6 .0 hr Hour of initial time of
simulation

2 HMIN F6.0 min Minute at initial time of
simulation

2 SEC F6.0 sec Second at initial time of
simulation

3 MREF I6 Indicates the initial ref-

erence body
1 - Earth
= Sun
- Moon
- Venus
- Mars
Jupiter

A~ N
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Group Name Type Units Symbol Description

3 KIM 16 Determines the units for
those input parameters
whose units are given as
u (undetermined)

1 - ft, ft/sec

2 - km, km/sec
3 - mi, m/sec M
4 - nmi, n mi/sec
5 - eru, eru/hr
3 ISTAT 16 Number of state variables
(must be 6 or 7)
3 IFLAG 16 Print control for the Kalman

Scheme. Any combination
of the following sets of
parameters may be printed
by summing

1,-7QA, Csau? csin, AQ
10 - F, N,,L,Y,¥"
100 - A, .
1000 - S,, S,
10,000 - E

When IFLAG > 0 print will
occur only once in each
print interval, If IFLAG
< 0 print will occur at
each observation

3 I0BS 16 Observation computation
indicator

0 - do not compute ob-
servations

1 - compute observations

2 - compute observations
and store on FORTRAN
Logical Unit 8 (only
if observations not
input)

3 LTBIN 16 Control for observation
data input
0 - no observations input
1 - observations on cards
2 ~ observations are on
FORTRAN Logical Unit 8
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Group Name Type Units Symbol Description
3 KOND 16 Control for trajectory and
state covariance print.
Sums of the indicators
will cause each to print.
0 - do not print
1 - print position and
velocity
2 - print osculating
elements
4 - print state covari-
ance matrix
-1, or -2, or -3, print
the applicable parameters
at each observation point
also
3 INTPD 16 Procedure control for the
Kalman Scheme
t1l - process observation
parameters at a
data point separ-
ately and use only
the one which gives
the minimum trace
on the covariance
matrix
+2 - process observation
parameters simul-
taneously at a data
point
>0 - correct the orbit
at observation
points and conclude
by computing an up-
dated estimate of
initial state param-
eters and covariance
<0 ~ do not correct the
orbit and do not
update the initial
estimate
=0 - do not process ob-
servations
3 IPLAN I6 Indicates the observing
planet
1 - Earth
2 - Sun
3 - Moon
4 -~ Venus
5 - Mars
6 - Jupiter
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Group Name Type  Units Symbol Description

3 IBMU 16 Control which bodies will
be used in computing per-
turbations due to gravi-
tational attraction. Sum
the indicators for those
to be used.

100,000 - Earth
10,000 Sun
1,000 - Moon
100 - Venus
10 - Mars
1 - Jupiter

4 CDRAG E12.0 C Drag coefficient

4 AMASS E12.0 cm2/gm A/m Area-to-mass ratio

4 DELIN E12.0 A Initial drag uncertainty
5 VNAME A4 A one-word vehicle name

5 RMIN E12.0 eru Minimum radius of perigee
(used for terminating the
run)

5 TADD E12.0 Control for noise genera-
tion and starter value for
the random number generator

>0 - generate random
noise in observa-
tion

=0 - do not generate
noise

5 BIASMU E12.0 eru3/hr2 u Value of uncertainty in u

(gravitational constant)
6 PSI60 E12.0 rad Greenwich hour angle of
mean equinox oh January 1,
1950

Y1950

6 PDOT E12.0 rad/day 6 Daily rate of earth's ro-
tation about the sun

Hourly rate of earth's ro-
tation on its axis

<.

6 PSIDOT E12.0 rad/day

First harmonic of the earth's
potential

ol

6 CONJR E12.0 eruS/hr2
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Group Name Type  Units Symbol Description

Second harmonic of earth's
potential

2l

6 CONAR E12.0 eru6/hr2

Third harmonic of earth's
potential

ol

6 CONKR E12.0 eru7/hr2

7 SRCIN(1) E12.0 u X Coordinate of position in
equatorial plane, vernal
equinox direction

7 SRCIN(2) E12.0 u y Coordinate of position in
equatorial plane

7 SRCIN(3) E12.0 u z Coordinate of position per-
pendicular to equatorial
plane

7 SRDCIN(1) E12.0 u X Coordinate of velocity in
X direction

7 SRDCIN(2) E12.0 u vy Coordinate of velocity in
Y direction

7 SRDCIN(3) E12.0 u z Coordinate of velocity in
Z direction

8 NUMSTA 16 Number of observing stations

8 STANM(T) 2A4 Station names (two words
each)

8 NSTA(TI) 16 Array of station identifi-
cation numbers; negative
numbers indicate orbiting
stations; positive numbers
indicate ground stations

8 ITYPE(I) 16 o Indicates the observed
parameters for each sta-
tion. Sum indicators for
more than one parameter

1 - azimuth

10 ~ elevation
100 -~ range
1000 - range rate

8 ELMAX(I) E12.0 deg Maximum elevation angle for
each radar
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Group Name Type Units Symbol Description

8 ELMIN(I) E12.0 deg Minimum elevation angle for
each radar

8 OMEGS (I) E12.0 deg/sec Radar rotation rate for
each radar

8 RANGS (1) E12,0 u Maximum range for each radar

8 DELAZ(I) E12.0 deg Azimuth bandwidth for each
radar

8 DELT(I) E12.0 sec Minimum time increment be-
tween observations for each
station

8 STALN(I) E12.0 deg Station longitudes (for
ground stations)

8 STALT(I) E12.0 deg . Station latitudes (for
ground stations)

8 STAHT(I) E12.0 u Station altitudes (for
ground stations)

8 ORBT(I) E12.0 hr Orbit reference times for
which orbital elements are
given (for orbiting stations)

8 ORBV(I) E12.0 deg True anomalies of station
orbits at reference time
(for orbiting stations)

8 ORBA(T) E12.0 u Semimajor axis of orbits
(for orbiting stations)

8 ORBE(i) E12.0 Eccentricities of orbit el-
lipses (for orbiting sta-
tions)

8 ORBI(I) E12.0 deg Inclination angles (for
orbiting stationms)

8 ORBCO(I) E12.0 deg Right ascension of ascend-
ing node of each orbit (for
orbiting stations)

8 ORBSO E12.0 deg Argument of perigee of each

orbit (for orbiting sta-
tions)
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Group Name Type Units Symbol Description

9 SAVEP(I,J) E12.0 u? The initial covariances
matrix (P)

10 NTEB 16 Number of E matrices input
(maximum is 5)

10 ISTEB(I) 16 Largest station number to
which each E matrix applies.
Values must be in ascending
order

10 SAVEB E12.0 u The E matrix (standard de-
(1,J,K) viations in observed param-
eters). Units are:

OA - second of arc

UE - gseconds of arc

0. - u (=km if KIM=2)

O - u
r

11 UPBIAS(I) E12.0 u Uncertainty in biases in:
I=1 - speed of light-
eru/hr
I=2 - u coordinate of
station position-u
3 - v coordinate of
station position-u
I=4 - w coordinate of
station position-u
I=5 - azimuth-seconds of

I

arc
I=6 - elevation-seconds
of arc
I=7 - range-u
I=8 - range rate-u

12 A E12.0 u Semimajor axis of target
satellite orbit

12 E E12.0 e Eccentricity of the observed
satellite orbit

12 AIN E12.0 deg i Inclination of the observed
satellite orbit

12 SO E12.0 deg w Argument of perigee of the
observed satellite orbit
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Group Name Type Units Symbol Description

12 co E12.,0 deg 9] Right ascension of ascend-
ing node of the observed
satellite orbit

12 A E12.0 deg Y True anomaly of target

satellite orbit at ref-
erence time

OBSERVATION DATA

The observation data, if any, may be input in either of two forms:

1. For cards immediately following the simulation data and preceded
by a format definitiomn card, the format definition card must be in-
cluded. Although the formaf of the data is flexible, the order and num-

ber of parameters are not. The proper order of the input parameters is:

a. Station number (fixed point value)

b. Day from reference data (floating point value)

¢. Hour from reference time (floating point value)
d. Minute from reference time (floating point value)
e. Second from reference time (floating point value)
f. Azimuth (in degrees)

g. Elevation (in degrees)

h. Range (units determined by KLM)

i. Rahge rate (units determined by KIM)

j. Type of observation; determines which observation param-
eter will be used (fixed point value)

1 - azimuth
10 - elevation
100 - range
1000 - range rate

This is overridden by ITYPE(I) from simulation input un-
less ITYPE(I) = 0. When card input is used, an observa-
tion tape is created on FORTRAN Logical Unit 8.

2. A binary tape may be used for observation data input. It must
be on FORTRAN Logical Unit 8. It may have been created by a previous
run which either had card input of observations or generated observa-

tions itself. The format of each record is:
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Item 1 - hour from reference time (double precision)
Item 2 - minute of hour (double precision)
IJtem 3 - second of minute (double precision)
Item 4 - station number (INTEGER*4)

Item 5 - azimuth (rad) (double precision)
Ttem 6 - elevation (rad) (double precision)
Item 7 - range (eru) (double precision)
Item 8 - range rate (eru/hr) (double precision)

The switch settings for creating the binary tape are:

a. When generating observations the following switches must

be set:
IOBS = 2
LTBIN = 0

The value of ITYPE for each station will be stored with
its observation data; however, all four parameters will
be computed and stored on tape regardless of ITYPE.

Other switches should be set as follows:

ISTAT = 6
IFLAG = 0

b. When reading data from cards, a binary tape is created
on FORTRAN Logical Unit 8 by:
LTBIN = 1

PLANETARY TYPE

The ephemeris used in TEPOP is essentially the Jet Propulsion
6))

Laboratory Development Ephemeris Number 19. The data contained on
the tape are integrated positions and velocities of the planets Mercury,
Venus, Earth-Moon barycenter, Mars, Jupiter, Saturn, Uranus, Neptune,
and Pluto. Similarly, positions and velocities of the moon with the
nutations and nutation rates in longitude and obliquity are included.
The positions and velocities are referred to the rectangular equatorial
coordinate system of the mean equator and equinox of the Julian Date
1950 = Julian Ephemeris Date (JED) of 2433282.423. The JED that ap-
pears on the tapes is the actual Julian Date number 2433280.5. The

intervals spanned by the tapes are as follows:
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Julian Date "~ Julian Date

Tape (calendar date) to (calendar date)
1 2433280.5 2440584.5

December 30, 1949 December 29, 1969
2 2440544 .5 2445752.5

November 19, 1969 February 22, 1984
3 2445712.5 2451544.5

January 13, 1984 January 1, 2000

' For detailed description consult Ref. 9.

The planetary tape is required only when IBMU (group 3) indicates

~more than one planet.

' SUMMARY OF INPUT

The following items provide a checklist for setting up data for'

‘a computer run.

l. Coordinate Systems and Time. The orientation of the_rotatiﬁg

jcoordinate system with respect to the Inertial reference coordinate
%system (see Section III.A) depends upon the angle, PSI60 (group 6); v
;the angular rates, PDOT and PSIDOT (group 6); and time, TIN, NYEARP, |
EDAYS, HRS, HMIN, SEC (group 2). The origin of one with respect to the
;other can also depend on time, since the two need not necessarily be
Ereferred to the same planet (IPLAN ¥ MREF, group 3). However, when

. the perturbing accelerations due to other bodies are not accounted for
fand the observing planet and reference planet are the same, then the;
user may simplify the problem of determining the initial position of
;the vehicle with respect to the observing stations by setting: PSIGO =
'DAYS = HRS = HMIN = SEC = 0, NYEARP = 1950, and TIN = 0. The two—axis i
%systems are then initially aligned. ‘

2. Equations of Motion of the Observed Vehicle. The vehicle may

Eor may not be interplanetary. In either case, the origin of the in-
:ertial axis system in which the equations of motion aré solved is given
§1nitially by MREF = k in group 3, where k is the planet number. When
éthe path is interplanetary the reference center may change, during
zflight, to any of the other bodies; in order for this to happen the
?user must set IBMU fulllll;rfoy intgrplanetaryrflights. W@ep the path
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is on orbit about one of the six bodies, the user must set IBMU = 106--k

(group 3) as well as MREF, The gravitational attraction due to bodies
other than the reference body may be accounted for by setting IBMU =
106-'k + 106'-i + ..., etc., where i refers to the body number (e.g.,

for an earth orbit with the sun and moon gravitational attraction ac-
counted for, IBMU = 111000 and MREF = 1). When the reference center

is earth, the perturbing accelerations due to oblateness and atmospheric
drag may be accounted for by setting CDRAG # 0 and AMASS # 0 (group 4)
for drag, and CONJR # O, CONAR # O, CONKR # O (group 6) for oblateness.
The initial position and velocity may be input in either group 7 or
group 12, The simplest case is an earth orbit with no perturbing ac-

celerations; the input for this case would be:

MREF = 1
IBMU = 100,000

CONJR = CONAR = CONKR = 0
AMASS = 0

CDRAG = 0

with initial position and velocity given by the orbital elemeants in

group 12,

3. Observing Sensors. There may be 54 observing sensors. They

all must be either orbiting or fixed on the same planet (IPLAN = k,
where k is the body number; and IBMU = 106_k + 106—i, where 1 is the
reference planet for the vehicle when it is different than the observ-
ing planet). The sign given to the station number, NSTA (group 8),
determines whether the sensor is fixed or orbiting. The scan space
must be defined for each sensor, as well as a rotation rate and mini-
mum interval between measurements. It is usually only necessary to
limit the elevation angle. The data for a 10-deg minimum elevation

angle limit with l-sec data rate would be (in group 8):

ELMAX(I) = 90
ELMIN(I) = 10
OMEGS(I) = O
RANGS(I) = 1.E20
DELAZ(I) = 360
DELT(I) = 1
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When azimuth limits are required for a problem, care should be taken
because an iterative scheme ig required for fipding the time of an ob-
servation. The solution can be difficult wheﬁ (a) the azimuth window
is too small, (b) the rotation rate is too large, or (c) the vehicle
passes too near the sensor.

When sensor data are input, the above limit inputs are meaningless
because the external measurement data dictate the time of the observa-

tions.

4. Statistical Computations. The number of state variables

(ISTAT) must be determined first. There are seven which may be esti-
mated--the position and velocity vectors and a drag bias. The initial
estimate for the drag bias, §, is input in DELIN (group 4). The un-
certainty in other variables may be accounted for but they cannot be
estimated; they are the gravitational bias, whose uncertainty is given
in BIASMU (group 5), and the observational biases in speed of light,
geodetic net bias (three components), and the biases in observations
directly, whose uncertainties are given in UPBIAS (group 11). Noise
in the data may be accounted for by the input standard deviations in
SAVEB (group 10).

There are essentially three modes of operation insofar as the

statistical computations are concerned. These are:

a. Synthetic Data Generation Mode. 1In this mode no statis-

tical computations are necessary; therefore, groups 9, 10, and 11 need
not be input. Data may be stored on tape for later use by setting
I0BS = 2 (group 3). 1In group 3, INTPD = 0 and LTBIN = Q.

b. Orbit Determination Mode. This is the mode in which

the state variables are actually estimated. An initial covariance
must be given in group 9, and covariance of observation noise is given
in group 10. Group 11 and BIASMU (group 5) need %e input only if the
uncertainty in these biases is to be accounted for. The indicators
need to be:
INTPD
I0BS

LTBIN
ISTAT

v i v

OO
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The data must be input in either card form or on FORTRAN Logical
Unit 8. If the data are on FORTRAN Logical Unit 8 (synthetic data), -
noise may be added by setting TADD = 41 (group 5).

c. Variance-Covariance Propagation Mode. This mode is sim-

ilar to the previous mode except that the state variables are not ac-
tually estimated (INTPD < 0); therefore, no observation data need be
input (LTBIN = 0). The initial estimate of covariance (group 9) does
need to be input as well as uncertainties in the biases which are to
be accounted for (group 11 and BIASMU, group 5) and standard deviations

in observations (group 10).

5. Output. The amount and type of output is determined by the
time intervals PRNTNE, PRNTFE, and possibly by the interval between
observations and the indicators IFLAG, KOND, INTPD. The last indicator,
INTPD, affects the output because it controls the computation of those
parameters which may be printed due to IFLAG and it may cause the pro—
gram to Integrate backward to give a new estimate of state variables

at the initial time and print these.
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Appendix B

SUBROUTINE DIRECTORY

AIMS Computes atmospheric density as shown in Section III.B.4,
CROSS Computes the crossproduct of two vectors, C = A x B,
CWLAR A dual-purpose routine which computes either the true posi-

tion and velocity

or the initial values for the Encke terms

=R - Rt

(1) e

E=R-R

tb? b

DALFA Computes corrections to the state variables, AX, due to cor-
rections in the state parameters, Aa, by the finite rotations
shown in Section IV.A.

DERIV Computes the perturbing accelerations, Z (Section I11.B,
Eq. (2)), and the variational equations defining the Param-
eter Transition Matrix of the Updated Dynamic Bias (Section
IV.B, Eq. (33)) which are to be integrated by DRKAM.

DINT Converts a double precision number to an integer.
DOT Computes the dot product of two vectors, C = A « B,
DRAG Computes the perturbing drag accelerations as shown in Sec-

tion III.B.3.

DRIVE Sets initial values for some constants. It is the ENTRY
point for the program.

DRKAM Numerically integrates the derivatives computed by DERIV.

DTEST Computes the time of the next data point when external data
are not used. See Section III.D.

EIGEN Computes the eigenvalues and eigenvectors of a real symmetric
matrix, namely, the covariance matrix for output.

FIX Separates a decimal integer into its vector of coefficients
and counts the number of nonzero elements.
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Normally distributed random number generator.
Reads the planetary tape described in Appendix A.

Reads the input data described in Appendix A, and does some
post-data initialization.

Is merely a link to the integration routine, DRKAM.

Solves the general form two-body equations as shown in Sec-
tion IIL.B.5.

Solves the elliptical two-body equations as shown in Section
ITI.B.5.

Directs the flow of computations.

Computes the average of the sum of a matrix and its transpose.
Computes the inverse of a matrix.

Computes the product of two matrices.

Computes the product of three matrices.

Updates the covariance matrix and computes the corrections
to the vector of state parameters as shown in Section 1IV.

Computes perturbing accelerations due to the aspherical body.
Computes observation data.

Computes the osculating elements: semimajor axis, eccentri-
city, inclination, node, argument of perigee, eccentric

anomaly, mean anomaly, and the mean motion.

Computes the parameter transition matrix A as shown in Sec-
tion IV.A.2.

Causes planet positions to be computed by READE and 1if re-
quired for a reference planet switch, computes the wvehicle
position in the new axes.

Prints the history of computations.

Tests the Encke terms to determine if a rectification is
necessary.

Interpolates planetary positions and velocities, converts
units, and translates reference centers if required.

Reads external data as described in Appendix A.



RECT

RPERG

SMATRX

SPHERE

VECTOR
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Updates the two-body equations at a rectification point.
Computes perigee radius.

Computes the point transformation matrix or its inverse as
defined in Section IV.A.

Determines whether a change of reference body is necessary.

Computes the magnitude of a vector, its square, and its cube.
The vector of position, for instance, occupies a six-element
array; the first three are the vector elements, the fourth

is the cube of the magnitude, the fifth is the magnitude,

and the sixth is the square of the magnitude. The last three
elements of the array are supplied by this subroutine.
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