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OPTIMIZATION IN DYNAMIC ALLCCATION PROBLEMS

BY A MODIFIED CALCULUS OF VARTATIONS TECHNIQUE

SUMMARY

Many dynamic allocation problems result in differential equations of a
form that can not be optimized by classical calculus of variations methods,
This report demonstrates a modification of the Euler equations that permits
solution of these linear type equations in a straightforward manner, Al- |
though the method was originally developed for maximization problems, it
holds equally well for mini-max problems if a saddle-point exists. More-
over, the techniques apply to non-linear equations although designed for

linear systems.

INTRCDUCTICON

Many dynamic allocation problems are linear of form with the optimization
variable constrained by a system variable. As an example, we might seek an
optimum y(t), subject to the constraint that 0 = y(t) << x(t), where x(t) is
prescribed by a linear differential equation. Problems of this type can not
be handled by conventional calculus of variations techniques and considerable
effort has been expended in developing techniques to handle them. To permit
the solution of the above example by the modified calculus of variations
techniques of this report, the variable constraint must be removed by defining
a new variable, 0 -7 r(t) < 1, which leads to y = rx. The constraints on r(t)

can be eliminated by defining a new, unrestrained real variable u(t) such that
2

y=e U X, and the derivation of the equations of this report depends upon
such a change of variable,

The optimization technique was developed for maximization problems, but

since it applies equally well to mini-max problems in which a saddle point
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exists, the equations are presented here for such a case. Even though these
problems describe games of strategy with perfect information, they do not
necessarily possess saddle points since they are not finite., However, most
practical problems will possess saddle points,
The derivation of the equations demonstrates a flagrant lack of rigor,
but the method has performed nobly in every case tested and gives an intuitive

feel of correctness,
Although the method was developed to handle linear equations, it can be

applied equally well to non-linear systems.

THE PROBLEM

We wish to find T,<Tr = R(xl, Xps3 X5 S, t) srl-"
and S <S = S(:L_L, Xpg ey X 5 Ty t)<51 giving

T
P = max mn/ F(xl, Xyswey Xys Ty S, t)dts (1)
s r
0

with n auxiliary equations (i =1, 2, ..., n),
G’i (xl: Xoseees X 5 Ty S, t) = 0, (2)

subject to the constraints that xi> 0. Often the problem will be merely a

maximization in which case r is specified or non-existent.

THE MODIFIED CAICULUS OF VARTATIONS SOIUTION

Define n new Euler variables N (t) with the transversality conditions that

%
The limits of r and s are constants. More than two optimization variables
can be handled and the extension to such cases should be obvious,
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Xi(t=T) = 0 if xi(‘b=T) is not specified, and form
n
J = F+ - G )\ . (3)
. i
i=]1

In general, r and § will not appear in F or G and the modified Euler equations

are
3g _
5 T oo (®)

r=r, when % o0

To< T - ry when % = 0

r=r when .%J ~Z 0
(5)

s =5, when gg <0

So<S < 51 when ggj = 0

s =5 when g—s‘z >0

If r can be eliminated from equations (L) plus % =0, r will always be
at one constraint or the other, unless forced within bounds by constiraints on
one of the x's, Such will be the case for linear equations; moreover, such

equations give Buler equations, independent of the x's, that can be solved
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independently, and r will be a function of s and t only.

If r carmot be eliminated from equations (L) plus -g—% = 0, as will be
the case for most non-linear systems, there can be a finite period during
which r will lie within its constraints as prescribed by the above set of con-
ventional calculus of variation equations and usually will be a function of the
x's as well as s and t. Similar rules apply to s.

Since the 11 are specified at t = T, it is usually simpler to change the
independent variable to T =T = t in solving the Euler equations.

For many simple maximization problems it will be obvious that s = Sq for
Ost<t ands=s fort <t<T (or vice versa) although t, will be un-
known. In this case it is usually simpler to assume such a solution in the

solution of F plus the Gi equations and solve %_%— = 0 for the optimal t's'
s

Example of a Simple Economic Problem

Find Oxs <1 maximizing

T
P = ( (1-s)xdt
0

with x = asx ;3 x(t=0) =‘x°>0.
Now Jd = x-sx-"(:.t-asx))\,

and %§=-x<1+ax).

Also, from (L), A = 1-5-=as

with At=T) = 0 .
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As a consequence

until the end of the period.
There is no intermediate period of unconstrained s, for solving the
Euler equations simultaneously we obtain

A= 1,

During the period that s = o, the equation for the Euler variable
also is given by

A = 1,
yielding
A o= =(T -1t)
and s switches at ts’ given by
1
T - ts = =
=» - —];-
or ts T 2 °

As a comsequence, the optimal solution is

x xoe for O<t<<T?T =
1
a(f =3

x = x e for T--—2-<t<T
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and the pay off function is given by

-
P‘-;e .

For this simple example it would have been easier to put the pay-off

function in the form

P = (T~ ts)xoé at, |

set -g—r% = 0 and solve for the value of ts satisfying the resultant equation.
s
This would yield

t at
as_ “x.e + a(T ts)xoe 0]
or
1
tg = T3 -
2 a(T - —=)
. d - - 1 - a’ ~
Notice that 52? (ts T ) = ax e <o ,

80 we have a maximm, Of course, this method depended upon our knowing
a priori that s =1 for an intial period and s =D for the remaining
period, but the form of the solution will usually be apparent in problems

simple enough to be amenable to this simplified approach,

Example of a Tactical Air Superiority Problem

As a more complicated example, find O0<r <l and O0<<s<l1
giving T
P = max min ’-El-s)xl-(l-r)xz-‘ dt

s T J, L |
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with the combat equations given by
X oTTpTaX b 5 xR0
L T TTa%n by 5 B30 .

Now

Toe (eem - Ly ¢ (g ny e )
* Gyt an e b)) by

leading to ( from (L) )

1-s+ah ¢ e,

"}40
"

-1+r+3112+b2rxl

'\;‘o

and from (5)
+(1 + b\ )x,

we ol

"(1 - b1x2)x1 .
If xy ('xz) = 0 the value of ¢ (8) is immaterial. Therefore, only pos—
itive va;nes of X need be considered in the following equations:

%":(taﬂ') = x>0

%‘}(t-‘r) = -x<0,

so both r and s are zero at the close of the campaign, During the closing

phase

i

T - - Qray)

5

= l-a),
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. yielding

Defining ‘l’r as the time to shift r and T, as the time to shift s, we

must find which is the smaller, as the cther variable requires a modified

set of equations to determine its shift time, We find that A, = - -bl—
2

or )‘2 = :3‘— at the shift, yielding
1

a,

1 2

L ¢ ™ -._.ln‘l—_
r 2, < b2>

*

whichever is smaller. Assuming Ts is the smaller, we must find T from the

equations for ‘ir> >,

!

- a.T
— K - - b. A~ ¢ (‘l’:'[‘) = —-]—'. 1 =~e a2s
3T 3M T Php 3 MITET, 2

d, 1
Tz " 1oy wMlE=T) o= 1

1
Xl(‘t"rr) = -Fz °

3*
In any practical situation a <b .
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For Tr> > Tg

b ea.l'r
s a5

+

L(%). B2 e“afa?"s) 2"
3 2\ %2 1%

and in this case 'r must be found from the implicit equation
- T a, T
(alaz'blbz*azbze b r) e T

= ab, (l-eazts) + blbzeaz‘rs + —-——2b3‘b§2 e-(al-az)‘s

There is no intermediate phase of unconstrained r or s, because they

can be eliminated from the Euler equations., For example, in the case of

s we find
Mo l-sta) +hsh,
1
and A, B =
2 bl
which leads to )\1 = 1+a2 ’

and s has been eliminated from the Euler equations,
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Derivation of the Modified Calculus of Variations Equations
In this paragraph, equations (5) will be derived.
To eliminate the constraints on r and s change variables to
r-=ro‘-l*(rl---r‘_,)e“"1 (6)
s = 8, +.(sl-s°) e (7

Equations (L) are uncharnged by this change of variable, but there are
two additional Euler equations,

/22 |

s (8)
\ du

¥l

33\,
(a;

In addition, for r to give a minimm

)

Y

>0 (10)

& |%

and for s to give a maximm

(11)

X%
N
(@]

along the extremal,
In general, r and s do not appear in F or G, and equations (8) and (9)
can be reduced to
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g = -2ue  © <§)(rl-ro)= 0 (12)
and
P- - -2~v'e-vz <_3_§>{s -8 ) = 0 (13)
ov s /"1 %o
Hence, we have three conditions
u = 0 or r = Ty N
u =Cor r = 1 (1)
&-o ‘
any of which will satisfy equation (12) and a similar set for s
v = 0 or 5 = 84
v =0 eor s = 8, (15)

any of which will satisfy equation (13). The case for the upper and lower
constraints being equal is not only uninteresting but trivial.
Similarly,

, , , ,
-g;g» = e ¢ J:(- 2 +lm%) g + hule = @ (ry = r,) %;g-](rl - o)}O (36)

Hence, if %(0, then u = O(orr = rl) will make

%.>0 37

L e B
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or in other words, set r = ry whenever % <0 . A similar argument holds
for s,

If r can be eliminated from equations (L) and

% = 0 . (a7
it can have no influence upon keeping (17) an identity instead of an in-
equality and, as a consequence, r will always have the value r, or ry unless
forced to intermediate values by constraints upon one of the x's and a G
equation. A similar argmment holds for S.

In generg.l, r will appear in F and Gasr times one of the x's, say xj.

Tt can be shown that optimal r will always be at one of its comstraints if

2 [, 2 A
& -(xja%;'rs;) 0 -
and —1;232J = 0. ’ (19)

Hence, the condition of the above paragraph will hold for linear equations.

Dual Problem
It can be shown that the s(t) giving a minimm T and the r(t) a maximm
T for a specified P is solved by the same Euler equations as the problem

discussed above, where

rT

P=J Fdt,
o .
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