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SUMMARY

Two interpretations of a general search problem posed
by R. Bellman are considered. Sclutions are given in certain

special cases.
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A SEARCH PROBLEM DUE TO BELLMAN
By
0. Gross
RE. Bellman has proposed the following prcblem: "Suppose

that we are lost in a forest. The dimensions and shape of the
forest are assumed known, but we do not know our position in
the forest. What path do we pursue to minimize the time
required to get cut of the forest?"

Admittedly the foregoing paragraph is meaningless,
albeit purpocsely sc in order to provoke effort on the part
of the writer and others toward the formulation and solution
of meaningful interpretations. Now, two different interpre—
tations are readily suggested:

1. Game Thecretic

A pure strategy for player I is a covering of the origiln
of the Euclidean plane by a closed figure of given shape and
size.

A pure strategy for player II (who is unaware of the result
of I's choice) consists of any pure decision method leading
him to a directed rectifiable path starting at the origin and
terminating at the first point it touches on the boundary of
the figure rlaced by player I.

The payoff from II to I is then the length of the

path thus obtained.
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2. Minmax

Find a shortest directed plane rectifiable arc with the
prozerty that if the origin of the arc is covered in any way by
@ g£ilven plane figure some point of the arc lies on the boundary
cf the figure. (Certain figures of infinite extent do not apply
here; e.g., a half-space. On the other hand, an infinite strip
of unit width does.)

As far as interpretation 1. is concerned, the writer has
been able to solve only the case in which the given flgure is
a circle; indeed, 1t 1s a trivial exercise %o verify that:

The unique optimal strategy for player I is to center the
circle at the origin.

Tnere are many optimal strategies for player II, but all
of them (in view of player I's strategy) involve mixing on an
initial direction and heading out thereafter in a straight line.
For example, mixing equally on north and south is optimal. However,
choosing a direction © from the uniform distribution over (0, 2m)
is “better."

The value of the game 1s, of course, the radius of the
circle.

The remainder of the discussion shall be confined to in—
terpretation 2. Yet even in this case very little in the way
of results has been attained. In what follows, we shall consider
several figures as special cases of interpretation 2. They

are the circle, the equilateral triangle, several "keyhole"
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shaped figures, and the infinite strip of unit width (or, in
this last case, a sufficiently long rectangle).
The solution for the circle is a closed straight line

¢zrent of length equal to the diameter of the circle. That the

e

I
"

‘¢ satisfies the requirements is obvious. That it is indeed
optimal can be shown as follows. Take any arc of length less

than the diameter of the circle, parametrize it on its arc length,
and find its midpoint M. It is clear that the open circle centered
at M ccvers the arc. (An alternative method of covering would be
to center the circle at the midpoint of the chord joining the

ends of the arc. This method is slightly more difficult to verify,
although elementary enough, and is left as an exercise.)

A colleague of the writer has conjectured that for the egui-—
lateral triangle the straight segment of length egual to the
diameter (side) of the triangle is optimal. This turned out to
be false; indeed, if we take the side of the triangle to be unity,
we can verify that the following "path" has a value slightly less

than unity:
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A solutionkfor the equilateral triangle has not been obtained,
however, and appears exceptionally difficult, at lezst to the
pragent writer. In any event, for the general figure (even
if convex) a formulation in terms of the calculus of variations
is guite clumsy and unwieldy. Moreover, a dynamlc-programming
formulation utilizing the well-publicized "principle of optimality"
is difficult enoughgto set up, much less to solve. Illumination
in this regard would be appreciated no less by the writer of this
paper than by the player of its title role.

Returning again to the consideration of our special figures,
we note that the circle is by no means the sole proprietor
of the straight—segment solution. This property is shared,

for example, by the "keyhole" shaped figures illustrated below.
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In the case of the top figure we can verify this as follows.
It 1is clear that the diameter of the figure is a + b, i.e., the
swe of the dlameters of the two circles, so that a closed straight
segment of length a + b has the required property. On the other
hend, take any continuous arc of length less than a + b, para—
metrized on its arc length, and find the point on it which divides
it in the ratio a:b. By our previous result concerning the circle
we can completely cover the "a" part by a circle of diameter a and
the "b" part by a circle of diameter b. Since by continuity these
circles must either overlap or be externally tangent, their union
is coverable by an appropriate envelope, namely, the given figure.
Similar considerations apply to the middle figure (in fact this is
obvious in that it is simply the convex hull of the top figure). .
The solution for the bottom figure can be verified by splitting
the arc appropriately into three parts. This last is left as an
exercise. The reader will undoubtedly conjure up varilous rami-—
ficatlons rooted in the illustrated examples.

By far the most interesting result we have attained to date
is the solution for the case of the infinite strip of unit width.
In this case we can clearly rephrase the problem thus: "What is
the shortest plane arc of unit width?" If we were concerned ex—
clusively with closed arcs (i.e., closed in the sense of the
circle), we would find the answer almost Immediately. 1t is
well known, and appears quite freguently in the literature, that

the answer in this case is the boundary of any plane convex body
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of constant width unity (of which there is by no means a unique
representative). The length of any such arc is 7. Unfortunately,

we cannot exclude the open arcs, for, since 3 < w, witnsss:

Nevertheless, by a process of elimination by dominance combined
with a heuristic argument of the string-pulling variety, the
writer has been able to restrict the candidates to the unique
(except for orientation) symmetric arc illustrated below. Unfor—
tunately, the arguments are too lengthy to be reproduced here,
and the writer would appreciate a short proof or a literature
reference 1n this regard. One readlly verifies that the arc

has unit width and 1ts length is equal to 1 + 2 tan ~' £ 2.286.
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